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1. 

Let K be a field of characteristic p>O and G = <XeY>. be 

. 2 
an elementary abeli~n gro'up of order p • It has long been known 

(Heller - Reiner [2]), that if p>2 the category of left KG-modules 

is wild, Basically this means that there is no possibility of 

classifying the indecomposable objects in the category. However, 

there seems to be a general misconception that suitable subcategorie 

such as the full subcate&ory of periodic modules, should be better 

behaved. The purpose of this note is t~ demonstrate that ~uch is · 

not the case. Indeed we show that the full subcategory of all 

KG-modules whose cohomology rings are annihilated by a fixid non­

nilpotent element~ of H2 (G,K) is a wild category. We will not 

belabor the point by proving it in every possible case. For 

' 
simplicity, only the case in which p > 7 and t is the Bockstein 

of'a nonzero element of tt 1 (G,F.p) will))•· considered. We hope tha.t 

the reader will regard this example as sufficient. 

Concerning our termino1oey and notation we refer to Carlson . 

C 1]. 

2 •. 

Fer conveni~nce let X • x-1 and Y • y-1. · Then a KG-module 



.., considered as a KlX,Y]- mo dule in 11hich xPM s O and ■Aly t. 

0. 

·2, 

Let~£ H2 (G,K) be the Bockstein of the element~~ H
1

CG,K) 

. . 1-1Jented by -,:A(K) --fK, where 1 (X)= 1 and 1 (Y)" 0, l'epr· 
Lemr .. _. Let H be any KG-module such that H< x> is a free Kc x.>-module 
- /(p-t)/ 2H ~ O. Then~ annihilates ExtAKG(M_,M), !Ind 

• f Thll basic trick is to note that ,: is represented by the l•ro~• · • 

._. nee 
lleq•• . 

G G E 1 0 -t K ~ · ~ ~y>----, K < y>--;. K ~ 0 , 

· ~ . the middle map is multiplication by X. If -I is the identity _ \f~e/ --- -- ------- -- - .... . ... · -- - . ·• - ·· --· - --- - - - - - - - - -

of 1 -xt*KG(H,M), then Y; I -_ is represented by t ■ M. 

1 
A ) € . K2 and u • 1 · t cC. X ♦ , y·, it is easy to .(cl \' 

For 

see that!-! 
(U) 

1ree as a K<u>-module provided is r "'-I o, hence VG(.M) ={co.~); r-' 
j4 is pe,-iodic, 

So 1 Moreover, H must be periodic of order 2. 

fol~ lfe have the ' diagl'am 

0-+ H ---. P ~ P ---,, H --to 
i 12 . i1 

G~ G 
0 - M ~ K (: > ■H __,. K (. ') ■M ---, H --, 0 y y ' 

II 

There-

.,1,,,,•e the upper sequence is part of a· projective resolution of M, 

811
,1 t' _ is the chain map coming from the projectiTity of P 1 and P

2
• 

llow j(H)' Y(p+t)_l 2 P
2

, so. 

u
2

j(:,:)C Y(p+t)/ 2 (KG. aH') • O, 
I (y> 

!' 1_,,.,e -Y(p+l)/ 2
H = O and YK;y'> ,. 0, · Therefore I" = 0, 

Let C~ be the full subcategor~ of KG-~odules H such that 

.. ,· -.tirKG(H,:-1) ,. o. 

Let~ be the full subcategory of KlX,Yl-modu~es consisting 

;, ~11 H ~hat satisfy (1) to (7). 



(1) XPH = O. 

(2) Y 3H • o. 

(3) Dim~Xp-tH ~ DimKX/XH, 

( .. ) YH .C, XK. 

(5) · Y2M'. xP-lM. 

For any Z € KCX,yJ and any submodule L, H, let 

n · n z- L • (mg H ; Z m f! L l , and le'C "I'= · H----t H/Rad M be 'Che na-cural 

quotien~. 

cs> "I' cx1-Pvx- 1Yx- 1n-2co» c: T<x-1Yx- 2c·o». 

(7) fCX 1-pY 2H) .: "t'(X- 1YY- 2(o)). . -
Rote -chat condi-clon (3) guarantees that His free as a 

K<x>-module. Thus, l:ly the lemma, ·for p J 7 1 conditions (1), (2) 

and (3) ·say that any module in m is an object in e~. 
Theorem. The category 'l'Yj is a wild category• :therefoi-e e, t is wil~ 

if p ~ 7 • 

. Proof. The proof follows Ringel (3) .• 

Let Q be th~ quiver 

1 20 ·~· 
A K-represett:ation of Q consists of a tz:_iple R = (V,W, f ), where W 

ia the K-space corresponding to the vertex 2, Vis the subspace of 

W corresponding to vertex~• the inclusion V---i"U corre.sponds -co 

the arrow from 1 'to 2, and · the linear transformation 'f : W ~W 

corresponds 'CO the loop• on 2. The category _of K representations 

. . of Q,~Rep(Q)w is known to b~ a wild ca-cegory. 

To ·any R = (V,W,· 'f) in Rep(Q) we associa-ce a 'KG-module MR 

in 1TJ 11epresented by the following diagram •.. 



That is, as a K-space 1 

where 

and 

. . . . w' z 'II 
P . 

The action of X on Mis given by the identity maps 

for i • 1, 

The actioi:i 

'f : 

for i • 1 1 

V --t \1 1 
1 · . p-1 

... • p - 1. end X 'is 0 on 'II p• 'W' 
p 

o! y on M is g!:ven by 

w ~w• • IW : 'II l ----, w h _l 1 p 

1 p-1, . and by the inclusions. 

, v2 -.w; _. an!! Y is o on w2 ; 

and V 
p 

u I-'' · I ,>' 'p I 

4. 

• • ~ I 

and X'Y = YX or, MR • Also 



• 

! w 
p • w• • v• p p 

It is easy to verity~ and 5, and the proof of 6 and 7 is also 

· straightforward. • 

. Define then a functor f 

morphism 

0: R = (V,W, 't }
0

---'t R • (V,\i, ~) 

is such that 8V (V) c. SW(W) and 8W 'f • f 9W"• So define a 

KG-module homomorphism 9t1: HR~HR by ti• 8 11 on w1 or WI, and 

tt· ev on vi' for 1 _• 1, ••• , p. 

We now define a functor g 1 'rt) ---i-Rep(Q}. Given Mc. n1 , 

let 

In order to define 'f : w--, w. given w £ W choose a 

representative;~ x- 1YY- 2 (o), The~ xy; • o. Choose w1 ~uch 

- -1 -1 -2 · · · 
that Xw

1 
• Yw, Then Yw 1 

& YX XX YY (0) 1 and it is easily 

seen that Y11
1 

is. uniquely determined by w •. S1nce~ Yw•
1 

e .. ,c~- 1 M, 

we have Yw 1 
• xP· 1w

2
, where w

2 
E xl·Pyx- 1yx·lyy· 2 (o). Again, 

modulo Rad M, w2 is uniquely ~etermin~d by w • . Let the• 

If ( w) = ,, C·w 
2

) • 

Define now g :'\1\--t Rep(Q) by .g(H) • (V,W,f },.with 

V, W and lj> ·as . above. • 

s . 

Any KG-homomorphism, 9: M--t Ki, must. preserve · al·l of the 

.subspac:os us.id in .the def.inition. · So it 11ust . induce a r..orp'!-:.!~r.: 

~ 

8 i g(H)-tg(H 1 ). 

Finally note that for all R in Rep · (Q), gf(R l ; _ R. 
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