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Summary 

In this paper we define a class of skew normal measurement error models, 
extending usual symmetric normal models in order to avoid data transforma­
tion. The likelihood function of the observed data is obtained, which can be 
maximized by using existing statistical software. Inference on the parame­
ters of interest can be approached by using the observed information matrix, 
which can also be computed by using existing statistical software, such as 
the Ox program. Bayesian inference is also discussed for the family of asym­
metric models in terms of invariance with respect to the symmetric normal 
distribution showing that early results obtained for the normal distribution 
also holds for the asymmetric family. Results of a simulation study and an 
analysis of a real data set analysis are provided. 

Ke11 Words: Invariance, maximum likelihood, posterior distribution, prior 
distribution, structural model 

1. Introduction 

Recent statistical literature has seen an increasing interest for models in­
corporating asymmetry. Advantages of using such general structures include 
easiness of interpretation, as well as estimation efficiency. Main references 
on the subject include Azzalini (1985}, Azallini e Dalla Valle (1996), Branco 
and Dey (2001), Genton and Lepor:6.do (2001), Arellano-Valle et al. (2002) 
and Arellano-Valle and Genton (2003). In this paper, we consider a linear 
regression model relating the variables y, and x,, that is, 

(1.1} 
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.. 

but we consider that :i, is not directly observed so that we observe instead 

(1.2) 

i = 1, ... , n. The measurement error model (1.2) specifies that x, is un­
available and the observed Xi can be seen as an unbiased estimate of the 
unknown x,, i = 1, ... , n. The structure (1.2) is called additive since it is 
defined in terms of additive measurement errors, specified by u;, i = I, ... , n. 
The unobserved x, can be seen as fixed parameters in which case a functional 
model results or a random variable, in which case a structural model results. 
In the functional case the x, is an incidental parameter and it is typical to 
consider that 

(1.3) . 

i = 1, . . . , n, with iid meaning independent and ident~l11 distributed. In the 
structural case it is typically assumed that 

{1.4) 

and independent of {e;, u;), i = 1, ... , n. It is well known that the above 
structural normal model is not identifiable so that additional assumptions 
have to be made. The most commonly adopted ~ ptions are that the 
variance u! is known, the ratio of variances U:/u! is known or the reliability 
ratio (Fuller, 1987) ks = u~/(u~ + ~) is known. In some situations, repli­
cations of the experiment can be used to determine such values. Maximum 
likelihood estimation for the structural and functional normal measurement 
error models is treated in detail in Fuller {1987). Some extensions for ellipti­
cal meamirement error models are considered by Arellano-Valle and Bolfarine 
(1996) and Arellano-Valle et al., (1996). In this paper, we extend the above 
normal measurement error model by considering that e;, TJ; and x, follow a 
skew normal distribution, which contains the normal distribution as special 
case. AB considered in Azzalini (1985), a random variable Z follows a uni­
variate skew normal distribution with location parameter µ, scale parameter 
u2 and skewness parameter A if the density function of Z is given by 

(1.5) 2 (z -µ) ( z - µ) /z(z) = -;;<l>i - u- ~1 A- u- , 
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where ¢1(,) and ~1(.), denote the density function and distribution function, 
respectively, of the standard univariate normal distribution. Note that if 
,\ = 0 then the density of Z in (1.5) reduces to the density of the standard 
normal distribution. We use the notation Z ~ SN1(µ,u2,-\) to denote this 
distribution, which will be reduced to Z ~ SN(,\) when is assumed that 
µ = 0 and u2 = I. 

Some properties of this distribution includes: 

with asymmetry and kurtosis indexes given by 

1 E2[X] 
'Y = -(4 _ 1r)(--)3/2. 

2 Var[X] ' 

where X = (Z - µ)/u, implying that -0.9953 < 'Y < 0, 9953 and 3.0000 < 
K. < 3.8692. It follows that the even moments of X = (Z - µ)/u, coincide 
with the standard normal ones and that the odd moments are given by 

All these properties are easily obtained by using that (Henze, 1986; Azzalini, 
1986) if X ~ SN(-\), then 

(1.6) X ~ ,\ IX I 1 X - v'l + ,\2 o + v'l + ,\2 i, 

where X0 and X 1 are iid N(O, l} ran'dom variables. 
Multivariate skew normal distributions are considered in Azzalini and 

Dalla Valle (1996), Branco and Dey (2001), among others. Genton et al. 
(2001) derive the moments of a random vector with multivariate skew normal 
distribution and their quadratic forms. Arellano-Valle et al. (2002) show that 
many of the properties of the multivariate skew normal distribution hold for 
a general class of skew distributions obtained from a symmetric class, defined 
in terms of independence conditions on signs and absolute values. From these 
.result, Arellano-Valle and Genton (2003) introduce the class of fundamental 

3 



skew distributions, giving an unified approach to obtain multivariate skew 
distributions starting from symmetric ones. 

In this paper, we consider the skew normal measurement error model 
that follows by replacing the normality assumption in (1.3)-(1.4) by the as­
sumption that the error terms f?i and Ui and the latent variable Xi have skew 
normal distributions. We obtain the likelihood function of the observed data 
(111,Xi), ... ,(yn,Xn) by integrating out the variable Xi, i = 1, ... ,n. The 
likelihood function can be maximized for obtaining maximum likelihood es­
timators and the matrix of second derivatives evaluated at the maximum 
likelihood estimators (observed information matrix, i.e., the Hessian matrix) 
can be used to obtain estimated standard errors of the estimates. It is in­
teresting to note that it is not necessary to make any additional assumption 
to make the model identifiable as is the case with the the ordinary normal 
model. The special ca.se where Au = .\e = 0 is also studied in detail. One 
important and interesting characteristic of the model entertained is that un­
der a skew normal measurement error model there is no need to make the 
additional assumptions mentioned above to make the estimation problem 
feasible. 

The paper is organized as follows. Section 2 is dedicated to the deriva­
tion of the likelihood function of the observed data by integrating out the 
unobserved variable :z:. Section 3 presents a Bayesian analysis based on a 
special class of prior distributions yielding invariance in terms of the fact 
that the posterior distribution is in the class of the ordinary normal distribu­
tion, a problem studied earlier in Lindley and El-Sayad {1968) for the special 
case that the ratio u:/u~ is known and in Bolfarine and Cordani {1993) for 
the case where the reliability ratio k~ is known. In Section 4 an EM-type 
algorithm is developed which can overcome some difficulties detected by us­
ing direct maximization of the likelihood. Although the M-step requires a 
numerical maximization in each iteration, it is easily implemented. A simu­
lation study is considered in Section 5. Finally, in Section 6, we consider an 

• application to a data set previously analyzed in the literature using a model 
not incorporating measurement errors. 

2. The likelihood function 

The skew normal regression model with measurement errors is defined by 
extending the normal model defined by (1.1)-(1.3) by considering that 

(2.1) 
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(2.2) 

i = 1, ... , n, leading, under the regression set up defined by (1.1)-(1.2), to 
the following functional skew normal model: 

(2.3) 

(2.4) 

i = 1, .. . , n, with ind meaning independent. To obtain the structural skew­
normal model, we consider as an extension of (1.4) that 

(2.5) 

i = 1, ... , n. As in (1.4), Ae, >.,, and Az are asymmetry parameters. It also 
follows that the above model is nondifferential as is considered in Bolfarine 
and Arellano-Valle (1998). If >.. = >.., = >.,,, = 0, then the ~ymmetric model 
reduces to the symmetric normal model considered in (1.1)-(1.4). In the 
sequel we drop the subscript i in a sample unit to simplify notation. From 
(2.3)-(2.4), it follows that the conditional density of (y, X) given x can be 
written as 

Hence, considering (2.5), the joint marginal density of (y, X) is obtained by 
integrating out x with respect to the above density, that is, 

(2.6) f(y,X) = £: f(y,Xlx)f(x)dx 

= 100 

~4>
1
(11- o - f)x)4>i(X - x)<l>(x -1Sz) 

-oo a.a.,a,,, a. l1u a,. 
) 

4l1(>.. y- o -,Bx)4'1().,. X \- x)ib1(>.,,, x - µ")ch:. 
a. "" a,. 

Making the transformation v = x - µ,,,, with jacobian dx = dv, and defining 

e = 11 - (o + {3µ,,,), 
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we can write the integral (2.6) as 

23 
[ e - {3v u - v v 

(2.7) f(y,X) = -- 4'1(--)4'1(- )4'1(-) 
. <1el1ul1z -oo <Te u,. <1:,: 

Let 
w = (e,u,of, b = (/J, 1,-1f, b1 = (fJ, 1f 

11' = diag(~1 u!,~), 11'1 = diag(~,u!) and A= diag(.\.,,,\,.,,\z). 

Let also ef>t(•Iµ, E) and ~t(•Iµ, E) be the density and the distribution func­
tion, respectively, of the k-dimensional normal distribution N,.(µ, lJ). Con­
sidering this notation, it follows that 

(2.8) 

and 

(2.9) 

Further, we consider the following lemmas. 

Lemma 1. 

where 

Proof. In fact, 

where 
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with 

and T,T,-lbbT,T,-1 
Q ( ) - T\)-1 W '.I!' '.I!' W 

2 w -w w- bTw-1h 

- ( )T,T,-1( ) (z - µf'11'11
h1bfwi

1(z - µ) 
- Z - f.' '.1!'1 Z - f.' - -'----'-'-----=----=--__o__c-...c....:_ 

bTw-1b 

= (z - l')TE-1(z - µ), 

where we use that 1::-1 = '1111
- bt~-tb '11'11b1 bfw11. Thus, the proof follows 

by noting that lwl = b1~l1b· 

Lemm.a 2. Let V ~ N1c(r1, 0). Then 

E[Wm(a + AVj-y, r)] = Wm(al-y- A,,,r + AOAT). 

Proof. Notice that 

E[cl>m(a+AVh·,r)] = E[~m(aj-y-AV,r)) = E[P(U :5 alV)] = P(U :5 a), 

where UIV = V ~ Nm(-y-Av,r), so that u ~ Nm(-y-A,,,r + AOAT), 
. thus-concluding the proof. 

We present in the sequel the marginal distribution of the observed vector 
Z = (y,X)T, which is the main result of the paper. 

Theorem 1. Under the skew-normal measurement em,r model defined by 
{2.9}-(2.5}, the marginal density of Z = (y,X)T is given by 
(2.10) 

fz(zlO, >.) = 23tp,J(zlµ, E)cl>a ( A\ll'BTE-1(z - µ)IO, W + bT~-lb AbbT A) , 

(
1 0 {J) 

B = (12, h1) = O 1 1 . 
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Proof. Replacing (2.8) and (2.9) in (2.7), we have that 

/z(zl6, .\) = 23 IIW112¢>2(zlµ, I:) 

where 

(
bT'1'-lw 1 ) 

V ~ N bT'}f-lb' bT'},-lb . ,-z,. t-,,,.1 

Hence, from Lemma 2, with k = 1, m = 3, ! = -~ , r, = b~~b' 0 = 
bT~-lb• 'Y = 0 and r = lit, it follows that 

= ~3 ( AMwlO, -.P- + bT~-lb AbbT A) , 

where M = l3 - P, with P = bfi-1b bbr.i,-1. Note that, Pb = b, so 
that Mb= 0. Furthermore, E = B'1'Br, so that B'1'112 is a factorization 
of E. Thus, after some algebraic manipulations, we can show that Mw = 
'1'BTE-1(z - µ), concluding thus the proof. 

We call attention to the fact that the density function in (2.10) is not 
in the class of the multivariate skew normal densities specified in Azzalini 
and Dalla Valle (1996),since in (2.10) the skewing function is ~ 3(.), which 
is of dimension 3. In their family, the skewing function is of dimension 1. 
However, it is in some more general family of densities, as considered in 
Arellano-Valle and Genton (2003). 

From Theorem 1, we have that the likelihood function for 9 given the 
observed sample Z1 = (rh, X1), • •. , Zn = (Yn, Xn) is given by 

n 

L(8, .\lz1, . . . , Zn) = IT /z(z;IB, .\), 
i=l 
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where /z(.zsl8, >..) is the marginal density in (2.10) for the i-th sample unit, 
i = 1, . .. , n. Denoting the log-likelihood function by t(9, .\), it can be written 
as 

where 

t(9,>..) ex: -ilogjEI - ~ tcz, -µfE-1 (z, - µ) 

~ 
fl 

+ Llog[~a(A.E-1l2(z, - µ))jo, O}], 
i=n 

and 

so that the maximum likelihood estimators are solutions of the equations 

and 

8£(9,.\) _ n 81:EI 1 8 ~ T _ 1 
89 - - 2IEI 88 - 2 89 ~.)z, - µ) E (z; - µ) 

•=¥-
~ 

~ 1 a ( -1/2( + L.., 41 (A E-t/2( . _ )I0 O} o9 ~a A.E z. - µ)jO, 0) = 0 
i='li3• z.µ, 

8t(9,.\) _ ~ 1 !_ ( -1,2( ·- )I ) _ 
8>.. - ~ ~s(A.E-l/2(z, - µ)j0, 0) 8>.. ~s A.I: z, µ 0, 0 - 0. 

'""' 
We call attention to the fa.ct that no explicit solution is available for the 

maximization problem and that the likelihood function has to be maximized 
numerically. 

Some special cases may be of interest. H it is the case of comparing 
two meMllring devices, then, since e. and u. are results of measurements, 
they may be normally distributed and x, being true concentration level of 
a substance, may follow a skew distribution. Then, in such situations, for 
example, >-e = .\.. = 0 and ~.. :/= 0, which is a special case of the above 
general situation and it implies that the marginal distribution of Z = (y, X)T 
is asymmetric also. This situation is treated next. 
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Corollary 1. Under the conditiona of Theorem 1, with Ae = ,\,. = 0, the 
density function of Z = (11, X)T i., given by 

( 
O'zbfil'1

1
{z - µ.) ) 

(2.11) /z(zl9, Az) = 2th(zlµ., E)~1 'Yz ✓i + u:bf'11i""1b
1 

, 

where b1 = (.8, lf, '111 = diag(u~,~) and 

Az 
'Ys = . /1 ,2 2bT•T•-1b · 

V + "s + O's 1 T1 1 

Proof: By assumption, 'Ii = diag{a~, a!, a!) and A = diag(O, O, ,\s) = 
AseaeL where e3 = (0,0, lf. Thus, 

1 T • (....2 ~2 a!+ bTl-lb) "'+ bT(,-lb Abb A = d1ag "e, a;, bT'Ii-lb ' 

where bT'li-1b = (1 + u~bf"111b1)/u~, so that for the skewing factor con­
sidered by {2.10) we have that 

413 ( A"1BTI:-1(z - µ.)10, '11' + bT~-lbAbbTA) = 

where B = (l2, b1). Using now that Be3 = b1, "1e3 = u;ea and 

T -1 T ( -1 l -1 T -1) l T -1 
b1 I: = b1 '111 - bT'Ii-lb '1i'1 b1h1 '1i'1 = 1 + u;bf'Iii"1b1 b1 "11 ' 

we have after some simple algebraic manipulations that 

A'1i'BT1::-1(z - ) = AzO'~ bf'1i'11(z - µ) e 
µ. 1 + u;bf'Ii11b1 3

' 



which concludes the proof, since 4>3(a8JIO,l3) = 4>1(a)/4. 

Considering the joint density (2.11), the log-likelihood function corre­

sponding to an observed sample z1, ••• , Zn can be written as 

(2.12) l(8, ,\z) <X -i log !El - ~ t(z1 - µ?I:-1 (z1 - µ) 
i=l 

+ lo <flt ( <Tzbf'IJli'"l(z - µ) ) 
g 'Yz . '1 2bT•T•-1b , 

V +az 1 T1 1 

i = 1, ... , n. Notice that the asymmetric part gets nicely separated from the 

symmetric one and the likelihood function is an extension of the symmet­

ric likelihood considered in Fuller (1987), with the assumption that one of 

the variances (a~ or u!) or the ratio of variances a~/a! is known, since no 

assumption WBS made to derive the likelihoods. Although simpler the likeli­

hood (2.12) must also be maximized numerically. We developed routines in 

Matlab and Ox to do this maximization. The asymptotic covariance matrix 

of the maximum likelihood estimators can be estimated by using the Hessian 

matrix, which can also be computed numerically by using the program Ox. 

3. An invariance result for Bayesian inference 

In this section, we consider an extension of the model considered in the 

previous section obtained by replacing assumptions (2.1)-(2.5) by the follow­

ing assumptions: 

(3.1) 

(3.2) 

(3.3) 

i = 1, ... , n, all independent. Hence, we are considering different skewing 

parameters for each observation. Let ~ = (,\e;, >.,.i, ,\zif, i = 1, ... , n. Now, 

we consider Bayesian approach with the following prior specifications: 

(i) 9 and ~1 , ... , ~ are independent. 
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(ii) The skewness parameters ~. i = 1, ... , n, are i.i.d. following an ~­
metric normal prior distribution. 

Specifically, we consider the following prior distribution: 

" " (3.4) p(8, .\1, ... , ,\,.) = p(8) II p(~) = p{8) II p(>.e;)p(~)P(As;), 
i=l 

with 

(3.5) 

whose respective densities given by 

p(Aei) = 2t/>1 (,X.)~1 (WeAei), 

P(Avi) = 2<f>1(Avi)~1(WuAu1), 

P(Aui) = 2t/>1(Aa)<b1{ws>izi), 
i = 1, ... , n. Notice that the above prior specification is considering that 
the >.e; (as well as -\.i and As;) are exchangeable, that is, they vary with the 
observations but are generated by the same skew normal distribution. 

Theorem 2. Leta consider the measurement error model {1.1}-{1.2} with the 
assumptions (9.1)-(9.9). Then, under the the prior specification {9.,4)-(9.5}, 
it follows that the marginal posterior density for 9 is given by 

n 

p(91z1, ... , z,.) oc p(8) II th(z;Iµ, E). 
i•l 

Proof: In fact, 

= p(8) fr r ~ t/>1(1/; - a - /Jx;)¢,1(X; - X;)tl>t' - µs) 
i=l }R4 UeUu<J:e <Je Uu . U:e 

~1(Aet Y; - ct - fJx, )~1 (,\.; X; - X; )~1 (Az/i - µs)p(.\;)d.\;dx,, 
Ue Uu Uz 
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where the lam equality follows from (2.6). Particularly, since 

i = 1, ... , n, the integral for Ae; can be written as 

Hence, from Lemma 2, it follows that 

i = 1, ... , n. Similar results hold with respect to A,. and ~z- Then, the 

marginal posterior density of 8 for the whole sample can be written as 

which concludes the proof. 

From Theorem 1 it follows that, under the more general skew normal 
model considered there, the Bayesian inference on the structural parameter (J 

reduces to considering the usual structural normal model, which in the special 

case where the ratio ke = u! / a! is known, leads to the ordinary Bayesian 

inference for the symmetric normal distribution considered in Lindley and 

El Sayad (1969), for example. The case ~ = u;/a! known is treated in 
Bolfarine and Cordani (1993). Notice that there is no loss of generality in 

considering mean zero and variance 1, for the prior of Aei, >.., and >.zi, as 
long as they are considered known. We conjecture that the above invariance 

result holds also in more general situations, such as when dependent skew 

normal priors are considered for Aei, Aui and >.zi, i = 1, ... , n. 

4. An EM-type algorithm 

A direct maximization of the likelihood (2.12) may sometime.s poses prob­

lems since it depends on terms like ¢,(w)/~(w), which causes computational 

problems for w negative and moderate (w < -3, for example). Further, the 

approach seems not too robust with respect to starting values, that is, unless 
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good starting values are used, the direct maximization approach may not 
converge. 

Using the notation Zi = (Yi, Xif for the observed data and ri = (e., Ui? 
for the random errors, the model that we are considering in this section can 
be specified as 

(4.1) 

with the assumptions that 

(4.2) 

i = 1, ... , n, all independent, where 

a1 = (er, of, b1 = (/J, 1)f '1t1 = diag(u!, u!). 
Since xi=µ,,, +u,,,vzi, where 1Jzi = (xi -µ,,,)/u,,,, the first assumption in (4.2) 
implies that Vzi ~ SN1 (>.,,,), i = 1, ... , n, which jointly with (1.6) imply that 
Vzi = 6,,,lt/Oil + (1 - ~)112vu, so that 

(4.3) 

i = 1, .. . , n, where 1'0i and vu are iid N1 (0, 1) random variables and 6,,, = 
>.,,,/(1 + >.!)112. Moreover, the independence between Xi and (e1,Ui), i = 
1, ... , n imply that vi = (vo., vu? and ri = (e., Ui)T, i = 1, ... , n, are all 
independent. Hence, replacing (4.3} in (4.1) we have that 

(4.4) 

where µ = (a+ {Jµ,,,, µ,,,)T is the mean vector under the U8Ual structural 
normal model, and 

tzi = lvOil, rzi = r; + u,,(1 - ~)112b 1v1;, 

which by (4.2) are such that 

(4.5) 

i = 1, ... , n, all independent, where HN1(0, 1) denote the standardized uni­
variate half-normal distribution. Thus, the results obtained in (4.4) and (4.5) 
imply that the model defined by (4.1)-(4.2) can be specified as 

(4.6} 
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i = 1, ... , n, where 

and I: = '1,1 + u!b1bf is the covariance matrix under the usual structural 
normal model. 

We call attention to the fact that the joint distribution of Z1 and ta that 
follows from (4.6) is not normal, which yields in particular the marginal den­
sity given by (2.11) for the observed vector z.. In order to implement the 
two steeps of the EM-algorithm to obtain maximum likelihood estimates for 
8 = (o, ,B, µ.,, u~, u!, u!) and >.., from the unobserved (complete) likelihood 
that follows from (4.6), where we are considering the (latent) random vari­
ables ta, i = l, ... , n, as the missing quantities, we need some additional 
results which are presented next. 

Proposition 3. Under {4,6} it follows that the complete log-likelihood asso­
ciated with (zf, tzi), i = 1, ... , n, can be written as 

where 

(4.9) 

with b., and '1,., as defined in (,1. 7}. 

Proof: In fact, (4.6) imply that the joint density of Z. and tzi is 

i = 1, ... , n so that by independence 

n 

lc(9, >..,) = 1)og{24'2(z1Iµ + b.,ta, '1,.,)cf,(ta)}, 
i=l 

where, using (4.7) we have after some simple algebraic manipulations that 
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i = 1, ... , n, from where the proof follows. 

It follows from (4.8) that to implement the E (or expectation) step is 
necessary to compute the following conditional moments oft,,,, given ~ = z, : 

(4.11) E[~IB,.X,,,,z,] = 1-: ~/(t:nlB,.X:r,z,)dt:n, 

k = 1, 2, i = 1, ... , n, where /(t:nl9, A:r, z,) denotes the conditional density of 
tn given ~ = z,. In order to obtain these conditional moments, we consider 
first the following lemma (see Johnson et al., 1994, Section IO.I) . 

Lemma 3. Let X ~ N(11, r2). Then, for an11 real constant a it follows that 

rt, (!=!!) 
E[XIX > a] = n + 1 

.,. r, 
., l-~1 (7) 

¢,i (!=!!) 
E[X2 IX >a]= ...2 + r2 + .,. (11 + a)r. 

1/ 1- ~1 (7) 

Proposition 4. Lets consider Zlt:r ~ N2 (µ+ b:rt:r, \JI,,_) and t:r ~ HN1(0, 1), 
where b:r and '11:r are given in (4. 7). Then, 

E[t!IB, A:r, z] = E(X1:IX > O], 

where X ~ N1(1J11:, r!), with 1/11. and r: given b11 {,l.9). In particular, 

(4.12) 

and 

(4.13) 

Proof: We note first that (4.11) can be rewritten as 

{4.14) 
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where from (2.11) and the fact that 

1/z u111bf +-1(z - µ) - = "ft11: --;====== 
Tt11: ✓1 + a;bfti11b1 ' 

the marginal density of Z is 

/z(zj8, Az) = 2t(zlµ, ~)~1 (7'/z) , 
\ Tz 

'l-

and by (4.10) the density of (z7', tz) can be rewritten as 

Replacing now this last expres&on in (4.14), it follows that 

where X ~ N1('k,r'!) and ~1 {t) = P(X > 0). Hence, (4.12) and (4.13) 

follow from Lemma 3 with a = 0 and '7 and r replaced by 1/z and ,,,: , 
respectively, which concludes the proof. 

The EM algorithm operates as follows. Given starting values (8C0l, A~0l), 

compute~= E[t~jtr0l,~0l,z;], k = 1,2, i = 1, ... ,n, by using (4.13) and 

(4.14), respectively. Replace the missing values t!; by ~' k = 1, 2, i = 
1, ... , n, in the complete log-likelihood ( 4.8), and maximize it with respect 

to (8, As)• This maximization step has to proceed numerically, being most 
easily accomplished by using Matlab, for example, and does not pose the 
same difficulties as is the case with a direct maximization of the observed 
likelihood (2.12). Further, the approach seems somewhat robust with respect 
to starting values. It may take more computing time but eventually will lead 
to the maximum of the observed likelihood. 

5. A simulation study 

In this section we present results of a small scale simulation study to 

demonstrate the usefulness of the approach developed in Section 2 in studying 

linear measurement error models where the distribution of (e, u, x) follows the 
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Table 1: Results of simulation study 

n l's a {J a; ~ G's,2 As N.C. 
30 5.5629 0.8488 2.0267 0.9789 0.8710 0.7927 1.3778 17.5% 

s.v. 0.5083 6.1461 1.0543 0.4679 0.3328 0.9292 3.7520 
50 5.5598 0.8665 2.1591 0.9846 0.9065 0.8960 1.3448 11.0% 

s.v. 0.4075 5.8091 1.0015 0.4610 0.3163 0.7152 3.7707 
100 5.611 1.0477 1.9929 1.0002 0.9336 0.9274 1.2036 10% 
s.v. 0.3652 3.1669 0.5477 0.2719 0.2095 0.6007 4.5251 

skew normal distribution in (1.5). For samples sizes n =30, 50 and 100, 1,000 
samples were generated according to the measurement error model in (2.1)­
(2.4), with Ae = Au = 0, As = 3, J's = 5, a = 1, {J = 2 and Ue = Uu = 
u,. = 1. For each generated sample, maximum likelihood estimators of all 
parameters were computed by using the EM algorithm described in Section 
4. The mean values and sample (empirical) variances (S.V.) corresponding 
to each parameter for the 1,000 generated samples and each sample size are 
presented in Table 1. The mean value corresponding to the naive (leaat square 
estimator) is 0.5987, clearly indicating strong attenuation. Indeed, it seems 
that the attenuation factor is greater than the usual kc, under normality. 
N.C. indicates percentages of samples with Xe= oo. 

6. An application 

In this section we consider a likelihood analysis of a part of the AI S data set 
(available for download at (http : //stat.umidp.it/SN/index.html) consid­
ering a linear measurement error model relating SSF and bfat. We define 
the model 

SSF. =a+ /3bf at;+ ue;, 

i = 1, ... , 202, where bf ati is the body fat percentage of the i-th individual 

in the sample, SSF. is the sum of skin folds and e. ~ N(0, u~)- We assume 
that bf at is measured with error according to the equation 

Bf~= bftrli + u,, 
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with Bfat; being an unbiased estimadi of the true {unobserved) bfat;, i = 
1, ... , n. A simple plot of the histogram of the observed BJ ati clearly indi­
cates its ~ etric nature so that we consider 

Table 2 reports some iterations of tbe algorithm illustrating the observed 
likelihood increase at each iteration. The likelihood (2.12) for the above data 
set can also be maximized directly by using Matlab, for example. However, 
it not simple to get convergence unles$ good starting values are considered. 
Using the estimated values obtained hr using the EM as starting values for 
this procedure, exactly the same values were obtained. 

The naive {least squares estimator) of f3 is PLs = 5.0400, which is about 
10% smaller than the maximum likelihood estimator, thus indicating clear 
attenuation due to measurement error. 

Figure 1: (a)Least squares line for B/at vs SSF. (b) Histogram for Bfat. 
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7. Final conclusions 

.. 

In the paper we obtain the likelihood function for the simple linear struc­
tural measurement error model with the distribution of the random quantities 
belonging to the family of the skew normal distributions. The likelihood is 
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Tobie 2: Convergence of the EM algorithm 

iter. J's a f3 ,\ t(9) 
1 13.5074 -4.5841 5.4493 0.5769 -1167.2029 

50 6.4540 -4.7712 5.4631 10.0786 -1108.5309 
100 6.3153 -4.7760 5.4635 19.2492 -1105.2091 
200 6.2557 -4.7712 5.4631 34.2548 -1103.7607 
300 6.2367 -4.7704 5.4630 41.9238 -1103.5767 
400 6.2304 -4.7767 5.4635 44.8501 -1103.5531 
461 6.2282 -4.7731 5.4632 45.5745 -1103.5498 
462 6.2284 -4.7751 5.4634 45.5817 -1103.5497 
463 6.2284 -4.7751 5.4634 45.5820 -1103.5497 

obtained by integrating out the unobserved x. We believe that this is the 
first attempt in working in such general distributional structure for models 
with measurement errors and that the approach used in the paper can be 
used in treating more general models which will be the subject of incoming 
papers. Further, as demonstrated in the simulation study and application, 
the maximum likelihood approach can be implemented using existing sta,. 
tistical software such as Ox, Matlab, and many others. We also discuss 
conditions under which the Bayesian inference derived under the symmetric 
normal model situation is robust in the more general structure of the asym­
metric normal measurement error model. Finally, we want to mention that 
there is no difficulty in extending the approach considered in this paper to 
the situation where 1/i = a + zf /3" + x;/3 + e;, with the additional covariates 
z;, i = 1, . .. , n, measured without error. 
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