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A NOTE ON CENTRAL IDEMPOTENTS· IN GROUP RiNGS 

Soni« P. Coe.lit.a 

Let G be a group and K a field. We denote by U(KG) the 

group of un1 ts of the group ring of G over Kand for a group X we 

denote by T(X) the set of tarsi on elements :of G, Le., the set 

" ' 
of a 11 elements of f1 n1te order. 

In the study of group-theoretical properties of U(KG) it 

has been found that some conditions on this group lead to the fact 

that 1 ·• T(G) is a group and every idempotent in KT is central in KG. For 

example,lif K is .a field of characteristic p>O, tMs will happen when . 

G is infinite, non abel-fan and U(KG) f~ an FC-group (1, theorem AJ 

or wh,en G is nilpotent or FC, contains no p-elements and T(U(KG)) 

forms a subgroup [4, theorem 4.1). Thi~ ·condition has also appeared 

in the description of the str~cture of so~e unit groups, as in 

(5, lemma VI.3.22]. 

In this note, ·w~ shall study this condition and determine 

what it will imply about the str~cture of · th~ original group and 

~he given field. We wil 1 consider only groups whose torsion elements 

form a locally finite group. This 1s the case · in all thesituations 

which were mentioned above. 

We shall assume that K is a field of characteristic p>O 

and denote by P(K) the prime subfield of K: Also.A will be the 

set of all p'-elements of G ~nd P the set of all p-elements of G. 

We prove the followi~g: 
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Theorem: Let K be a field of characteristic p>O and G a 

group such that the torsion T of G forms a 1-ocalty finite subgroup. · 

~h•n• •very idempotent of KT is central in KG if and only if: 

(i) A is an abelian subgroup of G. 

(ii) if A is non central. then the algebraic closure n of 

P( K) in K is finite and for all X E G and · all t £ A. 
1 r 

there e:1:istis r £ N such that :rt:x:- = iP. Furthermore. 

for each such r. we have that {n:P(K))I r. 

(iii) Pis a subgroup of G. 

(iv) T = PxA. · 

Proof. N•c•eeit;11, To stablish (1). let t.,Gbeap'-element. 

Then, e • o(t)- 1 (1+t+ .•. +t 0 (t)-l) is a central · idempotcnt. Given 

x E G, we have that xex- 1 
• e. By considering the supports of the 

- i i 
elements in both sides · of the equation, we see th~t xtx • t. for 

some natural number i. Therefore. we have that <t> 4 G. 

Now, A is an abelian or Hamiltonian group,by (6. p. 160). 

But, if A::. K8 , the q
0

uaternion group of order 8 1 then p>2 and P (K}K8 

contains a matrix ring ~nd hence a non central idempotent, a contradiction. 
' I 

For (ii}. let l be a finite subfield of K and t EA a 

non-central element. We have that L<t> • e K., a direct sum of fields, 
i , 

such that at least one . of them 1 say Ki• has the form Ki • L{t). 

where tis root of unity of order o(t). Furthermore, the natural 

projection L<t> + Ki sends t tot-

Given XEG. we have that xtx-i =ti.for some i, as - we 

have seen in the proof of (i). Hence. since every idempotent of 

KT is central. conjugation by x defines an automorphism.♦ of Ki, 

..... u. .. :. -. ·-- ,.L,_ .... , .. , .. 1 
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Suppose now that 
r 

xtx· 1 ■ tP . Then, ♦( t) • 

we have a natural number 
r 

tp • Since every element 
. . r 

L contained in K1 is fixed by +• we have that · kp 

r . such that 

in the copy of 

= le, for all le€ L. 

Then L 1s contained in a field with ~r ~lement~. 1.e~ (L:P(K))lr, 
Now, it is easy to conclude that (n~P(KJ)lr,.for each such r. 

Let us now show that such an ,:: actually exists. As ~l 

is finite, . ♦ is a power of the Frobenius automorphismof K11 say 
r F, given by: F(k) • 1cP, for all le.« K. 1 • If'♦~ Fr, we have that ♦(t)'"tp, . . 

I- t' from which we conclude that o( t) • o( t) divfdes p -i, that is• 
pr - (mod o(t)), so xtx- 1 = ti = tPr 

For (iii) and (iv)• we observe first that every p-element 

commutes .with every p•-e~ement. If not,consider • ~ P_ and. t « A such that r . 
wh- 1 • tP + t. 

The group ring P(K)<w,t> 1s finite and," if J denotes its 
Jacobson radical, we have that (P(K)<w,t>)/J is semi-simple artinian • . . 
If it were abelian, then, denoting by i the image" of an element 
x « P(K)<w,t> under t~e natural projection P(K)<w,t> + (P(K)<11,t>)/J. 
we should. have: .ti ·1 • • iPr ■ i or ipr-l ■· i. -

I 

' I r 
But in this ca~e1tp-l_1 belo"gs to J; wh1ch ' is nilpotent. 

I I r 
· Hence, it is easy to see that tP -l is a p-element. As it is also r l . r a p'-element, we have: tP - • 1, or tP • t, a contradiction. 

Then, (P(K)<11,t>)/J contains a matrix ring, hence a non-cent,ral • 
idempotent. As J is nilpotent, P(K)<w,t> · itself contains a non...:central 
idempotent [3,Lemrr~ 2.3.7), a contradiction. 

As T is locally finite. it is easy to see now that P is 
a subgroup of G and T = PxA, which proves (iii) an (iv). 

Suficienay: We now suppose that conditions (i) to ( iv) 
hold. and set 11! ani,ic>r.tnntont n~ l'T u-,•'·- - ·•- ~•-- ,._ r 
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with uij, K, 91 , ~• hj < A, we see that f • ~(i u1j)hj is an idempotent 

of KA, and e-f • 6,t.(T,P}, the kernel of the natural epimorphism 

KT + KA. 

As Tis locally finite, by considering the subgroup generated 

by the g1 •s and the h/s wecanconclude ·that6 is nilpotent.Furthenoore, 

it is easy to see that 6 commutes with f. 
nn n n · n n 

we have that eP = fp ~ 6P = fP • that is.· e = eP = fp• =f• 

Then, e belongs to KA. Furthermore,by considering the sub·group 

generated by the support of e, we may suppose that A is finite. 

If A is central , -then e is central. If not, take x, · G. 

If A= <t1> x <t2> x ... x <ts>• a direct product of cyclic groups, we claim 
u 

that we can choose a natural u such that xtix- 1 
• t~ , for all 1. In fact, if 

-1 pui . -1 Pu pul u2 pus xtix =t . , l:Si~s, and xt 1t 2 ... t x = (t1t 2 ... t} ,we have:t
1 

tP ... t • l S S . 2 S pU pU pU pUi pU •I pU • t 1 t 2 ••• ts Therefore, ti • \ , and xtix • ti , for all i. 

tlow, e can be written in the form: e = f(t 1 , ... ,ts) where 

f(X 1 , ... ,X:s) is a polynomial in the commuting variables X1, ••• ,Xs' 

with coefficients in the algebraic closure n of P(K) in K. In fact. 

e is actually an idem pote~t of KA, with A finite abelia~ hence e 

is a sum of primitive idempotents of nA [2, Theorem 2.12, p.19). 

. •l Pu Pu Pu Conjugating e by x, we obtain xex = f(t
1 

,t
2 

, ••• ,ts ~ 
u 

But from the hypothesis (ii) every k < n satisfies kp = k, hence 
~ Pu ~ ~ this is true for the coefficients off. Then xex = f(t 1 ,t2 , ••• ,ts} .. 

u u 
• (f(t 1 , ••• ,t

5
))P • eP = e, as we wanted to show. 1 
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