





toothbrushing, with a regular and an experimental (hugger) toothbrush. No intercepts
were included in the proposed models since null pretest dental plaque indices imply
null expected posttest values. The models also allowed for correlated within individual
measurements (bringing into perspective the fact that the same subjects were evalu-
ated under two different experimental conditions) as well as for nonlinear relationships
between the posttest dental plaque index (taken as the random response variable) and
the pretest dental plaque index (considered as a fixed explanatory variable).

Since the amount of dental plaque is evaluated imprecisely and given the similar
nature of the pretest and the posttest variables, measurement error models constitute
an interesting alternative to analyse the data. We attack the problem under such a
perspective, recognizing that at this stage, the proposed models do not encompass the
same flexibility as the ones discussed in Singer and Andrade (1997).

A simple linear regression model with measurement errors typically considered in

the literature is defined by the equations

Yi=a+8zite, (1)
Xi = x; + u;, (2)
where Y; and X;, i = 1....,n respectively denote the observed values of the response

and explanatory variables. a represents the (unknown) intercept, 3 stands for the

(unknown) slope and

€ 0 62 0 O
( wi | ~Ns|[ 0 |.] 0 o2 0 ||, " (3)
I L\ ue 0 0 o?
are independently distributed. i = 1...., n. It is well known that such a model is

not identifiable and to bypass this inconvenience. we must make an extra assumption

2



about the parameters (Kendall and Stuart, 1973). Among the available alternatives,
we identify i) o2 or (and) o2 known, ii) A = 03/0? known, iii) k; = oZ/(07+ o) known
or iv) a known. We are pa.rti;:ularly interested in_situa.tions for which iv) holds and
without loss of generality, we take o = 0.

Under the model specified by (1), (2) and (3) and taking & = 0, the method of

moments estimators of 3, yz, 02,02, A and o? are respectively
5 Y . - ., XSxy ., YSxx-— XSxy
B = ?y#z=X, 0'3= v ,0'.2,=—-——7———'

4)

. :Yi XSYY-?SXY> 6_2=Y5YY—YSXY
T X \VSxx—-XSxy/) X

where Y = YL, Yi/n, Sxy = Lin(Yi - Y)Xi/n, and similarly for the other sample
moments. Chan and Mak (1979) show that 8 = (B, iz, &2,62,62) are maximum like-
lihood estimators (MLE) of the corresponding parameters provided that the variance
estimators are nonnegative and present the associated asymptotic covariance matrix.
Patefield (1985) also considers the case where both o and X are known and shows that
in such a case, no analytic expressions are available for the MLE of the model pa-
rameters. The underlying probability model here is a four-dimensional curved normal
distribution as discussed in Lindsey (1996).

Motivated by the example discussed above. we first extend the null intercept version

of (1) - (2) to

},) =d,'1‘,'_,'+e;_;., (5)
X = xi; + Ui, (6)

where



€4j 0 O‘Z.- 0 0 )
Ui ~ N3 0 y 0 G’:‘- 0 (7)
Tij ' Bz 0 0 o

are independently distributed, i = 1,2, j = 1,...,n. Again, referring to the example
described above, Y;; (X;;) denotes the dental plaque index observed on the j-th indi-
vidual after (before) toothbrushing with the conventional (i = 1) or the experimental
(i = 2) toothbrush. Taking into account that no sex effects were detected by Singer
and Andrade (1997), we disconsidered that factor here to simplify notation. The main
objectives of the analysis are to estimate §;, i = 1,2 and to test the hypothesis 8 = 5.
Maximum likelihood estimators of Bi, pzi, 03,02, 0%, or A; (= 0% /0%), 1= 1,2 are as
given in (4) with the obvious extra index (i) to accommodate the stratified design
structure.

A simpler and more realistic model may be obtained by assuming that only the

slopes J3; and the ratios of the error variances, A;, vary between the strata, i.e., replacing

(7) with
€ij 0 a, 0

(U{j)'\«Na (0),( 0 (8)
v Fij Uz 03:

t =1,2. j =1.....n. Here, however. the task of finding the MLEs of the parameters is
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ol o

oo

more complicated. since no analytical expressions are available and iterative procedures
are required.

Now. still motivated by the dental plague example, given that each individual is
evaluated with both toothbrushes, it seems necessary to consider models that incorpo-
rate a possible within subjects correlation structure. In this direction, extending the

model specified by (3). (6) and (3), we assume that the true values of the explanatory



variables are related through the random effects model

Ti; = pe+ 4 9)

with a; denoting independent random variables such that a; ~ N(0,02), i = 1,2,

j=1,...,n and are independent of u;;. This implies that
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z
P12 = corr Xl‘ X'z' = mm———
( 13 J) 3; ' 37

(10)

j = 1,...,n. Under this framework, the distribution of the true value of the pre-
treatment plaque index depends exclusively on the individuals. A more general model
may include an additional random term which allows the true value of the explanatory

variable to depend on the type of toothbrush as well, i.e.,

Ti; = pz + €5 + &ij . (11)

with &; ~ N(0.0}) independently distributed of a; and w;;. This implies that

U'l

r
g =corr( Xy, Xoj) = T2 1 3"
1 (X154 J) a‘i+a§+o‘§

(12)

j=1....,n. Note that (9) is a special case of (11) with 0 = 0.

Tosteson et al. (1998) considered the estimation of random effects parameters in
mixed models for longitudinal data with covariate measurement errors. Although.
in principle, the models under investigation here could be thought as special cases
of the models they deal with. the corrected estimators they propose are only valid
when the regression parameters do not vary with time. This corresponds to setting

3, = 3, = 3 in our case. Buonaccorsi et al. (2000). developed pseudo maximum



likelihood estimators under similar models, based on the estimation of the measurement
error covariate parameters (Xj; in our case). After obtaining these estimators they
maximize the likelihood functic.m of Y|X as a function of the remaining parameters.
The idea behind their proposal is to use standard linear mixed model software. The
simplification of the model suggested in their paper does not apply in our case.

In Section 2 we present the log-likelihood function under the correlated model
defined by (5), (6), (8) and (9) and display the method of moments estimators which
may serve as initial values for the numerical procedures required to obtain the MLEs
of the parameters. The first derivatives of the log-likelihood function are detailed in
Appendix A and the corresponding Fisher information matrix is presented in Appendix
B. These results may be used to construct Wald tests for the hypothesis 8, = B4. We
also propose a score test for the hypothesis 02 = 0 which is useful to assess whether
the more general framework specified by (5), (6), (8) and (11) is more appropriate to
model the data. In Section 3 we illustrate these procedures numerically, and compare

the results with those obtained via classical regression techniques.

2 Likelihood inference for the correlated model

Under the model specified by equations (5). (6). (8) and (9), the vector of ob-
servations (X, Y15, X,;. Y3;) is distributed according to a four-dimensional normal

distribution with mean vector (tiz+ Bipiz, ppr 321 and covariance-matrix

ol +o? 3102 ol 3202
V- 31? 3ia2 + ./\10'3 _310': 3132{7? .
ol ol ol+a? 3202
;3203. ,31,320'3 320'3 .3220‘3. + /\703

By using general properties of the multivariate normal distribution it follows that the



log-likelihood function for 8 = (B1, Bz, s> 02,02, )1, )2) can be written as

2
{az

+B1A2 (E XY+ ijYn') + Bah (Z Xy;Yo5 + D ijY‘Zj)]

j=1 j=t j=1 j=1

pYPI z X1 Xa; + BB Y YriYa;

=1 i=1

L(6) = const — g—log[aﬁA]‘+

1
alA

+oip {f\v\z (Z Xi5+ ) ij) + 8122 Y Yij + fah ZYz;}
=

=1 =1 =1

1 n n
-3 {m: £+ (A = Jieo?) (21 XL+y X},-) (13)
]:

‘=1

~ o2t (B3 + 20) o2 LY + o+ (o4 20) 7 ‘L‘v:,}} ’

j=1 j=1

where I = 82X, + B3\ + 2\ and A =T a2+ ol

The likelihood equations are obtained by equating the first derivatives of (13) to
zero. This requires simple but tedious algebraic manipulations and the results are pre-
sented in Apendix A. Since there are no explicit solutions to these equations, we must
rely on iterative procedures, based on the Newton-Raphson algorithm, for example, to
obtain the MLE of 8. The following method of moments estimators may be employed

as initial values for such iterative procedures:

B = 27, 3, = 27, . _§+Tz
TX, 4+ X PTX X He 2
o S (X +X; .
= ”(' l ) 52 = Sx,x, — T2



where the sample moments Sx,v,, Sv,v; Sv;¥;, Xi and Y5, i = 1,2 are defined as before.
Let § denote the maximum likelihood estimator of the parameter vector 8. Since the
usual regularity conditions (Sen' and Singer, 1993) are satisfied for the model specified
by (5), (6), (8) and (9), it follows that as n — oo, va(f — 8) 2 N[0,31(9)],
where J(8) is the Fisher information matrix for §. The derivation of the elements of
J(8) require extensive algebraic manipulations and are presented in Appendix B. A
consistent estimator of such a matrix may be obtained substituting the elements of ]
for the corresponding elements of # in the expressions given in Appendix B. A
To test Hy : By = B versus the alternative H; : 8 > B2 we may consider a Wald

statistic of the form

Qu = n(CH)(CI~(§)C’)~ (Ch) (14)

with C = (1,-1,0,0,0,0,0). Under the null hypothesis, @,, follows asymptotically a
chi-squared distribution with one degree of freedom.

To test whether the model specified by (5), (6), {8) and (11) (in lieu of (9)) is more
appropriate for the data, we will consider two approaches. The simpler one involves

the asymptotic distribution of the method of moments estimator of ¢3,

= Sx (Yl + 72) Sx.v, (Yl + Yz)
) oY, - 2Y,

H

Defining
- (< < Ii= bvd ~ 2 2 2\’
m= (-\1 - Hr. X - fe Yy — 31#:-)’2 - !32/Jr-bx.)', -5 (0', + 0‘5) -SX.)-', - 320;)

we can show that \/nm Ly N (0, ), with:



o2 +02 +0} 0'7 Bi (o2 +03) Bac2 0 0

a2 o2+ o2 +0? Bro B2 (02 + o) 00

= B (03 + O‘E) ﬁlo' ﬂ? (0', + O") + /\102 ﬂlﬂzdz 00
- Bl B2 (92 +a3) BBzl B3 (o2 +0oi)+X0] 0 O |7

0 0 0 0 v oy

0 0 0 : 0 Y €

v=282 (o2 +02)" + 02 [(87 + M) (o2 +03) + Mol],

y = BiB20? 2 (02 + oF) + 0l
and
€= Biot+ (a_: + 05+ 03) [5: (afp + 03) + /\ga:] .

Using the delta method, we may show that the asymptotic variance of 5% is

2
v _ (e .
2,6’ z B3 B3

2/32 = [;3205( 252+ (a?, (2ag+3a)+asa ))+2/\20‘0’]. (15)

(330’? + 2/\10’3) + (a- + 0' + 06) (20'5 Alaz /\20’3)

Thus, the hypothesis Hp : 0 = 0 can be tested by constructing the confidence
interval 6} F 2y V4. where Vi denotes a consistent estimator of Vy, which may be

obtained by substituting estimators for the parameters 81, B2. fiz. 02, 0%, 0}, A and
Az in (15).

For the same purpose, we may also consider a score type test statistic defined by

Qr = ZUs(@YI5* (B)Us(0). (16)

where & is the MLE of § under the simpler model and U;(8) denotes the score statistic
9L (0)/30 for the more general model evaluated at 8.
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Expressions for the elements of Us(6) and J;*(8) are displayed in Appendices C and
D, respectively. Since the estimators of § under the more general model are computa-
tionally harder to obtain, Qg re;;resents a great simplification for practical applications.
Note, however, that for the hypothesis under investigation here (¢ = 0), the parameter
value lies in the boundary of the parameter space, implying that the distribution of Qr
is not easily obtained as indicated in Cox and Hinkley (1974), for example. However,
we expect that, for large sample sizes, it may be well approximated by a chi-squared
distribution with one degree of freedom. In that direction, to study the behavior of Qg
for moderate and large sample sizes, we considered a limited simulation study. Two
thousand samples of sizes n = 20, 30, 50, of pairs of random vectors (¥;;, Xi;) and
(Y2, X3;) were generated accorciing to the model defined in (5),(6), (8) and (9) with
B =2.0, A; = A2 = 1.0, 62 = 1.0 for each combination of the following levels of the re-
maining parameters: (8; = 0.15, 8, = 0.45), {8; = 0.50, B2 = 0.75), and ¢Z = 0.5, 1.0
which imply reliability ratios k.=(02/(o2 + 03))= 0.67. 0.50.

Considering a nominal significance level @ = 5% we obtained the corresponding
empirical significance levels as the ratio between the number of samples for which
Qr > 3.84 and the total number of samples. The results are dispiayed in Table 1
and do not contradict our conjecture that a chi-squared distribution on one degree of

freedom may be employed to assess the significance of Qp.

Table 1: Empirical significance levels for the QH statistic

kr 3‘ 32 n=20 n=30 n=30
0.67v 0.15 0.45 0.051 0.053 0.050 -
0.50 0.v5 0.046 0.031 0.051
0.50 0.15> 0.45 0.053 0.047 0.048
0.50 0.73 0.054 0.050 0.045
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3 Numerical illustration

As a pumerical illustration for the procedures outlined above, we start by fitting
the model defined by (5), (6), (8) and (9) to the data presented in Singer and Andrade
(1997). Both the method of moments estimators used as initial values for the Newton-
Raphson algorithm and the resulting MLEs (as well as the corresponding asymptotic

standard errors, within parentheses) are presented in Table 2.

Table 2: Parameter estimates under model (5), (6), (8) and (9)

Estimation Parameter
Method 51 52 12 0'3 O';'; )\1 Ag
Moment 0.156 0.436 1.769 0.408 0.562 0.074 0.363
ML 0.147 0.454 1.758 0.539 0.482 0.102 0.267

(0.025) (0.045) (0.172) (0.200) (0.123) (0.040) (0.123)

Plugging in the maximum likelihood estimates of the parameters into the expres-
sions for the score statistic and the Fisher information matrix (displaved in Appendix
D) associated to the more complex model defined by (5), (6), (8) and (11), we obtain
Qr = 1.09, (p = 0.298) which clearly suggests that the simpler model is acceptable. In
fact, the iterative algorithm designed to compute the MLE under such a model did not
converge for the data under investigation. An approximate 95% confidence interval
for the parameter g} based on the method of moments estimates is (0.000, 1.066),
corroborating the above conclusion. .

Now. using the expressions given in Appendix A, we may compute a Wald statistic
to test the hypothesis Hy : 3; = 3, under the simpler model. Here we obtain @, =
41.88 (p < 0.001) which is in accordance with the results previously presented by Singer
and Andrade (1997) under a different approach.

For comparison purposes. we fitted a classical linear regression model defined by
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Yij = BiXi; + eij " (17)
i=1,2,7=1,.,n, e~ N(0,0}), e3; ~ N(0,02), p. = corr(ey;, €2;) = 012/013 to the
same data. Under such a model, the MLEs of the variances of the post-toothbrushing
dental plaque indices Y;; and Y;; (0.030 and 0.096, respectively) are roughly half those
obtained under the measurement error model (0.061 and 0.240, respectively), reflect-
ing the extra variability induced by the uncertainty in the measurement of the pre-
toothbrushing dental plaque indices, X;; and Xj;. Furthermore, the estimates (stan-
dard errors) of dental plaque reduction rates, 8y and §; were 0.169 (0.018) and 0.404
(0.028), respectively. As expected, the standard errors of the parameters of interest are

larger than those obtained under the measurement error model (as indicated in Table

2).
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Appendix A: Likelihood equations for model (5), (8), (8) and (9)

The first partial derivatives of the likelihood function {13) are

aL(8) /03 = A {-noldde-a+ (o2 T, [ (Be-aot + A3-02)
-3 (3(3-i)0£y(3-:'u + )\(3-;)3,')] [/\i/\(a—i)Rj + Ung]} d=1,2

oL(8)/ou = A (—nul +T] P)

13



0L(0) /002 = (28)~*{-nl + A T, (P —pl)?},

AL(0) /802 = —(a3A)M{n/2[3A + Mo (1 — p?TA1)] + A= {4, Ao
x [ Zim B = /2000 X + Mty + Mugy)] + 02072 (A dao?
+A) [Mde Ty X1 Xaj + B1Ba Tiey YisYaj + Tiey Q5 (Xa + Xaj)
=1/2({T — MA2)X + Byuyy + Biug,)]}},

BL(8)/0x = (28) {~n(B(s-40? + Ap-yo?) +(o2A) T, [6:
2
X (Ba-902Y{8-; + Ao-nB;) ~ (Bia-02 + Ms-?) ¥sj] } :

1=1,2,
where

Bl = ,Biz + 2A1, Bg = ﬁg + 2A2, P = ﬂ?/\z +ﬂ22)\1 + 2/\1)\2, A = FO’g + A;A;a:, X =

=1 (szj +X22j) Uy = X0, YE? uzy = Y0, Y;,z;v R; = pol + o} (X1 + Xa5), Q5 =
3ideV; + B Yo, P =M (Xyy+ Xa) + Q5,5 =1,...,n.

Appendix B: Fisher information matrix for model (5), (8), (8) and (9)

Let

— azlogf((-’(lay-h‘yhlfﬁ)ye) _ -
JO=-£ ( 369 ) = Wilrxr

with 0=( 31, B2, pr, 07, 0221, Az)". Then
Iy = ATH(B] 4+ 20) (02 + %) 0207 + da (4 + 28] M0t A71)},
he = In = =3130%(020)7 [u? - Oudgo? — o2T) 02271).
s = In = phdo AV Ly = Ly = 31002TA2
Ly = Iy = 30No2A 2L = o = 3002[(32+20) 02 4+ Apo?] A2,
L = In = —3,32\0iA2

In = AT+ 20 (02 + ¥ o207 + Ay (p? + 232000071
Iy = [ = ,3-1/\“[!.)_1.[24 = [p = 32/\10’;2.[‘A—2.
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Bad3X02A2 e = Iz = —B2BaraciA2,

B2 [(B2 +2M) o2 + Mol AT,

iz = TA " Iiy=1I4 =I135 =lp=lg=Ilsa=lr=13=0,

Iu = DA% N1 = Isy = MAT(2AYT,

(202A%)7H {3 + 2X) (A + A heod) 02 + MAfol],

Lo = I = (202A271 (87 +221) (A + AAgo?) o2 + Mhaad],

Is = o2?[A" (M) +0i02(2020) ) +07%),fs6 = les = B2xZa2(24%)1,
Lo = Iy = BNG22A%) NI = [(B2+2%)0d + holl (2477,
BiB3os(28%)71 Iy [(B2 + 20) 02 + Mol (A7),

with A and T as given in Appendix A.

Iy = I

Iz = In

i

Le = Ig4

il
il

167 = 176

Appendix C: Likelihood equations for model (5), (8), (8) and (11)

The elements of Us(0) are

8L(0)/98: = J7} {—n3fF(3_;) + (el ) Zia [5(3—0"1:' — i (4o Py
+Fa-nXi; + C(s—i)jdﬁdf.)] [F(a-i)cij + Aol (FP(S—i)
+oZeqoi;)] )i =12,

AL(O) /o = I ([P e+ P S €2 — (00T + 208Th R
aL(8) /s = J! {—n (03T + 0iT2/2) + QRN T [Paer; + Prcaj — ¢ (cXT,
+20§Tl )]2} ¥

L (9) /0ot

J- {=n/2{(Ma? +2J) o7 + p? (Ta — M (02T2 + 203T1) I )]
+u [ = PRI S ey + (o = P, MJI N T, aj) — (20)7
x{(J - Ma)Q+ M (202 Ty eiyea; + (0F +00) R] - oto7* (o}
+202) (] + 020) (b Doy 0 + by s o) -
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OL(6) [0} = J ' {—n{N/2+ u?[biby — NJ1 (o} T1+a’Tg/2)]}+#[(bz
—PNJ YT e+ (b~ ANJ ) Ty 0] = [02 + 03 (1
=N (0} +202) (27)7Y)] (b2 50y 0 + b Ty 6;) 077
-NJ-! [a‘, 1 €125 — aZQ/Z] +(1=N(o}+c3)JY) R/2} ,
OL(6) /3N = (2J) " {-nS-i + (02J) iy {YisSa-0) — B [Xis Fa-sy
+o3 (4Ps-n + "30(3—:')1')]}2} 4=12,
with
J = BiB30% (aF + 207)+ M he0? (07 + 0F + 02) +(BiAa+B3 M+ A da) [0F (0F + 202) + 07
x (0F + o)l b = Bi+Ni, F; = 02X (03 + 02)+0} (0} + 202) by, Si = Fi+0? [bi (02 + 0?)
+Ai0?] i = 1,2, Ty = 282 + B2\ + B2a + Mda, Ty = B2A; + 20 + 200, Py =
b1} + M0}, Py = byo} +Xg02, M = Tz (0} + 02) + 2\ Ag02, N = 2(0? + 02) T1 + 02Ty,
Q = Ada Ty (X3 +X3) + 0T, V2 + AT, Y, R = 280650, XY+
2820 Tay Xoj Yoy — [(B]A2 +83M + /\v\z) e (X34 XB) 4+ (it M) T, V2 + (b
+M) T3 Y] a1y = Yi; ~AiXy, ay = Va5 — BaXajs ¢y = MXyj + Bi¥iss o =
A2 Xoj + B2y, di; = BiYy; — MiXyj, doj = BoYaj — MaXaj 5 =1,...,n

Appendix D: Fisher information matrix for model (5), (6), (8) and (11)

Let

BHogf ((X1, Y. X2.Y3).60) 1

where 6=( 31, 2. ;. 02, 02, 0. M. Ag)". Thus. it follows that for i = 1.2.

or? {128 (3—]:) + g‘zﬂ?UEF}%—.’) + (b-noia? + (o} + o 2) Fis-n) (32 Fa-i
+/\ 5(3_,] =1
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158

—B1Ba0? [p2 + 03 — 2080 X020 L = paBi [Ugb(a-i) + 0'.2,)\(3—6)] )
6.' [ng(g_;) + 0':/\(3_.')] [0'3 {b,'o'g/\(;;_;) + U:.Tg} + O‘ng (0’2 + 20’3)] J_l,
Bii {o3bia=i) (3 + 202) [ba=sy (0F + 02) + 72\ (a-)] + 02N G- Fiamn} I 7

Bi{T10? [bs—sy (03 + 02)° + 02 (02 + 0F)) + 2023 (F + 202)]
+02 [biN_y02 (63 + 02) + 0lbs—y (BPA e — Bo-ahi) |} I

BiFyS:d ™ e = —Bificliotd ! Ir = —Bifadeoiold 7,
BaF\S1J sy = 20T+ 0l Jaa=lss =l =Is3y =13 = 0,
(202Ty + ?Ty)* (2J) 4 Is = [ThTe0f + 02MiAs (4Tho} + 02 T3)} (2)7,
{2?:1 o3biba_iyMa—iy (BF + bi) + o3b; (2ﬂfs_;)‘7§'\i + ﬂ?”ﬁ'\?s-.'))]

+2T10'5 (Bf,@gag + 203A1A2) + /\IAQUZ [TQUZ + 20’? (2ﬂ12,33 -+ ﬂg)‘l
+870)]} (20)7

B202 (b0} + Mo2)* (20), Lis = B0 (bio} + Mod)’ (2)7
MMTyotd 7 + Ty (2659 -0 F2 + N5y ST +W2) (287,

{[(231253 + ﬁlzz\z + .631\1) M+ T, (/3;"/33 + M)+ ﬂf/\gbl + B%z\sz]
(03 + 202) 6} + (4T (02 + 0}) + T202] o2\ A + 2T1 Taod} (2)71,

{MS3 + BEF? + Agbyoioll} (203)71,

{2252 + B2[F2 + Moo} (202)71,

{218 [bon(oF + o2 + o]+ 2b§b;a;} @7,
3202 {blod + [ba (02 + o) + o2’} 1),

330t {biat + [by (02 + o) + a2M]'} (2) 7

3 I = 3etod2) L = SHRDTL



with J, Ty, T3, b;, F;, Si,i = 1,2, as given in Appendix C and W; = B203 (0} + 203) b3y

+o} (/3? A@-9+ ﬂ(za—.')'\i) (6} + 0B+ Mdg-pol(of + ol +07) ,
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