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Abstract

In this work we prove existence of global attractors for reaction-
diffusion problems with nonlinear boundary conditions in fractional
power spaces X* which are embedded in C, without assuming growth
conditions on the reaction term. These hypotheses are natural and
easy to verify in many applications. The tools employed are compar-
ison principles and interpolation theory.

1 Introduction

Let © be a bounded smooth domain of R*. In this paper we consider
reaction diffusion systems with dispersion of the form

uy = Div(aVu) = Y Bj(x)—(?ﬁ- - Au+ f(u), in Q,
j=1 az]

(1)
—0(27% = g(u), on JQ.
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where u = (uy,-++,un)’, N > 1, a(z) = diag(ai(z), - - -, an(x)), a; € CY(Q),
ai{(z) >me >0,z € Q1 <i <N, -53—':‘: = (aVu,7), 7 is the outward
normal, X is a positive constant and B; = diag(b},---, bf’) is continuousin §,
J=1--,n. Let’f=(flt"'1fN)T (RN — RN,H = (gla"'»gN)T :RN — RV
be smooth functions.

It has been shown by Pao [15] that if f is a source of heat and if g = 0
then we have blow up in finite time. Qur aim is to control the increase of
heat by means of a dissipative flux through the boundary. To accomplish this
goal we need to introduce some kind of “competition” between f and g. In
fact one of the basic questions is: If g dissipates heat through the boundary,
can we find a relation between the dissipation g and the source of heat f in
such a way that we can assure the existence of global attractors?

This problem is not new, Pao [15] introduced a relation between f and
g and almost completely solved the problem for classical solutions working
in the space of continuous functions. Later on, Alikakos {1], following the
ideas of I'riedman {8}, imposing some growth conditions on f and g, showed
global existence and some asymptotic behavior of the solutions. Working in
R, Henry [11}, solved the problem completely, and assuming a nice relation
between f and g (similar to Pao [15]), showed that the system is Morse-Smale.

Another major concern is to relax the growth conditions on f and g. In
this direction Carvalho, Oliva, Pereira and Rodriguez-Bernal [5] proved, for
the scalar case, N=1, and  C R*, n < 3, that under some growth assump-
tions on the nonlinearity f, the problem (1), with B; =0,j =1,+++,n, has a
global attractor in H'(Q). More specifically, for n = 2, f and g are required
to satisfy:

f(s)

liminf == <0
|s|l=o0 S

]iminfggfl <0

s|—=o0 S

one of the inequalities being strict, (2)

(the dissipative conditions)
and

fm O O s (3)

ls]~co enls? |sl~oco emlsl?

(the growth conditions).



These growth assumptions are used to obtain local existence of solutions
for (1) and also play a role in obtaining energy estimates necessary to guar-
antee that the solution operator for (1) defines a global dynamical system
which is bounded dissipative.

In the work above, for n = 2, it has also been proved the existence of
global attractors assuming only dissipative propertics on f and g. The key
idea is to restrict the space of initial data in such a way that no growth
assumptions are needed for local existence of solutions for (1).

The goal of this paper is to extend the later results to arbitrary dimen-
sions. To accomplish this we work in L? spaces for a suitable choice of
1 < p < oo, instead of L*(), and then follow the gencral approach de-
veloped by Amann [2}, [3]. The main difference is that, in our approach,
instead of working in the Sobolev spaces Wkr(Q), we work in the fractional
power spaces associated to the operator defined by the lincar part of (1) with
homogeneous boundary conditions. These fractional power spaces turn out
to be the so called “Lebesgue Spaces™ I3(§2) (sce Tricbel {20], for a general
discussion about these spaces and their relation with differential operators
and interpolation theory). In this way we are able to use the well developed
theory of sectorial operators as described, for example, in Henry {10]. This
approach leads, in our opinion, to a considerable simplification in Amann’s
arguments.

To better describe our results, let us be somewhat more precise.

Let A = diag(Ay,+-+, An) be the operator in LP(§2;CV), defined by

D(A) = HE 5y ()

A = ~Div(a;Vu) + 5 b;(x)a—“ + \u
i Oz;

where LP(3;CV) is the complez space of p-integrable functions in Q and
113'(5}(9) is the subspace of functions in H2(f) satisfying the homogeneous

boundary conditions Bu = '(76#_ =0.

It is convenient to work first in complex spaces since their interpolation
theory is simpler. Afterwards we need to return to real spaces in order to use
comparison principles. This can be done simply by taking real parts, since
our operator has real coeflicients.



We then define the operator A_; in the dual space of (Hz’w)(Q;CN)),

with domain L?(£); CV), by duality. We prove that A_; is a sectorial operator
and thus so are its restrictions to the fractional power spaces X* = D(A2,).
Actually we need to choose « in order to meet two competing requirements.
Since we are going to use comparison principles, we want X* imbedded in
C(Q). On the other hand, we do not want to incorporate the boundary
conditions Bu = 0, since we want our solutions to satisfy the nonlinear
boundary conditions of the original problem (Bu = g(u)).

With this choice of a, we will consider an abstract problem, whose so-
lutions include the classical solutions of our original problem. Actually, we
prove that our solutions u(t, ) are classical solutions for positive t.

Within this abstract framework we are then able to prove existence of so-
lutions and, imposing suitable dissipation conditions on the pair (f, ¢) (which
we call competition conditions) we finally establish existence of a global at-
tractor.

The approach we follow here is to show that the solution operator as-
sociated to (1) is globally defined, that orbits of bounded subsects of X<,
under the flow defined by (1), are bounded subsets of X* and that there is
a bounded set that attracts points of X*. Since the solution operator asso-
ciated to (1) is compact, Theorem 3.4.6 in Hale [9] guarantees the existence
of a global attractor.

The paper will proceed as follows: in Section 2 we introduce the nota-
tions to be used in this work, and also define the Lebesgue Spaces and the
basic results of Interpolation Theory. We also define in this Section the neg-
ative fractional powers of our operator A. In Section 3 we state our general
hypotheses, in Section 4 we define the spaces we work in and show local
existence of solutions for (1) and prove some regularity results (Section 5).
In Section 6 we use the notion of sub- and super-solutions to show that the
semigroup is bounded and that the solutions arc defined for all time. Finally
in Section 7 we prove existence of global attractors and a bound for such
attractors.

2 Definitions and Notation

In this section we define the spaces and fix our notation. We will also
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state some results of interpolation theory for the sake of completeness and
refer all the proofs and further information to Triebel (20].

2.1 Lebesgue Spaces

Let § = S(R*) be the set of all complex-valued rapidly decreasing in-
finitely differentiable functions defined on the n-dimensional real Euclidean
space R*. As usual, § = S'(R") denotes the space of tempered distributions,
which is the dual of S. We denote by

-z

(FO)O) = m)F [ e 0(a)dz, s €,

R"

(z,€) = ¥}, 2;&;, the Fourier transformation, and

(F9)E) = (2n)F [ e®9(a)dz, g€ 5,

the inverse Fourier transformation.
With this we can define the Lebesgue Spaces in R™, as follows

Definition 2.1 Let —oc < s < oo and 1 < p < oo. Then
o) = {11 € S @), | lng = 17 (1 + eV F 1o < oo}
The first result relates the negative exponents with the dual spaces.

Theorem 2.1 (Triebel [20], pag. 198) Let —0co < s < coand1 < p < 0.
Then

sty _ —-s(pn 1 1 _
(Hy(R™) = ;*(R"), St = 1,
where (H;(R"))’ denotes the dual space of Hy(R™).

The next theorem shows the relation between the usual Sobolev Spaces
(W*#) and the Lebesgue Spaces, and in particular will imply that, for p = 2,
our approach coincides with the onc of Amann (2], [3] or Carvallio, Oliva,
Pereira and Bernal [5].

<t



Theorem 2.2 (Triebel [20], pag. 242) Let —00 < sg,$1 < 00 and 1 <
Po,P1 < 00O. Then
WP (R") = H;}(R")

if and only if, either
Sp = 51 1s an integer, and po = pi;

or
80 =81 and po = p; = 2.

Now let us define the Lebesgue Spaces in a domain 2 C R™.

Definition 2.2 LetQ C R™ be an arbitrary (bounded or unbounded) domain.
Further, let ~c0 < s < 00 and 1 < p < co. Then H3(R) is the restriction of
H3(R™) to Q,
I llns(0) = inf llgllzrg(rn)-
Jla =
g € I[;(R")
Here g|q denotes the restriction of g to 9.
Remark 2.1 H3(Q) is a Banach Space for any s (see Triebel [20]).

There are other ways to restrict a function f € /[3(R") to Q. Here are
some related spaces.

Definition 2.3 Let Q C R™ be a bounded C® domain. Further, let —0co <
s<ooandl <p<oo. Then

H(8) = {717 € 15, supps € 0
Hy(Q) = {completion of CX() in H3(R™)}.

The following theorem establishes the relations between the above spaces.

Theorem 2.3 (Triebel [20], pag. 318) Let @ C R be a bounded C®
domain.

L 1f1<p<ooan(l—oo<s§;;, then
1) = H2(9)
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2. If—oo<s<oo,1<p<oo and 1 < q < 00, then C(Q) is dense in
H3(Q). It holds that

i1(9) C Hy(Q).

3. Ifl<p<ooand‘;—1<s<oo, withs—’;#integer,then

Hy() = Hy(Q).
We have the following duality relations.

Theorem 2.4 (Triebel [20], pag. 332) Let @ C R™ be an arbitrary
(bounded or unbounded) domain. Further, let —00 < s < 00 and1 < p < 00,

and % + # = 1. Then
(B:() = H7*(Q).

Theorem 2.5 (Triebel [20], pag. 332) Let @ C R" be a bounded C*

domain.

1. Let1 < p < oo and i < § < 0o, with s —‘; # integer, and suppose that
‘; + # = 1. Then

° [
(11;(9)) = H3'(Q).
2. Let1 <p<ooand % -1<s< %, and suppose that ‘;+ # =1. Then

() = Hz* ().

pl

3. Letl <p<ooand—00<s< lp, and suppose that '; + -;—, = 1. Then

() = 72(%).

We will also need the embedding results stated below.



Definition 2.4
1. Ift > 0 is an integer then C'(R") denotes the completion of S(R") in

the norm
Ifler = ¥ sup [D°£()]

lal<t =€
2. If0 <t =[t] + {t}, where {t] is an integer and 0 < {t} < 1, then
CHR") = {f|f € CYYR"),||fllce < o0}, where

De — D f(q
ller = Wl + 3 sup IEEL2L= 22001

lal=(1) *#Y

3. Let Q CR" be a C®-domain. Ift >0, then C*() denotes the restric-
tion of C*(R") to .

Theorem 2.6 (Triebel [20], pag. 328) Let 2 C R™ be an arbitrary do-
main, l <p<oo,t>0 ands>t+1;;. Then

H2(Q) C CH).
We also have the following trace theorem.

Theorem 2.7 (Triebel [20], pag. 330) Let  C R" be a bounded C-
domain 1 < p < co and % <s<1l+ :-,. Then the map ~,

7(.[) = flaﬂa

is a continuous linear map from H3(Q) onto LV"’F"’(OQ) C L?(09), such
that there exists a continuous linear map 4, with vy o4 = I, the identity

operator from W"”i'p(aﬂ) onto itself,

Now, let us define our spaces taking into account the boundary condition
B. To do this, we first define the admissible boundary conditions, the so

called “Normal System” of boundary conditions.



Definition 2.5 Let  C R™ be a bounded C* domain. Further let

B;f(z) = Y. bialz)Df, b;a(z) € C*(09),

lalgm,

j=1,--+,k, be differential operators on dQ. Then {B;}%., is said to be a

normal system if
0<m<my< v <My

and if for any normal vector vz with respect to I and the point z € 9Q it

holds that
Z bia(z)v #0, 5= 1,k

lal=m;

Definition 2.6 Let Q C R* be a bounded C* domain. Further, let {BJ-};F=1
be a normal system. Fors >0 and 1 <p < oo, we have

1. Ifs— % < my, then
Hy 3,() = HJ(©)

2. If for some l, my < s — % < myyq, then

H s () ={fl]€ 13(Q), B;floa = 0, for j <1}

Remark 2.2 In our case, that is in (1), we have that k = 1, my = 1,
Biu = Bu = gr% The definition takes into account the boundary condition

a . . .
B;f = 0, as long as it makes sense, that is, as long as the m; derivatives
have trace.

2.2 Interpolation Theory and Domains

Now we summarize some results in interpolation theory applied to the
Lebesgue Spaces defined above, and relate them to the domain of definition
of fractional powers of positive operators.

Let X; C Xo be a continuous dense injection of Banach Spaces, § = {z €
C:0 < Re(z) €1}, and S° denote the interior of S. Let H(Xo, X1) denote
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all continuous bounded functions F': § — X, which are holomorphic in SO,
and such that the following norm is finite:

Il = max sup 1FG+ il

where j = 0 or 1;,—00 <y < coj and || - ||; is the norm in X;. For 0 <0 < 1,
the interpolation space Xy is defined by

Xo = [Xo, Xa)o = {F(0): Fin H(Xo, X1)},

with norm ||fllo = inf{||F|| : F(0) = f}.
The following facts can be proved (see Tricbel [20]):

1. X is densely and continuously injected in X, and Xj in Xo.
2. (Iteration Property) If 0; < 0 < 0, then
[Xo, X1]o = [Xo,, Xo,]s,
where 0 = 0, + s(0; — 0,).

3. (Interpolation Property) Let Y; C Y be a continuous dense injection of
Banach spaces, and let A : Xy — 1§ be a linear map such that |Az|lo <
Collzllo and [|Az[l, < Cillz{l;. Then ||Az|ls < Collz|lo, Co = CI~°CY.

Remark 2.3 We can also define Xy if Xo C Xy, simply by selting
X@ = [‘\’01 4\,119 = [A’la 4\’0](1-0)-

With this we have the following Duality Property.

Theorem 2.8 (Triebel [20], pag. 72) If one of the two spaces X or X,
is reflexive, then

(Xo, 11 = [X0, X!]s, 0 <0< 1.

Now we state some interpolation formulas for the Lebesgue spaces.
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Theorem 2.9 (Triebel [20], pag. 185) Let —oo < 50,81 < 00,1 <
po,pr < 00, and 0 <0 < 1. Then

[Hye(R™), I} (R™)]g = HO(R™),

where
1 1-0 0
s=(1-=0)sp+0s and - = -,
P Po n

Theorem 2.10 (Triebel [20], pag. 317) Let @ C R" be a C* bounded
domain. Let 0 < s, 81 < 00,1 < po,p1 < 00, and 0 <0 < 1.Then

[H22 (), H ()]o = (),

P

where

1-0 0
+ —.
Po g

1
s=(1—"0)so+0s1, and I_’ =

Theorem 2.11 (Triebel [20], pag. 321) Let @ C R" be a bounded C-
domain. Further let {B;}%_, be a normal system of boundary conditions. Let
m be a natural number such that m > my, 1 <p< oo, and0 <0 < 1.

1. If there does not exist a numbermy, j = 1,-++ k, such that mO—% = m;,
then
[LP(Q)’ Ile{ij)(Q)]o = IIgTB,)(Q)

2. Let m; = ml — %. Extending the coefficients byo(z) and their first
derivatives continuously to Q, then

(LP(Q), I (o = {11 € 1T (), B € TF ().

Now we can state a result that connects these interpolation spaces with
the domain of fractional powers of positive operators.

Theorem 2.12 (Tricbel [20], pag. 103) Let A be a positive operator. It
is supposed that there ezist two positive numbers € and C such that A" is a
bounded operator for —e <t < ¢ and ||A"]| L C. If a and f are two complex
numbers, 0 < Rea < Ref < o0 and 0 < 0 < 1, then

[D(AY), D(AP)]g = D(A*U1-01+68y,
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2.3 Negative Fractional Power Spaces

Now we want to define the fractional power spaces related to the operator
defined in (1), including negative powers. Let us mention that if we work in
L2, these negative fractional powers can be easily defined using duality and
Founer transforms (see for example, Rodriguez-Bernal [18]), but in L? things
get a little more delicate.

Let us start by defining the operator. Consider A = diag(Ay,--- yAn) in

LP(f); V), the operator defined by

D(A;) = I} 5(9)

u=—Div(a;Vu)+ > b;(z)(%i + A
i

j=1

D Lot A" = diag(Aiy--, Ay)

(the dual operator) be the operator in L¥'(€;€V), where i + # =1, defined
by

where B is the boundary vperator Bu =

A = =Div(a;Vv) — div(vB;) + Av,

where C is the boundary operator Cv = HOL +uvB ..
We have that (see Triebel [20], pag. 401):

o A’is an isomorphism from 1% ,(€;CV) onto LP'(Q;CV);
P ,{C}

¢ Denote by A” the dual operator of A’. Then A” is an isomorphism from
LP(Q; c) onto (112 108y cMy),

o A" = A in ]I {B}(Q C )
With this, let us define the operator A_; in (H? ey (€ M) by
D(A_1) = (LA (2 ¢™))

Ayu = A"u, for all u € LP(Q; ).
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Therefore, we have the following diagram

ey —A (B2 g@ich))

A] ]A_,

ety —A o (1 @i c))

Since A_; = A”0 Ao (A")~! in a dense subspace of (H2 (U V)Y (for
example Cg°), and they are closed operators, we have that A_; = A” 0 Ao
(A")=1. From this the following result follows easily.

Proposition 2.1 A_; is a sectorial operator, with p(A) = p(A-1). More-
over, given 0 > 0, if we define

4 0
/\31 = D(A—l)
then A_; is also a sectorial operator in X2, which we denote by Aq_y.

Proof:
From the diagram above, and the fact that A” is an isomorphism, we
have the following identity

(Aoy = pl)™t = (A"(A = pI)(A") ™) (4)

thus it is clear that p(A) = p(A=1) = p(As-1).
To finish the proof, we have just to observe that, if u € X4, then

I(Aoer = pD)tullxe, = 1AL, (Ao —nI)tuflx_,
(Ap—y = p) " AL || x_,

1(Acy = n1)= A%l x_y = JA"(A = pI)= (AT AL ufx_,
A(A = nI)Mleeix o ll(A7) 7 ALyl e

A" ceeo ) 1(A = D) oA"Yl eex o AL yullx
CIMNA = 1) o AL ullx_, < ZERA% ullx,

A pma
iy -

il

IANINIA G

v
We want to use Theorem 2.12 to determine the space X7, to this end
we need the following lemima.
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Lemma 2.1 There ezist two positive numbers € and C such that
1A% < ¢, Jorall —e<t<e, (5)
Proof: Let u € X.;, then
142ulix_, < CI(A") " A 0 = [A™(A") s
But from Seeley [19] we have that A satisfies the property (5). Thus
1421llx_, < CIA" M|z = Cllulx.
n
Applying Proposition 2.1 and Theorems 2 12,2.8 and 2.11, we have that,
for 20 # 1+,

X = (A%,)

1l

(113, ey (% €)Y, (L7 (Q;,€M) )
[H3, ey (€M), L' (Q;.€M)]; = (112020(0; €M) ) "

If we define X? = D(A?), then we have the following result,

Theorem 2.13 [f0 <0< 1, then

r041 __ v
X0 = X0 IP(B)
Proof:

Let us first show that X2, = X1,
X2,

{ue X_p:A2ue X))

{ve XAl o Ajue X_,)

{ve Xoy:Ajue Lr(;eV)}

{ue LP(CN): Au e Lr(9;cV)})

{ue LP(Q;¢N): Au e LP(;¢V)) = D(A) = X1,

Thus, we can write
D(4%) = [D(A°), D(A")]o = [D(AL,), D(A2 )]s = D(AL?).
To finish the proof, we have to observe that

D(A%) = [LP(9; c™), Hy 5y (Q€M)g = HZ 5y (€M),

Il

Il

4



Notation 2.1 Having this result in mind we will define, forall0 <5 <1,

se-s5 __ Vi-s
X~ =X

3 Hypotheses

In this Section we fix the hypotheses to be used throughout this paper.

(Hl) f = (flv"'va) € CI(RNvRN) andg ! (gh : 1gN) € Cz(RN RN) are

such that, there ezists £ = (€9, &%) such that, for all £ = (&,
there are constants ¢ = ¢}(£°) and df = d}(¢°) wzth

Lo <@V <|sil <&
%L?SJ?VE?<|3-'|<&'

Moreover, if f, g satisfy (3), and given the cigenvalue problem

dv; :
~Div(aVy;) + Z B;(z )('); + Av; — covy = i, in Q,
i=1 i

BE: dov; on 0

we will assume the following,

1§N)

(7)

(H2) & and d? are such that the first eigenvalue (1) of the problem (8) is

positive.

Remark 3.1 This condition is satisfied if one of the following conditions

hold

1.
lim infjyj—co z;u <&
liminfjy—co ‘s‘ <d

(9)

where ¢, d? are such that the first eigenvalue of the problem (8) is

positive.
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si(fi(s)) <0
sigi(s) <0, (10)

si ¢ [, &), 1<Si<N.

Remark 3.2 From the results of Protter & Weinberger [16], [17] and Krein
& Rutman [12], we have that the first eigenvalue of (8) is always real. Here,
we mean first, in the sense that all the others have greater real part.

Remark 3.3 To avoid notational complications we will treat only the case
N =1, but it will be clear from the proofs that the results remain true in
higher dimensions and the same arguments apply if we assume (H1).

Remark 3.4 (H1) is the dissipation condition on the equation. Note that
we allow either cg or dy to be positive. In other words, we allow either f or
g to be a source of heat.

Remark 3.5 (H2) is a precise formulation of the “competition” between f
and g that we mentioned in the Introduction. Notice that we cannot have
both co and dy positive. Moreover this condition states that our problem
“behaves” as an intermediate case between the Dirichlet case (dy = co0) and
the Newmann case (do = 0).

4 Local Existence

It follows from Proposition 2.1 and the results of Henry [10] that A_p
generates an analytic semigroup in X~# for 0 < # < 1 which satisfies, for
suitable A and for —-f<a<1 -4

Je=-stue] ., < Mefuollxe, ¢ 0
()

“e—A—B‘uO“xa < A[c_"t—(aw)“”O“X—ﬁ, t>0.

for some ¢ > 0,M > 0. In particular, if B; =0,j =1,---,n, A can be any
positive number.
We want to choose ¢, § and p in such a way that

16



1. Xec C(Q)
9. X1-6 — }]3(1-13)(9), in other words X!=# does not incorporate the
boundary condition;

3. a+ <.
So we will take p, a and f satisfying

1 1 1
— 1-f<l-o=5+5-. 12
2p<a< 4 2 2p (12

Notice that
¢ 1. follows from Theorem 2.13 and Theorem 2.6;

e 2. follows from Definition 2.6, Proposition 2.1 and Theorem 2.5.

Remark 4.1 It is easy to check that (12) can be realized if p is big enough
(for instance p = n is enough).

One can easily check the following result.
Corollary 4.1 If a, 8 and p satisfy (12), then
X* = H*() and X~ = (H}} f(2)".

Since we are going to use the linear operator a with homogeneous bound-
ary conditions to define the abstract problem, we need to introduce the non-
linear boundary conditions in the equation,

Notation 4.1 Consider the map g,: X* — X P defined by

(), 8) 1= [_2{ol)(@), for all 6 € (),

an

where v denotes the trace operator.
Similarly, we define fq: X* — X~? by

(fa(u) /fu )¢, fora11¢611w( ).
We will also denote by h := fq + g,.
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It is easy to show that fp and g, are well defined. The following lemma
is necessary to establish local existence for the abstract equation.

Lemma 4.1 If (H1) holds then h is Lipschitz continuous in bounded sets of
Xe.

Proof:
Let u,v € V C X, where V is bounded. Then we have that,

g+ () = gy (V) x-» = sup [{g+(x0) = g+(v), 9},
¢ € HF(Q)
”¢”u:,ﬁ(n) =1

and

o) = ga0) A < [ rto() = g(o))2(6)]

Iv(g(u) = g()| ooyl 7 ()] Lo 0y
Kfly(u - U)||Lv(n)”‘7(¢)”u’(30)
K'llu ~ v“z\""ud’"n:}’(n)

ININIA A

Similarly we prove that f, is Lipschitz.

With this, we can state the following

Theorem 4.1 Suppose that (1) holds and that «,  and p satisfy (12).
Then the abstract parabolic problem

du
N + A_pu = h(u)

(13)
u(0) = up € X

has an unique solution for any uy € X<, which is given by the variation of
constants formula

:
T(t)uo = e=4-oty, +/ e—"“"("’)h(T(s)uo)(ls. (14)
0

Moreover, if the mazimal interval of erxistence of the solution T(t)uo s
[0, tmaz| then either tmaz = +00 or || T(t)ug||xa — 00 as t = tmaz-
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Proof:

The result follows from Henry’s result [10], since from Lemma 4.1 A :

X* — X-P is Lipschitz continuous in bounded sets of X*.
a

Remark 4.2 Now that we have local existence for (13) and since all func-
tions and coefficients in the equation are real, we can take the real part of the
solution, and we still have a solution.

5 Regularity Result

In this section, we want to show that the solution given by Theorem 4.1
is in C?+¢(Q)), for some ¢ > 0, for any t > 0.

Theorem 5.1 Suppose that (H1) holds and that @, B and p satisfy (12). Let
up € X and let u be the solution of (13). Then, there exists € > 0 such that
u(t,+) € C*¢(Q), for all t > 0. Moreover, u(l,+) is a classical solution of
(1), for any t > 0.

d
Proof: Applying the results of Henry [10], we know that, for t > 0 u, (_ilti €

, 1 1, . . ,
X7, for all ‘)l < v < = + —. Therefore, using the characterization of X7,

2 2
we have that u, ((ii—ltl € 11;(9), for all ;—l <s<l+ % Thus using Theorem 2.6
)

we obtain that %1; € C(Q) for all § < ;. Furthermore u € I1}(Q) = W ()

and thus, using the regularity of f and g; f(u) — ((11_1; € L7(),9(u) € W, ().

So, by the trace theorom (2.7), y(g(u)) € Wl']F"’((')Q).
If we fix u and consider the elliptic problem,

~Div(aVv) + > Bj(:c)c%u- + Av = f(u) - %‘-,

= ; d

i=l ! (15)

1(787% = g(u), on 0Jf.
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we can apply elliptic regularity results (see Lions and Magenes [14]), to con-
clude that v € WP(Q) = H2(Q).

Now, we want to show that v = u. From the Green’s Formula, if follows
that for all w € H? and ¢ € HZ .(Q)

L@~ [u@agiers=- [ 226000

an On

+ /an(v(w))(y) [%(y) + B(y) - 7?(y)} dy

Il

Joo =B N) + (1) )5y

I

| =(Bu)) () (w)dy.

(16)
Applying (16) to v and having in mind that (from (15))
(40)(x) = S () - %2,
(Bv)(y) = (v(g(u)))(y),
forall z € @ and y € 90 it follows that v satisfies
du ,
/Q [f(u)(x) - E] $(z)dz ~ / v(z)(A'p)(z)dx )

- 1 y)dy.
= [ ~(la@) @)@

Therefore, since HZ () is dense in H;f’(ﬂ),
it follows that v satisfics, in X4, the equation

d
Agv = ~Z2 4 fo(u) + g, ().

But u is the unique solution of (13),sou=ve ). d thus
Applying Theorem 2.6 once more we get that u € C'*4() (‘mr !

u € C*(99)). Now applying regularity and existence theorems for2gr180)_ (see

LadyZenskaja and Ural’ceva (13, pag.128) we conclude that u € C***(Q).
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Moreover, since u = v satisfies (15), u is a classical solution of (1).
a

6 Boundedness of the Semigroup

In this section we prove that solutions of (1) with initial data in X,
are globally defined and orbits of bounded subsets of X, under the flow
determined by (1), are also bounded in X<.

To accomplish this goal, we use comparison results. We start by defining
the concepts of sub- and supcr-solutions.

Definition 6.1 Let ug € W2*t¢%(Q), T'> 0 and @ :  C R* — R (u respec-
tively) a function which is continuous in [0,T] x ), continuously differentiable
in t and twice continuously differentiable in z for (t,z) € (0,7]x Q. Then @
(u respectively) is a super-solution (sub-solution) of the problem

n

uy = Div(aVu) — ; B;(zx T, = Au+ f(u), in 9,
AL mgu),  on 00 (18)
u(0) = uq.
if it satisfies
@ 2 Div(aVa) - Th, Bi(2)§E — M+ f(@),  in (0,T]xQ,
aan% >g(@), on (0,T]x 00 (19)
i(0) > uo.

and respectively with the > sign replaced by the < sign).
g I g

A basic result for our arguments is the following
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Theorem 6.1 (Pao [15))

If f is locally Lipschitz and @ and u are respectively a super- and sub-
solution of the problem (18), satisfying

<@, inQx(0,T),

then, there ezists a solution u of (18) such that

-~

tSusd, inQx(0,7).

Let ¢ be the first positive normalized eigenfunction of (8) and m =
melg ©(z). We know that m > 0. For each 0 € Ry, define

Ty = {u € X% [u(x)] < 0p(z), forall z € Q} .

From the dissipative hypothesis (H1) on f and ¢, we know that there
exists £ € R, such that

1) ¢ gy anad 49 ¢
S S

for all s with |s] > £.

Lemma 6.1 If O0m > ¢ then $; is a positively invariant set for the local
solution of (1).

Proof:

Let
Tj={u€eX":u(z) < 0p(z), for all z € O}

2= {ue X*: w(z) > —0p(z), for all z € Q})

Since 5 = Tj N L2 it is enough to show that E§ and £3 are positively
invariant.
Let U € L}, and suppose, for contradiction, that there exists ty € [0, tmaz(
and z¢ € ) such that
T(lo)uo(xo) > Op(xy).

3%
13+



Consider #(t) = e#(*=*)0¢, where p is the eigenvalue associated with . We
have that

'a'g = Div(aVd) - Tjy Bi(2) L — Mo + e 2
Div(aV3) = T}, Bj(z) 5% — 3 + f(9)

Jv
Ong

for all t €]0, to).
Thus 7 is a super-solution for the problem (1). It follows from Theo-
rem 6.1 that

= dol—f 2> 9(5)1

T(t)uo < 5(t), in Q for all t € {0, ¢o[.

In particular, T'(to)uo(zo) < Op(xo) and we reach a contradiction.
To prove that £2 is positively invariant we proceed in a similar way, using
now that v = —o is a sub-solution for the problem (1).
=]

Lemma 6.2 IfV is a bounded subset of X* then | T(t)V is also a bounded

€0
subset of X*.

Proof:

Since the inclusion map 7 : X < C°(f) is continuous, there cxists § € R
such that V C ¥y. We can, of course assume that 0m > £. Lemma 6.1
implies that T'(t)ue € Ty, for all t € [0, ¢ ez sO

17 (t)uolleo < Oll]lco-

Applying the variation of constants formula, we obtain

3
IT(tuollxe < Me~uallxe + M [ (6= o)+ A(T(s)uo) | x-sds,

where M, e > 0 are constants depending only on the semigroup e-5* and a,
B and p satisfy (12).
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To compute the norm ||h(T'(s)uo)|l x-s, let ¢ € Hzf’(ﬂ). We have
(B(T(s)uo),6) = [ Ja(T(s)uo)d(@)dz + [ 2(a(T(s)uo)lr(6(x))da
< ||fﬂ(T(S)uO)”LP(G)||¢”Lp'(n) + ”‘Y(.‘J(T(s)uo))”LP(30)”’7(¢)||LP'(39)

< (||fn(T(3)"0)||LP(n) + K”’Y(H(T(S)uo))||Ln(an)) ||¢||,,::s,

where I is a bound for the continuous linear map ~ : H;F(Q) — LP'(09).
Thus,

ITOullxe < e~ Yrllxa + M [ (Kl (s o)) o
(T (5)0) | Log@y) (t — s)(eFBlemelt=2) g

< MeYuollxe + 3 [ [KI(o(T(s)uo)lo o0}

H fa(T(s)t0) ool 7] (2 = 5)~ (D e=clt=2) g

< Me*lugllxe + M L sup  |g(r)]]00}

T1<0]elloo

+ sup |f<r)nﬂl’5]/o (= s)letee=ngg,

[r1<0llello

for allt € [0,maz[. Therefore, [|T(t)uol|xo is bounded by a constant depend-
ing only on V. In particular, {4, = co.

7 Existence of Global Attractors

The first step to show the existence of global attractors will be to show a
“contraction property” of the sets T, similar to the property for rectangles,
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considered by Carvalho [4]. It is interesting to notice that we cannot use
rectangles here since they are not invariant (unless f and g are both negative).
In fact if f is positive at some point zo € {2 and a constant function ug is
chosen as an initial condition at time 2o then 2%(uo,t0,z0) > 0, so T(t)uo
grows at the point o for some time. A similar argument can be used for a
point on 98 if g > 0. We show in Fig 1 the result of a simulation (for N=1)
taking co > 0 and do < 0.

T T T T n

Initial Condition ¢
2.5 F After 50 iterations in time + -

After 700 iterations in time O

After 999 iterations in time X

$ 3 083 8 & o ¢ s o+ o
2F o ¢ o o : g o 8 [y e p

. +
. +
. +
+
1.5F N
<
E) npag 0 0 0 o g
g ® ° ° 9 o g

a © ° o
1} B x X X x X X X X x x T g

x x X x

x %
0.5 F h
o L i L 1

[ 0.2 0.4 0.6 0.8 1

Figure 1: Simulation for N =1, and with initial condition ug = 2. We also
used ¢o > 0 and do < 0 (defined in (H1)).

Lemma 7.1 Suppose 0 € R satisfy Om > £. Then, for any 0 there exists a {
such that

T()Ss C T,

forallt >t
Proof:

Let v € £g. We can suppose without loss of generality that ¢ > 0. Let
7 = e*0p, v = —b. As in Lemma 6.1, we can prove that & and v are super-
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and sub-solutions respectively. Thus, using Theorem 6.1 and the uniqueness
of solution, we have that
v <T(u <9,

as long as €40 > 0.
So, T'(t)u enters L eventually. Since Zj is positively invariant, the result
follows.
o

Theorem 7.1 The problem (1) has a global attractor A in X, Furthermore
ACEy if0m > ¢&.

Proof:

Since, by Lemma 6.2, T'(t) takes bounded sets of X into bounded sets
of X« for any t > 0, and the semigroup regularizes the solutions, only point
dissipativeness remains to be proved (see Hale [9]).

Let § € R be such that dm > £. If u is any element of X, it follows from
the continuity of the imbedding X* — C°(Q) that u € £, for some 0 and
then, applying Lemma 7.1, we conclude that T'(t)u € £;, for t big enough.
Let v = T'(to)u € .

Applying the variation of constants formula, as in Lemma 6.2, we obtain

IT@ollxs & Me=<lollxe + M [ [Klin(o(T(s)o))llcl02?

+ [ fa(T(sY0)lol27] (¢ = 5)~(e+Demel=0gs,

where M and K are independent of v.
Observing that T'(s)v € X3, for any s > 0, we conclude that, for ¢ suffi-
ciently large,

IT(to + Oullxe = ITE)vllxe < M+
M| sup lg(nloRF + sup ISR [T (= s)ere s,
[rI<8lelloo I71<0kell 0

for t large.



Thus, the set in X* bounded by the right-hand side above, attracts points.
This proves point dissipativeness. Furthermore, since A C o, for some 0, it
follows from Lemma 7.1, taking t large, that

A=T(t)ACZ;, if0>¢

s0
ACL;= ﬂ 5,

5m>£

which proves the second part of the thesis.
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