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Abstract 

In this work we prove existence of global attractors for reaction­
diffusion problems with nonlinear boundary conditions in fractional 
power spaces X 0 which are embedded in C, without assuming growth 
conditions on the reaction term. These hypotheses are natural and 
easy to verify in many applications. The tools employed are compar­
ison principles and interpolation theory. 

1 Introduction 

Let n be a bounded smooth domain of Rn. In this paper we consider 
reaction diffusion systems with dispersion of the form 

{ 

u1 = Div(a'vu) - t Bj(x) ::. - ,\u + J(u), 
1=1 J 

OU = g(u) Oil an. on;, ' 

m n, 
(1) 
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where u = (u1, • .. , uNf, N ~ 1, a(x) = <liag(a1(x), · · ·, aN(x)), a; E C1(IT), 
a;(x) > mo > 0, x E n, 1 ~ i ~ N, ;~~ = (av'u, ii), ii is the outward 
normal,.,\ is a positive constant and B; = diag( b}, ···,bf) is continuous in n, 
j = 1, · · ·, n. Let f = (!1, · · · ,JN)T: RN-+ RN, g = (g1, · · · ,gNf: RN-+ RN 
be smooth functions. 

It has been shown by Pao [15] that if f is a source of heat and if g = 0 
then we have blow up in finite time. Our aim is to control the increase of 
heat by means of a dissipative flux through the boundary. To accomplish this 
goal we need to introduce some kind of "competition" between J and g. In 
fact one of the basic questions is: If g dissipates heat through the boundary, 
can we find a relation between the dissipation g and the source of heat J in 
such a way that we can assure the existence of global attractors? 

This problem is not new, Pao [15] introduced a relation between J and 
g and almost completely solved the problem for classical solutions working 
in the space of continuous functions. Later on, Alikakos [l], following the 
ideas of Friedman [8], imposing some growth conditions on f and g, showed 
global existence and some asymptotic behavior of the solutions. Working in 
R, Henry [11 ], solved the problem completely, and assuming a nice relation 
between J and g (similar to Pao [15]), showed that the system is Morse-Smale. 

Another major concern is to relax the growth conditions on f and g. In 
this direction Carvalho, Oliva, Pereira and Rodriguez-Bernal [5] proved, for 
the scalar case, N=l, and O C Rn, n ~ 3, that under some growth assump­
tions on the nonlinearity f, the problem (1 ), with B; = 0, j = 1, · · ·, n, has a 
global attractor in H1(0). More specifically, for n = 2, f and g are required 
to satisfy: 

liminff(s) <O} 
1•1-+oo S -

( ) one of the inequalities being strict, 
liminf ~ < 0 
1•1-+oo S -

(the dissipative conditions) 
and 

Jim IJ'(sil = lim lg"(s)I = 0, \/17 > 0, 
1•1-+oo e'1 l•I 1•1-oo e'l 1•11 

(the growth conditions). 
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These growth assumptions are used to obtain local existence of solutions 
for (1) and also play a role in obtaining energy estimates necessary to guar­
antee that the solution operator for (1) defines a global dynamical system 
which is bounded dissipative. 

In the work above, for n = 2, it has also been proved the existence of 
global attractors assuming only dissipative properties on f and g. The key 
idea is to restrict the space of initial data in such a way that no growth 
assumptions arc needed for local existence of solutions for ( l ). 

The goal of this paper is to extend the later results to arbitrary dimen­
sions. To accomplish this we work in LP spaces for a suitable choice of 
1 < p < oo, instead of L2(f1), and then follow the general approach de­
veloped by Amann [2], [3]. The main difference is that, in our approach, 
instead of working in the Sobolcv spaces Wk,r(n), we work in the fractional 
power spaces associated to the operator defined by the linear part of ( 1) with 
homogeneous boundary conditions. These fractional power spaces turn out 
to be the so called "Lebesgue Spaces" II;(n) (see Trichel [20], for a general 
discussion about these spaces and their relation with differential operators 
and interpolation theory). In this way we arc able to use the well developed 
theory of sectorial operators as described, for example, in Henry [l0J. This 
approach leads, in our opinion, to a considerable simplification in Amann's 

arguments. 
To better describe our results, let us be somewhat more precise. 
Let A= diag(Ai, ••·,AN) be the operator in L"(f1; cN), defined by 

n • Du 
A;u = -Div(a;Vtt) + L bi(x)~ + ,\u 

j=I UX; 

where L"(n; cN) is the complex space of p-integrable functions in n and 

II;,{a}(n) is the subspace of functions in JJ;(n) satisfying the homogeneous 

boundary conditions l3tt = .ftJ!:- = 0. 
una 

It is convenient to work first in complex spaces since their interpolation 
theory is simpler. Afterwards we need to return to real spaces in order to use 
comparison principles. This can be done simply by taking real parts, since 
our operator has real coefficients. 
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We then define the operator A_1 in the dual space of (H;,{u}(n; cN)), 
with domain LP(f2; cN), by duality. We prove that A_ 1 is a scctorial operator 
and thus so are its restrictions to the fractional power spaces X 0 = D(A~i). 
Actually we need to choose a in order to meet two competing requirements. 
Since we are going to use comparison principles, we want X 0 imbcdded in 
C(fi). On the other hand, we do not want to incorporate the boundary 
conditions Bu = 0, since we want our solutions to satisfy the nonlinear 
boundary conditions of the original problem (Bu= g(u)). 

With this choice of a, we will consider an abstract problem, whose so­
lutions include the classical solutions of our original problem. Actually, we 
prove that our solutions u(t, •) are classical solutions for positive t. 

Within this abstract framework we arc then able to prove existence of so­
lutions and, imposing suitable dissipation conditions on the pair(!, g) (which 
we call competition conditions) we finally establish existence of a global at­
tractor. 

The approach we follow here is to show that the solution operator as­
sociated to ( 1) is globally defined, that orbits of bounded subsets of X 0

, 

under the flow defined by (1), are boun<led subsets of X 0 and that there is 
a bounded set that attracts points of X 0

• Since the solution operator asso­
ciated to (1) is compact, Theorem 3.4.6 in Hale [9] guarantees the existence 
of a global attractor. 

The paper will proceed as follows: in Section 2 we introduce the nota­
tions to be used in this work, and also define the Lebesgue Spaces and the 
basic results of Interpolation Theory. We also define in this Section the neg­
ative fractional powers of our operator A. In Section 3 we state our general 
hypotheses, in Section 4 we define the spaces we work in an<l show local 
existence of solutions for (1) and prove some regularity results (Section 5). 
In Section 6 we use the notion of sub- and super-solutions to show that the 
scmigroup is boun<lcd and that the solutions arc defined for all time. Finally 
in Section 7 we prove existence of global attractors and a bound for such 
attractors. 

2 Definitions and Notation 

In this section we define the spaces and fix our notation. We will also 



state some results of interpolation theory for the sake of completeness and 

refer all the proofs and further information to Triebel (20J. 

2.1 Lebesgue Spaces 

Let S = S(Rn) be the set of all complex-valued rapidly decreasing in­

finitely differentiable functions defined on the 11-dimensional real Euclidean 

space R". As usual, S' = S'(R") denotes the space of tempered distributions, 

which is the dual of S. We denote by 

(x, 0 = Lj=t x ;~;, the Fourier transformation, and 

the inverse Fourier transformation. 
With this we can define the Lebesgue Spaces in nn, as follows 

Definition 2.1 Let -oo < s < oo and 1 < p < oo. Then 

The first result relates the negative exponents with the dual spaces. 

Theorem 2.1 (Trichel [20], pag. 198) Let -oo < s < oo and I < p < oo. 
Then 

(JJ'(Rn))
1 

= II-;'(R"), ~ + ~ = 1, 
p p p p' 

where (H;(nn))
1 

denotes the dual space of H;(n"). 

The next theorem shows the relation between the usual Sobolev Spaces 

(Wk,p) and the Lebesgue Spaces, and in particular will imply that, for p = 2, 

our approach coincides with the one of Amann (2J, [3J or Carvalho, Oliva, 

Pereira and Dernal [5J. 
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Theorem 2.2 (Trichel [20], pag. 242) Let -oo < so, s, < oo and 1 < 
p0 ,p1 < oo. Then 

if and only if, either 

s0 = s1 is an integer, and Po = p,; 

or 
so = s, and Po= Pt = 2. 

Now let us define the Lebesgue Spaces in a domain n C Rn. 

Definition 2.2 Let n C Rn be an arbitrary (bounded or unbounded) domain. 
Further, let -oo < s < oo and I < p < oo. Then H;(n) is the restriction of 
H;(Rn) ton, 

llfllu;(nJ = inf 
Yin= f 

g E H;(Rn) 

Here Yin denotes the restriction of g to n. 

Remark 2.1 H;(n) is a Banach Space for any s (see Triebel {20}). 

There are other ways to restrict a function f E H;(rr) to n. Here are 
some related spaces. 

Definition 2.3 Let n C Rn be a bounded C00 domain. Further, let -oo < 
s < oo and l < p < oo. Then 

jJ;(n) = Ulf E u;(Rn), supp/ C rl}; 
0 

H;(n) = { completion of C;f(f2) in H;{Rn)}. 

The following theorem establishes the relations between the above spaces. 

Theorem 2.3 (Trichel [20], pag. 318) Let n c Rn be a bounded C00 

domain. 

1. !fl < p < oo and -oo < s :S !, then 

(i 



2. If -oo < s < oo, 1 < p < oo and 1 $ q < oo, then Cg>(n) is dense in 

fI;(n). It holds that 

3. If 1 < p < oo and ¼ - 1 < s < oo, withs - ¼ =f. integer, then 

We have the following duality relations. 

Theorem 2.4 (Trichel [20), pag. 332) Let n C Rn be an arbitrary 

(bounded or unbounded} domain. Further, let -oo < s < oo and 1 < p < oo, 

and ! + -.\ = 1. Then 
p p 

Theorem 2.5 (Trichel [20), pag. 332) Let n C Rn be a bounded C 00 

domain. 

1. Let 1 < p < oo and l < s < oo, with s - 1 =f. integer, and suppose that 
p p 

¼ +} = 1. Then 

2. Let 1 < p < oo and l - 1 < s < ! , and suppose that ! + -.\ = 1. Then 

" " " " 

3. Let 1 < p < oo and -oo < s < 1, and suppose that l +-.\ = 1. Then 
" " " 

We will also need the embedding results stated below. 
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Definition 2.4 

1. If t ~ 0 is an integer then C 1(Rn) denotes the completion of S(Rn) in 
the norm 

II/lie• = L sup ID" f(x)I. 
lol9xEA" 

2. !JO< t = [t] + {t}, where (t] is an integer and O < {t} < 1, then 

C1(Rn) = Ulf E cl1l(Rn), II/lie•< oo}, where 

ID" f(x) - D" f(v)I 
II/lie• = ll/lle111 + L sup I l{t} . 

lol=(t] X"FY X - Y 

3. Let n c Rn be a C00 -domain. If t ~ 0, then C1(i1) denotes the restric­
tion of C1(Rn) ton. 

Theorem 2.6 (Trichel (20], pag. 328) Let n C Rn be an arbitmry do­
main, 1 < p < oo, t ~ 0 ands > t + ~- Then 

We also have the following trace theorem. 

Theorem 2. 7 (Trichel [20], pag. 330) Let O c Rn be a bounded C00
-

domain 1 < p < oo and! < s < I + !. Then the map,, p p 

is a continuous linear map from II;(n) onto w•-~•P(DO) C LP(DD), such 
that there exists a continuous linea1· map i', with I o i' = I, the identity 
operator from w•-~·P(DO) onto itself. 

Now, let us define our spaces taking into account the boundary condition 
B. To do this, we first define the admissible boundary conditions, the so 
called "Normal System" of boundary conditions. 
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Definition 2.5 Let n C Rn be a bounded C00 domain. Further let 

E;f(x) = 1:: b;,a(x)D"' f, b;,0 (x) E C00 (8n), 
lal::;m, 

j = 1, .. ,, k, be differential operators on an. Then { B; }j=I is said to be a 

normal system if 
0 ~ m1 < m2 < · · · < mk 

and if for any normal vector Vx with respect to an and the point X E an it 

holds that 
I: b;,0 (x)v~ /= 0, j = 1, · · ·, k. 

lol=m, 

Definition 2.6 Let !l CR" be a bounded C00 domain. Further, let {B;}j=1 

be a normal system. Fors 2 0 and 1 < p < oo, we have 

1. Ifs - ! < m 1 , then 
p 

2. If for some l, m1 < s - ! < m1+1, then 
p 

Remark 2.2 In our case, that is in (1), we have that k = 1, m1 = 1, 

B1u = Bu= .fk!-. The definition takes into account the boundary condition 
una 

E;f = 0, as long as it makes sense, that is, as long as the m; derivatives 

have trace. 

2.2 Interpolation Theory and Domains 

Now we summarize some results in interpolation theory applied to the 

Lebesgue Spaces defined above, and relate them to the domain of definition 

of fractional powers of positive operators. 

Let X1 C Xo be a continuous dense injection of Banach Spaces, S = { z E 

C: 0 ~ Rc(z) ~ 1 }, and S 0 denote the interior of S. Let II(X0 , Xi) denote 

!) 



all continuous bounded functions F: S-+ Xo which are holomorphic in S 0 , 

and such that the following norm is finite: 

IIFII = max sup IIFU + iy)Jlj 
J y 

where j = 0 or l;-oo < y < oo; and JI· 111 is the norm in Xi. For O :SO :S 1, 
the interpolation space Xo is defined by 

Xo = [Xo, X1]0 = {F(0): Fin II(Xo, Xi)}, 

with norm llfllo = inf {IIFII: F(0) = f}. 
The following facts can be proved (see Trichel [20]): 

1. X1 is densely and continuously injected in Xo, and Xo in X0 • 

2. (Iteration Property) If 01 :S 0 :S 02 , then 

[Xo, Xi]o = [Xo1 , Xo2 ]., 

where 0 = 01 + s(02 - 0i). 

3. (Interpolation Property) Let Vi C Yo be a continuous dense injection of 
Banach spaces, and let A: Xo-+ lo be a linear map such that IIAxllo :S 
Collxllo and IIAxll1 :S Cillxll1• Then IIAxllo :S Coll.1:llo, Co= c~- 0cr 

Remark 2.3 We can also define X 0 if X 0 C X 1 , simply by setting 

With this we have the following Duality Property. 

Theorem 2.8 (Trichel (20], pag. 72) If one of the two spaces Xo or X 1 
is reflexive, then 

Now we state some interpolation formulas for the Lebesgue spaces. 
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Theorem 2.9 (Trichel (20], pag. 185) Let -oo < so, s1 < oo, 1 < 
Po,P1 < oo, and O < 0 < 1. Then 

[JJ;~(Rn), II;: (Rn)]o = II;(Rn), 

where 1 1 - 0 0 
s = (l - O)s0 + Os1 and - = -- + -. 

P Po P1 

Theorem 2.10 (Trichel (20], pag. 317) Let n C Rn be a C00 bounded 
domain. Let O ::; s0 , s1 < oo, 1 < Po, P1 < oo, and O < 0 < l. Then 

when~ 
1 1 - 0 0 

s = (1 - O)s0 + Os1, and - = -- + -. 
71 ]>o Pt 

Theorem 2.11 (Trichel (20], pag. 321) Let n C 1r be a bounded C00 -

domain. Further let { Bi }j=1 be a normal system of boundm·y conditions. Let 
m be a natural number such that m > mk, 1 < p < oo, and O < 0 < 1. 

1. If there does not exist a number mi, j = 1, · · · k, sttch that mO-¼ = mi, 
then 

2. Let m1 = mO - ¼· Extending the coefficients b1,0 (x) and their first 
derivatives continuottsly to n, then 

Now we can state a result that connects these interpolation spaces with 

the domain of fractio:rnl powers of positive operators. 

Theorem 2.12 (Trichel (20], pag. 103) Let I\. be a positive opemtor. It 
is supposed that there exist two positive numbers c and C such that /\_it is a 
bounded operator for -t ::; t ::; f. and II t\ it JI ::; C. If n and /3 arc two complex 
numbe1·s, 0 ::; Rea < Rc/3 < oo and O < 0 < 1, then 
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2.3 Negative Fractional Power Spaces 

Now we want to define the fractional power spaces related to the operator 
defined in (1 ), including negative powers. Let us mention that if we work in 
L2, these negative fractional powers can be easily defined using duality and 
Fourier transforms (see for example, Rodriguez-Bernal [18]), but in LP things 
get a little more delicate. 

Let us start by defining the operator. Consider A = diag(Ai, •••,AN) in 
LP(f!; cN), the operator defined by 

A;u = -Div(a;"vu) + t b)(x){)Du + >.u' 
i=I Xj 

where Bis the boundary vperator Bu= fl!!--. Let A'= diag(A;,••·,AN) una 
(the dual operator) be the operator in LP' (f!; cN), where ! + .!, = 1, defined 
by p P 

D(A:) = II;,,{C}(f!) 

A1v = -Div(a;'vv) - div(vB;) + >.v, 

where C is the boundary operator Cv = -#}!- + vB • 1i. 
una 

We have that (see Triebel [20], pag. 401 ): 

• A' is an isomorphism from II;,,{C}(n; cN) onto £P'(n; cN); 

• Denote by A" the dual operator of A'. Then A" is an isomorphism from 
LP(n; cN) onto (II;,,{C}(n; cN))'; 

•A"= A, in H;,{a}(f2;cN). 

With this, let us define the operator A_1 in (II;,,{C}(f2; cN))' by 
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Therefore, we have the following diagram 

A" 

A" 

Since A_1 = A" o Ao (A")- 1 in a dense subspace of (JI;,,{q(n; cN))' (for 

example Ca°), and they arc closed operators, we have that A_1 = A" o Ao 

(A")-1 • From this the following result follows easily. 

Proposition 2.1 ;L1 is a sectorial operator, with p(A) = p(A_t), More­

over, given O ~ 0, if we define 

X 8 = D(A0 
) -1 -1 

then A_ 1 is also a sectorial opcrntor in X~ 1 , which we denote by A 0_
1

• 

Proof: 
From the diagram above, and the fact that A" is an isomorphism, we 

have the following identity 

(A-1 - 1ilt1 = (A"(A - 1tl)(A"t1 t 1 

thus it is clear that p(A) = p(A_t) = p(Ao-1 ). 

To finish the proof, we have just to observe that, if tt E X~
1

, then 

ll(Ao-1 1il)-11tllx• = IIA~1(Ao-1 - 1i/)-11tlL'-1 
-I 

= ll(Ao-1 - 1tl)-1 A~ 1 ullx_1 

(4) 

= ll(A-1-1tl)-1A~11tllx_1 = IIA"(A-1i/)-1(A")-1A~11tllx_1 

< IIA"(A- 1iJ)-1ll.c(LP),_iJll(A")-1 A~11tlb 

::; IIA"ll.ccLP,X)ll(A - 1il)-1lbll(A")-1ll.c(X,LP)IIA~11tllx_1 

< Cllll(A- 1iJ)-1llipllllA~11tllx_1 < 1
.~JA~1ullx-1 

= /_'Jttllx~ 1 • 

1:1 

We want to use Theorem 2.12 to determine the space X~
1

, to this end 

we need the following lemma. 
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Lemma 2.1 There exist two positive numbers l and C such that 

!IA~ 1 II ~ C, for all - l ~ t ~ c 

Proof: Let u E X-1, then 

IIA~1ullx-1 ~ C!l(A"r1 A~1ullLP = I\Ai1(A"r111IILP 
But from Seeley [19] we have that A satisfies the property (5). Thus 

IIA~1ullx_1 ~ Cll(A"r1ulb = C\\1t\\x_1 

(5) 

EJ 
Applying Proposition 2.1 and Theorems 2.12, 2.8 and 2.11, we have that, 

for 20 ~ 1 + !, 
X~1 = D(A~1) = [(II;,,{q(O;cN))',(LP'(n;cN))']o 

= [H;,,(q(O; cN), LP'(O; cN)]0 = (JI!i,{~fl(O; cN))'. 

If we define X 8 = D(A 0
), then we have the following result. 

Theorem 2. 13 If O ~ 0 ~ I, then 

X O+I _ vO _ J/20 -1 - ,'\ - p,{U} 

Proof: 
Let us first show that X:. 1 = X 1

• 

X:. 1 = {uEX-1:A:..11tEX_i} 
= { u E x _ 1 : 1L 1 o A_ 1 u E X-1 } 
= {u E X_1:A-1tt E £P(O;cN)} 
= {u E £P(O;cN):A_1tt E £P(O;cN)} = {u E £P(O;cN):Au E LP(O;cN)} = D(A) = X 1. 

Thus, we can write 

D(A8) = [D(A0), D(A1)]o = [D(A~1), D(A:.1)]0 = D(A~1°). 
To finish the proof, we have to observe that 

D(A8 ) = [LP(O; cN), JJ;,{uJ(O; c,v)]o = ll;,~ui(O; cN). 

11 
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Notation 2.1 Having this result in mind we will define, for all OS s S 1, 

3 Hypotheses 

In this Section we fix the hypotheses to be used throughout this paper. 

(Hl) f = (!1 ,···,fN) E C1(RN,RN) andg = (91,··•,gN) E C2(RN,RN) are 

such that, there exists e0 = (e?,···,eR,) such that, for all e = (e1,···,eN), 

there are constants c? = c?(e0) and cl? = <i?(e0) with 

liJ!l < c9 V t9 < ls·I < '· .Si - I ',,1 I \,I 

!ill!l < cf! V ' 0 < ls·I < '· .Si - I ',1 I \I 

(7) 

Moreover, if f, g satisfy (3), and given the eigenvalue problem 

Dv· d ~= oV; 
Cina 

on an 

in n, } (S) 

we will assume the following, 

(H2) c? and cl? are such that the first eigenvalue {Jt 1} of the problem {8} is 

positive. 

Remark 3.1 This condition is satisfied if one of the following conditions 

hold 

1. 

where c?, cl? 
positive. 

1• . f M.tl < 0 
1m m 1•1-oo ,; _ C; 

lim inf1,1-oo ~ S ,fl (9) 

are such that the first eigenvalue of the problem (8) is 
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2. 

Sj ft [-(?,ePJ, 1::::; i:::; N. 

s;(f;(s)) < 0 
s;g;(s) < 0, 

Remark 3.2 From the results of Proffer & Weinberger {16}, {17} and Krein 
& Rutman {12], we have that the first eigenvalue of {8) is always real. II ere, 
we mean first, in the sense that all the others have greater real part. 

Remark 3.3 To avoid notational complications we will treat only the case 
N = 1, but it will be clear from the proofs that the results remain true in 
higher dimensions and the same arguments apply if we assume {Ill). 

Remark 3.4 {Ill) is the dissipation condition on the equation. Note that 
we allow either Co or d0 lo be positive. In other words, we allow either f or 
g to be a source of heat. 

Remark 3.5 (H2} is a precise formulation of the "competition" between f 
and g that we mentioned in the Introduction. Notice that we cannot have 
both Co and d0 positive. l\foreover this condition states that our prnblcm 
"behaves" as an intermediate case between the Dfrichlet case (do = oo} and 
the Newmann case {do= OJ. 

4 Local Existence 

It follows from Proposition 2.1 and the results of Henry [10] that A_13 
generates an analytic semigroup in x-tJ for O < /3 < 1 which satisfies, for 
suitable,\ and for -/3 < a < 1 - /3 

/le-A- 81 uo/lxa ::::; Me-<11iuollx 0 , t 2:: 0 

( 11) 
/le-A-Btuollxa :S Mc-'1c(o+/J)lluollx-8, t > 0. 

for some t > 0, .M > 0. In particular, if Bi = 0, j = 1, · · ·, n, ,\ can be any 
positive number. 

We want to choose a, /3 and p in such a way that 

1G 



1. X° C C(!l); 

2. x 1-/3 = JI;(1-/3l(f!), in other words x 1-/3 does not incorporate the 

boundary condition; 

So we will take p, a and fJ satisfying 

n 1 1 1 
- < o < 1 - fJ < 1 - - = - + -. 
2p 2p' 2 2p 

(12) 

Notice that 

• 1. follows from Theorem 2.13 and Theorem 2.6; 

• 2. follows from Definition 2.6, Proposition 2.1 and Theorem 2.5. 

Remark 4. 1 It is easy to check that (12) can be realized if p is big enough 

(for instance p = n is enough). 

One can easily check the following result. 

Corollary 4.1 If a, fJ and p satisfy (12), then 

X 0 = H;0 (0) and x-13 = (H:f(n.))
1

• 

Since we are going to use the linear operator a with homogeneous bound­

ary conditions to define the abstract problem, we need to introduce the non­

linear boundary conditions in the equation. 

Notation 4.1 Consider the map g..,: X 0 --+ x-/3 defined by 

(g..,(u), </J) := / ,(g(u)),(</J), for all <PE ll:f(O), 
lan 

where I denotes the trace operator. 
Similarly, we define fn: X 0 --+ X-13 by 

Un(tt), <P) := lo J(tt)<P, for all <PE u:f(n). 

We will also denote by h := fn + g..,. 
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It is easy to show that f n and g., are well defined. The following lemma 
is necessary to establish local existence for the abstract equation. 

Lemma 4.1 If (Ill} holds then h is Lipschitz continuous in bounded sets of xor. 
Proof: 

Let u, v E V C X 0
, where V is bounded. Then we have that, 

llg.-r(u) - g.,(v)llx-tl = sup l{g.,(u) - g.,(v), ¢)1, 
<PE II;P (0.) 

llt/>llu;f(rl) = 1 

and 

l(g.,(u) - g.,(v),¢)1 < f 1,(g(u) - g(v)),(¢)1 Jan 
< 11,(g(u) - g(v)lb(anilh(¢)11LP'(an) 
< Kll,(u - v)lli•(n)ll,(¢)11LP'(an) 
< K'llu - vllx 0 llt/>ll11;f(O) 

Similarly we prove that fn is Lipschitz. 
Cl 

With this, we can state the following 

Theorem 4.1 Suppose that (Ill} holds and that a, f3 and p satisfy (12)· 
Then the abstract parabolic problem 

{ 
!~ + A_,au = h(u) 

u(O) = Uo E x 0 

(13) 

has an unique solution for any u0 E X 0 , which is given by the variation of 
constants formula 

T(t)u0 = e-A-ll 1u0 + l e-,LiJ(t-•lfi(T(s)u0 )ds. (l 4) 

Moreover, if the maximal interval of existence of the solution T(t)uo is 
[O, tmax[ then either tmax = +oo or IIT(t)uollxa -+ 00 as t-+ tmax• 

18 



Proof: 

The result follows from Henry's result [10], since from Lemma 4.1 h : 
X" --+ x-/3 is Lipschitz continuous in bounded sets of X". 

Cl 

Remark 4.2 Now that we have local existence for {13) and since all func­

tions and coefficients in the equation are real, we can take the real part of the 

solution, and we still have a solution. 

5 Regularity Result 

In this section, we want to show that the solution given by Theorem 4.1 

is in ()2+•(n), for some c. > 0, for any t > 0. 

Theorem 5.1 Suppose that {Ill} holds and that a, f3 and p satisfy {12). Let 

Uo EX" and let u be the solution of (13). Then, there exists f. > 0 sucli that 
u(t, ·) E C2+•(fi), for all t > 0. Moreover, u(t, ·) is a classical solution of 
(1), for any t > 0. 

Proof: Applying the results of Henry [10], we know that, for t > 0 u, ~: E 

X..,, for all ?n < 1 < ~ + _!__ Therefore, using the characterization of X..,, 
-P 2 2p 

du n 1 . 
we have that u, -d E II;(n), for all - < s < l + -. Thus usmg Theorem 2.6 

t ]J p 
du -s t 

we obtain that dt EC (0.) for all fl< ;;· Furthermore u E ll~(f!) = Wi(O.) 

and thus, using the regularity off and g; f(u)- ~~l E £P(O.),g(u) E w;(n). 
So, by the trace the01,·m (2.7), 1 (9(11)) E w 1-},P(DO.). 

If we fix u and consider the elliptic problem, 

{

-Div(av7v) + 'E llj(x){)Du + .\v = f(u) - du, 
i=I Xj dt 

&~a = g(u), on DO.. 

Ill fl., 

(15) 
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we can apply elliptic regularity results (sec Lions and Magencs [14]), to con­clude that VE W2·P(fl) = H;(fl). 
Now, we want to show that v = u. From the Green's Formula, if follows that for all w E J/; and <P E H;,,c(fl) 

fn(Aw)(x)</J(x)dx - j w(x)(A'</J)(x)dx = -Ian ~:(y)(-y(</J))(y)dy 

+ kn(-y(w))(y) [%:a (y) + B(y) • r"i(y)] dy 

= { -(Bw)(y)(-y(</J))(y) + (,(w))(y)(C</J)(y)dy lan 

= { -(Bw)(y)(,(</J))(y)dy. lan 

Applying (16) to v and having in mind that (from (15)) 

du (Av)(x) = J(u)(x) - dt' 
(Bv)(y) = (,(g(u)))(y), 

for all X E n and y E an it follows that V satisfies 

k [J(u)(x) - ~:] </J(x)dx - j v(x)(A'</J)(x)dx 

= { -(,(g(u)))(y)(,(</>))(y)dy. lan 
Therefore, since H;,,c(fl) is dense in H:f (fl), 
it follows that v satisfies, in x-/3, the equation 

du 
A_/3v = -dt + fn(u) + g,.,(u). 

(16) 

(17) 

But u is the unique solution of (13), sou= v E JI2(n). 
Applying Theorem 2.G once more WC get that u E ci+•(n) (and thus u E Cl+•(ofl)). Now applying regularity and existence theorems for (15[ (see Ladyzcnskaja and Ural'ccva [13l, pag.128) we conclude that u E c2+•(n). 
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Moreover, since u = v satisfies (15), u is a classical solution of (1). 
C 

6 Boundedness of the Semigroup 

In this section we prove that solutions of (1) with initial data in X 0
, 

arc globally defined and orbits of bounded subsets of X 0
, under the flow 

determined by (1), arc also bounded in X 0
• 

To accomplish this goal, we use comparison results. We start by defining 

the concepts of sub- and super-solutions. 

Definition 6.1 Let u0 E W2+',2(n), T > 0 and ii: n CR" -+ R (ll respec­

tively) a Junction which is continuous in [O, T] X n, continuously differentiable 

in t and twice continuously differentiable in x for (t, x) E (0, 1'] x n. Then ii 

(li respectively) is a supe1·-solution (sub-solution} of the problem 

g~~ = g(u), on an 

u(O) = uo. 

if it satisfies 

ou > (-) cJn;.-9tl, on (O,T] X an 

in n, 

m (0, T] x n, 

( and 1·cspcctivcly with the ~ sign l'cplaccd by the ~ sign). 

A basic result for our arguments is the following 
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Theorem 6.1 (Pao {15}} 
If f is locally Lipschitz and ii and ll are respectively a super- and sub­solution of the problem {18), satisfying 

ll :S ii, in f2 x (0,T), 

then, there exists a solution u of ( 18) such that 

ll :S u :S ii, in f2 x (0, T). 

Let cp be the first positive normalized eigenfunction of (8) and m = mincp(x). We know that m > 0. For each OE R+, define zeli 

Eo = {u EX": iu(x)I :S Ocp(x), for all x E fl}. 

From the dissipative hypothesis (Ill) on f and g, we know that there 
exists ( E R, such that 

J(s) g(s) -- :S Co and - :S d0 , s s 

for all s with Isl ~ e. 
Lemma 6.1 If Om ~ ( then Eo is a positively invariant set for the local 
solution of {1). 

Proof: 

Let 
El= {u EX": u(x) :S Ocp(x), for all x E f!} 

E~ = {u EX": u(x) ~ -Ocp(x), for all XE n} 
Since E0 = Ei n Ei it is enough to show that Ei and Ei are positively 

invariant. 
Let u0 E Ei, and suppose, for contradiction, that there exists t0 E [O, tmaz[ 

and Xo E n such that 
T(ta)ua(xa) > Ocp(xa). 
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Consider v(t) = eµ(t-to)Ocp, where/' is the eigenvalue associated with r.p. We 

have that 

Div(a'\7v) - I:7=1 B;(x);: - .\v + f(v) 
1 

for all t E]O, to], 
Thus v is a super-solution for the problem ( 1 ). It follows from Theo­

rem 6.1 that 
T( t )u0 s; ii( t ), in fi for all t E [O, t0 [. 

In particular, T(t0 )u0 (x0 ) s; Ocp(xo) and we reach a contradiction. 
To prove that r:i is positively invariant we proceed in a similar way, using 

now that !!. = -v is a sub-solution for the problem ( 1 ). 
ll 

Lemma 6.2 !JV is a bounded subset of Xo, then LJ T(t)V is also a bounded 
t~O 

subset of Xo,. 

Proof: 

Since the inclusion map i : XO, <-+ C0 (f2) i.s continuous, there exists O E R 
such that V C Eo. We can, of course assume that Om 2: (. Lemma 6.1 
implies that T( t )uo E Eo, for all t E [O, lmax[ so 

Applying the variation of constants formula, we obtain 

where M, t: > 0 are constants depending only on the scmigroup eA-111 and a, 

/3 and p satisfy (12). 
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To compute the norm llh(T(s)uo)llx-t1, let c/> E H;f(n). We have 

(h(T(s)u0 ),c/>) = { fn(T(s)uo)cf>(x)dx + { ,(g(T(s)uo)h(c/>(x))dx Jn lan 

5 llfn(T( s )uo)IILP(n)llc/>IILP'(O) + 11,(g(T( s )uo) )IILP(an)lh( 4> )IILP'(an) 

5 (llfn(T(s)uo)lb(n) + Kll,(g(T(s)uo))lb1ani) ll4>ll 111t1, 
P' 

where J( is a bound for the continuous linear map, : II;f(n) -+ £P'(8fl). 
Thus, 

IIT(t)uollx 0 5 Me-"ll11ollx 0 + M lmoz ( Kll,(g(T(s)uo))IILP(80) 

+llf n(T( s )uo)IILP(OJ) ( t - s t 10+i1le-,(t-•J ds 

5 Me-"ll11ollx 0 + M tm•r [Kll,(g(T(s)uo))lloolDn1i 

+llfn(T(s)uo)llool!11~] (t - st10+11le-•!t-•lds 

5 .Me-'1 ll11ollx 0 + M [ sup lg(r)IID!1I~ 
lrl~Ol!<Pl!oo 

+ sup lf(r)ll!11~] 100 

(t - s)-< 0 +i1)e-<!t-•lds, 
lrl~Oll<Plloo O 

for all t E [O, tma.r[, Therefore, IIT(t)uollxa is bounded by a constant depend­
ing only on V. In particular, tma.r = oo. 

Cl 

7 Existence of Global Attractors 

The first step to show the existence of global attractors will be to show a 
"contraction property" of the sets Eo, similar to the property for rectangles, 

21 



considered by Carvalho [4]. It is interesting to notice that we cannot use 

rectangles here since they are not invariant (unless J and g are both negative). 

In fact if f is positive at some point xo E fl and a constant function u0 is 

chosen as an initial condition at time to then t~ ( uo, to, xo) > 0, so T( t )u0 

grows at the point x0 for some time. A similar argument can be used for a 

point on an if g > 0. We show in Fig 1 the result of a simulation (for N=l) 

taking Co > 0 and do < 0. 

Initial Condition • 
2 . 5 After 50 iterations in time + 

After 700 ltaratlon, in time D 
After 999 1tau.t1ona in ti111• X 

• • • • . t • • * ' ' ' • • t • • • . 
♦ ♦ 

+ 

1.5 . , a a 0 D D D a D a a 
0 0 

a a a 
C 

D a 
a X X X X X X X X X X 

X X • • • • X X 

o. 5 

0 
0 0.2 0.4 0 . ' 0. 8 

Figure 1: Simulation for N = 1, and with initial condition u0 = 2. We also 

used Co> 0 and d0 < 0 (defined in (Hl)). 

Lemma 7 .1 Suppose O E R satisfy Om > l. Then , for any O there exists a [ 

such that 
T(t)Eo C Eu, 

for all t 2:: l. 

Proof: 

Let tt E Eo. We can suppose without loss of generality that O 2:: 0. Let 

v = e11'0cp, 1!. = -v. As in Lemma 6.1, we can prove that v and 1! arc super-
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and sub-solutions respectively. Thus, using Theorem 6.1 and the uniqueness 
of solution, we have that 

Q ~ T(t)u ~ ii, 

as long as e"10 2:: 0. 
So, T(t)u enters E0 eventually. Since E0 is positively invariant, the result 

follows. 
C 

Theorem 7.1 The problem ( 1) has a global attractor A in X"'. Furthermore 
A c Eo if Om 2:: (. 

Proof: 

Since, by Lemma 6.2, T(t) takes bounded sets of X"' into bounded sets 
of X"' for any t 2:: 0, and the scmigroup regularizes the solutions, only point 
dissipativeness remains to be proved {see Hale [91). 

Let OE R be such that Om 2:: (. If u is any element of X"', it follows from 
the continuity of the imbcdding X" ~ C 0 (!1) that u E E0 , for some O and 
then, applying Lemma 7.1, we conclude that T(t)u E E0, fort big enough. 
Let v = T(to)u E Eo. 

Applying the variation of constants formula, as in Lemma 6.2, we obtain 

IIT(t)vllx 0 ~ .Me-<1llvllx 0 + M l'x, [Kll,(g(T(s)v))lloolDDI¼ 

+ llfn(T{s)v)lloolDI¼] (t - st<0 +/Jle-•<1-•lds, 

where M and /( are independent of v. 
Observing that T(s)v E E0, for any s 2:: 0, we conclude that, fort suffi­

ciently large, 

IIT(to + t)ullx 0 = IIT(t)vllxo ~ M+ 

M [ sup lg(r)IIDDI¼ + sup IJ(r)IIDl¼l fu
00 

(t - s)-(a+/Jlc-,(t-•lc[s, 
irl~Oll'Plloo irl~till'Plloo O 

fort large. 
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Thus, the set in X 0 bounded by the right-hand side above, attracts points. 

This proves point dissipativcncss. Furthermore, since AC Ee, for some 0, it 

follows from Lemma 7.1, taking t large, that 

so 

A= T(t)A C E6, if()> { 

AC Eu= n Eu, 
Bm>e 

which proves the second part of the thesis. 
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