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Abstract

How many permutations are needed so that every
infinite-coinfinite set of natural numbers with asymp-
totic density can be rearranged to no longer have the
same density? We prove that the density number dbd,
which answers this question, is equal to the least size of
a nonmeager set of reals, non(M). The same argument
shows that a slight modification of the rearrangement
number rr of Blass et al. [Trans. Amer. Math. Soc.
373 (2020), no. 1, 41-69]is equal to non(M), and sim-
ilarly for a cardinal invariant related to large-scale
topology introduced by Banakh [3], thus answering a
question of the latter. We then consider variants of bd
given by restricting the possible densities of the origi-
nal set and/or of the permuted set, providing lower and
upper bounds for these cardinals and proving consis-
tency of strict inequalities. We finally look at cardinals
defined in terms of relative density and of asymptotic
mean, and relate them to the rearrangement numbers
of Blass et al. [Trans. Amer. Math. Soc. 373 (2020),
no. 1, 41-69].
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1 | INTRODUCTION

Asymptotic density of sets of natural numbers plays an important role in many areas of mathe-
matics; it is also closely connected to Lebesgue measure on the real numbers. For quite some time,
density has been investigated from the point of view of set theory: the density ideal Z is one of the
classical analytic P-ideals, which have been characterized by Solecki [18] using lower semicontin-
uous submeasures, and its cardinal invariants as well as those of the quotient algebra P(w)/ Z have
been extensively studied (see, e.g., [16] or [17]). More recently, variants of the splitting number and
the reaping number defined in terms of density have been introduced and compared with other
cardinal invariants of the continuum ([11], see also [13] and [19]). Here, we look at density from
another point of view: our starting point is the simple observation, inspired by Riemann’s Rear-
rangement Theorem, that any infinite-coinfinite set of natural numbers can be rearranged into
a set without density or with arbitrary density in the closed interval [0,1]. The question of how
many permutations are necessary to be able to rearrange every infinite—coinfinite set naturally
leads to cardinal invariants (which we will call density numbers) analogous to the rearrangement
numbers studied in [7] (see also [9] for closely related work). We start with basic definitions.
For A C w, let

|[ANn|

d,(A) =
and define the lower density
d(A) = lirrlriiorolf d,(A)
and the upper density

E(A) = limsupd,(A)

n—oo

of A. If d(A) = d(A), we call the common value d(A) the (asymptotic) density of A. Otherwise
A does not have (asymptotic) density. Notice that finite sets have asymptotic density equal to 0
and cofinite sets have asymptotic density equal to 1. On the other hand, the density of infinite-
coinfinite sets can be changed by permutations of w as shown by the following simple result.

Proposition 1. Given an infinite and coinfinite set A, we have the following.
(1) Foreveryr € [0,1], there is 1 € Sym(w) such that d(w[A]) = r.
(2) Thereis m € Sym(w) such that [ A] does not admit asymptotic density.
This is reminiscent of Riemann’s Rearrangement Theorem.
Theorem 2 (Riemann). Given a conditionally convergent (c.c. for short) series Y, a,,, we have:
(1) Foreveryr € RU{—0c0,+00}, there is m € Sym(w) such that Y, Ar(n) =T

(2) Thereis m € Sym(w) such that ), Ay diverges by oscillation.

The latter means that —oo < liminf), Zﬁ:o a, < limsup, Zﬁ:o a, < +oo0. Riemann’s theorem
motivates the following definition from [7].
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DENSITY CARDINALS | 30f34

Definition 3. The rearrangement number rr is the smallest cardinality of a family IT C Sym(w)
such that for every c.c. series )’ a,, there is 7 € ITsuch that 3’ a, ) # X, a, (Where we allow
the possibility that 3’ a,,, converges to oo or diverges by oscillation).

By Proposition 1, we may define analogously.

Definition 4. The (asymptotic) density number db is the smallest cardinality of a family IT C
Sym(w) such that for every infinite-coinfinite set A C w with asymptotic density, there is 7 € II
such that d(z[A]) # d(A), that is, either 7[A] does not admit asymptotic density or 7[A] has
asymptotic density distinct from d(A).

One may wonder why we require A to have asymptotic density though this is irrelevant in
the proposition. This is because we want to make the definition analogous to rr. Alternatively,
Riemann’s theorem can be reformulated as follows. Call a series ), a, potentially condition-
ally convergent (p.c.c. for short) [7, Definition 30] if there is a permutation 7 € Sym(w) such
that 3’ a,,, is c.c. Notice that 3’ a,, is p.c.c. if and only if a,, — 0, }{a, : a, > 0} = +c0, and
Yia, : a, <0} = —co. The rephrased version of Riemann’s theorem then says that given any
p.c.c. X, a, and any r € R U{—o0, +oo}, there is 7 € Sym(w) such that ) a,., =r and there
isalso 77 € Sym(w) such that }, a, diverges by oscillation.

Let us first see that dbd is indeed an uncountable cardinal.

Lemma 5. Let (a, : n € w) be a sequence in w with the property that for some n, € w and every
nzny a,,.—a,>2" Then A={a, : n € w}is an infinite and coinfinite subset of w such that
d(A) =0.

Proof. The property of the sequence immediately guarantees that A is infinite and coinfinite. As
for the asymptotic density, first notice that a simple inductive argument shows that for n > n,,
Apy1 > Ay, + 2" Hence, fora,, + 2l <k g a,, +2",wehave that Ank C{a; : i <n}, s0

|Ar1k|<n+1< n+1 ,
k k ano+2”—1

which converges to 0, when k goes to infinity. O
Proposition 6. X; < bb.

Proof. Let{m; : i € w} be a countable subset of Sym(w) and, without loss of generality, assume
that 7z, is the identity map. We construct, recursively, a sequence of integers (a,, : n € w) such
that for every i < n, 7;(a,,,) — m;(a,) > 2".

Let ay = 1 and given a,, let a,,; > a, be such that 7;(a,,,) > 7;(a,) + 2" for all i < n. This
can be done since lim, _,  7;(k) = oo for every i € w.

Let A ={a, : n € w}; then it follows from the previous lemma that A is an infinite and
coinfinite subset of w such that d(r;[A]) = d(A) = 0 for every i € w. O

In the next section, we shall obtain a much better result (Theorem 8): Tukey connections are
used to establish that bd equals non(M), the smallest cardinality of a nonmeager set of reals. We
use similar methods to prove that a variant of rr and a cardinal invariant related to large-scale
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40f34 | BRECH ET AL.

topology are also equal to non(M). In Section 3, we introduce variants of dd by imposing restric-
tions on the original density of a set and/or the density of its image after a permutation. Interesting
cases occur when these densities are imposed to be in one of the following sets: {0, 1}, (0,1), [0,1] or
{osc}, where the last case means that the corresponding density does not exist. We then give lower
and upper bounds for these cardinals in Zermelo-Fraenkel set theory with the Axiom of Choice
(ZFC), in terms of well-known cardinals: the already mentioned non(M); the bounding number
b; the reaping number r; and the covering numbers of the meager and the null ideals, cov(M)
and cov(N). This allows us to position our cardinals in Cichoni’s diagram. Next, Section 4 provides
some consistency results regarding strict inequalities. Finally, in Section 5, we consider variations
of the rearrangement and the density cardinals defined within the framework of Section 3 and try
to compare cardinals with analogous definitions. The similarity to rearrangement naturally leads
us to consider relative density and the asymptotic mean. We also discuss the limitations of these
analogies and pose several open questions.

Our notation is standard. For cardinal invariants not defined here, we refer to [6]. Only Section 4
requires knowledge of the forcing method. For forcing and its connection to cardinal invariants,
see [5] and [15].

2 | THE DENSITY NUMBER AND THE UNIFORMITY OF THE
MEAGER IDEAL

Since the definitions of rr and dd are quite similar, we expect that there is a close relationship
between the cardinals. We shall see in this section (Corollary 9) that rr < dd, while it remains
open whether equality holds.

It is convenient to formulate order relations between cardinals in terms of Tukey connec-
tions because this will streamline the arguments and will automatically give results about dual
cardinals. Let us quickly review this language ([6, 21, Section 4]). Consider relational systems
A=(A_,A,,A)such that AC A_ X A, is a relation, for every a_ € A_ thereis a, € A, with
a_Aa,, and for every a, € A, there is a_ € A_ such that a_Aa, fails. For such A, there is
the dual relational system At =(A HA, ﬂfi) where A is the converse of A, that is, a +ﬂ]1a_ if
=(a_Aa,). With each relational system A = (A_, A, A), we associate two cardinals: the domi-
nating number D(A_, A, A) is the smallest size of a family C, C A, such that foralla_ € A_,
there is a, € C, with a_Aa,; the unbounding number b(A_, A, A) is the least cardinality of a
family C_ C A_ such that for all a, € A,, there is a_ € C_ such that a_Aa, fails. Notice that
d(AL) = b(A) and b(AL) = d(A).

Given two relational systems A = (A_,A,,A) and B = (B_,B,,B), A is Tukey reducible to
B (A <r B in symbols) if there exist functions ¢_ : A_ — B_ and ¢, : B, — A, such that
@_(a_)Bb, implies a_Ap, (b,) for all a_ € A_ and b, € B,. A and B are Tukey equivalent
(A =; B in symbols) if A <; B and B <y A both hold. A <y B is equivalent to Bt <y A*L.
Either implies that b(A) < d(B) and b(A) > b(B). Conversely, if b(A) > d(B) is consistent, then
A <r B consistently fails. Note, however, that all Tukey connections we shall exhibit are Borel
and thus absolute. Hence, for Borel Tukey reducibilities, the consistency of d(.A) > d(/3) means
that A <p Bfails in ZFC.

The relational system relevant for the density number is (D, Sym(w), R) where D is the col-
lection of infinite—coinfinite sets with density and R is given by xRz if d(7[x]) # d(x) for x €
D and 7 € Sym(w) (where we allow the possibility that d(z[x]) is undefined). Clearly, dd =
d(D, Sym(w), R). Denote by pot = b(D, Sym(w), R) the dual cardinal, that is, the least size of a
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DENSITY CARDINALS | 50f34

family D, of infinite-coinfinite sets with density such that for all 7 € Sym(w), there is x € D,
such that d(z[x]) = d(x).

Let M and N be the meager and null ideals on the Cantor space 2%, respectively. Consider the
relational system (M, 2%, ). Then, d(M, 2%, Z) = non(M) is the uniformity of the meager ideal
and b(M, 2%, %) = cov(M) is the covering number of the meager ideal.

We will also need the following relational system. Let h € w® be a function with |h(n)| > 1
for all n. A function ¢ : @ - [w]<? is called an h-slalom if |¢(n)| < h(n) for all n. Let @,
be the collection of all h-slaloms. Consider the triple (w®, ®;,,€%) where f € ¢ if f(n) €
¢(n) holds for infinitely many n, for f € »® and ¢ € ®,. The connection between the invari-
ants of (w®, ®;,, €*) and the invariants of M is established by the following classical result of
Bartoszynski:

Theorem 7 Bartoszyniski [4, 5, Lemmas 2.4.2 and 2.4.8]. For any h € w® satisfying |h(n)| > 1 for
all n € w, we have that non(M) = d(w?, ®;,, €®) and cov(M) = b(w®, ®,, €®).

However, and this is the tricky part, (w®, ®;,,€*) and (M, 2%, B) are not Tukey equivalent.
While (w®, @), €®) <r (M, 2%, B) is easy to see (see, again, [4] or [5, Lemmas 2.4.2 and 2.4.8]),
the converse fails. (This follows from Zapletal’s result [22] saying that there is a forcing adding a
half-Cohen real (i.e., an infinitely often equal real) without adding a Cohen real.) But (M, 2%, %)
is Tukey reducible to a sequential composition of (w®, ®;,, €*°) ([4] or [5, Lemmas 2.4.2 and 2.4.8],
see also [6, Theorem 5.9] for the special case h is the constant function with value 1).

In [7, Theorems 7, 8, and 11], max{cov(N'), b} < rr < non(M) was proved, and the same
inequalities hold for db instead of rr. There is, however, a better result.

Theorem 8. (w®, ®;,, €®) < (D, Sym(w), R) <p (M, 2%, B) for any h € w® growing fast enough.
Corollary 9. dd = non(M) and pdt = cov(M). A fortiori, rr < dd holds.
Proof. This is immediate by Theorems 8 and 7. O

Proof of Theorem 8. We first show the easier (D, Sym(w), R) <r (M, 2%, 3). Notice that for the
meager ideal, it does not matter whether we consider 2% or the Baire space w®; furthermore,
Sym(w) is homeomorphic to w®; so we may as well work with the meager ideal on Sym(w) and
with the triple (M, Sym(w), #) instead of (M, 2%, B). We need to define p_ : D - M and ¢, :
Sym(w) — Sym(w) such that for all x € D and 7 € Sym(w), if 7 & ¢_(x), then xRe_ (7).

Let ¢, be the identity function, ¢, (7) = 7 for 7 € Sym(w), and, for x € D, let ¢_(x) =
U{Fy, : k,Z € w, k > 0}, where

L, lm@an

kaz{neSym(co): (Vn/ — 2 or‘v’n;flﬂ(x)—nnlsl—l>}.

1
k n k
To see that ¢_(x) is meager in Sym(w), it suffices to show that each A , = Sym(w) \ Fy , is open

and dense. But, as

Ak,f:{rrESym(w): <Eln>f|ﬂ(x)+n|<%and3n>f|ﬂ(x)+n|>1—%>},
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TABLE 1 Analogy between rearrangement and density.

p.c.c.series ), a, Infinite-coinfinite set A
c.c. series d(A) € (0,1)

>, a, =+ d(A) € {0,1}

>, a, diverges by oscillation d(A) is undefined

ifr € Ay ,,itisclear thatany 7’ € Sym(w) that agrees with 77 in a sufficiently large initial segment
of w also belongs to A ,. Bearing in mind the topology of Sym(w), one sees that A , is open.
The fact that A , is dense amounts to showing that, for every 7 € Sym(w) and m € w, there is
n' € Ay, such thatz |, = 7’ |, but that is also clear.

Finally, if 7 ¢ ¢_(x), then d(x[x]) = 0 and E(n[x]) =1 so that the density of z[x] is not
defined. A fortiori, xRe, (7) holds.

Next, let h € ® be such that h(n) > 2" + n+1 for all n. To prove that (w®, ®;,€™) <p
(D, Sym(w), R), we need to define ¢_ : w®” — D and ¢, : Sym(w) — @, such that for all g € w®
and all 7 € Sym(w), if ¢_(g)R7, then g €% ¢ (7).

Let ¢, (m)(n) = 2" U{n~ (k) : k < n}. Clearly, |¢p,(7)(n)| < 2" + n+1 < h(n). If g € w® sat-
isfies g(n) > 2" for almost all n, recursively define ¢_(g) ={a) : n € w} as follows: let n, be
minimal such that g(n) > 2" for all n > n,; then let aj = 0 and

g9 .
g 20 if n < ny,
a =
n+l g(a)) ifn > n,.

Note that aZ a = 200 > 2" holds for all »n, that the afl therefore form a strictly increasing sequence,
and that d(¢_(g)) = 0 holds. (If g is not of this form, the definition of ¢_(g) is irrelevant.)
Assume that ¢ € w® and 7 € Sym(w) are such that g €* ¢, (7) fails. Then, g(n) & ¢ (7)(n)
holds for almost all n. In particular, g(n) > 2" for almost all n so that the definition of ¢_(g) in the
preceding paragraph applies. Let n, be minimal such that g(n) & ¢, (7)(n) for all n > n,. Then,
a) ., = g(ay) & ¢, (m)(a;) holds for all n > n,. Hence, a; | # 7~1(k) for k < a, and n(a;), ) >
a, follows. In particular, (a) ,) > a’ > 2" for n > n,, and d(z[p_(¢9)]) = 0 is immediate.
Thus, ¢_(¢) and 7[¢_(g)] have the same density, and ¢_(g)Rx fails, as required. This completes

the proof of the theorem. O

Combinatorial characterizations of non(M) like d(w®, @), €°) have been used before to show
that cardinals defined in terms of permutations of w are larger than or equal to non(M), see [12,
Theorems 2.2 and 2.4] of which the present proof is reminiscent.

In view of the analogy between permutations of density and rearrangement of series, it may
now be natural to conjecture:

Problem 10 [7, Question 46]. Does tt = non(M) hold?

However, it is far from clear that this is true, for while sets of density strictly between 0 and 1
seem to correspond to c.c. series, sets of density O or 1 rather correspond to p.c.c. series converging
to +o0: See (Table 1)

Thus, the following rearrangement analog of the density number db is natural.
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Definition 11. rt’ is the smallest cardinality of a family IT € Sym(w) such that for every p.c.c.
series )}, a, € R U {too}, there is 7 € Il such that }’, a,,) # X, a,, where, as usual, we allow
the possibility that }’, a,,) diverges by oscillation.

Clearly, rr < rr’ < non(M) (the proof of the second inequality is exactly like in [7, Theorem 8];
this was originally proved by Agnew [1]). The point is that:

Theorem 12. tt’ = non(M).

Proof sketch. The proof of non(M) < rt/ is analogous to the second part of the proof of Theorem 8,
and we therefore confine ourselves to pointing out the necessary changes. We show d(w®, ®;, €
) < rt/ where h is as in the latter proof. Given I1 C Sym(w) with |IT| < d(w®, ®;,, €®), find g € w®
such that g(n) € ¢, (7)(n) for almost all n, for all 7 € II. Let A :=¢_(g) ={a) : n € w}. Let
{b? : n € w}be the increasing enumeration of the complement B := w \ A. Let

L ifk=b!,
Ck = " 1 . g
-~ ifk=a,.
Clearly Y, ¢, is p.c.c. with Y}, ¢, = co. The argument of the proof of Theorem 8 now shows

that 37, ¢, () = oo still holds for all 7 € I1. Thus, IT is not a witness for rt’, and non(M) < rr’
follows. O

For simplicity, we gave a direct, Tukey-free, proof of this result. For a discussion of the rear-
rangement number and its relatives in the framework of Tukey connections, see van der Vlugt’s
Master’s thesis [20].

We finally show that a similar method can be used to prove that a cardinal invariant related
to large-scale topology is equal to non(M). Consider the triple (Jw]?, Sym(w), S) where xS7
if the set {n € x : n # n(n) € x} is infinite. Following Banakh [3], let A = d([w]¥, Sym(w), S)
and A = b([w]®, Sym(w), S). That is, A is the least cardinality of a IT C Sym(w) such that for
all x € [w]®, there is 7 € II such that the set {n € x : n # w(n) € x} is infinite, while A is the
least cardinality of an X C [w]® such that for all 7 € Sym(w), there is x € X such that the set
{n € x : n # n(n) € x}isfinite. Banakh [3, see Theorems 3.2 and 7.1] proved ([w]®, Sym(w), S) <r
(M, 2%, 8) and established a connection of A to large-scale topology. We prove:

Theorem 13. (%, ®;,€*) <7 ([w]®, Sym(w), S) for any h € w® growing fast enough.
Corollary 14. A = non(M) and A = cov(M).
This answers a question of Banakh [3, Problem 3.8].

Proof of Corollary 14. This is immediate by Theorems 13 and 7, and by Banakh’s Theorems 3.2 and
7.1 [3]. O

Proof of Theorem 13. The proof is very similar to the second part of the proof of Theorem 8. Let h €
w® be such that h(n) > 3(n + 1) for all n. We need to define p_ : w® — [w]® and ¢, : Sym(w) —
@), such that for all g € w® and 7 € Sym(w), if p_(g)S7, then g €* ¢_ (7).
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8of34 | BRECH ET AL.

Let ¢, (m)(n) = (n + 1) U{n~1(k), (k) : k < n}. Clearly, |p,(m)(n)| <3(n+1) < h(n).If g €
w® satisfies g(n) > n + 1 for almost all n, recursively define ¢_(g) = {a;) : n € w} as follows: let

n, be minimal such that g(n) > n + 1 for all n > n,; then let ag =0and

4 = al+1 ifn<ny,
n+l gal) ifn>n,.

Note that afl 1 2 aZ +1>n+1 holds for all n, that the aﬁ thus form a strictly increasing
sequence, and that ¢_(g) is infinite. (If ¢ is not of this form, the definition of ¢_(g) is irrelevant.)

Assume that ¢ € @® and 7 € Sym(w) are such that g €* ¢ () fails. Then g(n) & ¢, (7)(n)
holds for almost all n. In particular, g(n) > n + 1 for almost all n so that the definition of ¢_(g)
in the preceding paragraph applies. Let n, be minimal such that g(n) & ¢ (7)(n) for all n > n,,.
Fixsuchnwithz(al, ) #a’l, . Thena’ | = g(a;) & ¢, (7)(a;)holds. Hence,a, | # 7~ (k) for
k < a;, and 7(a]_ ) > a; follows. Now assume m > n + 1. Then, a;, = g(a) ) € ¢, (7)a; _,)
holds. Hence, aj, # n(k) for k <a’ _,, and n(a]_ ) # a;, follows. Therefore, 7(a, ) & ¢_(9).
Unfixing n, we see that the set {n : aJ # n(a’) € p_(g)} is finite, and ¢_(g)S fails, as required.
This completes the proof of the theorem. O

3 | VARIATIONS ON THE DENSITY NUMBER: ZFC RESULTS

Inspired by the variants of the rearrangement number considered in [7] — and also by rr’ of the
previous section — we now look at natural variants of the density number. A further motivation
for studying these variants comes from an analysis of the proof of Theorem 8; in fact, we shall use
the framework we will develop to see what this proof really shows (Theorem 16).

Let osc be an abbreviation for “oscillation.” For a (necessarily infinite-coinfinite) set A C w,
say that d(A) = osc if d(A) < d(A). Let all = [0,1] U {osc}. This is the set of all possible densities
of (infinite-coinfinite) subsets A of w, where we include the possibility that the density of A is
undefined. We are ready for the main definition of this section.

Definition 15. Assume X,Y C all are such that X # @#and for all x € X thereisy € Y withy # x
(equivalently either |Y| > 2 or Y \ X # @). The (X, Y)-density number ddy y is the smallest car-
dinality of a family IT C Sym(w) such that for every infinite-coinfinite set A C w with d(A) € X,
there is 7 € I1 such that d(7[A]) € Y and d(z[A]) # d(A).

Note, in particular, that if d(A) = osc, we require that d([A]) has density. Clearly, if X’ C X
and Y’ 2 'Y, then Dby yr < Dby y. Also, D = Dby 174

Let us first provide the Tukey framework for ddy y: for X, Y as in Definition 15, consider triples
(Dy, Sym(w), Ry) where Dy is the collection of infinite-coinfinite sets A with d(A) € X, the rela-
tion Ry is given by ARy if d(z[A]) € Y and d(r[A]) # d(A), for A € Dy and © € Sym(w). Then,
ddy y = dD(Dy, Sym(w), Ry). Let bb;Y 1= b(Dy, Sym(w), Ry ). We are ready to rephrase the main
result of the last section in this framework.

Theorem 16. The following hold:
(1) Ifosc ¢ X and osc € Y, then (Dy, Sym(w), Ry) < (M, 2%, 3B).
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DENSITY CARDINALS | 9 of 34

(2) If0 € X orl € X, then (w?, @), €®) <1 (Dx,Sym(w), Ry) forh € w® with |h(n)| 22"+ n+1
forall n.

Proof. This is immediate from the proof of Theorem 8. |

We shall see later that the assumptions in both parts of this theorem are necessary. For (1), this
follows from Theorem 22 and the consistency of non(M) < cov(M) (true in the Cohen model),
and for (2), from Theorem 26 and the consistency of r < non(M) (which holds, e.g., in the Blass-
Shelah model [5, 8, pp. 370]).

Corollary 17. dd = DDy 13 . = DD 1] fosc} = DD0,1}fosc} = NON(M), with the dual result holding for
the dual cardinals.

Itis natural to look for other lower and upper bounds of ddy  for various X and Y; in particular,
we may ask:

* whatif 0,1 & X?
* whatif osc € X or osc ¢ Y?

We will mostly obtain lower bounds, but there is one more upper bound too, Theorem 26.
First, consider the relational system (2%, N, €). Then (2%, N, €) = cov(N') and b(2?, N', €) =
non(N).

Theorem 18. IfX N [0,1] # @, then 2%, N, €) < (Dy, Sym(w), Ry).
We do not know whether this is also true if X = {osc} (Question 37).
Corollary 19. IfX N [0,1] # @, then cov(N') < bdy y and bb)l(,y < non(W\).

Proof of Theorem 18. If 0 € X or 1 € X, this follows from Theorem 16 because it is well known and
easy to see that 2%, NV, €) <; (w®, @), €®) (Where h is as in Theorem 16). Indeed, let us show that
(@?, N, €) <1 (@?, @), €°), where the measure on w® is the product [, 4,, and u,, is defined as
follows: For each n € w, fix a series Y., aZ = 1such that,forallk € w,0 < al’z < 2"++h(n) and put
Pn(A) = Yheaap,for A Cw. Letgp_ @ w® — »® be the identity and ¢ (¢) = {x € 0® | x €% ¢},
for ¢ € @,. (Note that ¢, (¢) is a null set) Now, the implication x € ¢ = x € ¢, (¢) is trivial,
and shows that (w®, N, €) <7 (w®, @), €®), as desired.

So, assume r € (0,1) N X. We need to define functions ¢_ : 2* — Dy and ¢, : Sym(w) > N
such that for all x € 2 and & € I, if p_(x)R, 7, then x € ¢ (7). Consider the product measure
u on 2% of the measure m with m({1}) = r and m({0}) =1 —r. Let X,, : 2 — 2 be the random
variable with X, (x) = x(n). Clearly, the expected value of all X,, is r. By the strong law of large
numbers, we see

ufx €2 1 d(x)=r}) = /x<nlim %(XO ++ X, )= r> =1
Also, if 7 is a permutation, then

u@x e2? :dx(x) =r) =urHYxe2* : dx)=r}) = 1.
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Now, let
p_(x) = xif x € Dy,
(¢p_(x) isirrelevant if x ¢ D,) and

o (m)={y €2% : d(y) # rord(n(y)) #r}.

By the above discussion, we see that u(¢_. (7)) = 0 as required.
Let x € 2“ and 7 € Sym(w), and assume d(7(¢_(x))) # r. Then either x & Dy,y and d(x) # r
or ¢_(x) = x and d(7(x)) # r. So, x € ¢ (7). This completes the proof of the theorem. O

Next recall that for functions f, g € w?, f <* g (f is eventually dominated by g) if f(n) < g(n)
holds for all but finitely many n € w, and consider the relational system (w®,w®, #*). Then,
d(w?, w®, #%) is the unbounding number b and b(w®, w®, #*) is the dominating number b. We
show the following theorem.

Theorem 20. Ifosc € X orosc € Y, then (w®, w®, #*) <r (Dx,Sym(w), Ry).

We note that since (w®, v, #*) <r (w®, ®;,, €%), this is also true if 0 € X or 1 € X, by The-
orem 16. However, it will follow from Theorem 31 that this (consistently) fails if X C (0,1) and
osceY.

Corollary 21. Ifosc € X orosc ¢ Y, then b < ddy y and bb)l(,y < b

Proof of Theorem 20. We need to define ¢_ : w® — Dy and ¢, : Sym(w) — w® such that for all
g € w® and 7w € Sym(w), if p_(g)Rym then g #* ¢, (7). First, assume osc € X.

Let ¢, (7)(n) = max{z(k), 7~1(k) : k < n} + 2" for 7 € Sym(w). Assume g(n) > 2" for almost
all n. Define {i? : n € w}as follows: let n, be minimal such that g(n) > 2" foralln > n,. Let ig =0

and
i!] .
g 2Mn ifn < ny,
ln+1 -

g@)) ifn>n,.

Finally, let ¢_(g) = U,c, 1], 11,,,)- It is easy to see that d(¢_(g)) = osc; in fact, d(¢_(g)) = 0
and E(go_(g)) = 1. (For other g, the definition is irrelevant.)

Assume g € w” and 7 € Sym(w) are such that g >* ¢ (7). Then g(n) > 2" for almost all n
so that the above definition of ¢_(g) applies. Let n, be such that g(n) > ¢ (7)(n) for all n >
n,. Fix such n. Note that if k < ij , then 7z(k) < ¢ (m)(k) < ¢, (m)(ij,) < 9(i},) = ij ... Hence,
(k) € i/ .. Thesame argument shows thatifk < iffnﬂ, then 7~ 1(k) € i§n+2, thatis, ifk > iy, 1,

4n+1°
then 7z(k) > ij, ... Therefore, it follows that |z[p_(g)I ni] .|| = l¢_(g) nij, |, and this value
converges to 1. Similarly, |7[¢_(g)] N i;‘{n+3| =le_(g)N ijn+3|, which converges to 0. Thus, we

still have d(z[p_(g)]) = 0 and E(H[go_(g)]) = 1, that is, d(7[p_(g)]) = osc, and ¢_(g)Ry 7 fails,
as required.
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DENSITY CARDINALS | 11 of 34

Next assume osc ¢ Y. Note that by the first half of the proof and the comment after the state-
ment of the theorem, there is nothing to show if osc € X or 0 € X or 1 € X. Hence, assume
X C (0,1). To illustrate the main idea, first consider the case % eX.

Casel.r = % Let E be the even numbers, and O, the odd numbers. Say 7 € Sym(w) is big on E

if there is k = k. such that there are infinitely many m such that

E
Iﬂ]nm>
m

%+ (1)

x|

Similarly, 7 € Sym(w) is small on E if there is k = k. such that there are infinitely many m such
that

[ZlElnm| 1

m 2

(3.2)

x|

If 7 is big on E (small on E, respectively), define

n

m = min{m > 2" : msatisfies (3.1) (m satisfies (3.2), respectively)}.

If 7 is neither big nor small on E, define

Finally, for any 7 € Sym(w), let
@, (m)(n) = min {u >mp ﬂ_l[mZ] C u}.

Next assume g(n) > 2" for almost all n. Define {iJ : n € w} as follows: let n, be minimal such

that g(n) > 2" for all n > n,. Let i = 0 and

9 .
g 2 ifn < ny,
l;’l+1 = .g .
g(i,)) ifn > n,.

Define

p_(g9)= U ([izgn’iéqnﬂ) nE) v U ([i§+1’iéqn+2) N O)'

new new

Clearly, d(p_(g)) = 3.

Assume g € »® and 7 € Sym(w) are such that g >* ¢, (7). We need to show that either
d(zle_(9)]) = % ord(m[e_(g)]) = osc ¢ Y:the point is that ¢_(g)Ry 7 fails in both cases. Clearly,
g(n) = 2" for almost all n, and the above definition of ¢_(g) applies. Let n, be such that g(n) >
@ (m)(n) for alln > n,.

First assume that 7 is big on E. Fix 2n > n,. Then,

o D :g @ :g +g
2 < miy <@ (0(Ey,) < 9U,) =iy
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and therefore, by (2) and (3.1),

‘ﬂ[E N i§n+1] N m;_g ’n[E] N m;_f] L1
2n - 2n >4 —,
ms ms, 2k,
2n 2n
By (1) and definition of ¢_(g), we see that for large enough n,
Vs
[wle-nnng |
> =+ —.
mi@ 2 2k,
2n
For the same reason, for large enough n,
LOXOIE
2n+1 1
— <= = —.
m’, 2 2k,

bn+1

Thus, d([¢_(g)]) = osc, as required. The proof in case 7 is small on E is analogous.
Finally, assume that 7 is neither big nor small on E. In this case, it is easy to see that the
numbers

29 V.4 V1
‘n[E N ln+1] N miz ‘n[E] N miz
m” B m”

i9
Iy

Sa

i

1 .
converge to 3> and therefore, the same is true for the numbers

=l m

Ve
i9
Iy

m

Hence, either d([¢_(¢)]) = % or d(z[p_(g)]) = osc, as required, and we are again done.

Case 2. Arbitrary r € (0,1). Let (¢}, : b € w) be asequence such that % converges to r. We may

assume that |r — i—l’jl < 2% Recursively define (j, : b € w) such that j, =0and jy,; = j, + 22b.

Partition the interval J, = [}, j,,1) into 2° many intervals I%, a € 2°, of length 2°. For ¢ € w,
C

2

define w, :=
¢ (ZC
be a bijection from w, to the £ -element subsets of 2¢ such that e.(0) = Z,, that is, e.(0) consists
of the first #, elements of 2¢. Next, for b > c and a € 2°, partition I g into 2° many intervals (Lz’z :

d < 2¢) of length 2°=¢. For v € w,., define E¢ C w such that E¢ N j, = @ and

>. Note that w, is the number of #,.-element subsets of 2¢. Let e, : w, — P(2°)

ESnIf = U{LZ:Z :d e, (v)}
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for b > ¢ and a € 2. Note that d(EY) = %. Similar to Case 1, say 7 € Sym(w) is big (small,
respectively) if there is k = k. such that for every c,, there is ¢ > ¢, such that

mESnml ¢

4
I®°m — > 2—5 + %<< 2—5 - % respectively). (3.3)

Note that this means (in the big case) that for such ¢, we can find v(c) € w, such that for infinitely
many m,

|Z[ESInm| ¢ m[E Jnm|
0—>—c+land’ v© ‘<—C

_— 4
m 2¢  k m 2¢ (34)

and similarly for the small case. If 77 is big (or small) and ¢ < n satisfies (3.3), define

m” = min{m > 2" : m satisfies (3.4)}

and let
m? = max{m, . . ¢ < nand c satisfies (3.3)}.

If 7 is neither big nor small, there is a sequence (k, : ¢ € w) going to oo such that (3.3) fails for ¢
with k = k.. Then, define

. 1 _I#lEglom| ¢,
mf=min{ m>2": £ - —g——— <S4+ —}. 3.5
n { 2k, m S2c ok, (3:3)

Finally, for 7 € Sym(w) and n € w, ¢, (7)(n) := min {u >my ﬂ_l[m:l’] Cc u} is defined
exactly as in the special case.

Next assume that g(n) > 2" for almost all n. Define {i : n € w} as follows: let n, be minimal
such that g(n) > 2" for all n > n,. Let ig = 0and

-9 .
g 2 ifn < ny,
ln+1 = .g .
g(,) ifn=ng.

Let (K, : ¢ € w) be the interval partition of w into intervals of length w,. If n is the vth element
of K. (v <w,), iy <b<if ,anda €2’ define

P (91t = U{Lgfi :d € e, (V)

Clearly, d(p_(g)) = r. Also note that ¢_(g) N [i;;, i) ) = ES N [ig, 17 ) (%).

Given g € ® and 7 € Sym(w) with ¢ >* ¢, (), we need to show again that either
d(m[e_(g)]) =1 or d(z[p_(g)]) = osc € Y. Let n, be such that g(n) > ¢, (7)(n) for all n > n,.
Let n(c) be the Oth element of K, for ¢ € w. Assume n(c) > n,. In case 7 is neither big nor small,
we see by (3.5) that the numbers

SUORIPUOD PUe SWLB 1 B} 835 *[S5202/0T/L0] Uo ARigITauluo /3|1 ‘|1Zeig - 0ned 0es JO AISeAIUN A 00E0L SWII/ZTTT OT/I0p/L0d"A3| 1M AReiq 11 |UO-D0SUIRWPUO|//SANY W1y papeojumod ‘€ ‘G202 ‘0SLL69T

- Ko ImARRIqIBUIUO,

B5UBD17 SUOLLLOD BAIER1D 8 [qeat|dde sy Aq peusench ae sajpiLe YO ‘8sn Jo Sajni Jo) Arig1auljuQ 43| Lo (suol



14 of 34 BRECH ET AL.
c T c
m[Eg N ln(c)+1] nmy w[Egln m
n(c) H(C)
m’, B my

Lo bae)

converge to r as ¢ goes to infinity, and therefore, by (%), so do the numbers

mlp_(9)] nmF
n(c)

mﬂ

irgt(c)
Thus, either d(7[p_(g)]) = r or d(7[¢_(g)]) = osc as required. So, assume without loss of gen-

erality that 7 is big. (The proof in case 7 is small is analogous.) For n(c) > n,, we see by (3.4)
that

n[E, ni’ 1nm” w[Eg] N m
n(c)+1 l}i(c) B n(C) . é N i
m’f, m7, 2¢ k,

n(c) l"(f)

and, using additionally (x), we infer that d(n[go @Dh=r + - . On the other hand, letting n’(c)
be the v(c)th element of K, for ¢ € w, (3.4) also implies that

71'[EC , Inm7, w[ES Inm
(o+1 e _ v(c) /(C) 2,
m’, ml?fj 2¢

) ()

so that, by (%), d(n[p_(9)]) < r. Thus, d(z[¢_(g)]) = osc, and the proof of the theorem is
complete. 0

Next, consider the relational system (2%, M, €). Note that this is the dual of the system consid-
ered in Section 2, (2%, M, €) = (M, 2%, #)*. In particular, d(2*, M, €) = cov(M) and b(2*, M, €
) = non(M).

Theorem 22. Ifosc € X orosc € Y, then (2%, M, €) <1 (Dx, Sym(w), Ry).

Note that — as for Theorem 20 — the assumption is optimal because if osc ¢ X and osc €
Y, we are in the situation of the first half of Theorem 16 and (Dy, Sym(w),Ry) <y (M, 2%, %)
holds.

Corollary 23. Ifosc € X orosc € Y, then cov(M) < ddy y and bb < non(M).

Proof of Theorem 22. We need to define ¢_ : 2 — Dy and ¢, : Sym(w) — M such that for all
x € 2° and 7 € Sym(w), if p_(x)Ry 7, then x € ¢, (7).
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First consider the case osc € X. Fix arbitrary y € Dy,q;. Let

. (x) _ x ifxe D{OSC},
y if x ¢ D{OSC},

for x € 2% and
@ () ={x €2” : d(x) # osc or d(m[x]) # osc}

for 7 € Sym(w). Then ¢, (7) € M because Dy, is comeager in 2% and so is 77 [Dyge}]-

Let x € 2“ and 7 € Sym(w). Then either d(x) # osc and x € ¢ (7) follows, or d(x) = osc,
@_(x) = x, and if xRy 7, then d(7[x]) # osc and x € ¢_ () follows again.

We now come to the case osc ¢ Y. If osc € X, we are done by the above argument, and if 0 € X
or 1 € X, apply Theorem 24 below (using the trivial (2, M, €) <7 (¢, [¢]¥0, €)). Hence, it suffices
to consider the case (0,1) N X # @. To illustrate the basic idea, we first deal with the special case
lex.

2

Casel.r = % (Special case) Define ¢_ such that for x € 2%,

0 ifx(n)=0,
1 ifx(n) =1,

1 ifx(n)=0,

p_(x)(2n) = { 0 ifx(n)=1.

and ¢_(x)2n+1) = {

It is clear that d(¢_(x)) = % Next, let
R 1
P () = {x : d(z[e_(x)]) is distinct from 3 and osc}

for 7 € Sym(w). The conclusion then holds obviously, and we need to show that ¢ (7) € M.
Clearly, it suffices to prove that the set
is comeager.

Given s € 2<%, we define ¢_(s) as above with |¢_(s)| = 2|s|. (So, this means that for any x € 2%
with s C x, ¢_(s) = ¢_(x) | 2|s|.) We claim that given s € 2<“ and n,, € w, there are n > n; and
t D s with 7~1[2n] C 2|t| and such that

{x s d(z[e_(x)]) > = and d(z[e_(x)]) <

N =
N | =

irlp_ 1N 2] 1
2n

\9)

and similarly with > replaced by <. This claim clearly finishes the proof.

To see the claim (for >), assume without loss of generality that |s| = ;. Choose n > n, such
that 7z[2n,] C 2n, and then choose m > n such that 77![2n] C 2m. Extend s to ¢t with |t| = m as
follows. Recursively construct s; for j with n, < j < m such that, letting

¢j=ny+{2ny <i<2j: 7(i) €2nand ¢_(s;)(i) =1}

SUORIPUOD PUe SWLB 1 B} 835 *[S5202/0T/L0] Uo ARigITauluo /3|1 ‘|1Zeig - 0ned 0es JO AISeAIUN A 00E0L SWII/ZTTT OT/I0p/L0d"A3| 1M AReiq 11 |UO-D0SUIRWPUO|//SANY W1y papeojumod ‘€ ‘G202 ‘0SLL69T

- Ko ImARRIqIBUIUO,

B5UBD17 SUOLLLOD BAIER1D 8 [qeat|dde sy Aq peusench ae sajpiLe YO ‘8sn Jo Sajni Jo) Arig1auljuQ 43| Lo (suol



16 of 34 | BRECH ET AL.

and
d; =2ny+ [{2n, <i<2j : 7(i) € 2n},

we have

* sl =,
* 85=8, CSy41CCS;C..Cspy =1,
. i>1

=z Z.
d 72

[~

Suppose that s; has been constructed. If either (case 1) both 7(2j) and 7(2j + 1) belong to 2n or
(case 2) both do not belong to 2n, we extend s j arbitrarily to s 41 (i.e., it does not matter whether
$j41(J) is 0 or 1). If (case 3) 7(2j) € 2n and 7(2j + 1) & 2n, we let 5;,,(j) = 1, and if (case 4)
7(2j) € 2nand w(2j + 1) € 2n, we let s;,,(j) = 0.

We need to check the last item, that is, ;j H
Jj+1
d

¢j =~ +k;withk; >0.Incasel, we havec;,; =c; +1andd;,, =d; + 2. Thus,

o
-

. Let

> % By induction hypothesis, we know

1
> =
“Z2

&

QU
+ .
[\
N | —

as required. In case 2, Ciy1 =Cj and d i+ = d g and the conclusion is trivial. In cases 3 and 4,
¢jy1=c¢j+1landd;,; =d;+1and we get

Cj+1

d

dj+1 1
5 tkits3
d;+1

_1.
2 dj+1

j+1
This completes the construction.

Now simply note that for j = m, the assumptions 7z[2n,] C 2n and 7~![2n] C 2m imply that
d,, =2nandc,, = |7[p_(t)] N 2n|. Hence, we obtain

Iy Oln2nl 1
2n

’

\S]

as required.
Case 2. Arbitrary r € (0, 1). (General case) As in the proof of Theorem 20, let (¢}, : b € w) be
a sequence such that % converges to r and |r — i—f;l < zib Let (i : b € w) be such that i; =0

and iy, =i, +2°,andlet(jj, : b € w)suchthat j, = 0and j,,; = j, + 2%°. Partition the interval
2! ) , the number
p

of #,-element subsets of 2°, and let e, : w, — P(2P) be a bijection from w), to the #,-element
subsets of 2°. Let f € w® be the function with f(n) = w;, whenever i, < n < i,_,. Work with the
space of functions below f, [] f := [, f(n), instead of 2 (this is possible because (2*, M, €
) =7 ([] f> M, €)). For x € [] f, define ¢_(x) € [w]® such that for all b € w and all a € 2°,

Jy, = [jps jp.q) into 28 many intervals I¢, a € 2°, of length 2b. Again, letw;, : =
b b>Jb+1 g g b

p_(xX)N I = g;lep(x(ip + ),
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DENSITY CARDINALS | 17 of 34

where g,' is the canonical bijection between 2b and I , sending k € 2b to the kth element of T e
(Note here that x(iy, + a) € f(i, + a) = wy.) Itis clear that d(p_(x)) = r. Let

@ () = {x : d(w[p_(x)]) is distinct from r and osc}

for m € Sym(w). Again, we only need to show that ¢ () € M and, again, this is done by proving
that the set

{x: dxlp_) > rand d(rlp_(0D < |

is comeager.

Givense [[f := Unew [ik<n f(k), define ¢_(s) as above. We claim that given s € I f»
b, € wande > 0, thereare b, > b, > byandt D switht € [[* fand |t| = i, such that7='[j, ] C
Jp, and

|7le_1 js,
—2r—¢
Jb,

and similarly with > r — € replaced by < r + €. This will finish the proof.
To see the claim (for > r — €), assume without loss of generality that |s| = ibo. Also assume that
b, is so large that

lp_(5) N i, |

14
>r—eand—b>r—eforallb>b0.
Jby

2b

Choose b, > by such that 7[j, ] € jp,, and then choose b, > b, such that n‘l[jb]] C Jjp,- Extend s
tot with |¢] = i}, as follows. Recursively construct s for k with i, <k <i,, suchthatifk =i, +a
for some b with by < b < b, and a € 2, letting

ci = 19_(8) N ji | + Wi, <€ <y +a-2" 1 7(&) € ji,, and ¢ € p_(5)}]
and
i = Ju, + Wi, <€ <Jp+a-2" 1 7(2) € jy 3,

we have

sl =k,
° S:Sibo Csib0+1 C.. CSk C.. CSib2 =t,

Ck
o ksyp_e.
4, Zr—¢€

Note that the last item holds for k = ip, by assumption. Suppose that s, has been constructed for
some k = i, + a with by < b < b, and a € 2°. We need to define s, (k) = ;.1 (i + @) € f(i, +
a) = wy,. Consider the set z;) = | Jp, I NI 1f this set has at least £}, elements, choose any -
element subset y; of z;'. Otherwise let y; any ¢, -element subset of I}’ containing z;. Let
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18 of 34 BRECH ET AL.

S (p + @) 1= ¢, ((g) ' vy]) € wp.

So, o_(sie) NIy =y,
‘We need to check the last item, that is, d"“ > r —¢. Note that, in terms of , the smallest
possible values for this quotient are obtalned elther if z; = I} in which case Ck+1 =c, + ¢} and

dyq = di +20 orif z; = @ in which case ¢, = ¢, and dk+1 = dj,. Therefore, we obtain

c ¢ C+7
e ;min{—k, k Z}.
diiq di di+2

and both of these are > r — ¢, the first by inductive

Since the latter value is between =< 4 £ and % >

assumption and the second by choice of b, we see that 2"* L > r — ¢, as required. This completes
k+1

the construction.
Now simply note that for k = i;, , the assumptions 7[j, ] C j;, and ﬂ_l[jbl] C Jjp, imply that
dib =jp. and¢; = |m[e_(t)] N j, |. Therefore, we obtain
2 1 by 1
7o (O] i,
Ee—— S R
Jb,

as required. This finishes the proof of the theorem. O
The simple relational system (c, [¢]*0, €) satisfies d(c, [¢]*, €) = ¢ and b(c, [¢]™, €) =

Theorem 24. [f0€ X orleX andosc € Y,orifosc € X and0 & Y orl1 ¢ Y, then (c, [N, e
) <T (DXa Sym(w)7 RY)

The assumptions in this theorem are mostly necessary: by Theorems 16 (1) and 26, if
osc €Y and osc € X, then ddyy <non(M), if osc€Y and 0 €Y and 1 €Y, then ddy y <
max{r,non(M)}, and if 0 € X and 1 ¢ X and 0 € Y and 1 € Y, then ddy y < r. However, we do
not know whether we can have hbX,Y =cincase 0 ¢ X and 1 ¢ X and osc ¢ X, that is, in case
X € (0,1), though dbby < r will follow in some cases from Theorem 26.

Corollary 25. Under the assumptions of Theorem 24, ddy yy = ¢ and bb)l( y SN

Note that, in general, we can only prove DbX v < ¥, even though in natural cases be y =Ny
will hold. By definition th’Y > 2, and if for example X = {0} and Y = ( > 1], then be’Y =2, as
witnessed by two disjoint sets of density 0. Similarly, it is easy to see that if X = {0}and Y = (%, 1],
then bb; = 3, and so on. So, all finite numbers > 2 can be realized as bbl . We do not know
whether bbx,y = N, for some choices of X and Y.

Proof of Theorem 24. We need to define ¢_ : ¢ - Dy and ¢, : Sym(w) — [¢]*0 such that for all
a € cand 7 € Sym(w), if p_(a)Ry 7 then o € ¢_ (7).

First consider the first case. Assume without loss of generality that 0 € X. (The case 1 € X is
analogous: work with complements!) Let A be such that d(4) = 0. Let {A, : « < ¢} be an almost
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DENSITY CARDINALS | 19 of 34

disjoint family of subsets of A. So, d(A4,) = 0for all & < ¢. Let ¢_(«) = A,. Fix a permutation 7.
Note that ¢, (7) :={a : d(w[p_(«)])isdefined and > 0} can be at most countable. Since osc ¢ Y,
¢_(a)Rym implies a € ¢ (7).

Next consider the second case. Again, assume without loss of generality that0 ¢ Y. Let{p_(«) :
a < ¢} be an almost disjoint family of subsets of w without density (i.e., d(p_(a)) = osc). Again,
@ () :={a : d(zw[ep_(a)])is defined and > 0} is at most countable. Since 0 ¢ Y, ¢_(a)Ry 7 again
implies a € ¢ (7), and the theorem is proved. [l

Let UR be the unreaping’ relation on [w]®, that is, A UR B if B C* A or B N A is finite. This
means that A does not split B. d([w]?, [w]®, UR) is the reaping number r and b([w]®, [w]®, UR) is
the splitting number $.

Theorem 26. Assume 0 & X and 1 & X. Also assume

(1) either0O€e Y andl €,
(2) orosc & X and thereis a numberr € (0,1] such that forall x € X, bothr + x(1 —r) and x(1 —
r) belongtoY.

Th'en" (DX’ Sym(CL)),Ry) ST ([w]w’ [w]wa [m)

Note that for r = 1, (2) is a special case of (1). By Theorem 16 (2) and the consistency of
r < non(M), the assumption 0,1 ¢ X is necessary. If osc € X, then 0,1 € Y is also necessary
by Theorem 24. However, if osc ¢ X, condition (2) can be relaxed: for example, we know that
DD 1) fosc} < ¥, See Proposition 29 and Corollary 30.

Corollary 27. Under the assumptions of Theorem 26, dbdy yy < rand 8 < hb)l( v

Proof of Theorem 26. We need to define ¢_ : Dy — [w]® and ¢, : [w]” — Sym(w) such that for
allx € Dy andy € [w]?,if y C* p_(x) or y N ¢_(x) is finite, then xRy ¢, (¥).

Assume first 0,1 € Y. Let ¢p_(x) = x for x € Dy and let ¢ (y) be such that d(¢, (y)[y]) = 1 for
y € [w]®. If y C* x, then d(p, (y)[x]) =1 and if y N x is finite, then d(¢,(¥)[x]) = 0. In either
case d(¢, (¥)[x]) # d(x), and xRy ¢_ (¥) holds.

Next, assume X C (0,1), and let r be as required in (2). Again, let ¢_(x) = x for x € Dy. Fix
a set z of density r. For y € [w]®, let ' C y be a subset of density 0 and let ¢, () be the unique
permutation of w that maps y’ to z and w \ ¥’ to w \ z, both in an order-preserving fashion. Note
thatd(w \z)=1—r.

Now assume y C* x with d(x) € X. Since d(y") = 0, the relative density of x \ ¥’ in w \ y’ is
equal to d(x) and, by definition of ¢, (), the relative density of ¢, (¥)[x \ ¥'] in ¢, (¥)[w \ V'] =
w \ z is d(x) as well. Thus, as ¢, (V)[Y'] C* ¢, (»)[x], the density of ¢, (y)[x]isr + d(x)(1 —r) >
d(x), which belongs to Y by assumption. If, on the other hand, y N x is finite, the same reason-
ing shows the density of ¢, (y)[x] is d(x)(1 —r) < d(x). In either case, xRy ¢, (y) holds, and the
theorem is proved. O

As for the rearrangement numbers in [7, Theorem 5], for fixed X C [0, 1], the value of ddy y
does not change as long as {osc} C Y C all. This is based on the following lemma.

¥ Many authors call this the “reaping relation” instead, but we find “unreaping” or even “unsplitting” more accurate.
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TABLE 2 Upper and lower bounds for the cardinals in Corollary 30

Y
x (0,1) {0,1} (or [0,1]) all {osc}

o, b, cov(M), cov(N) b, cov(M), cov(N) cov(N) cov(N)
T T r,non(M) r,non(M)
{0,1} c c non(M) non(M)
[0,1] ¢ ¢ non(M) non(M)
all ¢ ¢ non(M), cov(M) —
max{non(M), t}
{osc} ¢ b, cov(M) b, cov(M) —
r t

Lemma 28 [7, Lemma 4]. For any permutation = € Sym(w), there exists a permutation o, €
Sym(w) such that o ,[n] = n for infinitely many n and o ,[n] = 7[n] for infinitely many n.

Proposition 29. ddy ..} = DDy , for all choices of X C [0,1].

Proof. Only ddy (55} < DDy 5 needs proof. Let IT be a witness for bdy ,; and show that TTU {0, :
7 €11} is a witness for DDy (o3 Let x € Dy, and let 7 € IT be such that d(z[x]) # d(x). If
d(z[x]) = osc, we are done. On the other hand, if d(z[x]) € [0, 1], then, by the properties of o,
d(o,[x]) = osc, and the proof is complete. O

Lemma 28 is not helpful for proving the dual equality, and we do not know whether it holds.
For rearrangement numbers, it does, as shown by van der Vlugt using an argument involving
sequential composition of relations (see [20, Theorem 3.3.5]).

Let us summarize the results of this section about ddy , for the most interesting choices of
X and Y, namely, when either set is any of all, [0,1], (0,1), {0, 1}, or {osc}. This will subsume
Corollary 17.

Corollary 30.

(1) Ifosc €Y, then ddy 11y = DDy 13y = non(M).

(2) Ifosc € Y, then Db,y = DDjg 11y = DDyg 13y = ¢ also DDyoeey (o1) = €.

(3) COV(N) < DD(g 1) i = DD( 1) fosc} < Min{r, non(M)}.

(4) max{cov(./\f), COV(M), b} < bb(O,l),[O,l] < bb(O,l),(O,l)’ bb(O,l),{O,l} <r

(5) max{b, cov(M)} < bb{osc},all = bb{osc},[O,l] < bb{osc},{o,l} ST

(6) max{non(./\/l), COV(M)} < bt)all,all = maX{non(M)’ bb«{osc},all} < maX{non(M)’ t}'

Proof. By Corollaries 17, 19, 21, 23, 25, and 27.
Note that for DD 1) = DD(g1)f0sc; 1N (3), we use Proposition 29. For (6), use dd,, =
max{ddo 1) a1 DDjoscy ant> (1, and (5). O

Table 2 and Diagram 1 below show the relationship between the cardinals ddy ;- for the above
five choices of X and Y and some of the classical cardinal invariants of the continuum.

X is in the left column and Y in the top row; the upper row of cells containing two rows
gives lower bounds, and the lower row, upper bounds. The columns for Y = {0,1} and Y = [0, 1]
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max{t,non(M)} — ¢ =00(0,1],0,1]

_—

non(M) = 00 0041,al

00(0,1),(0,1)

Da(0?1),au 00(0,1),[0,1]
cov(N) Tt
|
b
|
Ny p cov(M)

FIGURE 1 Some cardinals.

coincide, so we merged them into one. This means the corresponding cardinals have the same
bounds, but it is unclear whether they coincide.

For simplicity, we consider here only the cases X,Y = all, (0, 1), [0, 1]: cardinals grow as one
moves right and up; straight lines signify that strict inequality is consistent, dotted lines mean that
we do not know whether equality holds or strict inequality is consistent. Note that Db = ddjg ;4
and that c is also equal to each of Dby 1 9.1y, DDy 0,17, a0 DD (0 1)-

We shall prove two independence results (Theorems 31 and 35) in the next section showing that
some of the inequalities in the corollary are consistently strict, but a number of questions remain
open (see, in particular, Questions 38 and 39 in Section 6). In particular, we do not know whether
any of the (X, Y)-density numbers is distinct from all classical cardinal invariants.

4 | VARIATIONS ON THE DENSITY NUMBER: CONSISTENCY

RESULTS

Our first consistency result says that the unbounding number b is not a lower bound of dd 1) 3
it is based on the fact that o-centered forcing does not increase the latter cardinal.

Theorem 31. ddy , < p is consistent for all X C (0,1). In particular, Db 1) 5y < b and dd(j 1) 5 <
bb are consistent.
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Proof. Let (I, : n € w) be an interval partition of w such that |I,,, ;| >n- )
k € wand jsuchthat0 < j < k —1.Say that A C wisa (j, k)-set if

|I;| for all n. Let

i<n

AN,
L]

k> k

jj+1]

for almost all n € w. It is easy to see that if A is a (j, k)-set, then d(A) < % and E(A) > % In
particular, if A has asymptotic density then d(A) € [% %] . A permutation 7 disrupts the (j, k)-
set A if 7 fixes all I,, and for infinitely many n, 7[A N I, ] is an initial segment of I,,. Note that [ A]

is still a (j, k)-set.

Lemma 32. If A is a (j, k)-set and 7 disrupts A, then E(H[A]) = 1. In particular, w[A] does not
have asymptotic density.

Proof. Lete > 0.Letn > % such that 7[A NI, ] is aninitial segment of I, ;. Let £ = max(7[A N
I,]) + 1. Then,

4 4 : .
|7T[A]ﬂf|> k|1n+1| S k|In+1| S _J _](]—£)> N

)

= - = . = .—_2_2/
‘ Zicn L1+ £l <1+%)|In+1| e+j  ji-e ]

n

as required. O

Lemma 33. Let P be a o-centered forcing notion. Let A be a P-name for a (j, k)-set. Then there are
(j, k)-sets (A,, : m € w) such that if r disrupts all A,,, then 7 is forced to disrupt A.

Proof. Assume P = J,,, P,,, where all P,, are centered. For each m and n, let A,,, N I,, be such that
no condition in P,, forces that A NI, # A,, N1,,. Since there are only finitely many possibilities
for this intersection, the centeredness of P,,, implies that such a A,, N I,, can indeed be found. Now
assume that 7 disrupts all A,,,. Let n, € w and p € P. There is m such that p € P,,,. Find n > n,
such that 7[A,, N 1,,] is an initial segment of I,,. There is g < p such thatq - AnI, = A, NI,.
So, q forces that 7[A N I,,] is an initial segment of I,,. O

The following is a standard argument for finite support iterations of ccc forcing. We include the
proof for the sake of completeness.

Lemma 34. Let S be a limit ordinal, and let (P, : a < ) be a finite support iteration of ccc forcing
such that for any a < & and any P-name A for a (j, k)-set there, are (j, k)-sets (A,, : m € w) such
that if = disrupts all A,,, then 7 is forced to disrupt A. Then for any Ps-name A for a (j, k)-set, there
are (j, k)-sets (A,, : m € w) such that if r disrupts all A,,, then 7 is forced to disrupt A.

Proof. If cf(6) > w, there is nothing to show. So, assume without loss of generality that § = w, and
let A be a P,,-name for a (j, k)-set. Fix m € w. In V[G,,], where G,,, is P,,,-generic over V, we may
find a decreasing sequence of conditions (p/, : # € ) in the remainder forcing Plm.) deciding
A, thatis, thereisa (j, k)-set A, such that p’ |- AnI, = A, NI, forall¢ € w.(We may assume
that p?n decides from which I,, onward A satisfies the condition of being a (j, k)-set, and then 4,,
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will automatically be a (j, k)-set as well.) Back in the ground model V, let (p{; 1/ €w)and A,
be P,,-names for (pf;l : £ € w)and A,,, respectively.

By assumption, for each m, there are (j, k)-sets (A? : n € w) such that if 7 disrupts all A” ,
n € w, then 7 is forced to disrupt A,,. We show that the family (A" : n,m € w) is as required
for A. Assume that 7z disrupts all A, n,m € w. Let p € P, and ¢, € w be arbitrary. We need
to find g < p and ¢ > £, such that 7[A N1,] is forced to be an initial segment of I,. Find m
such that p € P,,,. Find p’ < p in P,,, and # > ¢, such that p’ forces that 7[A,, N1,] is an ini-
tial segment of I,. We may assume that p’ decides p’ as well, p’ I p? = p? . Letq = p’ U p’.
Then, g IF AnI, = A, N1, and thus q also forces that 7[A N I,] is an initial segment of I;, as
required. O

‘We are ready to complete the proof of the theorem. Assume CH, let ¥ > ¥, be aregular cardinal,
and let (P, Q, : a < x) be a finite support iteration of o-centered partial orders forcing p = x. It
suffices to show that in the generic extension V[G, |, b 1),y = N;, and that this is witnessed by
the ground model permutations. Let r € (0,1) in V[G,]. Let # be a P,.-name for this real. We can

find a condition p € P, and numbers k and j with 0 < j < k — 1 such that p forces 7 € <E —)

By strengthening p, if necessary, we may assume that for some m > 3,

mj+1 mj+m-—1

-7 e ,
P mk mk

Work below p. Let A be a P,.-name for a set of density 7. We first check that p forces that A is a
(j, k)-set.
To see this work in the generic extension with p belonging to the generic filter. Suppose this

fails and assume (without loss of generality) that there are infinitely many »n with l'T?Il"l > %
Let n be such that A0l o J+1 Then,
T4 k
|An(maX(In+1)+1)| S |Anln+1| S |AnIn+1| J+1 1
=z N =z ° 1°
max(l,,;) +1 Zicn L+ i (1 + l>|[n+1| k14 =
n

which is larger than % for large enough n, a contradiction.

By the two previous lemmas, there are (j, k)-sets (4,, : m € w) in the ground model such
that if 7z disrupts all A,,, then p forces that 7 disrupts A. Let 7 be a permutation satisfying this
assumption. Thus, p forces that 7[A] does not have asymptotic density (by the above, it forces
d(n[A]) < % and E(n'[A]) = 1). This completes the argument showing that the ground model
permutations witness 90 1), = N;. O

Theorem 35. dd ) (o] > cof(N) is consistent.
Note that this establishes, in particular, that
DD 01),[0,1] > max{h, cov(N), cov(M)}

is consistent (this max is a lower bound of dd( ) 0,17 by item (4) of Corollary 30).
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Proof. This holdsin the Silver model, that is, the model obtained by the w,-stage countable support
iteration of Silver forcing S. cof(N') = X, is well known (this is so because the countable support
product of Silver forcing has the Sacks property [15, Lemma 24.2 and Related Result 132], and
the Sacks property implies that bases of the null ideal are preserved [5, Lemma 6.3.39]). We show
bh{ 1j01] =N, =c

Let (I, : n € w) be an interval partition of w such that |I,,| = 2". Let s,, € 2! be an alternating
sequence of zeros and ones, that is,

s,(min(I,)) = 0, s,(min(Z,)) + 1) = 1, 5,,(min(I,,) +2) = 0

Lets, =1—s,.

Recall that Silver forcing S consists of functions f : w — 2 with infinite codomain. The order is
givenby g < fif g 2 f.If G is S-genericover V, x = [ J{f €S : f € G} is the generic Silver real.
Fixn € w. If |(x | n)~1({1})| is even, let a,, = s,; if it is odd, let a,, = §,,. Puta = U, a, €2%and
think of a as a subset of w. By construction, d(a) = % Let @ be an S-name for a.

Let f € S and let 7 be a permutation in V. Suppose that for some r > 0, f I+ d(z[a]) > % +
r. We show that f I d(x[a]) < % —r. In particular, the ground model permutations are not a
witness for bb{ 0] ,and bb{ o] = = N, in the Silver model follows.

Letg < f and e>0be arbltrary Let ny = min(w \ dom(g)). Let k, be so large that z[( J;
kyand 7 1[Ul<n i] C k, and such that for some ¢’ < g,

l<n g

Let by = 7 ko] N (w \ ky) and b; = 7w \ ko] Nk,. Clearly, |by| = |b;| and 7[b,] C k, \
Uicn, i and by € ko \ Uiy, Ii- Let ny be such that by, [b,] € U, I;- We may assume n, C
dom(g"). This means that ¢’ decides [, &; = @ | U, Ii- Now let g” be such that g" < g,
dom(g"”) = dom(yg"), ¢""(ny) =1— ¢'(ny), and g¢”(k) = ¢'(k) for k € dom(g’) \ {n,}. Letting c,
and c; be the values forced to @ | by and a | by by ¢/, respectively, we see immediately that

Since the trivial condition forces z[a] Nk, = [(@Nky) U a | byl \ @ I by, we see that

lzlalnkol 1

J" I+ . <=—r+s¢,
0

\9}

as required. O

We conjecture that a modification of this argument shows that ddy,, |, 1) = ¢ holds for any r, and

not just % in the Silver model.
‘We can simultaneously separate four of the density numbers:

Theorem 36. It is consistent that R; = dd(; 1 5 < DD = non(M) < cov(M) = DDy 1) 01 =T <
bh[O,l],[O,l] =C
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Proof sketch. This is a standard argument, which we will only sketch. Assume for simplicity GCH.
Let ¥; < x <A < u be cardinals with x and 1 being regular and u of uncountable cofinality. Let
f : 2 = x be a function such that f~!({a}) is cofinal in A for each a < . First add u Cohen reals
to force ¢ = pu.

Then perform a matrix iteration, that is, a two-dimensional system of finite support iterations
(Pgy» Qg 7 <A), @ < x, such that

(1) P is the forcing adding a Cohen reals (¢g : § < a),

(2) Pgy41 is the two-step iteration P, , * Q, ,, and if & < f(y), then Q, , is a P, ,-name for tl.le
trivial forcing, while if & > f(y), then Qa,y isa P, ,-name for Mathias forcing MI-fy where U'y
isaP f(y),y-name for an ultrafilter in V' )y

(3) ify is a limit ordinal, then P, is the direct limit of the P, 5,5 <,

(4) Py, <oPgsfora<fandy <é.

Asusual V,, , denotes the intermediate extension via P, . It is clear that this construction can be
carried out. For item (4), note that P, , <o P 5 is trivial because we are dealing with a standard
iteration, while P, 5<o Py 5 is proved by induction on § < 4. The basic step is obvious by (1), and
so is the successor step by (2). For the limit step, use for example, [10, Lemma 10].

We need to see that the P, ;-generic extension V, ; is the required model. Clearly, ddjg 0.1 =
¢ = u is preserved (see Corollary 30 (2)), and dd ;) , = N, follows from the fact that all iterands
are o-centered and the techniques of the proof of Theorem 31 (in particular Lemmas 33 and 34).

Next, since (P, , : ¥ < 1) is a finite support iteration of length 4, cov(M) > 2 follows. On the
other hand, the Cohen reals {c, : @ < x} form a nonmeager set of size x in the final extension so
that non(M) < x holds.

To see the latter, it suffices to prove by induction on y < 4 that

I]:"a,}, X C, <o Pot1y (%)

for all a < x, where C,, adds the ath Cohen real c, in the initial step, that is, Py, o = Py X
C,- In particular, for y = 0, (x) is obvious. Next, assume y = § + 1 is successor. If & < f (&), then
Py, = P4s and (%) is immediate by induction hypothesis. If a > f(6), then Pz, = Pg s * My,
for § € {a, « + 1}. Therefore, by induction hypothesis and the product lemma, we obtain

Poy X Cq = (Pog % My ) X Cq = (Pg s X Cg) * My <0 Poyy 5% My, =Py,

as required. Finally, if y is a limit ordinal, a slight modification of the argument of [10, Lemma
10] works: let {(p,,c,) : n € w} be a maximal antichain in P, , X C,, and let p be a condition in
Py1,- There is § <y such that p € P, 5. The projection {(p, 5, ¢,) : n € w} of the antichain
to P, s X C, is a predense set. Therefore, by induction hypothesis, there is n such that p and
(py16,c,) are compatible with common extension q € P, s. It is now obvious that g is also
compatible with (p,,c,) in P4 ,, and (%) follows.

For each y < 4, let m, be the Mathias-generic added by ny over V., and note that {m, :
y < A}isan unreaped family so that v < 4 follows. cov(M) = (g 1) [o,1] = t = 4 is now immediate
by Corollary 30 (4). Finally, if A C [w]® has size less than «, then there are y < A and o < x such
that A € V.. Choosing § > y such that f(5) > a, we see that the Mathis generic ms is not split
by any member of A. Thus, 8 > k. Since 8 < non(M) holds in ZFC, 8 = non(M) = «x follows, and
the proof is complete. Ol
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5 | QUESTIONS AND FINAL REMARKS
As mentioned after Theorem 18, one of the questions we could not answer is the following.
Question 37. Is Dby, o > COV(N)?

This is really a problem about the random model: if random forcing adds a set without density
such that for all ground model permutations, the permuted set still has no density, then the answer
is yes. If random forcing does not add such a set, ddyy; 5y < cOV(N') is consistent (and holds in
the random model).

We know by item (3) of Corollary 30 that cov(N') < dd(g 1, < min{r,non(M)} and by Theo-
rem 31, the second inequality can be consistently strict. However, we do not know whether one
can separate Ddg ) , from cov(N).

Question 38. Is cov(N') < dd(g 1), consistent? Or are the cardinals equal?

Similarly, by item (4) of Corollary 30, we know max{b, cov(N"), cov(M)} < DD 1)[0,1] < T, and
by Theorem 35, the first inequality is consistently strict, but we do not know the answer to the
following.

Question 39. Is dd(; ;)¢ 1] < T consistent? Or are the cardinals equal?

Note that by Theorem 16, ddyg 5 = DDy, = non(M). Also, it is easy to see that by, =
DDy, for any r € (0,1) (and similarly with all replaced by other natural choices like [0,1],
{0,1}, or (0,1)), though these cardinals may be strictly smaller than non(M). We do not know
the following.

Conjecture 40. ddy,, , = bh{l} aforallr € (0,1) (and similarly with all replaced by [0,1], {0, 1}, or
b
o).

A more sweeping conjecture would be:

Conjecture 41. Assume X, X' C all are such that X \ (0,1) = X’ \ (0,1), and let Y be arbitrary.
Then, be,Y = bbx/’y.

This would mean that ddy y is completely independent of the intersection X N (0, 1). It probably
depends on Y N (0, 1), at least on its size, though we have not pursued this (see Theorem 55 for a
related result).

A related question is how many of the density numbers can be (consistently) simultaneously
distinct. We do have models with four values (Theorem 36).

Question 42. Can five or more density numbers of the form ddy ;- be simultaneously distinct?
Can infinitely many be simultaneously distinct?

T This was solved recently by David Valderrama who proved that, indeed, DDy 4 = DD for all r € (0,1). The question

{3 }al
for Y = [0, 1],{0, 1}, or (0,1) remains open.
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As for the density number, there are several natural variants of the rearrangement number, and
some of them have been considered in the literature [7]. Let us introduce a general framework
similar to Definition 15. We use again the abbreviation osc, and write ), a, = osc if the series
Y., a,, diverges by oscillation. Let all = R U {+00, —o0, 0sc}.

Definition 43. Assume X,Y C all are such that X # Y and for all x € X, there is y € Y with
Y # x. The (X, Y)-rearrangement number vty y is the smallest cardinality of a family IT C Sym(w)
such that for every p.c.c. series 3’ a, with 3’ a, € X, thereis 7 € I such that }’, a,(,, € Y and

Zn an(n) # Zn ay-

Again, X’ CX and Y' DY obviously imply rrysys < rryy. Also, rr=rrg, and rr’ =
YT oo} al (5 NON(M)), where all = R U {00} U {osc}. In [7], the two cardinals rr; = rrp ¢, o and
rr; = rrR g Were thoroughly investigated, and it was proved that both are above the dominat-
ing number d and consistently strictly below the continuum ¢ [7, Theorems 12, 29, and 38].
With respect to the analogy of the table in Section 2, rr would correspond to ddg 1), t¥; tO
DD (1) 013> and rrs t0 DD 1y o1y, respectively. However, rr is above b, while ddq ;) , is consis-
tently below b (Theorem 31); also, as mentioned above, rr; and rr are above b, while ddq 1 49 1
and DD 1 (o,1) are below r (Corollary 30 (4)) with r < b being consistent (this holds in the Miller
and the Blass-Shelah models, see [6, 11.9] and [8]). Why does the analogy break down?

The rough answer is the following: we can replace a series converging to a value r by a series
with the same positive and negative terms in the same order, but inserting long intervals of zeroes.
This process, which is called “padding with zeroes” in [7], does not change the limit of the series.
However, there is no corresponding operation for infinite—coinfinite sets A. Padding with zeroes
should correspond to introducing elements belonging neither to A nor to its complement. This
suggests that we should consider the relative density of A in some larger set B, with w \ B playing
the role of the set of padded zeroes.

Let A C B C w. Define the lower relative density of A in B

El

A d, (A
d(A) = lim inf 20" _ iy i n(4)
— n-oo |BNnj n—o00 dn(B)

and the upper relative density of A in B

- . |[ANnn| . d,(A)
dr(A) = lim su = lim su .
5(A) P B P 4B

Ifdy(A) = EB(A), the common value dz(A) is the relative density of A in B. As for density, the
interesting case is when both A and B \ A are infinite. As in Section 3, say dz(A) = oscifd(A) <

EB(A), and let all = [0, 1] U {osc}.

Definition 44. Assume X,Y C allare such that X # fand forall x € X thereisy € Y withy # x.
The (X, Y)-relative density numberbbggjy is the smallest cardinality of a family IT C Sym(w) such
that for every A C B C w with A and B \ A both infinite and with dz(A) € X, there is 7 € IT such
that d5(7[A]) € Y and d 5 (7[A]) # dp(A).

Let us provide the Tukey framework for these cardinals: for X,Y as in the definition, con-
sider triples (D;f', Sym(co),R;f') where D;f' is the collection of pairs (A, B) such that ACB Cw
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with both A and B\ A infinite and dz(A) € X, and the relation R is given by (A, B)Rif'w
if dyp)(7[A]) € Y and d5(7[A]) # dg(A), for (A,B) € D;" and 7 € Sym(w). Then, bb;ij =

p(DE, Sym(w), R*), and we let bDY+" = B(D'E, Sym(w), RI*).

Proposition 45.

(1) (Dy, Sym(@), Ry) <7 (D8, Sym(w), R'®) for any X, Y.
(2) (D', Sym(w), R™®") < (M, 2%,3) ifosc € Y and osc ¢ X.

In particular, dby y < bb;'Y always holds.

Corollary 46. Suppose that X,Y are such that osc € X, X N{0,1} # @and osc € Y. Then bb;i'y =
non(M).

Proof of Proposition 45. For (1), take ¢, to be the identity function, ¢ (7) = 7,and p_(A) = (4, w),
for A € Dy.
The proof of (2) is analogous to the first part of the proof of Theorem 8. O

The next two theorems (and their corollaries) should be seen as analogues of the results b < rr
and d < rr;, v r about rearrangement numbers [7, Theorems 11 and 12].

Theorem 47. (w®,w®, #*) <p (D;f', Sym(co),R;e')for anyX,Y.
Corollary 48. b < bb;?jy forany X,Y.

Proof of Theorem 47. From [7], recall the definition of the cardinal j and the proof that b =
j. There, the argument for b < j can be easily modified to give a reduction (w®,w®,#") <
([w]?, Sym(w), ~P), where AP means that 7 does not change the relative order of members of
A except possibly for finitely many elements (in this case, we say that 7 preserves A). Indeed, for
each 7 € Sym(w), let () = f, € w® be such that n < f (n) and 7(x) < w(y) forall x < n <
fz(n) < y. Also, for each strictly increasing g € w®, puty_(g) = A, = {9(0), g(g(0)), .., g%(0),..}.
If ¢ is not of this form, choose some strictly increasing ¢’ > g and put _(g) = ¥_(g’). Then the
implication g >* f, = A Pm holds, so (3p_, %, ) gives the desired Tukey reduction.

Now, it suffices to show that ([w]®, Sym(w), =P) <r (D;f', Sym(w), R;f'). To this end, firstlet ¢
be the identity on Sym(w). To define ¢_ : [w]* — D;f', fix, for each B € [w]¥, a set A C B such
that d(A®) € X, and put ¢_(B) = (A®, B). Suppose BP7. Then 7 preserves B, 50 d,;(z)(7(AP)) =
dz(AP), and (p_(B)Rgf'n' fails. This completes the proof of the theorem. O

Theorem 49. Ifosc ¢ Y and X N [0,1] # B, then (w®, w®,<*) <r (Dre',Sym(cu),R;f'),

IfX ={osc}and 0 ¢ Y or 1 ¢ Y, this also holds by Theorem 24. We do not know whether this
is still true if X = {osc}and {0,1} C Y.

Corollary 50. Ifosc ¢ Y and X N [0,1] # @, then b < ddi.

Proof of Theorem 49. The case osc ¢ X clearly suffices, and an argument analogous to the one in
[7] for b < rry; works. We provide the necessary adaptations to get a Tukey reduction.
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So, suppose osc € X. For g € »* and 7 € Sym(w), let ¢_(g9) =(A,,B,) and ¢, (7) = f,,
where B, and f, are as in the last proof, and qu(Ag) € X. Now, to get the implication

rel * : s |7[Aglnn| |
(Ag,Bg)RY T = g <* f,, note that if g £* f,, then the sequence <m ‘ne co) has a
subsequence converging to ng (A,).So,(A,,B, )R;f'n' fails, and this completes the proof. O

The above results suggest the question of how far the analogy between rry ; and hb;f"Y goes.
In particular, one could ask:

Question 51. Istr = bb;g',l)’a”?

The point is that both cardinals have the same lower bounds b and cov(N') and the same upper
bound non(M) (see [7] and Theorem 18, Proposition 45, and Theorem 47). Analogously, one may
ask whether rr; = bbzgl,l),{o,n orrry = hbzgl,l),(o,n'

We may also look at the similarity or nonsimilarity between rearrangement numbers and rela-
tive density numbers by considering the set of permutations that leave all conditionally convergent
series (all relative densities, resp.) fixed. The former have been studied in a number of papers
(e.g., [2] or [14]), while a connection between the two has been established by Garibay, Green-
berg, Resendis, and Rivaud [14]. But, alas, they have a different notion of relative density! Let
{b; : i € w}be the increasing enumeration of B. Say that A C B has strong relative density r in B,
sdg(A) =r,if given any € > 0, there is N such thatif m —n > N, then

AN {bn’ bn+1’ o bm—l}l
m-—n

—r|<e.

Note that sdz(A) = rimplies dz(A) = r but not vice versa. Say that 7 € Sym(w) preserves c.c. series
(preserves (strong) density, resp.) if given any conditionally convergent series ) a, (any sets A C B
such that the (strong) relative density (s)dz(A) exists, resp.), Y., Ar(n) = Ya, ((8)d (5 J(n'[A]) =
(s)dg(A), resp.) holds. We need some more combinatorial notions.

Definition 52.

(1) For finite subsets M, N C w, write M < N if max(M) < min(N).

(2) [14, Definition 1.2] Two sets M = {m, < ... < my}and N = {n, < ... < n;} of natural numbers
of the same size are collated if my < ny < my < ... <my, < n.

(3) [14, Definition 1.3] 7 € Sym(w)satisfies condition A if there exists k € w such that whenever
M and N are collated and 7[M] < #[N] then |[N| = |[M| < k.

(4) m € Sym(w) satisfies condition B if there exists k € w such that for any M, N with |[M| = |N|,
M < N, and 7[N] < #[M], we have [M| = [N| < k.

It is easy to see that the permutations satisfying condition B form a subgroup of Sym(w). On
the other hand, inverses of permutations with condition A do not necessarily have condition A
[14, Example 1.8]. Furthermore, if 7 satisfies condition B, it also satisfies condition A, while it is
easy to see that there are 7 such that both 7 and 77~ satisfy condition A but not condition B. The
main result of [14] is as follows.
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Theorem 53 (Garibay, Greenberg, Resendis, and Rivaud). For = € Sym(w), the following are
equivalent:

(1) 7 satisfies condition A,

(2) there exists k € w such that for every n, 7~ 1[n] is a union of at most k intervals,
(3) 7! preserves c.c. series,

(4) 7 preserves strong density.

The equivalence of (2) and (3) is originally due to Agnew [2], and the equivalence of the two
combinatorial conditions (1) and (2) is relatively easy to see (see also [14, Proposition 2.2]).

Theorem 54. For w € Sym(w), the following are equivalent:

(1) 7 satisfies condition B,
(2) 7 preserves density.

Proof. (1) = (2): Assume that 7 does not preserve density. So, there are A C B C w such that
:=dp(A)is defined and d B](n'[ 1) is distinct (possibly undefined). Without loss of generality,

|7T[A Nkl ._ s—r
< IBInk| = >s. Lete 1= >

](n[A]) > dg(A) =r. Let s > r be such that for infinitely many k,

and choose #* such that for all # > £*, llgmgll <r+eLet(k; :i€w) be an increasing enumera-
tion of k with w > s and such that |[7[B] nky| = |[BN¢*|. Let (¢; : i € w)and (m; : i € w)

|[Blnk
be such that m; = |ani| = |m[B] nk;|. Since
A i A i
|7T[ ]nkl|>s>r+s>| nl’ﬂll’

m;

m;
there must be A; C A \ ¢; of size > ¢ - m; such that 7[A;] C k; and B; C B n ¢; of the same size
such that 7[B;] C w \ k;. Hence, B; < A; and 7[A;] < 7[B;] and condition B fails.

(2) = (1): Recursively define (k; : i € ) such that k, = 2 and k;,; = 2/*! Z,q k. Let¢; =
. j<ikjss0 £y =0and k;; =2 i+1.¢, .. Assume 7 does not satisfy condition B. Then there
are finite subsets N; C w and M; C w such that [N;| = |[M;| = k;, M; < N; < M;,,, and 7[N;] <
m[M;] < [N;;1], i € w. Let A; C N; of size #; such that 7[A;] is an initial segment of 7[N;].
Let B; € N; \ A; be arbitrary of size #;. Let k| = ky = 2 and k] = (2t —2)¢; = k; — 2¢; for i > 0.
Let (n;; @ J < k’ ) be the increasing enumeratlon of N; \ (4; U B;) and let (m; ; : j <k;) be the
increasing enumerauon of M;. Let B = | J,,(N; UM;) and

i€w

k! k.
A=J(Av J<E u{mi,zj:j<j} .
i€w

We first check that dg(A) = % Indeed, let m € w. Let i be minimal such that M; < m. If also
N; < m, we easily see that

1_lAnm]| < [BNm| +2
2 |IBnm| = 2|Bnm|
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Otherwise let m; = minN; and note that |B nmy;| = 2¢; + k; = (2' + 2)¢; and, similarly, |A N
m;| = (27! + 1)¢;. Then, we have
@+ D+ HOEL L @A+
- < < -
(2t +2)¢; + IN; nm| |BNm]| 21+ 2)¢; + IN; nm|

IN;Am|+£;+2

Clearly, the upper and lower bounds converge in both cases to % as i goes to co.
On the other hand, it is easy to see that, letting @; = max n[A;] + 1 and Ai; = min 7[M;],

IZ[Alna)| 22, 2

iz[Blna| 3¢, 3

and
ki
Iz[Alnm| _ Cit3 1
\Z[B)n7A;| 26 +k 2
so that EE[B](n'[A]) > % and QH[B](H[A]) < % Thus, 7 does not preserve density. O

These results show that the set of permutations preserving c.c. series and density are actu-
ally distinct. We have no idea whether this means that we can also distinguish the two concepts,
rearrangement of c.c. series and of relative density, on the level of cardinal invariants (see
Question 51).

Still regarding the analogy between rry y and bb;?"y, in both cases, it is natural to expect these

cardinals to be big if Y is small in some sense. In the case of the former, one has the following.
Theorem 55. IfY C Rand |Y| <¢, thenrrgpy =

Proof. Fix Y CR and let 7 be a family witnessing rry y. Also, let 3 a, be a c.c. series, say
converging to a.

For each t € R, let ), ¢! be a series converging absolutely to ¢ — a. Putting a, = a,, + ¢!, we
get that )}, a! is a c.c. series converging to t. For each t € R, we can choose 7' € ¥ and x' €Y,
x' #t,suchthat ', al, (n) CODVETges to xt.

Now, R = | J,cyit € R : x' = x}. Since |Y| < ¢, for every x < ¢, there is s € Y such that the set
S, :={t € R : x! = s} has cardinality strictly larger than .

Let us show that the function ¢ — 7' is injective when restricted to any S, which guarantees
that F has cardinality c.

Indeed, let t;,t, € S (i.e., x'i = s) and suppose 7't = 72 =: 7. Then,

t t
n n n n

SOty =t,. [

It does not appear obvious how to adapt the above line of reasoning to bb;g!l),y. Indeed, the fact

that one can add an absolutely convergent series to an arbitrary series without essentially chang-
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ing any information related to the convergence of the latter, even after rearranging the terms, is
essential in the above proof. The set of infinite-coinfinite subsets of w having asymptotic density
lacks this structure.

Question 56. Suppose Y C (0,1) is such that |Y| < ¢. Is bb[g[l)’y =¢?

Still, one could reestablish the analogy by considering the following: for a real sequence
(ap, ay,ay,...), let

. aO + -+ a}’l—l
a,,a;,a,,..) = lim ————
,u( 0> Y15 Y2 ) N o n

be its asymptotic mean, if the limit exists. The sequences that have the same asymptotic mean
regardless of the order of the terms are the ones that converge. The following is analogous to
Riemann’s Rearrangement Theorem.

Theorem 57. Letr = (r,7,,¥5,...) be a sequence of real numbers having asymptotic mean. Then,
thereis w € S,, such that u(r (o), ' z(1)> T z(2)> ) = M if; and only if

liminf(r) < m < lim sup(r).

We use the fact that if a real sequence has asymptotic mean and the terms of another real
sequence are put in a sufficiently sparse set of indices, then the mean does not change.

Lemma 58. Let (X, X1, ...) and (3o, ¥;, ...) be sequences of real numbers such that u(x,, x,,...) = m.
Then, there is a set A = {ay < a; < ..} C w such that, if o \ A ={b, < b; < ..} and (z(, 2y, ...) is
defined by

X, ifk=by,,
Z = ;
Yo ifk=a,,

then u(zy, z;, ...) = m.

Proof. Let the N'th partial sum of (z,, z, ...) be
N-1 n—1 ¢-1
sz = 2xk+ Zyk
k=0 k=0 k=0

Note that

1 N-1 1 n—1 1 -1 (1 n—1

~ sz——zxk= ~ Z.Vk__<_2xk>-

N = =i N = N\n =

Choosing the indices of A amounts to choosing £ = #(N) for each N € w. The above equality
shows that the conclusion of the lemma will hold if #(N) is such that
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mﬁZyk—va-

It is clearly possible to choose #(INV) to grow so slowly that the above is true. O

Proof of Theorem 57. The “only if” part is clear.

Now, suppose s = liminf(r), S = lim sup(r), and s < m < S.

If m = s, fix a subsequence (x,, x; ...) of r such that lim,_, ., x,, = s and let the remaining terms
of r be (o, y; --.)- The sequence (z, z; ...) given by the above lemma is a rearrangement of r with
mean equal to s. The case m = S is treated similarly.

Now, suppose s < m < S.Letu = (uy, u; ...)and v = (v, vy, ...) be subsequences of ¥ converging
to s and S, respectively. Without loss of generality, suppose that the indices of u and v are disjoint
and the remaining terms of r form the subsequence z = (z, z; ...).

First, we form a sequence (x,, X; ...) using only terms from u and v, in a way that is similar
to the traditional proof of Riemann’s theorem: Always respecting the order, keep adding terms

from v until the first time 2“1 > 4 This is possible, since v converges to S > m, Then keep

adding terms from u until the first time w < m, which is possible, since x converges to
s < m. Proceeding in this way, clearly lim,,_, %
Now, put the remaining terms z;, z, ... in the sparse set of indices A given by the lemma to get

a permuted sequence ¢ = (c, ¢; ...) such that u(c) = m. O

=m.

Definition 59. Let D be the set of sequences of real numbers having an asymptotic mean. mm is
the minimal cardinality of a family 7 C Sym(w) such that, for every a € D, there is 7 € F such
that u(w[a]) # u(a). Analogously, one can define mmy y as above.

The above definition clearly implies mm > dd. An argument similar to the first (easier) part
of the proof of Theorem 8 gives mm < non(M), so mm = dd = non(M). Still, one can define the
variants mmy y, using the obvious definitions, and ask how these cardinal behave in comparison
to DDy . For instance, in direct analogy to Theorem 55, one has the following.

Theorem 60. IfY C Rand |Y| <¢, then mmpy =c.

Proof. The argument is analogous to the one in the proof of Theorem 55. We point out the
necessary adaptations.

Fix Y C R and let 7 be a family witnessing mmyp, y. Also, let (ay, a, ...) be a sequence of real
numbers, with asymptotic mean equal to a.

For each t € R, let (c(t),ci ...) be sequence of real numbers converging to t — a. Putting a/, =
a, + ct we get that (a‘ t ...) has asymptotic mean equal to ¢. For each t € R, we can choose
71" € Fandx' € Y, x! ;é t, such that (a’ (0 ;t(l) ...) has mean equal to x'.

Now, the proof proceeds exactly like in the proof of Theorem 55. O
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