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Abstract. In this paper, we study stability properties of nonuniform hyper-
bolicity for evolution processes associated with differential equations in Ba-

nach spaces. We prove a robustness result of nonuniform hyperbolicity for

linear evolution processes, that is, we show that the property of admitting a
nonuniform exponential dichotomy is stable under perturbation. Moreover, we

provide conditions to obtain uniqueness and continuous dependence of projec-

tions associated with nonuniform exponential dichotomies. We also present an
example of evolution process in a Banach space that admits nonuniform expo-

nential dichotomy and study the permanence of the nonuniform hyperbolicity
under perturbation. Finally, we prove persistence of nonuniform hyperbolic

solutions for nonlinear evolution processes under perturbations.

1. Introduction

In the framework of dynamical systems, hyperbolicity plays a fundamental role
(see, e.g. [1, 2, 3] and the references therein). It is the key property for most of the
results on permanence under perturbations. The permanence, on the other hand, is
an essential property for dynamical systems that model real life phenomena. That
importance is related to the fact that modelling always comes with approximations
(due do the empiric nature that it carries) and/or with simplifications (introduced
to make models treatable or simply because the complete set of variables that are
related to the phenomenon is not known). Therefore, in order that the mathe-
matical model reflects, in some way, the phenomenon modelled, it is essential that
its dynamical structures are robust under perturbation. It starts with the robust-
ness under perturbation of hyperbolicity itself. Here, we are concerned with the
robustness of nonautonomous nonuniform hyperbolicity.

In the discrete case, hyperbolic dynamical systems xn+1 = Bxn appear when the
spectrum of the bounded linear operator B does not intercept the unit circle in
the complex plane. This implies the existence of a hyperbolic decomposition of the
space, which means that exist two main directions: one where the evolution of the
dynamical system decays exponentially and another where it grows exponentially.
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This property can be interpreted as a complete understanding of local or global
dynamics. The set of operators that has such decomposition is an open set in
the spaces of bounded linear operators and the operators in this set are called
hyperbolic operators. In other words, if B is hyperbolic there is a neighborhood of
B such that every operator in this neighborhood is hyperbolic. For autonomous
differential equations, when A is a bounded linear operator, ẋ = Ax, by the spectral
mapping theorem [4], hyperbolicity is associated with linear operators such that the
spectrum does not intersect the imaginary line.

Generally, in nonautonomous differential equations, the notion of hyperbolic-
ity is referred to as exponential dichotomy. More precisely, consider the following
differential equation in a Banach space X,

ẋ = A(t)x, x(s) = xs ∈ X. (1.1)

Under appropriate conditions, the solutions x(t, s;xs), t ≥ s, of this initial value
problem define an evolution process S := {S(t, s) ; t ≥ s}, where S(t, s)xs =
x(t, s;xs). We say that the evolution process S admits an (uniform) exponen-
tial dichotomy if there exists a family of projections, {Q(t) ; t ∈ R} such that for
each t ≥ s we have that S(t, s)Q(s) = Q(t)S(t, s), S(t, s) is an isomorphism from
R(Q(s)) onto R(Q(t)), and

‖S(t, s)(IdX −Q(s))‖L(X) ≤ Ke−α(t−s), t ≥ s; (1.2)

‖S(t, s)Q(s)‖L(X) ≤ Keα(t−s), t < s, (1.3)

for some constants K ≥ 1 and α > 0. Note that, since the vector field is changing
in time, it is natural to think that for each initial time we have a hyperbolic de-
composition that resembles the properties in the autonomous case. There is a long
list of works through these last decades about existence of exponential dichotomies
and their stability properties, for instance: [5, 6, 7, 8, 9, 10, 11, 12, 13]. In Henry
[11] a robustness result is proved for exponential dichotomies, in the discrete case,
by characterizing dichotomy via admissibility for the associated difference equation
and, in the continuous case, by a discretization method (see Chicone and Latushkin
[7] for a comprehensive study of dichotomy and its robustness). The smooth de-
pendence, with respect to parameters, of the projections is considered in Pötzsche
[14], using two different approaches.

If we replace the constantK in the above definition by a continuous functionK(s)
in (1.2) and (1.3), we say that (1.1) admits a nonuniform exponential dichotomy (for
an introduction see [15]). Usually, the nonuniform bound is given by K(s) ≤ Deν|s|
for some ν > 0. As in the uniform case, there are many works concerning issues
of existence and robustness for nonuniform exponential dichotomies [16, 17, 18, 19,
15, 20, 21, 22, 23].

The robustness of nonuniform exponential dichotomy for equation (1.1) can be
interpreted as follows: suppose that the associated solution operator (evolution
process) admits a nonuniform exponential dichotomy. The problem is to know for
which family of bounded linear operators {B(t) : t ∈ R}, the perturbed problem

ẋ = A(t)x+B(t)x, (1.4)

admits a nonuniform exponential dichotomy.
Barreira and Valls [20] studied under which conditions the nonuniform exponen-

tial dichotomy is robust in the case of invertible evolution processes. Later, Zhou et
al. [23], proved a similar result for random difference equations for linear operators
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without the invertibility requirement. More recently, Barreira and Valls [22], proved
that nonuniform exponential dichotomy is robust for continuous evolution processes,
also without invertibility. They consider an evolution process that admits a nonuni-
form exponential dichotomy with a general growth rate ρ(·). They proved that if
α > 2ν and B : R → L(X) is continuous satisfying ‖B(t)‖L(X) ≤ δe−3ν|ρ(t)|ρ′(t),
for all t ∈ R, then the perturbed problem (1.4) admits a ρ-nonuniform exponential
dichotomy.

We provide a interpretation of the robustness result as open property. In fact,
if an evolution process S admits a nonuniform exponential dichotomy, there is
an open neighborhood N(S) of S such that every evolution process in N(S) also
admits a nonuniform exponential dichotomy. Our proof of the robustness result
is inspired by the ideas of Henry [11]. We prove that if a continuous evolution
process admits a nonuniform exponential dichotomy, then each discretization also
admits it. Then we use the roughness of the nonuniform exponential dichotomy
for discrete evolution processes, obtained by Zhou et al. [23], to obtain that each
discretization of the perturbed evolution process also admits a nonuniform expo-
nential dichotomy. Thus, to obtain our robustness result, we have to guarantee
that if each discretization of a continuous evolution process S admits a nonuniform
exponential dichotomy, then S also admits it.

With this method, we obtain uniqueness and continuous dependence of pro-
jections, and explicit expressions for the bound and exponent of the perturbed
evolution process. Besides, since we preserve the condition α > ν of Zhou et al.
[23], we obtain an improvement of Barreira and Valls [22, Theorem 1] (see [18]
for a situation where α > ν is not required). We consider the case ρ(t) = t, the
other cases follow by a change of scaling in time. Moreover, we do not assume
that the evolution processes are invertible, then it is possible to apply our result
on evolutionary differential equations in Banach spaces, as the ones that appears
in [6, 24, 9, 11].

An important consequence of the robustness result regarding nonlinear evolu-
tion processes is the persistence under perturbation of hyperbolic solutions. More
precisely, consider a semilinear differential equation

ẋ = A(t)x+ f(t, x), x(s) = xs ∈ X, (1.5)

and suppose that there for each s ∈ R and xs ∈ X there exist a solution x(·, s;xs) :
[s,+∞)→ X, then there exist a nonlinear evolution process Sf = {Sf (t, s) : t ≥ s}
defined by Sf (t, s)x = x(t, s;xs). A map ξ : R→ X is called a global solution for Sf
if Sf (t, s)ξ(s) = ξ(t) for every t ≥ s and we say that ξ is a nonuniform hyperbolic
solution if the linearized evolution process over ξ admits a nonuniform exponential
dichotomy. This notion also appears in Barreira and Valls [15] as nonuniformly
hyperbolic solutions. In the uniform case, in Carvalho and Langa [6], it was studied
the existence of hyperbolic solutions from nonautonomous perturbation of hyper-
bolic equilibria for a autonomous semilinear differential equation. The persistence
of uniform hyperbolic solutions can be shown using the implicit function theorem,
see Pötzsche [25].

Inspired by Carvalho et al. [24] we prove a result on the persistence of nonuniform
hyperbolic solutions under perturbations. In fact, if ξ is a nonuniform hyperbolic
solution for Sf and g is a map “close” to f , then there exists a nonuniform hy-
perbolic solution for Sg “close” to ξ. Additionally, we also prove that bounded
nonuniform hyperbolic solutions are isolated in the space of bounded continuous
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functions Cb(R, X), i.e., if ξ is a nonuniform hyperbolic solution, then there exists
a neighborhood of ξ in Cb(R) such that ξ is the only bounded solution for Sf is
this neighborhood.

Therefore, the aim of this work is to establish: uniqueness and continuity for
family of projections associated with nonuniform exponential dichotomy; a robust-
ness result with the condition α > ν; and persistence of nonuniform hyperbolic
solutions. We restrict our attention to the study of robustness for nonuniform ex-
ponential dichotomies of linear evolution processes in the entire axis, Z and R, to
tackle the permanence of nonuniform hyperbolic solutions of semilinear differential
equations.

The paper is organized as follows, in Section 2, we summarize some important
facts for discrete evolution processes with nonuniform exponential dichotomy. We
prove uniqueness and continuity of projections and briefly recall the robustness
result of Zhou et al. [23] in our framework. Then, in Section 3, we prove uniqueness
and continuous dependence for family of projections, and a robustness result of
nonuniform exponential dichotomy for continuous evolution processes. In Section 4,
we present a class of examples of evolutions processes in a Banach space that admit
nonuniform exponential dichotomy. Finally, in Section 5, we consider nonuniform
hyperbolic solutions for evolution processes associated with semilinear differential
equations. We prove that these solutions are isolated in Cb(R, X) and that they
persist under perturbations.

2. Nonuniform exponential dichotomy: discrete case

In this section, we present some basic facts of nonuniform exponential dichotomy
for discrete evolution processes. We briefly recall some results of Zhou et al. [23]
(without considering a random parameter) that we will use to prove our results for
the continuous case. Furthermore, we establish uniqueness and continuous depen-
dence of projections associated with the nonuniform exponential dichotomy.

We start with the definition of a discrete evolution process in a Banach space
(X, ‖ · ‖X) in a particular case where the family of operators are linear bounded
operators in X.

Definition 2.1. Let S = {Sn,m : n ≥ m with n,m ∈ Z} be a family of bounded
linear operators in a Banach space X. We say that S is a discrete evolution
process if

(1) Sn,n = IdX , for all n ∈ Z;
(2) Sn,mSm,k = Sn,k, for all n ≥ m ≥ k.

To simplify the notation, we write S = {Sn,m : n ≥ m} as an evolution process,
whenever is clear are dealing with discrete ones.

Remark 2.2. Given a discrete evolution process S = {Sn,m : n ≥ m} it is always
possible to associate S with the family {Sn : n ∈ Z}, where Sn := Sn+1,n for
all n ∈ Z. Conversely, for any family of bounded linear operators {Sn : n ∈
Z} ⊂ L(X) define Sn,m := Sn−1 · · ·Sm for n > m and Sn,n := IdX so that
S = {Sn,m : n ≥ m} is discrete evolution process. Therefore, we often refer,
indistinctly, to {Sn : n ∈ Z} or {Sn,m : n ≥ m} as the discrete evolution process.

Thus it is possible to associate the evolution process {Sn,m : n ≥ m} with
following difference equation

xn+1 = Snxn, xn ∈ X, n ∈ Z, (2.1)
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where Sn = Sn+1,n, n ∈ Z.

Now, we present the definition of nonuniform exponential dichotomy.

Definition 2.3. Let S = {Sn,m : n ≥ m} ⊂ L(X) be an evolution process in a
Banach space X. We say that S admits a nonuniform exponential dichotomy
if there is a family of continuous projections {Qn; n ∈ Z} in L(X) such that

(1) QnSn,m = Sn,mQm, for n ≥ m;
(2) Sn,m : R(Qm)→ R(Qn) is an isomorphism, for n ≥ m, and we define Sm,n

as its inverse;
(3) There exists a function K : Z → [1,+∞) with K(n) ≤ Deν|n|, for some

D ≥ 1 and ν > 0, and α > 0 such that

‖Sn,m(IdX −Qm)‖L(X) ≤ K(m)e−α(n−m), ∀n ≥ m;

and

‖Sn,mQm‖L(X) ≤ K(m)eα(n−m), ∀n ≤ m.

In this theory, K and α are usually called the bound and the exponent of the
exponential dichotomy, respectively.

We now recall the definition of a Green’s function.

Definition 2.4. Let S = {Sn : n ∈ Z} be a discrete evolution process which
admits a nonuniform exponential dichotomy with family of projections {Qn}n∈Z.
The Green’s function associated to the evolution process S is given by

Gn,m =

{
Sn,m(IdX −Qm), if n ≥ m,
−Sn,mQm, if n < m.

A space that appears naturally when dealing with nonuniform exponential di-
chotomies is

l∞1/K(Z) :=
{
f : Z→ X : sup

n∈Z

{
‖fn‖XK(n+ 1)

}
= Mf < +∞

}
,

where K : Z→ R is such that K(n) ≥ 1 for all n ∈ Z.
As in the uniform case, the next result shows that it is possible to obtain the

solution for

xn+1 = Snxn + fn. (2.2)

using the Green’s function.

Theorem 2.5. Assume that the evolution process S = {Sn : n ∈ Z} admits a
nonuniform exponential dichotomy with bound K(n) ≤ Deν|n| and exponent α > ν.
If f ∈ l∞1/K(Z), then (2.2) possesses a unique bounded solution given by

xn =

+∞∑
−∞

Gn,k+1fk, ∀ n ∈ Z.

For the proof of Theorem (2.5) see Zhou et al. [23]. Note that, in [23] they
consider tempered exponential dichotomies, but their proof holds true with the
condition α > ν.

As a consequence of Theorem 2.5, we obtain uniqueness of the family of projec-
tions associated with the nonuniform exponential dichotomy.
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Corollary 2.6 (Uniqueness of projections). If S = {Sn : n ∈ Z} admits a nonuni-
form exponential dichotomy with bound K(n) ≤ Deν|n| and exponent α > ν, then
the family of projections is uniquely determined.

Proof. Let {Q(i)
n ; n ∈ Z}, for i = 1, 2, projections associated with the evolution

process S. Given x ∈ X and m ∈ Z fixed, define fn = 0, for all n 6= m − 1, and
fm−1 = K(m)−1x. Thus, f ∈ l∞1/K(Z) and from Theorem 2.5 there exists a unique

solution {xn}n∈Z for

xn+1 = Snxn + fn, n ∈ Z.

Hence, xm =
∑+∞
−∞G

(i)
m,k+1fk = G

(i)
m,mfm−1 = K(m)−1(IdX − Q(i)

m )x, for i = 1, 2.

Therefore, Q
(1)
m = Q

(2)
m . �

Next, we establish a result on continuous dependence of projections.

Theorem 2.7 (Continuous dependence of projections). Suppose that {Tn}n∈Z and
{Sn}n∈Z admit a nonuniform exponential dichotomy with projections {QTn }n∈Z and
{QSn}n∈Z, exponents αT and αS , respectively, and the same bound K(n) ≤ Deν|n|.
If ν < min{αT , αS} and

sup
n∈Z

{
K(n+ 1)‖Tn − Sn‖L(X)

}
≤ ε,

then

sup
n∈Z

{
K(n)−1 ‖QTn −QSn‖L(X)

}
≤ e−αS + e−αT

1− e−(αS+αT )
ε.

Proof. Let z ∈ X and m ∈ Z be fixed and consider

fn =

{
0, if n 6= m− 1,
K(m)−1z, if n = m− 1.

Thus, by Theorem 2.5, there exist bounded solutions xk = {xkn}n∈Z given by xkn :=
Gkn,mzK(m)−1 for k = T ,S. Note that, for n ∈ Z,

xTn+1 − SnxTn = Tnx
T
n − SnxTn + fn

and xSn+1 − SnxSn = fn. Then, if zn := xTn − xSn we obtain that zn+1 = Snzn + yn,

where yn = (Tn−Sn)xTn for all n ∈ Z. Thanks to the boundedness of the sequence
{xTn }n∈Z and by the hypothesis on Tn − Sn we have that {ynK(n + 1)}n∈Z is
bounded, and by Theorem 2.5 we have that

zn =

∞∑
k=−∞

GSn,k+1(Tk − Sk)GTk,mzK(m)−1,

and therefore, by the hypothesis on T − S, we deduce

‖zm‖X ≤
∞∑

k=−∞

K(k + 1)e−αS |m−k−1|‖Tk − Sk‖L(X)e
−αT |k−m|‖z‖X

≤ e−αS + e−αT

1− e−(αS+αT )
ε ‖z‖X .

The definition of z in m yields

zm = xTm − xSm = (GTm,m −GSm,m)K(m)−1z = (QSm −QTm)K(m)−1z.
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Consequently,

‖(QSm −QTm)K(m)−1z‖X ≤
e−αS + e−αT

1− e−(αS+αT )
ε ‖z‖X ,

which concludes the proof of the theorem. �

Finally, we state a robustness result for discrete evolution processes with nonuni-
form exponential dichotomies.

Theorem 2.8 (Robustness for discrete evolution processes). Let S = {Sn : n ∈ Z},
B = {Bn : n ∈ Z} ⊂ L(X) be discrete evolution processes. Assume that S admits a
nonuniform exponential dichotomy with bound K(n) ≤ Deν|n| and exponent α > ν,
and that B satisfies

‖Bk‖L(X) ≤ δK(k + 1)−1, ∀k ∈ Z,

where δ > 0 is such that δ < (1 − e−α)(1 + e−α)−1. Then the perturbed evolution
process T = S + B admits a nonuniform exponential dichotomy with exponent

α̃ = − ln(coshα− [cosh2 α− 1− 2δ sinhα]1/2),

and bound

K̃(n) = K(n)

[
1 +

δ

(1− ρ)(1− e−α)

]
max [D1, D2],

where ρ := δ(1 + e−α)(1 − e−α)−1, D1 := [1 − δe−α/(1 − e−α−α̃)]−1, D2 := [1 −
δe−β̃/(1− e−α−β̃)]−1 and β̃ := α̃+ ln(1 + 2δ sinhα).

The proof of Theorem 2.8 follows, step by step, the proof [23, Theorem 1] with
minimal changes. It is important to notice that all the arguments of their proof
still hold with the assumption α > ν. We reinforce, that one of our goals is to prove
a robustness result of nonuniform exponential dichotomy for continuous evolution
processes with this same condition on the exponents (α > ν).

3. Nonuniform exponential dichotomy: continuous case

In this section, we consider evolution processes with parameters in R. Inspired
by the ideas of Henry [11], we prove theorems that allow us to obtain the continuous
versions of the results presented in Section 2. The main theorem of this section is our
robustness result for nonuniform exponential dichotomies, namely Theorem 3.11,
and we also provide a version of it to be applied in differential equations, Theorem
3.14. In addition, we establish results on the uniqueness and continuous dependence
of projections associated with nonuniform exponential dichotomy, Corollary 3.8 and
Theorem 3.9, respectively.

We define a continuous evolution process in X as follows.

Definition 3.1. Let S := {S(t, s) : X → X ; t ≥ s, t, s ∈ R} be a family of contin-
uous operators in a Banach space X. We say that S is a continuous evolution
process in X if

(1) S(t, t) = IdX , for all t ∈ R;
(2) S(t, s)S(s, τ) = S(t, τ), for t ≥ s ≥ τ ;
(3) {(t, s) ∈ R2; t ≥ s} ×X 3 (t, s, x) 7→ S(t, s)x is continuous.

To simplify we usually say that S = {S(t, s) : t ≥ s} is an evolution process,
whenever is implicit that S is a continuous evolution process.
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Remark 3.2. Note that the operators S(t, s) : X → X, in the definition above, do
not need to be linear. In fact, in Section 5, we study permanence of the nonuniform
hyperbolic behavior for nonlinear evolution processes.

We also recall the notion of a global solution for an evolution process.

Definition 3.3. Let S = {S(t, s) : t ≥ s} be an evolution process. We say that
ξ : R→ X is a global solution for S if S(t, s)ξ(s) = ξ(t) for every t ≥ s.

We say that a global solution ξ is backwards bounded if there exists t0 ∈ R
such that ξ(−∞, t0] = {ξ(t) : t ≤ t0} is bounded.

Now, we present the definition of nonuniform exponential dichotomy for linear
evolution processes:

Definition 3.4. Let S = {S(t, s) ; t ≥ s} ⊂ L(X) be a linear evolution process.
We say that S admits a nonuniform exponential dichotomy if there exists a
family of continuous projections {Q(t) : t ∈ R} such that

(1) Q(t)S(t, s) = S(t, s)Q(s), for all t ≥ s;
(2) S(t, s) : R(Q(s)) → R(Q(t)) is an isomorphism, for t ≥ s, and we define

S(s, t) as its inverse;
(3) There exists a continuous function K : R → [1,+∞) and some constants

α > 0, D ≥ 1 and ν ≥ 0 such that K(s) ≤ Deν|s| and

‖S(t, s)(IdX −Q(s))‖L(X) ≤ K(s)e−α(t−s), t ≥ s;
‖S(t, s)Q(s)‖L(X) ≤ K(s)eα(t−s), t < s.

Remark 3.5. This definition also includes uniform exponential dichotomies, when
t 7→ K(t) is bounded, and tempered exponential dichotomies, when t 7→ K(t) has a
sub-exponential growth, see [17, 23]. From now on we assume that K(t) = Deν|t|,
t ∈ R.

In the following result we study each “discretization at instant t” of an evolution
process that admits a nonuniform exponential dichotomy.

Theorem 3.6. Let S be a continuous evolution process that admits a nonuniform
exponential dichotomy with bound K(t) = Deν|t| and exponent α > 0. Then for
each t ∈ R and l > 0 the discrete evolution process

{Sm,n(t) : m,n ∈ Zwith m ≥ n} := {S(t+ml, t+ nl) : m,n ∈ Zwith m ≥ n}

admits a nonuniform exponential dichotomy with bound K̃t(m) := K(t + ml) and
exponent α̃ = αl.

Proof. Define, for each t ∈ R, the family of projections {Qm(t) = Q(t+ml) : m ∈
N}, then

Qm(t)Sm,n(t) = Q(t+ml)S(t+ml, t+ nl)

= S(t+ml, t+ nl)Q(t+ nl)

= Sm,n(t)Qn(t),

and the first property is proved. Note that, for m ≥ n,

Sm,n(t)|R(Qn(t)) = S(t+ml, t+ nl)|R(Q(t+nl))

and the right hand side of the equation is an isomorphism, so we define the inverse
Sn,m(t) : R(Q(t+ml))→ R(Q(t+ nl)).
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Finally, for n ≥ m,

‖Sn,m(t)(IdX −Qm(t))‖L(X) = ‖S(t+ml, t+ nl)(IdX −Q(t+ nl))‖L(X)

≤ K(t+ml)e−αl(n−m),

and, for n < m,

‖Sn,m(t)Qm(t)‖L(X) = ‖Sn,m(t)Q(t+ml)‖L(X)

≤ K(t+ml)eαl(n−m).

Therefore, {Sn,m(t) : n ≥ m} admits a discrete nonuniform exponential dichotomy

with exponent α̃ = αl and bound K̃t(m) = K(t + ml) ≤ Deν|t|eνl|m|, which con-
cludes the proof. �

Remark 3.7. In Theorem 3.6, for a fixed t ∈ R, the discretized evolution process
{Sn(t) : n ∈ Z} possesses with a bound Kt dependent of the time t and the exponent
α̃ is independent of t. This is an expected difference with the the case of uniform
exponential dichotomy, where both, the bound and the exponent of the discretization
are independent of t, see Henry [11].

Now, as a consequence of Theorem 3.6 and Corollary 2.6, we obtain the unique-
ness of the family of projections.

Corollary 3.8 (Uniqueness of the family of projections). Let S be an evolution pro-
cess which admits a nonuniform exponential dichotomy with bound K(t) = Deν|t|,
t ∈ R, and exponent α > ν. Then the family of projections is unique.

As another application of Theorem 3.6, we prove a result on the continuous
dependence of projections.

Theorem 3.9 (Continuous dependence of projections). Suppose that S and T are
linear evolution processes with nonuniform exponential dichotomy with projections
{QS(t) : t ∈ R} and {QT (t) : t ∈ R} and exponents αT , αS and with the same
bound K(t) = Deν|t|, for t ∈ R. If ν < min{αT , αS} and

sup
0≤t−s≤1

{
K(t)‖T (t, s)− S(t, s)‖L(X)

}
≤ ε, (3.1)

then

sup
t∈R

{
K(t)−1‖QT (t)−QS(t)‖L(X)

}
≤ e−αS + e−αT

1− e−(αS+αT )
ε.

Proof. Let t ∈ R, from Theorem 3.6 for l = 1, {Tn(t) = T (t+ n+ 1, t+ n) : n ∈ Z}
and {Sn(t) = S(t+n+1, t+n) : n ∈ Z} admit a nonuniform exponential dichotomy
with exponents αT and αS and the same bound Kt(n) := K(t + n). Now, from
Theorem 2.7 we conclude that

K(t+ n)−1‖QT (t+ n)−QS(t+ n)‖L(X) ≤
e−αS + e−αT

1− e−(αS+αT )
ε.

Since t is arbitrary and the right-hand side does not depend on t the proof is
complete taking n = 0. �

Uniqueness and continuous dependence of projections were a simple consequence
of Theorem 3.6, and of course the results in the discrete case. However, to prove
our robustness result, we will need a sort of a reciprocal result of Theorem 3.6.
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Theorem 3.10. Let S = {S(t, s) : t ≥ s} ⊂ L(X) be a continuous evolution
process. Suppose that

(1) there exist l > 0 and ν ≥ 0 such that

L(ν, l) := sup
0≤t−s≤l

{
‖S(t, s)‖L(X) e

−ν|t|} < +∞,

(2) for each t ∈ R the discretized process,

{Tn,m(t), n ≥ m} = {S(t+ nl, t+ml), n ≥ m}

possesses a nonuniform exponential dichotomy with bound Kt(·) : Z →
[1,+∞), with Kt(m) ≤ Deν|t+m| and exponent α > 0 independent of t.

If ν l < α, the evolution process S admits a nonuniform exponential dichotomy with
exponent α̂ = (α− νl)/l and bound

K̂(s) = D2e2α max{L(ν, l), L(ν, l)2} e2ν|s|.

Proof. First, we fix t ∈ R and define the linear operator Tn(t) := Tn+1,n(t), for
each n ∈ Z. Then for each discrete evolution process {Tn(t) : n ∈ Z}, there exists
a family of projections {Qn(t) : n ∈ Z} such that the nonuniform exponential
dichotomy conditions are satisfied.

For each fixed k ∈ Z we have

Tn+k(t) = Tn(t+ kl), ∀n ∈ Z.

Then this linear operator generates the same evolution process with associated pro-
jections {Qn+k(t)}n∈Z and {Qn(t+kl)}n∈Z. Thus by uniqueness of the projections
for the discrete case, namely Corollary 2.6, we obtain that for all n, k ∈ Z,

Qn+k(t) = Qn(t+ kl).

Now, for all t ∈ R we define Q(t) := Q0(t). These projections are the candidates
to obtain the nonuniform exponential dichotomy.

Let us now prove the boundedness in the case t ≥ s.
Claim 1: If t ≥ s, then

‖S(t, s)(IdX −Q(s))‖L(X) ≤ K̂(s)e−α̂(t−s),

where K̂ is defined in the statement of the theorem.
In fact, choose n ∈ N, such that nl + s ≤ t < (n+ 1)l + s, then we write

S(t, s)(IdX −Q(s)) = S(t, s+ nl)S(s+ nl, s)(IdX −Q0(s)).

Thus, by hypothesis,

‖S(s+ nl, s)(IdX −Q0(s))‖L(X) = ‖Tn,0(s)(IdX −Q0(s))‖L(X) ≤ Ks(0)e−αn,

which implies that

‖S(t, s)(IdX −Q(s))‖L(X) ≤ ‖S(t, s+ nl)‖L(X)Ks(0)e−αn

= K(s)eα(t−nl−s)/l‖S(t, s+ nl)‖L(X)e
−α(t−s)/l

≤ Deν|s| eα eν|t| L(ν, l) e−α(t−s)/l,

where was used the fact that 0 ≤ t− s− nl < l.
Now, note that, if t ≥ s ≥ 0 we have

ν|t| − α(t− s)/l = −(α− νl)(t− s)/l + ν|s|,
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and, for s ≤ t ≤ 0,

ν|t| − α(t− s)/l = −(α+ νl)(t− s)/l + ν|s|,
then choose α̂ = (α− νl)/l. Thus, we obtain for t ≥ s ≥ 0 and s ≤ t ≤ 0 that

‖S(t, s)(IdX −Q(s))‖L(X) ≤ Deν|s| eα eν|t| L(ν, l) e−α(t−s)/l

≤ DL(ν, l) eα e2ν|s|e−α̂(t−s).

Finally, for t ≥ 0 ≥ s we have

‖S(t, s)(IdX −Q(s))‖L(X) = ‖S(t, s)(IdX −Q(s)2)‖L(X)

≤ ‖S(t, 0)(IdX −Q(0)‖L(X) ‖S(0, s)(IdX −Q(s))‖L(X)

≤ D2L(ν, l)2 e2α e2ν|s|e−α̂(t−s).

Therefore, for t ≥ s,

‖S(t, s)(IdX −Q(s))‖L(X) ≤ D2e2α max{L(ν, l), L(ν, l)2}e2ν|s|e−α̂(t−s)

and the first claim is proved.
Now, to prove the other inequality, for t < s, we take n ≤ 0 such that s + nl ≤

t < s+ (n+ 1)l, and define for z ∈ R(Q(s)) the linear operator

S(t, s)z := S(t, s+ nl) ◦ [T0,n(s)|R(Qn(s))]
−1z.

In other words,

S(t, s)z = S(t, s+ nl) ◦ Tn,0(s)z.

Claim 2: If t < s, we have

‖S(t, s)Q(s)‖L(X) ≤ K̂(s)eα̂(t−s).

Indeed, for x ∈ X and s+ nl ≤ t < s+ (n+ 1)l, for n ≤ 0, by hypothesis,

‖Tn,0(s)Q0(s)x‖X ≤ Ks(0)eαn‖x‖X .
Hence, by a similar argument to that in the proof of Claim 1 we obtain that

‖S(t, s)Q(s)x‖X ≤ ‖S(t, s+ nl)‖L(X)De
ν|s|eαn‖x‖X ≤ K̂(s)eα̂(t−s)‖x‖X .

Now, to conclude the assertion we take the supremum for ‖x‖X = 1.
Claim 3: For all t0 ∈ R we characterize the kernel of Q(t0), N(Q(t0)) = {z ∈

X : Q(t0)z = 0}, as

N(Q(t0)) = {z ∈ X : [t0,+∞) 3 t 7→ S(t, t0)z is bounded}.
Let z ∈ N(Q(t0)), so by definition Q(t0)z = 0 and for t ≥ t0 we can use Claim 1 to
obtain

‖S(t, t0)z‖X = ‖S(t, t0)(IdX −Q(t0))z‖X ≤ K̂(t0)e−α̂(t−t0)‖z‖X .
Therefore, [t0,+∞) 3 t 7→ S(t, t0)z is bounded.

On the other hand, if z /∈ N(Q((t0))) and n > 0,

‖Q(t0)z‖X ≤ ‖T0,n(t0)Qn(t0)‖L(X)‖Tn,0(t0)z‖X
≤ Deν|t0|eν|n|e−αn‖S(t0 + nl, t0)z‖X .

Thus, we obtain

‖Q(t0)z‖XD−1e−ν|t0|en(α−ν) ≤ ‖S(t0 + nl, t0)z‖X .
Consequently, as ν < α we have that [t0,+∞) 3 t 7→ S(t, t0)z is not bounded.
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Note that the last assertion implies that

S(t, t0)N(Q(t0)) ⊂ N(Q(t)).

Claim 4: The linear operator

S(t, t0) : R(Q(t0))→ X

is injective for all t ≥ t0.
Indeed, let z ∈ R(Q(t0)) with S(t, t0)z = 0. Choose n ∈ N so that t ≤ nl + t0,

then
0 = S(t0 + nl, t)0 = S(t0 + nl, t)S(t, t0)z = Tn,0(t0)z,

this implies that z ∈ N(Tn,0(t0)|R(Q0(t0))) = {0}.
Claim 5: For all t0 ∈ R the range of Q(t0) is

R(Q(t0)) = {z ∈ X : there exists a backwards bounded solution ξ with ξ(t0) = z}.
Let z ∈ R(Q(t0)) and t < t0, then take n ∈ Z such that t ∈ [t0 + nl, t0 + (n + 1)l]
and define

ξ(t) := S(t, t0 + nl)Tn,0(t0)z = S(t, t0)z.

Now, choose x ∈ X so that z = Q(t0)x, thus by Claim 2

‖ξ(t)‖X ≤ K̂(t0)eα̂(t−t0)‖x‖X .
Thus, ξ is a backward bounded solution such that ξ(t0) = z. Suppose that z /∈
R(Q(t0)) and that there exists ξ : R → X a global solution such that ξ(t0) = z.
For n ≤ 0 we can write z = S(t0, t0 + nl)ξ(t0 + nl), thus

‖(IdX −Q(t0))z‖X ≤ ‖S(t0, t0 + nl)(IdX −Q(t0 + nl))‖L(X) ‖ξ(t0 + nl)‖X
≤ Deν|t0|eν|n|eαn‖ξ(t0 + nl)‖X .

Therefore,

‖(IdX −Q(t0))z‖XD−1e−ν|t0|en(ν−α) ≤ ‖ξ(t0 + nl)‖X .
Since ν < α, it follows that ξ is not backwards bounded, and the proof of Claim 5
is complete.

Claim 6: S(t, t0)R(Q(t0)) = R(Q(t)).
Indeed, if z ∈ R(Q(t0)), then there exists a backwards bounded solution ξ

through z in t = t0. Thus, ξ is also a solution through S(t, t0)z in time t and we see
that S(t, t0)z ∈ R(Q(t)). On the other hand, if z ∈ R(Q(t)), there is a backwards
bounded solution ξ with ξ(t) = z. Therefore, if n ∈ Z such that nl + t ≤ t0 ≤ t,
define

x = S(t0, nl + t)S(nl + t, t)z ∈ R(Q(t0)).

Therefore, S(t, t0)x = z and we conclude that S(t, t0)|R(Q(t0)) is an isomorphism.
Finally, we prove that the family of projections commutes with the evolution

process.
Claim 7: Q(t)S(t, s) = S(t, s)Q(s). For z ∈ X, we have that

S(t, t0)z = S(t, t0)(IdX −Q(t0))z + S(t, t0)Q(t0)z.

Now, as (IdX − Q(t0))z ∈ N(Q(t0)) and S(t, t0)Q(t0)z ∈ R(Q(t)), applying Q(t)
we obtain

Q(t)S(t, t0)z = S(t, t0)Q(t0)z.

The proof is complete. �

We are ready to present the main result of this section.
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Theorem 3.11 (Robustness for continuous evolution processes). Let S = {S(t, s) :
t ≥ s} ⊂ L(X) be an evolution process that admits a nonuniform exponential
dichotomy with bound K(s) = Deν|s| and exponent α > ν. Assume that

LS(ν) := sup
0≤t−s≤1

{
e−ν|t|‖S(t, s)‖L(X)

}
< +∞. (3.2)

Then there exists ε > 0 such that if T = {T (t, s) : t ≥ s} is an evolution process
such that

sup
0≤t−s≤1

{
K(t)‖S(t, s)− T (t, s)‖L(X)

}
< ε, (3.3)

then T admits a nonuniform exponential dichotomy with exponent α̂ := α̃− ν and
bound

K̂(s) = D̃2e2α̃ max{LT (ν), LT (ν)2} e2ν|s|, (3.4)

where D̃ := D(1 + ε/(1 − ρ)(1 − e−α)) max{D1, D2}, and ρ, α̃,D1 and D2 are the
same as in Theorem 2.8.

Proof. Let n ∈ Z and t0 ∈ R, then, by Theorem 3.6, the discrete evolution process
{Sn(t0) := S(t0+n+1, t0+n) : n ∈ Z} admits a nonuniform exponential dichotomy
with bound Kt(n) ≤ Deν(|t+n|) and exponent α > 0. Let ε > 0 be such that
ε < (1−e−α)/(1+e−α) and T = {T (t, s) : t ≥ s} an evolution process that satisfies
(3.3). Let {Tn(t0) : n ∈ Z} be the discretization of T at t0 and define, for each
n ∈ Z and t0 ∈ R, the linear bounded operator

Bn(t0) := Tn(t0)− Sn(t0).

Hence, from (3.3), we have that

‖Bn(t0)‖L(X) < εKt0(n+ 1)−1.

Therefore, by Theorem 2.8, the discrete evolution process Tn(t0) = Sn(t0) +Bn(t0)
admits a nonuniform exponential dichotomy with exponent

α̃ := − ln(coshα− [cosh2 α− 1− 2ε sinhα]1/2),

and bound

K̃t0(n) := Kt0(n)

[
1 +

ε

(1− ρ)(1− e−α)

]
max [D1, D2],

where D1, D2, ρ are constants that can be found in Theorem 2.8.
Since each discretization at time t has the same exponent α > 0 we see that ε

can be choose independent of t. Thus for each t ∈ R, the discrete evolution process
{Tn(t) : n ∈ Z} admits nonuniform exponential dichotomy with bound K̃t(n) and
exponent α̃ defined above. Then condition (2) of Theorem 3.10 holds true for T .

Moreover, from (3.3), T satisfies

‖T (t, s)‖L(X) ≤ εK(t)−1 + ‖S(t, s)‖L(X)

≤ ε+ ‖S(t, s)‖L(X), for 0 ≤ t− s ≤ 1

then sup0≤t−s≤1{e−ν|t|‖T (t, s)‖L(X)} is finite. Finally, note that it is possible to
choose ε > 0 small such that α̃ > ν. Therefore, Theorem 3.10 implies that T admits
nonuniform exponential dichotomy with bound K̂ defined in (3.4) and exponent
α̂ = α̃− ν > 0. �
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Remark 3.12. Assumption (3.2) on the growth of S (analogous to that of [11,
Theorem 7.6.10] with ν = 0, that is, the uniform case) is expected for evolution
processes that admit nonuniform exponential dichotomies, see Barreira and Valls
[15] or Example 4.1 in Section 4.

Remark 3.13. Theorem 3.11 allows us to see the robustness as an open property.
In fact, let Sν be the space of all evolutionary processes that satisfy (3.2) and define
a distance in Sν as

dν(S, T ) := sup
0≤t−s≤1

{
eν|t|‖S(t, s)− T (t, s)‖L(X)

}
.

Then, from Theorem 3.11 we see that if S ∈ Sν admits a nonuniform exponential
dichotomy with bound K(t) = Deν|t| and exponent α > ν, then there exists ε > 0
such that every evolution process T in a ε-neighborhood of S admits a nonuniform
exponential dichotomy with bound and exponent given in Theorem 3.11.

Now, we present another formulation of Theorem 3.11 that allows us to apply
the result for differential equations in Banach spaces.

Theorem 3.14. Let S = {S(t, s) : t ≥ s} ⊂ L(X) be an evolution process that
admits a nonuniform exponential dichotomy with bound K(t) = Deν|t|, t ∈ R, and
exponent α > ν. Assume that

LS(ν) := sup
0≤t−s≤1

{
e−ν|t|‖S(t, s)‖L(X)

}
< +∞.

Let {B(t) : t ∈ R} ⊂ L(X) so that R 3 t 7→ B(t)x is continuous for all x ∈ X and

‖B(t)‖L(X) < δe−3ν|t|, ∀ t ∈ R.

Then any evolution process that satisfies the integral equation

T (t, s) = S(t, s) +

∫ t

s

S(t, τ)B(τ)T (τ, s)dτ ∈ L(X), t ≥ s, (3.5)

admits a nonuniform exponential dichotomy for suitably small δ > 0, with bound
and exponent given in Theorem 3.11.

Proof. Let T = {T (t, s) : t ≥ s} be a evolution process satisfying (3.5). Then

‖T (t, s)‖L(X) ≤ ‖S(t, s)‖L(X) +

∫ t

s

‖S(t, τ)‖L(X)‖B(τ)‖L(X) ‖T (τ, s)‖L(X)dτ.

Thus, fix s and define the function φ(t) = e−ν|t|‖T (t, s)‖L(X), for t ≤ s+ 1,

φ(t) ≤ LS(ν) + LS(ν)

∫ t

s

‖B(τ)‖L(X)e
ν|τ |φ(τ)dτ

By Grönwall’s inequality, we obtain that

φ(t) ≤ LS(ν)e
LS(ν)

∫ t

s

‖B(τ)‖L(X)e
ν|τ |dτ

, for t ≤ s+ 1.

Therefore,

LT (ν) := sup
0≤t−s≤1

{
e−ν|t|‖T (t, s)‖L(X)

}
< +∞.
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Now, for 0 ≤ t− s ≤ 1,

‖S(t, s)− T (t, s)‖L(X) ≤
∫ t

s

eν(|t|+|τ |)LS(ν)‖B(τ)‖L(X)LT (ν)dτ

= LT (ν)LS(ν) eν|t|
∫ t

s

eν|τ |‖B(τ)‖L(X)dτ.

Then
K(t)‖S(t, s)− T (t, s)‖L(X) ≤ LT (ν)LS(ν)D δ,

and choose δ > 0 suitably small in order to use Theorem 3.11 and conclude the
proof. �

Theorem 3.14 is very useful when dealing with differential equations. In fact, let
{A(t) : t ∈ R} be a family of linear operators, possibly unbounded, and consider

ẋ = A(t)x, x(s) = xs ∈ X. (3.6)

Suppose that for each s ∈ R and xs ∈ X there exists a unique solution x(·, s, xs) :
[s,+∞)→ X. Thus there exists an evolution process S = {S(t, s) : t ≥ s} defined
by S(t, s)xs := x(t, s, xs) for each t ≥ s.

To study robustness of nonuniform exponential dichotomy of problem (3.6), we
suppose that S admits a nonuniform exponential dichotomy and we want to know
for which class of {B(t) : t ∈ R} ⊂ L(X) the perturbed problem

ẋ = A(t)x+B(t)x, x(s) = xs ∈ X, (3.7)

admits a nonuniform exponential dichotomy with bound K(t) = Deν|t| and expo-
nent α > 0. In this way, Theorem 3.14 ensures that the nonuniform hyperbolicity is
preserved for exponentially small perturbations. In other words, if the norm of the
perturbation of B does not grow more than e−3ν|t| for ν < α, then the perturbed
problem (3.7) admits a nonuniform exponential dichotomy.

Remark 3.15. In Barreira and Valls [22] a version of Theorem 3.14 is proved
under different assumptions. They considered a general growth rate ρ(t) for the
nonuniform exponential dichotomy and proved that if α > 2ν and B : R → L(X)
is continuous satisfying ‖B(t)‖L(X) ≤ δe−3ν|ρ(t)|ρ′(t), for all t ∈ R, then the per-
turbed problem (3.7) admits ρ-nonuniform exponential dichotomy. We note that
our method does not work for general growth rates ρ(t). We treat the case ρ(t) = t,
the other cases can be achieved by a change of scaling in time, and since our con-
dition on the exponents is only α > ν we obtain a improvement of their robustness
result.

For A(t) bounded and B satisfying ‖B(t)‖L(X) ≤ δe−2ν|t|, for all t, Barreira and
Valls proved in [20] a result similar to Theorem 3.14. Their result also holds when
the evolution process S is invertible (which means that S(t, s) is invertible for every
t ≥ s), even if A(t) is not bounded.In their proof, thanks to invertibility, they can
write explicit expressions of the projections for the perturbed evolution process. In
applications to partial differential equations, in general, A(t) is not bounded, see
Section 4.

4. An application in infinite-dimensional differential equations

In this section, we show an application of the robustness result in order to obtain
examples of evolution processes that admits nonuniform exponential dichotomies.
Inspired in an example of [15], we provide an evolution process defined on a Banach
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space that admits a nonuniform exponential dichotomy. Then, apply Theorem
3.14 to study for which class of perturbations the nonuniform hyperbolicity will be
preserved.

Let X and Y be two Banach spaces. Suppose that A is a generator of a C0-
semigroup {eAt : t ≥ 0} in X and B ∈ L(Y ) with σ(A) ⊂ (−∞,−ω) and σ(B) ⊂
(ω,+∞), for some ω > 0, and there exists M ≥ 1 such that

‖eA(t−s)‖L(X) ≤ Me−ω(t−s), t ≥ s;
‖eB(t−s)‖L(Y ) ≤ Meω(t−s), t < s.

Remark 4.1. Let C be a generator of a hyperbolic C0-semigroup {eCt : t ≥ 0}, i.e.,
the associated evolution processes {eC(t−s) : t ≥ s} admits an uniform exponential
dichotomy with a single projection Q(t) = Q ∈ L(X) for every t ∈ R. Then, there
is a decomposition X = Xu ⊕ Xs such that A := C|Xs and B = C|Xu satisfy the
conditions above over Xs and Xu, respectively, see [24, 8, 11].

Let ω > a > 0 and define the linear operator in Z = X × Y

A(t) :=

[
A− at sin(t)IdX 0

0 B + at sin(t)IdY

]
.

Consider the differential equation

ż = A(t)z, z(s) = zs ∈ Z. (4.1)

Then, the evolution process associated with problem (4.1) is defined by

T (t, s) = (U(t, s), V (t, s))

where

U(t, s) = eA(t−s) exp

{
−
∫ t

s

aτ sin(τ)dτ

}
and

V (t, s) = eB(t−s) exp

{∫ t

s

aτ sin(τ)dτ

}
are evolution processes in X and Y, respectively.

The proof of the next result is inspired by Proposition 2.3 of [15].

Proposition 4.2. Let T = {T (t, s) : t ≥ s} be the evolution process defined above.
Then T admits a nonuniform exponential dichotomy with bound K(t) = Me2a(1+|t|)

and exponent α = ω − a > 0.

Proof. Define the linear operators P (t) = PX and Q(t) = PY for all t ∈ R
where PX and PY are the canonical projections onto X and Y , respectively. Then
T (t, s)P (s) = U(t, s) and T (t, s)Q(s) = V (t, s) for all t ≥ s.

In this way we have that PX commutes with T (t, s), for all t ≥ s and since
B ∈ L(Y) generates a group in Y we have that V (t, s) is an isomorphism over Y.
Note that

‖U(t, s)‖L(X) = exp

{
−
∫ t

s

aτ sin(τ)dτ

}
‖eA(t−s)‖L(X)

≤ Me−ω(t−s)+at cos(t)−as cos(s)−a sin(t)+a sin(s)

Now, proceed as in Proposition 2.3 of [15] to obtain

U(t, s) ≤Me(−ω+a)(t−s)+2a|s|+2a, for t ≥ s. (4.2)



PERMANENCE FOR NONUNIFORM HYPERBOLICITY 17

Similarly, we obtain that

‖V (t, s)‖L(Y ) ≤Me2a+2a|s|e(ω+a)(t−s) for t < s. (4.3)

Therefore, T admits a nonuniform exponential dichotomy with bound K(t) =
Me2a(1+|t|) and exponent α = ω − a > 0. �

Now, apply Theorem 3.14 to Example 4.1.

Theorem 4.3. Consider for each ε > 0 the operator Bε(t) ∈ L(Z) such that
‖Bε(t)‖ ≤ εe−6a|t|, and define the operator

Aε(t) := A(t) +Bε(t), ∀ t ∈ R.

If ω > 3a, there exists ε > 0 such that the evolution process associated with the
problem

ẋ = Aε(t)x, x(s) = xs ∈ Z. (4.4)

admits a nonuniform exponential dichotomy.

Proof. Let us prove first that the evolution problem associated with (4.1) satisfies

sup
0≤t−τ≤1

{
e−ν|t|‖T (t, τ)‖L(Z)

}
< +∞. (4.5)

In fact, we have for t ≥ s that

‖T (t, s)‖L(Z) ≤ ‖U(t, s)‖L(X) + ‖V (t, s)‖L(Y ),

where U and V are the evolution processes defined in the proof of Proposition
4.2. Then it is enough to prove that each evolution process satisfies (4.5) in the
corresponding space. From (4.2) we have that

e−2a|t|‖U(t, s)‖L(X) ≤Me2a+2a(|s|−|t|)e−(ω−a)(t−s) ≤Me2ae−(ω−3a)(t−s).

Therefore

sup
0≤t−s≤1

{e−2a|t|‖U(t, s)‖L(X)} < +∞, for all t ≥ s.

Now, since ‖eB(t−s)‖L(Y ) ≤ M̃eβ(t−s) for some M̃ ≥ 1 and β > 0, for every t ≥ s,
we have that

‖V (t, s)‖L(Y ) = exp

{∫ t

s

aτ sin(τ)dτ

}
‖eB(t−s)‖L(Y ) ≤ M̃e4a+2a|t|e(β+a)(t−s),

which implies that

sup
0≤t−s≤1

{e−2a|t|‖V (t, s)‖L(Y )} < +∞.

Now, from Proposition 4.2, T admits a nonuniform exponential dichotomy where
the bound is K(s) = Me2a+2a|s| and exponent α = ω − a > 0. Since ν := 2a is
such that α > ν, we apply Theorem 3.14 to conclude that the evolution process
generated by (4.4) admits a nonuniform exponential dichotomy. �

Remark 4.4. Note that, in Theorem 3.14 the assumption α > ν of Theorem 4.3 is
expressed by ω > 3a. On the other hand, to apply Theorem 1 of [22] the hypothesis
must be ω > 5a, because their condition is α > 2ν.
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5. Persistence of nonuniform hyperbolic solutions

In this section, we study nonlinear evolution processes associated with a semi-
linear differential equation. Inspired by [24], we study persistence of nonuniform
hyperbolic solutions under perturbation for evolutions processes in Banach spaces.
More precisely, we use Green’s function to characterize bounded global solutions for
semilinear differential equations and conclude that nonuniform hyperbolic solutions
are isolated in the set of bounded continuous functions, see Theorem 5.3. Finally, in
Theorem 5.4, we provide conditions to prove that nonuniform hyperbolic solutions
persist under perturbations.

Consider a semi-linear differential equation

ẏ = A(t)y + f(t, y), y(s) = ys. (5.1)

Assume that f is continuous in the first variable and locally Lipschitz in the sec-
ond and that {A(t) : t ∈ R} is a family of linear (possibly unbounded) operators
associated with a linear bounded evolution process T = {T (t, s) : t ≥ s}, i.e., for
each s ∈ R and x0 ∈ X the mapping [s,+∞) 3 t→ T (t, s)x0 is the solution of

ẋ = A(t)x, x(s) = x0.

Then we have a local mild solution for problem (5.1), that is, for each (s, ys) ∈ R×X
there exist σ = σ(s, ys) > 0 and a solution y of the integral equation

y(t, s; ys) = T (t, s)ys +

∫ t

s

T (t, τ)f(τ, y(τ, s; ys))dτ, (5.2)

for all t ∈ [s, s+ σ).
If for each (s, ys) ∈ R×X, σ(s, ys) = +∞, we can consider the evolution process

Sf (t, s)ys = y(t, s; ys). We refer to Sf = {Sf (t, s) : t ≥ s} as the evolution process
obtained by a non-linear perturbation f of T .

Suppose additionally that f : R×X → X is differentiable with continuous deriva-
tives. Let ξ be a global solution of Sf (see Definition 3.3), and Lf = {Lf (t, s) : t ≥
s} is the linearized evolution process of Sf on ξ. Thus Lf satisfies

Lf (t, s) = T (t, s) +

∫ t

s

T (t, τ)Dxf(τ, ξ(τ))Lf (τ, s)dτ.

Definition 5.1. If Lf admits a nonuniform exponential dichotomy we say that ξ
is a nonuniform hyperbolic solution for Sf .

In Barreira and Valls [15] this notion is called nonuniformly hyperbolic trajecto-
ries.

Remark 5.2. Let ϕ be a global solution for Sf . Then

ϕ(t) = Lf (t, s)ϕ(s) +

∫ t

s

Lf (t, τ)[f(τ, ϕ(τ))−Dxf(τ, ξ(τ))ϕ(τ)]dτ, t ≥ s. (5.3)

In particular, the global bounded solution ξ satisfies the integral equation (5.3).

The next result allows us to characterize bounded nonuniform hyperbolic solu-
tions.

Theorem 5.3. Assume that there is a global nonuniform hyperbolic solution ξ for
Sf and that Lf admits a nonuniform exponential dichotomy with bound K(s) =
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Deν|s|, s ∈ R, exponent α > ν, and family of projections {Q(t) : t ∈ R}. If ϕ is a
bounded global solution for Sf , then ϕ satisfies

ϕ(t) =

∫ +∞

−∞
Gf (t, τ)[f(τ, ϕ(τ))−Dxf(τ, ξ(τ))ϕ(τ)]dτ,

where Gf is the Green’s function associated with the evolution process Lf ,

Gf (t, s) =

{
Lf (t, s)(IdX −Q(s)), if t ≥ s,
−Lf (t, s)Q(s) if t < s.

Moreover, if ξ is a bounded nonuniform hyperbolic solution of Sf and

ρ(ε) = sup
‖x‖≤ε

sup
t∈R

eν|t| ‖f(t, ξ(t) + x)− f(t, ξ(t))−Dxf(t, ξ(t))x‖
‖x‖

→ 0, as ε→ 0,

(5.4)
then ξ is isolated in the set of bounded and continuous functions Cb(R, X), i.e.,
there is a ε-neighborhood of ξ, namely

Nε = {ϕ ∈ Cb(R, X) : sup
t∈R
‖ϕ(t)− ξ(t)‖X < ε}, ε > 0,

such that ξ is the only bounded global solution of Sf in Nε.

Proof. If τ > t we have that

ϕ(τ) = Lf (τ, t)ϕ(t) +

∫ τ

t

Lf (τ, s)[f(s, ϕ(s))−Dxf(s, ξ(s))ϕ(s)]ds. (5.5)

Thus, applying Q(τ) in the previous equation we obtain

Q(τ)ϕ(τ) = Lf (τ, t)Q(t)ϕ(t) +

∫ τ

t

Lf (τ, s)Q(s)[f(s, ϕ(s))−Dxf(s, ξ(s))ϕ(s)]ds.

(5.6)
Now, use that Lf (τ, t)|R(Q(t)) is invertible with inverse Lf (t, τ) so we obtain

Lf (t, τ)Q(τ)ϕ(τ) = Q(t)ϕ(t) +

∫ τ

t

Lf (t, s)Q(s)[f(s, ϕ(s))−Dxf(s, ξ(s))ϕ(s)]ds.

(5.7)
Since Lf admits a exponential dichotomy with exponent α > ν and ϕ is bounded,
we obtain that

‖Lf (t, τ)Q(τ)ϕ(τ)‖ ≤ Deν|τ |eα(t−τ) sup
s∈R
‖ϕ(s)‖ → 0, as τ → +∞.

Then

Q(t)ϕ(t) = −
∫ +∞

t

Lf (t, s)Q(s)[f(s, ϕ(s))−Dxf(s, ξ(s))ϕ(s)]ds. (5.8)

Similarly, for t > τ , as

‖Lf (t, τ)(IdX −Q(τ))ϕ(τ)‖ ≤ Deν|τ |e−α(t−τ) sup
s∈R
‖ϕ(s)‖ → 0, as τ → −∞,

thus

(IdX −Q(t))ϕ(t) =

∫ t

−∞
Lf (t, s)(IdX −Q(s))[f(s, ϕ(s))−Dxf(s, ξ(s))ϕ(s)]ds.

(5.9)
Therefore, the result follows by writing ϕ(t) = (IdX − Q(t))ϕ(t) + Q(t)ϕ(t) and
using the previous expressions.
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Finally, we prove that ξ is isolated. Let ϕ ∈ Cb(R, X) be a bounded global
solution of Sf with supt∈R ‖ϕ(t)− ξ(t)‖ ≤ ε. Since ξ and ϕ are bounded we apply
the first part of the proof for each and obtain

ϕ(t)− ξ(t) =

∫ +∞

−∞
Gf (t, τ)[f(τ, ϕ(τ))− f(τ, ξ(τ))−Dxf(τ, ξ(τ))(ϕ(τ))− ξ(τ)]dτ.

Note that, the Green’s function Gf satisfies

‖Gf (t, τ)‖L(X) ≤ Deν|τ |e−α|t−τ |, for all t, τ ∈ R,

this together with condition (5.4) we obtain

sup
t∈R
‖ϕ(t)− ξ(t)‖ ≤ 2Dρ(ε)α−1 sup

t∈R
‖ϕ(t)− ξ(t)‖.

For ε > 0 such that 2Dρ(ε)α−1 < 1 we see that ϕ(t) = ξ(t) for all t ∈ R. Therefore,
ξ is isolated and the proof is complete. �

Now, as an application of Theorem 3.11 we prove a result on the persistence of
nonuniform hyperbolic solutions.

Theorem 5.4 (Persistence of nonuniform hyperbolic solutions). Let f : R×X → X
be a continuous map with continuous first derivative with respect to the second
variable, T be a linear evolution processes and Sf be the evolution process generated
by f and T . Assume that

(1) T satisfies

sup
0≤t−s≤1

{e−ν|t|‖T (t, s)‖L(X)} < +∞, (5.10)

(2) there is a global nonuniform hyperbolic solution ξ for Sf , i.e., Lf admits a

nonuniform exponential dichotomy with bound K(s) = Deν|s|, for all s ∈ R,
and exponent α > ν.

(3) ξ is bounded with supt∈R ‖ξ(t)‖ < M ;
(4) f satisfies Condition (5.4);
(5) the derivative of f satisfies

sup
‖x‖≤M

sup
t∈R
{eν|t|‖Dxf(t, x)‖L(X)} < +∞;

(6) g : R×X → X is differentiable with continuous first derivative with respect
to the second variable and satisfies

sup
‖x‖X≤ε

sup
t∈R

e3ν|t|‖Dxg(t, ξ(t) + x)−Dxg(t, ξ(t))‖L(X) <
δ

2
, and (5.11)

sup
t∈R

‖x‖X≤M

e3ν|t|
{
‖f(t, x)−g(t, x)‖X+‖Dxf(t, x)−Dxg(t, x)‖L(X)

}
<
εα

4D
,

(5.12)

for 0 < ε < ε0 := min{M − supt∈R ‖ξ(t)‖X , 2δDα−1} suitable small, where
δ > 0 is the same as in Theorem 3.14 applied for Lf .

Then there exists a unique nonuniform hyperbolic solution ψ for Sg such that

sup
t∈R
‖ξ(t)− ψ(t)‖ < ε.
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Proof. If y is a global bounded solution for Sg, then, as in Remark 5.2, we have
that

y(t) = Lf (t, s)y(s) +

∫ t

s

Lf (t, τ)[g(τ, y(τ))−Dxf(τ, ξ(τ))y(τ)]dτ,

ξ(t) = Lf (t, s)ξ(s) +

∫ t

s

Lf (t, τ)[f(τ, ξ(τ))−Dxf(τ, ξ(τ))ξ(τ)]dτ.

(5.13)

Thus φ(t) = y(t)− ξ(t) satisfies the following integral equation

φ(t) = Lf (t, s)φ(s) +

∫ t

s

Lf (t, τ)h(τ, φ(τ))dτ, (5.14)

where h(t, φ(t)) = g(t, φ(t) + ξ(t))− f(t, ξ(t))−Dxf(t, ξ(t))φ(t).
Then , by Theorem 5.3, there exists a bounded solution of (5.14) in

Bε := {φ : R→ X : φ is continuous and sup
t∈R
‖φ(t)‖ < ε},

if and only if, the operator

(Fϕ)(t) =

∫ +∞

−∞
Gf (t, s)h(s, ϕ(s))ds,

has a fixed point in the space Bε.
Now, we use the fact that Lf admits a nonuniform exponential dichotomy to

show that F has a unique fixed point in Bε, for suitable small ε > 0. In order to
use the Banach fixed point Theorem, we have to prove that F is a contraction and
that FBε ⊂ Bε.

For 0 < ε < ε0 and φ ∈ Bε, we have

‖(Fφ)(t)‖X ≤ D

∫ +∞

−∞
eν|s|e−α|t−s|‖h(s, φ(s))‖Xds

≤ 2Dα−1 sup
t∈R

eν|t| ‖g(t, ξ(t) + φ(t))− f(t, ξ(t) + φ(t))‖X

+ 2Dα−1ε sup
‖x‖≤ε

sup
t∈R

eν|t| ‖f(t, ξ(t) + x)− f(t, ξ(t))−Dxf(t, ξ(t))x‖X
‖x‖X

≤ ε/2 + 2α−1Dρ(ε)ε.

Thus, choosing ε ∈ (0, ε0) such that 4α−1Dρ(ε) < 1, we see that Fφ ∈ Bε. Now,
we show that F is a contraction. In fact, with similar computations we are able to
prove for φ1, φ2 ∈ Bε that

‖(Fφ1)(t)− (Fφ2)(t)‖X ≤
1

2
sup
t∈R
‖φ1(t)− φ2(t)‖X .

Therefore, there is a unique fixed point φ in Bε and we obtain ψ = φ + ξ a global
solution of Sg.

Finally, we prove that ψ is a nonuniform hyperbolic solution, that means, the
linear evolution process Lg := {Lg(t, s) : t ≥ s} that satisfies

Lg(t, τ) = T (t, τ) +

∫ t

τ

T (t, s)Dxg(s, ψ(s))Lg(s, τ)ds

admits a nonuniform exponential dichotomy.
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To that end, we show that Lf satisfies conditions of Theorem 3.14 and we see
Lg as a small perturbation of Lf . Indeed, since T satisfies (5.10) and

Lf (t, s) = T (t, s) +

∫ t

s

T (t, τ)Dxf(τ, ξ(τ))Lf (τ, s)dτ,

from a Grönwall’s inequality and assumption (5) we see that

sup
0≤t−τ≤1

{e−ν|t| ‖Lf (t, τ)‖L(X)} < +∞.

Finally, note that

Lg(t, τ) = Lf (t, τ) +

∫ t

τ

Lf (t, s)[Dxg(s, ψ(s))−Dxf(s, ξ(s))]Lg(s, τ)ds.

Now, define B(s) := Dxg(s, ψ(s))−Dxf(s, ξ(s)) for all s ∈ R. Since

‖B(s)‖L(X) ≤ ‖Dxg(s, ψ(s))−Dxg(s, ξ(s))‖L(X)

+ ‖Dxg(s, ξ(s))−Dxf(s, ξ(s))‖L(X),

hypotheses (5.11) and (5.12) imply that ‖B(t)‖ ≤ δe−3ν|t|, t ∈ R. Therefore B :
R→ L(X) satisfies conditions of Theorem 3.14 and we conclude ψ is a nonuniform
hyperbolic solution of Sg. �

Remark 5.5. Note that, in Theorem 5.4, f and g have to be C1-close with a
exponential weight. In fact, the functions one has to consider are of the form h :
R×X → X such that h(t, x) = e−3ν|t|h0(t, x) for some h0 that satisfy the conditions
for the uniform case (with ν = 0 see [24, Lemma 8.3]), and this exponential weight
has to be considered on the C1-proximity of the functions as in (5.12).

Remark 5.6. We point out that the existence of a nonuniform hyperbolic solution
can be achieved by an application of Theorem 5.4 in the special case where f = 0,
so ξ ≡ 0 is a nonuniform hyperbolic solution of ẏ = A(t)y.

6. Conclusions

The method of discretization, results 3.6 and 3.10, allowed us to compare contin-
uous and discrete dynamical systems that exhibit nonuniform hyperbolicity. This
approach was already known in the case of uniform exponential dichotomies, see
for example [8, 11], and in this work we established it for the nonuniform case.
Through this procedure we obtain:

(1) Uniqueness of the family of projections: Corollary 3.8.
(2) Continuous dependence of projections: Theorem 3.9.
(3) Robustness of nonuniform exponential dichotomies: theorems 3.11 and 3.14.

A disadvantage of the discretization method is that it is not possible to consider
directly nonlinear growth rates ρ(t), as in Barreira and Valls [22]. Note that, this
case can be achieved by a change of scaling in time. Thus, it was possible to prove
the robustness result with the assumption α > ν, which is the sharpest condition
we can get with this technique. We also note that condition (3.2) is not required
in [22], and its needed when applying this discretization method. However it is
not a restrictive condition when dealing with evolution processes with nonuniform
exponential dichotomies, see for instance Barreira and Valls [15] or Example 4.1.
Therefore, we obtain an improvement on the exponents of the robustness result of
[22] at the price of having to assume (3.2).
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The continuous dependence of projections and the persistence of hyperbolic so-
lutions play an important role in the study of continuity of local unstable and
stable manifolds for an associated nonlinear evolution process. In [6] they use these
permanence results to conclude continuity of pullback attractors under perturba-
tion. On the other hand, it is not clear yet how to apply the results of stability of
nonuniform hyperbolicity in the theory of attractors. However the persistence of
nonuniform hyperbolic solutions and continuous dependence of projections should
be important to study continuity of invariant manifolds associated to the nonuni-
form hyperbolic solutions. This, in turn, will be crucial in a possible application in
the theory of attractors.
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N. Carvalho by São Paulo Research Foundation (FAPESP) grant 2018/10997-
6, CNPq grant 306213/2019-2, and FEDER - Andalućıa P18-FR-4509; and A.
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