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Abstract

The aim of this article is to analyze multiple repairable systems data under the presence of dependent competing risks. It is known
that the dependence effect in this scenario influences the estimates of the model parameters. Hence, under the assumption that
the cause-specific intensities follow a power law process (PLP), we propose a frailty-induced dependence approach to incorporate
the dependence among the cause-specific recurrent processes. Moreover, the misspecification of the frailty distribution may lead
to errors when estimating the parameters of interest. Because of this, we considered a nonparametric approach to model the
frailty density using a Dirichlet process mixture prior, which offers more flexibility to provide consistent estimates for the PLP
model, as well as insights about heterogeneity among the systems. We proposed an orthogonal parametrization for the PLP model
parameters that allowed us to specify a joint prior distribution for the parameters that returned closed-form estimators for the
posterior mean. Additionally, a hybrid MCMC sampler algorithm composed by Hamiltonian Monte Carlo and Gibbs sampling was
built for computing the posterior estimates with respect to the frailty distribution. A simulation study was conducted to evaluate
the efficiency of our estimates. This method was used to analyze a real dataset. Algorithms, code, and data are provided in

supplementary material available online.
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1. Introduction

Studying recurrent event data is important in many areas such
as engineering, social and political sciences and in the public
health setting. For example, in the engineering, failure of a me-
chanical or electrical component may occur more than once;
the recurrence of bugs over time in a software system that is
under development. In particular, in reliability analysis, inter-
est is usually centered on failure data from complex repairable
systems. Monitoring the status of a repairable system leads to
a recurrent events framework, where events correspond to fail-
ures of a system.

The primary challenge when modeling repairable systems
data is how to account for the effect of a repair action performed
immediately after a failure. The most explored assumptions are
either minimal repair and perfect repair. In the former, it is sup-
posed that the repair action, after a failure, returns the system
to the exact condition it was immediately before it failed and is
enough to make the system operational again. In the latter, the
repair action leaves the system as if it were new.

The failure history of a repairable system, under a minimal
repair strategy, is usually modeled according to a nonhomoge-
neous Poisson process (NHPP). In the repairable system liter-
ature, one of the most important and well-known parametric
forms for the NHPP model is the power law process (PLP).
We emphasize an alternative specification of the PLP, which is

obtained by using a simple operational definition of its param-
eters, making them orthogonal to each other. The model we
discuss here is based on such reparametrization because it re-
sults in mathematical and computational simplifications for our
research.

Recently, in the statistical and engineering literature, there
has been increasing interest in examining failure data of sys-
tems that are subject to multiple recurrent causes of failures.
This setting may be expressed as a series system where compo-
nents are connected in series, in such a way that the failure of
a single component results in system failure. The same setting
may be expressed in an alternative way by a repairable system
in which components can perform different operations, and thus
be subject to different types of failures. Traditionally, mod-
els with this characteristic are known as competing risks. In
complex systems, such as supercomputers, aircraft generators,
industrial plants, jet engines, and cars, the presence of multi-
ple types (or causes) of failure is common. From an economic
perspective, such systems are commonly repaired rather than
replacing the system with a new one after failure.

Of particular concern is dealing with multicomponent sys-
tems when there is stochastic dependency among components.
It means that the condition of a component influences or in-
duces the failure of other components and vice-versa. We can
call this case dependent competing risks. It is important to point
out that neglecting existing dependence can lead to estimation
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errors and bad predictions of system behavior. A number of au-
thors have considered the effects of dependence and several ap-
proaches have been discussed in the literature [1; 2; 3; 4; 5; 6].

In this paper we propose a model for multiple identical re-
pairable systems under the action of dependent competing risks,
using non-parametric frailty that takes into account a flexible
class of distributions. The reasoning of our approach is to ap-
ply a Bayesian nonparametric prior, i.e. the Dirichlet process
mixture (DPM), to describing uncertainty in the distribution of
frailty and also due to their flexibility in modeling unknown
distributions, in order to avoid making incorrect specifications.
Although this model has infinite parameters, due to the infinite
mixture model, it is a flexible mixture, parsimonious, and sim-
ple to sample. We chose the stick-breaking representation of
the Dirichlet process prior [7], because of a simple implemen-
tation to build the algorithm. To obtain the posterior distribu-
tion, we created a hybrid MCMC algorithm [8], using the Gibbs
sampler [9] and the Hamiltonian Monte Carlo (HMC) method
[10]. It is important to point out that, no studies have been
found which explore the use of DPM for frailty density in the
context of multiple repairable systems under the action of de-
pendent competing risks. Regarding PLP parameters, we pro-
pose a class of noninformative priors whose resulting posterior
distributions are proper and we obtained closed-form Bayesian
estimators. It is also worth mentioning that one of the moti-
vating arguments of the article is in the context of manufactur-
ing and industrial processes, specifically, where improvement
in the reliability of a repairable system is an important factor
in developmental testing programs whose inferential methodol-
ogy of reliability growth curves plays a key role in the iterative
process of testing, identifying failures, analyzing their causes,
finding solutions, improving design, and implementing them in
the prototypes being tested, see for instance, [11; 12], and the
references therein.

The remaining part of the paper proceed as follows: In Sec-
tion 2, fundamental groundwork in terms of repairable sys-
tems, dependent competing risks and shared frailty model is
presented. The Bayesian analysis is developed in Section 3,
with a discussion on the choice of priors distributions for the
proposed model and the computation of posterior distributions.
In Section 4, an extensive simulation study is described in order
to evaluate the efficiency of the proposed Bayesian estimators,
and Section 5 uses them to analyze a real data set that comprises
the failure history for a fleet of cars under warranty. Section 6
concludes the paper with final remarks.

2. Background

In this section, we present a theoretical background in or-
der to provide groundwork for the development of the proposed
model. Hereafter, random variables are denoted by capital let-
ters (e.g. Z;, Nj,), while their realizations are denoted by the
lowercase (e.g., zj, 1jq).

2.1. Multiple repairable systems

Here, we present a brief overview to analyze data from mul-
tiple repairable systems. We highlight just two important as-

sumptions in this context. The first is to assume that all sys-
tems are identical or different. The second is to assume that
all systems have the same truncation time 7 or, otherwise, have
different truncations at 7;. However, for the sake of simplicity
and brevity of exposition, we assumed the observation lengths,
7, for each system to be equal. Moreover, in this paper, we as-
sume all systems to be identical, i.e., the systems are specified
as m independent realizations of the same process, with inten-
sity function A.

If the multivariate counting processes Ni(?), ..., N, (t) are all
observed at the same time 7, the NHPP resulting from the su-
perposition of NHPPs is given by N(1) = 3., N;(7) and has an
intensity function given by A(f) = mA(?); e.g., overlapping real-
izations of a PLP. Therefore, inferences in models proposed for
this framework can be made through the following likelihood
function

L) = [H j A(tji)] exp [— Z ‘fOT /l(s)ds].
1 j=1

j=1 i=

The m systems are considered to be identical, and therefore
have the same intensity function and thus we would have a ran-
dom sample of systems. On the other hand, this assumption
may not be true. That is, in many real-world reliability appli-
cations there may be some heterogeneity between “apparently
identical” repairable systems. In this case, it is necessary to pro-
pose a statistical model capable of capturing this heterogeneity
(see [13]). [14; 15] discuss frailty models for modeling and an-
alyzing repairable systems data with unobserved heterogeneity.

2.2. Recurrent Competing Risks Model for a Single Repairable
System

To achieve understanding, we start this section by assuming
a single competing risks system with K components under ob-
servation during the interval (0, T'] (time-truncated case), alter-
natively, a repairable system in which components can perform
different operations, and thus be subject to K different types of
failures.

At each failure, the cause of failure (or failure mode) is
denoted by o6(t;)) = 6; = g for ¢ = 1,2,...,K. If n fail-
ures have been observed in (0, 7], then we observe the data
(t1,01),...,(ty,0,), where 0 < 1} < --- < t, < T are the system
failure times and the ¢;s represent the g-th associated failure
cause with i-th failure time for i = 1,...,n. Let N(T) = n
be the number of observed failures in (0, 7]. Suppose a pro-
cess {N(#);t > 0} having independent increments and starting
at N(0) = 0 is defined to be a Poisson process with intensity
function A(¢) if, for any 7, the random variate N(¢) follows a
Poisson distribution with mean A(f) = fot A(w)du = E[N(2)].
In this case, {N(z);t > 0} is the so-called NHPP. Now, one can
introduce a counting process {N,(¢);¢ > 0} whose behavior is
associated with the cause-specific intensity function

P = ¢.N(t+ A1l = N() = IN(9).0 < s < 1)
-0 At ’

Hence, the cumulative number of failures of the system, N(r) =
25:1 N,(1), is a superposition of NHPPs and its intensity is

Aty = T, 2,(0).

A0 = li



Under minimal repair, the failure history of a repairable sys-
tem is modeled as an NHPP. We give special attention to func-
tional form for the cause-specific intensity according to the PLP.
In particular, the PLP provides a flexible parametric form for
the intensity of the process given by

Bq ( 4 )'Bql
A =—— s 1
o) v\ (D

witht > 0, ¢, > 0,8, > O and for g = 1, ..., K. The model is
quite flexible because it can accommodate both decay (8, < 1)
and growth (8, > 1) in reliability. The corresponding mean
function considering time-truncated scenario is

T
T q
Ay(T) = E[N/(T)] = f Ag(s)ds = (—) . 2)
0 Yq
If we reparametrize (1) in terms of 8, and a,, where the latter
is given by
T q
o, =(—] . 3
! (wq)

one obtain the following advantageous likelihood function

LN 1 i) X
1_[ [,Bqaqtf" T ﬁ"] exp Z oy
=1 g=1 g=1 (4)

K K
o< [ 7 Balng + 1ng /B | [ w@glng +1,1),
gq=1 g=1

L(t, ) =

i

where n = 25:1 ng; ng = N 16 = q); 0 = (B, @) with
B=Bi....0x) and @ = (@1,...,ax)i By = ng/ X2, log(T/1;)
and y(xla,b) = b x* e T (a)(x,a,b > 0) is the probabil-
ity density function of the gamma distribution with shape and
scale parameters a and b, respectively. It is important to point
out that 8, and «, are orthogonal parameters. For the advan-
tages of having orthogonal parameters, see [16].

2.3. Multiple Repairable Systems Subject to Multiple Causes of
Failure

We now turn to the framework for multiple repairable sys-
tems and highlight the used notations in the multivariate count-
ing process context. Consider a sample of m identical systems
in which each system is under the action of K different types
of recurrent causes of failure. Let N, () = Z:’z’l I(6;; = q) be
the cumulative number of type ¢ failures occurring over the in-
terval [0, 7] for the j-th system (j = 1,...,m; g = 1,...,K
and i = 1,2,...,n;) where {N;,(#),t > 0} is a counting pro-
cess. Note that N (1) = Zf;:l N, (?) represents the cumula-
tive number of failures of system j taking into account all fail-
ures arising from all components from the j-th system. Let
Ny () = Z’}il N, (t) denote the number of failures of cause
q for all systems. We consider that each system is under ob-
servation for all types of events over the same period of time,
ie., [0,T]. Thus,lett;, i =1,2,...,n; be the observed failure
times for system j, satisfying 0 < #;; < tp < -+ <, <T.

Besides, denote that 6; = g is the failure mode (or compo-
nent) that caused the system failure. Hence, the observed data
is Dj = {(tji,('iji = q),l = 1,2,...,nj;q =1,...,K}. The com-
plete data is given by D = (D, ..., D,,). The dataset should be
structured as Table 5 in Appendix B.

As mentioned earlier, our focus is mainly on the component
level failure process conforms to a PLP, therefore the cause-
specific intensity function that governs the counting process
Noy(T), taking into to account a orthogonal parametrization in
terms of a;, and 3, is defined as

A4(8,8) = Bya ' THe, g =1,... K, )

t[_
Ji

where a is the mean function given by

T
g = E[Noy(T)| = A/(T) = fo A,(s)ds. (6)

2.4. Frailty-induced dependence approach

This section provides a brief review of the shared frailty
model. In addition, we will extend the model (1) presented
in the previous section to deal with multiple repairable systems
under competing risks in which their cause-specific intensities
are subject to a latent (unobserved) random variable, Z;, for
Jj =1,...,m, that is supposed to act multiplicatively on the re-
ferred intensities. For more details on general frailty theory, see
[17]; additional results on frailty in the counting process context
are given in [18].

In the reliability field, the frailty model is commonly used to
model heterogeneous repairable systems [19; 20; 21]. We start
to formulate the shared frailty model using a counting process
framework and we focus on understanding intensity processes
dependent on a frailty term. Suppose that m clusters (or sys-
tems) are under observation, where each cluster is composed
by K units (or components). The intensity function of the j-
th cluster (j = 1,...,m) of a shared frailty model is that of
the Cox model multiplied by a frailty term Z; (multiplicative
random effect model). More specifically, for each individual
counting process, Nj,(f), their intensity function conditionally
on the frailty Z;, is given by

Aj(t,61Z)) = Z;A), @)

where A(?) is the basic intensity function and j = 1,2,...,m.
The intensity function (7) describes the recurrent failure pro-
cess on the j-th cluster and the intensity associated to the g-th
component from the j-th cluster is defined as

qu(t,(? | Z]) = Zj/lq(t), (8)

where A,(?) is the basic intensity function from the g-th com-
ponent and ¢ = 1,2,...,K. Note that intensities (7) and (8)
follow the relation A(¥) = Z§=1 A4(1) [18]. Henceforth, we will
omit the subscript j from 4, in (8) since we are assuming that
the systems are identical, so 1,(¢,6 | Z;) = Zj/l;](t). Note also
that /l;](t) is referred to as the (basic) intensity function for type
q events (e.g., PLP). Let Z = (Z}, ..., Z,) denote the multivari-
ate random effect, which we assume arises from density f(-),



where each Z; is independent and identically distributed (iid).
These are typically parametrized so that both E(Z) = 1 and
Var(Z) = n are finite, for j = 1,2,...,m. It is worth pointing
out that the Z;s are assumed to be stochastically independent of
the failure process /1;1(’) [18; 1].

2.4.1. The shared frailty model for the power law process

Following the previous section, we specify the model (8) in
terms of (5) in order to present the likelihood function with a
special form. To achieve this purpose, suppose a minimal re-
pair is undertaken at each failure, thus the NHPP is the model
of choice. Specifically, the failures from each component fol-
low an NHPP, with PLP intensity function given in (5). Fur-
thermore, let us consider that a realization z; ~ fz acts on all
the cause-specific intensities (8) belonging to the j-th system.
Thus, conditioning on the frailty term, the model is expressed
as

1
A1, 81Z)) = Zgagty” TP ©)

and the mean function is given by
A(TIZ)) = Zjer. (10)

Following the arguments of [14; 15], our analysis relies on
the constraint Z = % Z;f’:l Z; = 1, for the sake of identifiability
and interpretability. Based on this, we can now construct the
likelihood function with the following clear advantage.

2.4.2. Likelihood function

To simplify notation in this section we will drop the subscript
e and refer to n;, and n,, as n; and n,, respectively. The like-
lihood contribution from the j-th system based on (9) is given
by

nj

L;6.2,\D) = l—H_[M (1,612, )]H“ﬂ-‘”} exp[ ZA (T12))|,

i=1 g=1
(11)
where I(6; = ¢) represents an indicator function, § =
B,a) with B = (B4,...,B8x), @ = (aj,...,akx) and D =
(D1, Ds, ..., D) represents the complete data fori = 1,...,n;;
j=1,...,mand g = 1,...,K. Thus, the overall likelihood
function is represented by

L6,Z | D) = [_[L(ozm)

jq

=c ﬁ Z;'j ﬁ Ja n/qﬁqT njgBy l_l ( qu):i exp|—

j=1 i=1

m K
. |
oc l_[Z;l’ ny(ﬂq | ng + 1,048, )y(ay | ng+1,m),
Jj=1 g=1

(12)
= ZT:] Njgs H:l—ml(')

where n; = Zf | Rjgs Mg () = H?il(.)ﬂ(dfq);
c = ;{1:1 H:’ml l‘ﬂl and y(xla, b) = baxa_le_bx/r(a)(x, a,b > 0)
is the probability density function of the gamma distribution

with shape and scale parameters a and b, respectively. In addi-

tion,
m_ Njg

Ba=ngl D 0T /1), (13)
j=1 i=1
is the MLE for ,,.

As indicated previously, the overall likelihood function (12)
may be factored as a product of three quantities, and it is given
by,

L6,Z | D) = Li(Z | D)L,(B | D)L3(a | D), (14)

where Li(Z | D) = ] Z"’ LB | D) = H’;zly(ﬂq | ng +

1,nq/§q") and Ls(a | D) = H’;:1 y(a, | n, + 1,m) and it will be
used later in our posterior analysis.

3. Bayesian analysis

This section, in turn, is divided into two parts. In the first,
we present the choice of the prior distributions for 8, and «,
(g = 1,...,K) in the PLP model. In this case, we consider a
similar approach according to the study of Bar-Lev et al. [22].
In the second, we discuss a Bayesian nonparametric approach
to model the uncertainty about the distribution of shared frailty.
As we will see in this section, we can carry out an individual
posterior analysis of the quantities of interest due to the or-
thogonality among «, and §, and the assumption that Z;s are
stochastically independent of the failure processes As.

3.1. Prior specification for a and 3

Selecting an adequate prior distribution using formal rules
has been widely discussed in the literature [23]. In the re-
pairable systems context, Bar-Lev et al. [22] considered the
following class of prior for the PLP model

m(a,p) « o' B, (15)

where £ > 0 is a known hyperparameter. Following these au-
thors, we apply their main results in the setting of repairable
systems under competing risks using the particular parametric
formulation of PLP (9). Thus, we propose the prior distribution
for the referred context as follows:

K
n(a,p) o« | [ag'B" (16)
g=1

This class of prior distributions includes the invariant Jef-
freys’ prior when { = 1. Moreover, it reduces to (15) when
g = 1. Further, we will discuss the chosen value for £, and
necessary conditions for the obtained posterior to be proper.

Note that, due to (14) and the assumption that Z;s are stochas-
tically independent of the failure processes A,s, the joint poste-
rior distribution of (16) is proper. Note also that, the marginal
distributions 7(8 | D) and n(e | D) are proper since they are
independent, as follows:

k
(8| D) = ]—[ (Ba I ng + 1= C.ngB;") 17
b



and

k
n(a | D) = [ [ v(ay | ng,m). (18)
g=1

Since m(a | D) is the product of independent gamma distri-
butions, then the marginal joint distribution (e | D) is proper.
Using the same idea, n(8 | D) is the product of indepen-
dent gamma distributions if n, > ¢ and, therefore, is a proper
marginal posterior distribution.

This work adopts the quadratic loss function, hence the
Bayes estimator is the posterior mean which has optimality un-
der Kullback-Leibler divergence. It is worth pointing out that,
in this section, the notation adopted for posterior mean will be
&g”y” and ﬁgay”. Therefore,

ayes n
@, =E(a, | D)=~
(ng+1-20) .
E—1 (19)

q

ABayes
10 = E(B, D) =
Besides the good properties mentioned above, we have that

A~ Bayes] _
E[aq ] = a, and

+1-0),

E[ gayes] _ ]E[(nqn—qﬁq} =B, if (=2

Therefore, assuming that / = 2 we have that both &(l]?ay % and

B2 are unbiased estimators for @, and B,. It is worth men-
tioning that from (20) we observe that the MLE for 3, given in
(13) is biased, while the Bayes estimators are unbiased in terms
of the posterior mean.

3.2. Bayesian nonparametric approach for frailty distribution

This work presents the frailty distribution as an unknown dis-
tribution, therefore we will apply the Bayesian nonparametric
methodology. Traditionally, the key idea of the Bayesian non-
parametric approach is to obtain inference on an unknown dis-
tribution function using process priors on the spaces of densi-
ties. According to a definition provided by Sethuraman [7], the
nonparametric Bayesian model involves infinitely many param-
eters. To better understand the technical definition of Bayesian
nonparametric models in a broad way, please see [24], [25], for
example. There are many methods that specify more flexible
density such as finite mixtures, DP, DPM, and mixture of Polya
trees. Here, we considered DPM for logarithm of the frailty
W = log(Z), represented by

Wi,....W,, ~ F
F ~ D(c,Fop), 2D

where D is the DP prior with base distribution Fy; c is the con-
centration parameter and W = (Wy,...,W,,)". ¢ can also be
interpreted as a precision parameter that indicates how close
the F distribution is to the base distribution F [26].

Using the stick-breaking representation discussed in Sethu-
raman [7], a DPM of Gaussian distribution can be represented
as infinite mixtures of Gaussian, which is an extension of the

finite mixture model. Therefore, a density function of W can be
represented by

forW) = fuW 1@ = 3 oNw L7, (22)
=1

where N(- | p,7™") denotes a normal density function with
parameters (u, 1, Q = {p,u, T} is the infinite-dimensional
parameter vector describing the mixture distribution for W;
p = {pi}2, represents the vector of weights, u = {y;};°, is the
vector of means and T = {7;}}?, is the vector of precision, for
I =1,2,.... Note that the density function of Z can be calcu-
lated as follows:

D= fAZ1Q) = Y piLNGI T, (23)
=1

where LN(- | u, 7~") denotes log-normal density functions with
parameters ¢ and 7~ 1. Therefore, Z can be represented as the in-
finite mixture log-normal. Note that the base distributions of Z
and W are a log-normal and a normal distribution, respectively.

Prior specification for Q
As shown before, Q represents a collection of all unknown
parameters in (22) and (23). Based on this, we specified a prior
distribution for € as follows. Firstly, we specify a prior for p.
Using the stick-breaking representation for prior distribution
of p, denoted by n(p), parameter vector p is reparameterized as
follows:

PL = Vi,

-1
l—[(l—vo)v/, Vo=2,3,..., (24)

o=1

pr =
where the prior distribution of the vector v = {v;};?, is indepen-
dent and identically distributed with beta distribution denoted
by

v~ 8B(,c), (25)
and the hyper-prior distribution of c is
n(c) ~ G(aco, beo), (26)

where G(-, -) represents the gamma distribution [26]. Besides,
we chose a normal-gamma distribution as the prior of (u;, 7;) ~
NG(myg, sy, dopo, dy), for I = 1,2,..., due to the fact that this
prior is conjugate to the normal distribution, where

w71~ N(mo, (so)™1),
7 ~ G(do, dopo) .

Thus, joint prior density of € can be expressed as

n(Q) = n(c)n(p)r(u, 7). 227)

For our Bayesian estimation scheme, the joint posterior dis-
tribution of Z and all the unknown parameters in  are reached
by joining all the prior information (23), (27) and the likelihood
function (14), as follows:

m(Z,Q | D) < Li(ZID) fz(Z | Q)m(L2). (28)



However, it is easy to see that (28) does not have a closed
form. Besides, the marginal posterior of Z is intractable and it
is therefore necessary to use MCMC algorithms, as we will see
next. Recalling that one of our primary goals is to estimate Z;s,
thus, the Bayes estimator of Z is given by

L ,)
ABayev Z (29)
i=1

where Z(* is the i-th iteration and L is the total number of itera-
tions of the MCMC chain. For the sake of space, see Appendix
A for the relevant derivations of our novel computational strat-
egy for the hybrid MCMC algorithm, as well as the supplemen-
tary material.

4. Simulation study

In this section, a simulation study is performed to evalu-
ate the efficiency of the Bayesian estimators via the Monte
Carlo method. To make our presentation easier, we consider
two causes of failure with distinct parameters for each cause
0 = (81, 1,02, az). The proposed simulation design is consis-
tent with the following setup: (i) there are m = (10,50, 100)
systems, each observed on the fixed time interval from (0, 20];
(i1) the failure process for each component follows a power-
law NHPPs with intensity (9); (iii) among the many possi-
ble parameter choices, we provide details for (8; = 1.2,a; =
5,8, = 07,a, = 13.33) and (B; = 0.75,a; = 9.46,5, =
1.25,a, = 12.69); and (iv) we generate each random obser-
vation z;, j = 1,...,m, iid with mean one and variance 7, ac-
cording to a gamma distribution. In addition, we consider a
set of values for variance of Z, n = (0.5, 1, 5), indicating low,
middle and high dependence degrees, respectively. For each
setup of parameters, we obtain the mean number of failures (5,
13.3), (9.5, 12.7), respectively. In the first simulated scenario,
the mean number of failures of one of the components is pre-
dominant over the other component. In the last scenario, the
mean number of failures of each component are almost equal
to each other. It is worth noting that the obtained results are
similar for other parameter combinations and can be extended
to more causes, i.e. p > 2. Using the fact that the causes are de-
pendent due to frailty term Z; and also using the known results
from the literature about NHPPs, in each Monte Carlo replica-
tion the failure times and indicators of the cause of failure were
generated as shown in the following algorithm.

1: Generate iid z; ~ y(n,1/n) for j = 1,2,...,m, with mean

one and variance 7.

2: For each cause of failure, generate random numbers 7
and njp, j = 1,...,m, both from a Poisson distribution
with mean z;a,, for g = 1,2, respectively.

3: For the g-th cause of failure from j-th system, let the fail-
ure times be ;14,... s Linggs where t;;, = TUU’L;’" and
Ujigs--->Ujn,q are the order statistics of a size n; random
sample from the standard uniform distribution.

4: Finally, to obtain the data in the form (7;,;), let the f;s
be the set of ordered failure times and set §; equal to j
according to the corresponding cause of failure (i.e., set
0; = 1if t; = 1, for some & or ; = j depending on the
cause of failure).

Software R was used to implement this simulation study
[27]. We considered two criteria to evaluate the estimators’
behaviour: the Bias, given by Biasa = Zﬁl(éi,j — 6;)/M and
the MSE, given by MSE;, = 2%, (6, ; — 6))* /M, where M is the
number of estimates (i.e. the Monte Carlo size), where we take
M = 50,000 throughout the section, and 8 = (6y,...,6,) is the
vector of parameters. Additionally, we computed the CPogsq,.
Good estimators should have Bias, MSE close to zero and ad-
equate intervals should be short while showing C Pysq, close to
0.95. It is worth mentioning that the coverage probability of
confidence interval is a frequentist concept. In Bayesian in-
ference, the parameter always falls within the interval with the
given probability such as 95%. The Bias and MSE are widely
used to measure the performance evaluation.

The Bayes estimators for 8; and «; were obtained using inde-
pendent marginal posteriors according to gamma distributions
given in (17). Since the marginal posterior distributions for the
parameters ; and «; follow gamma distributions, we can ob-
tain closed-form expressions for the posterior means and obtain
the credibility intervals based on the 2.5% and 97.5% percentile
posteriors. Hence, no MCMC was needed to obtain the esti-
mates for these parameters. On the other hand, to obtain the
estimates of the Z;s, j = 1,...,m, we considered the HMC de-
scribed in Appendix A. For each simulated data set, 10, 000 it-
erations were performed using the MCMC methods. As a burn-
in, the first 5,000 initial values were discarded. The Geweke
criterion [28] was considered to check the convergence of the
obtained chains under a 95% confidence level. In addition, trace
and autocorrelation plots of the generated sampled values of
each Z; showed that they converged to the target distribution.
The remaining 5, 000 were used for posterior inference. Specif-
ically, these values were used to compute the posterior means
of Z;s. Table 1 presents the Bias, the MSE and coverage prob-
ability with a 95% confidence level of the Bayes estimates for
a1, s, B1,B2 and the variance of Z.

As shown in Tables 1 and 2, the biases of the Bayes estima-
tor are very close to zero for all the parameters, while both Bias
and MSE tend to zero as m increases. Hence, in terms of Bias
and MSE, the Bayes estimators provided accurate inferences for
the parameters of the PLP model. In terms of coverage proba-
bilities, we observed that using our Bayes estimators returned
accurate credibility intervals even for a small number of system
m. This result may be explained by the fact that our proposed
Bayes estimators do not depend on asymptotic results to ob-
tain the credibility intervals, which leads to accurate results for
small sample sizes.

5. Application to the warranty repair data

The dataset considered in this section comprises the recurrent
failure history of a fleet of identical automobiles obtained from



Table 1: The Bias, MSE, CP(95%) from the estimates considering different values for variance of Z and number of systems (/) with scenario 8=(1.2, 5, 0.7, 13.3).

n | Parameter | m ay ay Joit B n
10 | -0.0041 | 0.0083 | -0.0001 | 0.0007 | 0.0784
Bias 50 0.0011 | -0.0055 | -0.0001 | 0.0002 | 0.0276
100 | -0.0001 | 0.0074 | 0.0000 | -0.0001 | 0.0165
10 0.7035 | 1.1696 | 0.0729 | 0.0882 | 0.2709
0.5 MSE 50 0.3182 | 0.5093 | 0.0321 | 0.0390 | 0.1359
100 | 0.2230 | 0.3650 | 0.0225 | 0.0276 | 0.0957
10 0.9427 | 0.9443 | 0.9449 | 0.9501 | 0.8395
CP(95%) | 50 0.9483 | 0.9500 | 0.9459 | 0.9506 | 0.9366
100 | 0.9502 | 0.9496 | 0.9512 | 0.9488 | 0.9444
10 0.0084 | -0.0105 | 0.0003 | -0.0023 | 0.0307
Bias 50 0.0020 | -0.0007 | -0.0006 | 0.0001 | 0.0253
100 | 0.0010 | 0.0039 | 0.0000 | 0.0000 | 0.0158
10 0.6996 | 1.1449 | 0.0735 | 0.0879 | 0.5395
1 MSE 50 0.3120 | 0.5185 | 0.0316 | 0.0393 | 0.2891
100 | 0.2231 | 0.3690 | 0.0226 | 0.0275 | 0.2015
10 0.9444 | 09517 | 0.9432 | 0.9477 | 0.9423
CP(95%) | 50 0.9532 | 0.9488 | 0.9477 | 0.9477 | 0.9544
100 | 0.9477 | 0.9472 | 0.9489 | 0.9492 | 0.9478
10 0.0174 | -0.0120 | -0.0005 | 0.0009 | -0.1693
Bias 50 | -0.0017 | -0.0085 | -0.0009 | 0.0000 | 0.0453
100 | 0.0000 | 0.0005 | 0.0001 | -0.0004 | -0.0425
10 0.7156 | 1.1508 | 0.0723 | 0.0873 | 2.2234
5 MSE 50 0.3179 | 0.5141 | 0.0317 | 0.0390 | 2.1358
100 | 0.2239 | 0.3711 | 0.0223 | 0.0276 | 1.5038
10 0.9419 | 0.9508 | 0.9460 | 0.9483 | 0.9340
CP(95%) | 50 0.9476 | 0.9504 | 0.9500 | 0.9472 | 0.9473
100 | 09470 | 0.9462 | 0.9505 | 0.9476 | 0.9426

a warranty claim database presented in [1]. For the sake of
clarity, our graphics present only the cars that presented failures
in the observation period. Figure 1 shows the recurrence of
failures of the 172 cars according to the cause of failure and the
car mileage at each failure. The x-axis indicates the mileage. It
is worth noting that the process of data collection has truncated
time, where the observation period is 3000 miles for all cars.
Each car from the fleet is represented by a horizontal line, where
the cause of failure 1 is identified by the green circle, the cause
of failure 2 by the red triangle and the cause of failure 3 by the
blue square.

The main authors make only a table available (omitted here)
containing the mileage to repeated failures of 172 vehicles, as
well as the associated cause of failure. There were 76 failures
related to the cause of failure 1, 87 related to the cause of failure
2 and 111 related to the cause of failure 3. They also pointed
out that there were 267 cars that did not fail during the observa-
tion period. However, following the correct methodology, we
consider 439 automobiles in our analysis.

In order to check the fit of the PLP model, the Duane plot is
initially considered. Duane [29] popularized the standard ap-
plication of such an approach by examining the time data be-
tween failures of various industrial systems, in which he ob-
served that the cumulative rate of empirical failure normally
produced a linear relationship with the accumulated operating
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Figure 1: Recurrences of three causes of failure for 172 cars from warranty
claims data. The green circle represents the cause of failure 1, the red triangle
represents the cause of failure 2 and the blue square represents the cause of
failure 3.

time when plotted on a log-log scale. Under the competitive
risk approach and following [1; 30], we assessed the fit of the
PLP for each cause of failure using the Duane plot. Figure 2
shows plots of logarithm of the number of failures N,(z) (for



Table 2: The Bias, MSE, CP(95%) from the estimates considering different values for variance of Z and number of systems (m) with scenario 8=(0.75, 9.5, 1.25,

12.7)
n | Parameter | m ay a; B Bo n
10 0.0215 | -0.0189 | 0.0004 | 0.0000 | 0.0745
Bias 50 0.0017 | -0.0003 | 0.0004 | -0.0004 | 0.0218
100 | 0.0025 | -0.0005 | 0.0003 | 0.0001 | 0.0155
10 0.9632 | 1.1248 | 0.0787 | 0.1120 | 0.2691
0.5 MSE 50 0.4341 | 0.4992 | 0.0347 | 0.0495 | 0.1312
100 | 0.3085 | 0.3569 | 0.0243 | 0.0350 | 0.0946
10 0.9498 | 0.9477 | 0.9467 | 0.9470 | 0.8346
CP(95%) | 50 0.9506 | 0.9516 | 0.9497 | 0.9508 | 0.9377
100 | 0.9471 | 0.9462 | 0.9509 | 0.9482 | 0.9417
10 | -0.0025 | -0.0013 | 0.0003 | 0.0003 | 0.0233
Bias 50 0.0005 | 0.0039 | -0.0004 | 0.0003 | 0.0155
100 | 0.0024 | -0.0013 | 0.0001 | -0.0003 | 0.0087
10 0.9678 | 1.1311 | 0.0780 | 0.1138 | 0.5279
1 MSE 50 0.4340 | 0.5065 | 0.0346 | 0.0497 | 0.2808
100 | 0.3087 | 0.3592 | 0.0246 | 0.0355 | 0.1987
10 0.9497 | 0.9503 | 0.9478 | 0.9471 | 0.9407
CP(95%) | 50 0.9495 | 0.9465 | 0.9477 | 0.9515 | 0.9510
100 | 0.9456 | 0.9470 | 0.9463 | 0.9482 | 0.9495
10 | -0.0148 | -0.0076 | -0.0008 | -0.0002 | -0.1558
Bias 50 | -0.0027 | -0.0039 | 0.0007 | -0.0001 | 0.0577
100 | 0.0040 | -0.0040 | -0.0003 | 0.0002 | -0.1141
10 0.9663 | 1.1197 | 0.0785 | 0.1119 | 2.2178
5 MSE 50 0.4366 | 0.5044 | 0.0348 | 0.0497 | 2.0724
100 | 0.3075 | 0.3592 | 0.0246 | 0.0347 | 1.4197
10 0.9517 | 0.9512 | 0.9493 | 0.9491 | 0.9354
CP(95%) | 50 0.9491 | 09471 | 0.9499 | 0.9522 | 0.9479
100 | 0.9489 | 0.9467 | 0.9497 | 0.9551 | 0.9485

q = 1,2,3) against the logarithm of the accumulated mileage
at failure. Since the three plots exhibit reasonable linearity, the
PLP model seems to be adequate.

In addition, to confirm the adequacy found in the visual in-
spection, we apply two statistical trend tests (goodness-of-fit
tests): Cramer-von Mises and Lewis-Robison. For a detailed
discussion of this point we refer the reader to [31], [32] and
[33]. Following the arguments of [33], the tests here assume
that the null hypothesis is a renewal process. Further, the tests
were implemented considering the time truncated case (the R
code for such tests can be found within the Supplementary Ma-
terial). Based on these assumptions, the Cramer-von Mises
statistic for the cause of failure 1 was 2.841, and the Lewis-
Robison statistic was -5.246 both with p < 0.0001, so both
lead to rejection of the null hypothesis. Cause of failure 2, the
Cramer-von Mises statistic was 2.301, and the Lewis-Robison
statistic was -4.706, both with p < 0.0001, then the null hypoth-
esis in both tests is rejected. Finally, for the cause of failure 3,
the Cramer-von Mises statistic was 0.623 giving p = 0.0196,
and the Lewis-Robison statistic was -2.49 with p = 0.01279,
again we have the same conclusions as to the previous ones.
Therefore, we assume that PLPs govern the failure processes of
all causes.

Based on this, we consider our proposed approach to fit the

data. As presented in Section 3, we assume the prior distri-
bution (16) for parameters a, and g, (¢ = 1,2, 3) and, conse-
quently, the marginal posterior distributions (17). On the ba-
sis of the latter consideration, the posterior mean estimates are
computed in closed-form and the CIs are obtained directly from
the gamma distribution. The results of the analysis are pre-
sented in Table 3, which show Bayes estimates along with the
corresponding SDs and CIs. According to these data, the es-
timates of the shape parameters (,[31, ,32, ,[33) are smaller than 1;
see Table 3. This clearly indicates improvement in reliability.

Table 3: Parameter estimates for warranty claim dataset

Parameter Bayes SD CI (95%)
Bi 0.300 0.035 [0.236;0.372]
B2 0.409 0.044 [0.327;0.500]
B3 0.698 0.067 [0.574;0.835]
a 0.173 0.020 [0.136;0.214]
173 0.198 0.021 [0.159;0.242]
a3 0.253 0.024 [0.208 ; 0.302]
Var(Z) 1.755 0.438 [1.050;2.777]
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Figure 2: The plot shows a fairly linear pattern for the three causes of failure indicating the fit according to the PLP model: cause 1 (blue circles); cause 2 (red

circles) and cause 3 (black circles)

The hybrid MCMC sampler algorithm presented in Section 6
was used to obtain a sample from the joint posterior distribution
related to the frailty distribution. The initial values to start the
sample of the chains for the DPM were random. For the MCMC
chain, we considered 10,000 iterations initially, where the first
5,000 were discarded as burn-in samples and the last 5,000 iter-
ations were used to compute the posterior estimates of Var(Z)
(at the bottom of the Table 3) and the individual values of Z;s,
as presented in Figure 3. The convergence was monitored for
the Geweke test assuming a 95% confidence level (see Figure 6
in Appendix A). For completeness, we also present MCMC di-
agnostic plots, such as traces and autocorrelations for the HMC
algorithm; see Appendix B.

It is worth pointing out that higher values of Var(Z) signify
greater heterogeneity among systems and more dependence be-
tween the times of the causes of failure for the same system.
Therefore, as Table 3 shows, the posterior mean of Var(Z) pro-
vides evidence of a meaningful dependence between the times
of the causes of failure within a system.

5.1. Insights on the unobserved heterogeneity

As shown in Table 3, the estimate of Var(Z) shows that there
is strong posterior evidence of a meaningful degree of hetero-
geneity in the population of systems. Table 4 (Appendix B)
shows the estimated posterior means and the corresponding
standard deviations of the Z;s.

Figure 3 shows the individual frailty estimates (posterior
means) of Z;, j = 1,...,172. As mentioned earlier, each Z; acts
in a multiplicative way in the specific-cause intensities. Thus it
follows that values of Z; equal to or very close to 1 (red line)
do not significantly affect such intensities. On the other hand,
values larger than 1 indicate increased intensity. It is apparent
that some cars have values of Z; greater than 2. These cars are
probably subject to environmental stress variations or other un-
observed issues, which make them more vulnerable than those
with Z; values closer to or less than 1.

Figure 4 indicates that the estimated frailties are overall
larger for cars that had a failure early than those who had a
failure later. We also note that a system with a large value of Z;
experienced more failures than a system with a smaller value of
Z; (see Figure 5).
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Figure 3: The individual frailty estimates, Z;’s. The red line highlights value 1
in the y-axis.
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Figure 4: Estimated frailty versus mileage observed at failure for each car in
automobile warranty data. The red line highlights value 1 in the y-axis. The
reasoning is that cars that are more frail failed earlier than ones that are less
frail.

These outcomes indicate that neglecting these effects can re-
sult in an underestimation of the parameters. Overall, the mul-
tiplicative shared frailty model is appropriate for modeling this
effect accurately.
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Figure 5: Scatterplot of individual estimates Z; against cumulative number of
failures by car. Note that systems with a large value of Z; experienced more
failures than a system with a smaller value of Z;.

6. Conclusions

In this work, we proposed a new approach to analyzing multi-
ple repairable systems data under the action of dependent com-
peting risks. We have shown how to model the frailty-induced
dependence nonparametrically using a DPM which does not
make restrictive assumptions about the density of the frailty
variable. Regarding PLP parameters, we propose a class of
noninformative priors whose resulting posterior distributions
are proper and we obtain closed-form Bayesian estimators. Al-
though some research has been carried out on nonparametric
frailty in the reliability field [14; 15], to the best of our knowl-
edge, the proposed approach is the first for this competing risks
setup.

The main focus of this work was to analyzing multiple re-
pairable systems data under the action of dependent compet-
ing risks. An orthogonal parametrization for the cause-specific
intensity PLP parameters was presented, which allowed us to
consider a generalized version of [22] prior distribution for the
parameters of the model. We provide estimates for the PLP
model taking into account the dependence effect among com-
ponent failures of the system. Such a dependence effect influ-
ences the statistical inferences of the model parameters, thus
the misspecification of the frailty distribution may lead to er-
rors when estimating the quantities of interest. We considered
a Bayesian nonparametric prior to describing the frailty distri-
bution due to its flexibility in modeling unknown distributions.
Also, we proposed a hybrid MCMC algorithm that comprises a
mixture of the Gibbs sampler and the HMC method, thus gen-
erating a chain with little dependence. Although some research
has been carried out on nonparametric frailty in the reliability
field [14; 15], to the best of our knowledge, the proposed ap-
proach is the first for this competing risks setup. Our proposed
approach to these problems is fully Bayesian and is advanta-
geous because we can perform an individual posterior analysis
of the quantities of interest, i.e., we estimate the interest pa-
rameters of the PLP (our main focus) separately from nuisance
parameter of frailty distribution (variance).

A simulation study was conducted to confirm our theoreti-
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cal results, as well as to measure if the variability of the frailty
distributions was correctly computed. This study returned ex-
cellent results that confirmed that our Bayes estimators are ro-
bust in terms of Bias, MSE and coverage probabilities. we can
obtain more precise parameter estimations by considering the
high flexibility due to nonparametric Bayesian prior density for
Z. It also enables us to obtain insights into the heterogeneity be-
tween the systems by individually estimating Z;s, as presented
in Section 5.1. The proposed approach was implemented in sta-
tistical software that can be easily used to obtain the estimates
and to conduct the analysis.

There are many possible extensions of our current work,
more flexible modeling can be further proposed by extending
our approach to model the intensity function of failures of the
NHPP nonparametrically since that the PLP intensity cannot
capture non-monotonic behaviors. This extension would make
the model more robust and flexible. In this case, we would have
a fully nonparametric approach. Here, our proposed study fo-
cus on a reparable system under minimal repair, on the other
hand, a similar study can also be further adapted under other
types of repair such as perfect or imperfect [34; 35]. Identify-
ing the significant covariates which affect the failure process is
also of the main interesting and this approach should also be
investigated in the presence of covariates.

Finally, our method can be further extended for other models
with additional complexity such as a hierarchical structure [36].
Our approach should be investigated further in these contexts.

SUPPLEMENTARY MATERIAL

The zip file NPB.zip contains the C++ codes (NPB25.cpp
and rgig.cpp) for hybrid MCMC algorithm; It also contains the
warranty data (cdcars.csv) used in our analysis (Section 5) and
the R codes (appdataset.R) for generating the results of the re-
ferred analysis, as well as for the trend tests for adequacy of
PLPs (gof.R).
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Appendix A - MCMC algorithm

This Appendix describes an MCMC algorithm to sample
from the posterior distribution of Z. Our algorithm is based
on Kalli et al. [8], and its main characteristic is to estimate in-
finite parameters by introducing latent variables. We introduce
a finite set of latent variables with uniform distribution with
parameters 0 and 1, denoted by U ~ Uniform[0, 1]. There-
fore, applying the variable U in (23) follows the joint density of
(Z,U)

fo@ul @ =3 ING Yl <p),  (30)

=1

where I(-) is an indicator function. Note that there is a finite
number of elements in p which are greater than u, denoted as
Ap(u) = {j : pj > u}. Therefore, the representation in (30) is
similar to

fruul @) =" LN w T,

leA,

€29}

so that, given U, the number of mixture components is finite for
Z.

In order to simplify the likelihood, we introduce a new dis-
crete latent variable Y which indicates the mixture component
that Z comes from

fruy@u Y =11 Q) = LNz |, 7, DI € Apw)).  (32)

Note that Pr(Y =1| Q) = p;, VI = 1,2,..., therefore the condi-
tional distribution of Z | U, Y = [ is log-normal with parameters
wand 7', so W U Y =1~ N(u,7;"). Hence, the complete
posterior distribution of Z, £ with the latent variables U and Y
is given by

n(Z,Q,U,Y | D) < Li(Z|D) fzuy(Z | Q,U,Y) fy(U)

(33)
X Pr(Y | Q)n(Q),

where U = {U j};":l and Y = { Yj}’j”=l are latent variables.



Hybrid MCMC - computational strategy

Using the latent variables presented above, we now construct
the following MCMC algorithm which is a combination of the
Gibbs sampler with the HMC method. For more details on the
HMC method, see Neal et al. [10]. We chose the HMC algo-
rithm because it generates samples with less dependence with a
high probability of acceptance between state if compared with
the Random Walk Metropolis-Hastings algorithm. The Gibbs
algorithm requires knowledge of complete conditional distribu-
tions in order to be able to sample from them. For further de-
tails, see [8] and [26]. The complete conditional distributions
are listed below.

1. Conditional Distribution of ¢

Escobar and West [26] shows that given Y, the parameter
is independent of all other parameters and the conditional
distribution of ¢ is given by

7(c|Y) « (¢ +m) G (c | aco, beo) B(e + 1, m)
(34)
x I(c > 0),

where y* = max(Y) and B(-, ) is the Beta function. Using
the definition of the Beta function we can create an aux-
iliary variable & with the joint distribution for which the
marginal distribution is (34) and is given by

(e, € 1Y) < (¢ +m)e” '€ (¢ | aco, beg)

\ - (35)
XEA=-E" Ne>0I0< &< D).

Hence, it follows that the conditional posteriors of £ and ¢
are given by
Ele,Y~B(c+1,m) (36)

and

c &Y ~ peG(ay, b)) + (1 - p)G(a3, bY), (37

where a] = ap +y*, a5 = aj + 1, b} = by — log(¢) and
pe = (ap +y* — 1)/(ap + 7" — 1 + m(bg — log(¢). Therefore,
¢ can be sampled using the auxiliary ¢ with equations (36)
and (37).

2. Conditional Distribution of v

Note that by equations (32) and (33), v depends on Y, U
and ¢, therefore the conditional distribution of v is

vi 1Y, U~
By +1,m+ T no+0) NM=1....0" (33
B(1,¢) Nl=y"+1,
V+2,...,

where n; is the number of observations in the /-th com-
ponent. It is worth noting that in order to sample p it is
enough to simulate v calculated by equation (24).

3. Conditional Distribution of U

The latent variable U depends only on p, and the condi-
tional distribution of U is

U;|p~ Uniform[0,p;]Vj=1,2,...,m. 39)
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4. Conditional Distribution of u and 7

The ¢ and 7 parameters of each component are indepen-
dent and adding the fact that the Normal-Gamma is conju-
gated from the Normal distribution, the conditional distri-
bution of g and 7 is given by

1Y ~ 4 NG sndipd) V=1, y
pe T NG(mo, so,dopo,do) VI=y"+ 1y +2,...,

somo + mw
ny =
So + 1y
8] =S50 +ny,
Son
_\2 () _\2
dipi =dopo+ ) (wj— W) + (mo — )2,
: So + 1y
Jyi=l
dl = d() +ny,
_ Wj
w = —.
nj

jv=t

. Conditional Distribution of Y

The latent variable Y is discrete, therefore using equations
(32) and (33) the conditional distribution of Y is

Pr(Y;=1]Q,W,U,D) oc N(w | u;, 7, DIl € Ay). (41)

. Conditional Distribution of Z

The conditional distribution of Z is given by

7(Z|Q,UY, D)o [ | LNG; | v, tyHLI(ZID), (42)
j=1

with restriction Z = 1. Different from the previous pa-
rameters and latent variable, we simulate them using the
HMC algorithm. However, the HMC algorithm requires
that the support random variable is unrestricted. There-
fore, we transform the variable Z to a variable with unre-
stricted support as explained below.

Let Z* be a random vector with m — 1 elements and unre-
stricted support. We define the following variables:

B; = logit”"(Z; —log(m - j)),
j-1

A = (1— A_if]BJ Vi=12,....m—-1,
j=1
m—1

A, = 1- Ay 43)

Jjo
j=1

where logit™! is an inverse function of logit. Note that
the functions of transformed variables are bijection, B; €
(0, 1) and sum(A) = 1. Naturally, we assume that Z = mA.
Therefore, the determinant of the Jacobian matrix is given

by,
m—1 j-1
| J@) |= ]—[[bj(l —bj)[l _ Zaj,]].

J=1 j=1
Therefore, the conditional distribution of Z* is given by
r(Z' | QU,Y,D) | Jz') | LNG; | py,,75)

44
x Li(Z|D). @9



Thus, we constructed a Hybrid MCMC algorithm that com-
bines Gibbs sampling with HMC sampling to sample Z and ;
see algorithm below.

: Initialize ¢©, Z*® and Y©.
: Calculate Z© of Equation (43) and W = log(Z©).
: Draw &9 from (¢ | ¢V, YD) of Equation (36).
: Draw ¢® from n(c | €9, YD) of Equation (37).
: Draw vgi) from (v, | Y&, ¢®) of Equation (38), VI
1,2,...,y%
: Calculate pgi) of Equation 24) VI =1,2,...,y".
7: Draw U;i) from m(U; | p?”) of Equation (39) V;
1,2,...,m.
8: Find the smallest /* such that 3\/_, p; > (1 — min(U”)) and
draw " from zi(v; | YOO, ¢y, Vi=y* + 1, 1%
9: Draw ,ugi) and Tgi) from m(u;, 7; | YDy of Equation (40)
Yi=1,2,...,I".
10: Draw Y ;i) from Pr(Y; | p@, 7, W=D UP, D) of Equation
4nvjj=1,2,...,m.
11: Draw Z*? from n(Z* | u®@,7?, U?, Y?) of Equation (44).
12: Calculate Z of Equation (43) and W = log(Z?).
13: Seti =i+ 1 and go to Step #3.

[ T R S R

=)

In this scheme, the HMC sampler is applied in Step #11. The
algorithm was developed in the C++ language using the Rcc-
pArmadilho library [37]. Its main advantages are processing
speed and interaction with the R program [27]. This code was
used both in the generation of posterior sampling and in the
simulation study presented in the following section.

Appendix B

In this appendix, we presented estimates of some Z;’s asso-
ciated to cars 1, 17, 26, 161, 165 and 169, according to Figure
3 (these are the estimates that presented the highest values). red
For completeness, we also present here the Geweke diagnostic
test for checking the convergence of the chains, as well as
MCMC diagnostic plots, such as trace and autocorrelations for
the HMC algorithm of some Z;s. In addition, we present the
data structure, Table 5.

Geweke Diagnostic
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Figure 6: Geweke diagnostic test - implemented using CODA package in R
software.

Table 4: Bayesian estimates of some Z;s with their SD.

Z;  Bayes SD

Z, 2469 1.711
VAT, 51 287
Z-26 8.269. 3.(;69
21.61 11.51§ 4.3;59
21-65 9.941. 4.(;38
21.69 6.615. 3.3;54

Trace plot of Z; Autocorrelations for Z4
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Figure 7: Markov chain and autocorrelation plots for the HMC algorithm - Z; .

Trace plot of Z;7 Autocorrelations for Z;7
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Figure 8: Markov chain and autocorrelation plots for the HMC algorithm - Z;7.
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Figure 9: Markov chain and autocorrelation plots for the HMC algorithm - Zy¢.
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12: Markov chain and autocorrelation

Autocorrelations for Zg4
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Table 5: Data structure - Observations for m systems with K competing risks.

System Competing Risks (6) Failure times (¢;) Number of failures (n;,)

1 hi, o, .oty m
1 2 i, 2, -5 g, 2
K 1,02, . tingg mk
1 Lnls tm2s -« 5 L,y Tl
m 2 It Im2s 5 Iy T2
K Bl tm2s -+ - 5 by "mk
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