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ABSTRACT. A famous result of Kostant [K] states that the univer­
sal enveloping algebra of a semisimple Lie algebra is a free module 
over its center. We generalize this result for the class of so-called 
special PBW algebras including the restricted Yangians and cur­
rent algebras associated with the general linear Lie algebra. This 
also generalizes the result of Geoffriau for Takiff algebras [Gl]. 
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1. INTRODUCTION 

Let R be an associative algebra over a field k and r be its commu­
tative subalgebra. In the representation theory of R one often studies 
Harish-Cha.ndra modules with respect to r, i.e. such R-modules V 
that admit a decomposition V = EBx Vx with x parametrizing the iso­
morphism classes of simpler-modules a.nd with Vx being a f-module 
with simple subquotients corresponding to X· One of the first prob­
lems in the study of Harish-Chandra modules is to determine when a 
given x can be lifted to an irreducible Harish-Chandra module V with 
Vx /:- 0. The most interesting case is when there exists such lifting for 
a.ny X· This is always true when Risa free module over r. For exam­
ple, consider the universal enveloping algebra U(g) of a semisimple Lie 
algebra g over an algebraically closed field of characteristic 0. Then 
a well-known result of Kostant [K] shows that U(g) is a free module 
over its center. Hence irreducible g-modules exist with an arbitrary 
central character. For the Yangian of the general linear Lie algebra 
gln, which is a deformation of the universal eneveloping algebra of the 
current algebra gin ®k[x], the freeness over the center ([KS]) was shown 
in [MNO]. The case of restricted Yangian of level p is more compli­
cated since it corresponds to the restricted current algebra of level p. 
Particular case (p = 2) was considered by Geoffriau ([Gl]) who showed 
that the universal enveloping algebra of a Takiff algebra is free over 
its center. Another example of such situation was considered in [01] 
where the problem of extension of a character of the Gelfand-Tsetlin 
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subalgebra of U(gln) to an irreducible gln-module was studied. In par­
ticular, it was shown that such extension always exists. Besides, it 
was shown in [02] that U(gln) is a free left (right) module over the 
Gelfand-Tsetlin subalgebra. 

The knowledge of the freeness of a given algebra over its certain 
subalgebra often allows to obtain other important results, e.g. to find 
the annihilators of Verma modules [Di]. Also in [02] the finiteness of 
the number of liftings to irreducible modules from a given character of 
the Gelfand-Tsetlin subalgebra was proved for U(gln)- In fact, there 
was introduced a technique which generalizes Kostant methods ([K], see 
also [Cl]) and which allows to study the universal enveloping algebras 
of Lie algebras as modules over its certain commutative subalgebras. 

In the present paper we develop a graded version of the techniques 
from [02] which can be applied to a more general class of algebras, 
so-called special PBW algebras. We prove that in order to establish 
their freeness over certain commutative subalgebra it is enough to show 
that the images of the genera.tors of this subalgebra. form a regular se­
quence in the associated polynomial algebra or equivalently that the 
corresponding variety is equidimensional. We apply our result to the 
restricted Yangians of any level p and to the universal enveloping al­
gebra of restricted current algebras of any level m, associated with the 
general linear Lie algebra, and show that these algebras are free as 
modules over their centers. 

The structure of the paper is the following. In Section 2 we collect 
necessary facts about regular . .sequences. In Section 3 we introduce 
our main class of special PBW algebras and study their basic proper­
ties. In Section 4 we establish the key result for special PBW algebras 
(Theorem 1) showing their freeness over certain commutative subalge­
bra generated by a sequence of elements that becomes regular in the 
associated graded algebra. This generalizes the Kostant theorem for 
semisimple Lie algebras. In Section 5 we apply our theory to the case 
of restricted Yangian of any level p for gln and show that it is free as 
a module over its center (Theorem 2). Finally, in Section 6 we con­
sider the restricted current algebras of any level m for gln and show 
that their universal enveloping algebras are free modules over the cen­
ter (Theorem 3). This generalizes the result of Geoffriau for Takiff 
algebras. 

Throughout the paper we fix an algebraically closed field k of char­
acteristic 0. For an associative and commutative algebra R we denote 
by Specm R the variety of all maximal ideals of R. If R is a polynomial 
algebra in n variables, then we identify Specm R and kn. 
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2. REGULAR SEQUENCES 

In this section we collect several facts about regular sequences in 
polynomial rings which will be needed later. Let A = k[X1 , ... , Xn] be 
a polynomial algebra. For an ideal/CA denote by V(l) C SpecmA a 
set of all zeroes of I, V(I) = {µ E SpecmAIJ C µ}. 

A sequence g1, ... , 9t E A is called regular (in A) if the class of g; 
in A/(g1, ... ,g;_i) is non-invertible and is not a zero divisor for any 
i = 1, ... , t. For standard properties of regular sequences we refer to 
[BH], [Ei]. Let g1, ••• , 9t E A be a regular sequence and let e1, •.. , et 
be a standard basis in the free module N. Then the following exact 
sequence is a part of the Koszul resolution: 

--- t?(N) ~ N ~A~ A/(g1, ... ,gt) --➔ o, 
where /\2 is the exterior square, o(e; /\ ej) = g;ej - g;e;, 77(>.1, ... , At)= 

t 

I:!=l Ai9i and 7r is the projection. In particular, if L fi9i = O, then 
i=l 

(!1, ... , ft) E L A(g;e; - gje;). 
U,i<i~t 

Proposition 1. ~BH]J 
(1) Let g 1 , •• • g1 be a regular sequence in A, L E GLt(A) and (hi, 

... ,ht)= L(g1 , .•• gt)- Then the sequence h1, ••• ,ht is regular. 
(2) A sequence gi, ... gt is regular in A if and only if the variety 

V(gi, ... , gt) is equidimensional of dimension n - t. 
(3) Any subsequence of a regular sequence is regular. 

The following result follows immediately from Proposition 1, (1). 

Lemma 2.1. The sequence X 1 , ••• ,Xr,G1,--•Gt with G1, ... ,Gt E 
A is regular in A if and only if the sequence 91, ... , 9t is regular in 
k[XrH, ... ,Xnl, where g;(XrH, ... ,Xn) = G;(O, ... ,O,XrH, • • • ,Xn)-

3. SPECIAL PBW ALGEBRAS 

In this section we consider the following class of associative PBW­
algebra.s. Let U be an associative algebra over k, endowed with an 
increasing filtration {U;};ez, U_1 = {O}, Uo = k, U;U; C U;+i· For 
u E U; \ U;_1 set deg u = i. Let U = gr U be the associated graded 

00 

algebra U = EB U;/U;-1. For u E U denote by u its image in U and 
i=O 

for a subset SC U denote S; =Sn U;, S = {sis ES} CU. Set 
Uc;> = U;/U;_ 1 and for any T c U denote T(i} = T n U(i)· 
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Recall that algebra U is called a PBW algebra if any element of U 
can be written uniquely as a linear combination of ordered monomials 
in some fixed generators of U. We will assume for the rest of the paper 
that U is a PBW algebra and that U is a polynomial algebra. Such 
PBW algebra will be called special. 

Note that the grading on U does not coincide in general with its 
standard grading as a polynomial algebra. In particular, if d1, ... dn 
are positive integers then A = A = k[Xi, ... , X,.], endowed with a 
grading deg X; = d;, is a special PBW algebra with respect to the 
corresponding filtration. When all d; = 1 we get a standard grading on 
A. As above A(i) will denote the i-th graded component of A and A; 
will denote the i-th member of the corresponding filtration. Note that 
due to the Poincare-Birkhoff-Witt theorem the universal enveloping 
algebra of any finite-dimensional Lie algebra is a special PBW algebra. 

Consider commuting elements 91, ... ,9t E U such that g1, ... ,9t is 
a regular sequence in U and let r C U be the polynomial algebra 
k[gi, .. . , 9t], 

Introduce the mapping (, )u: cP x Ut--tU, s.t. for u = (u1, ... , Ut), 
t 

v = (v1, ... , Vt) holds (u, v)u = I: u;vi, 
i=l 

Lemma 3.1. Let U be a special PBW algebra and let IC U be a left 
ideal generated by 91, ... , 9t. 

(1) Any f E I can be written in the form f = 1:;=1 fi9i for some 
fi EU, i = 1, ... ,t 3uch that deg/= max degfi9i· 

l<i<t 

(2) lj fig1 + ... + ft9t = c for some f; E rJ, ; E k, then c = 0 and 
(Ji, ... , ft) E L U(g;e; - g;e;). 

l:foi<j,t 

Proof. Choose a presentation f = fig1 + . . . + ft9t with the minim.al 
possible d = _max deg f;g;. We may assume that d = deg figi if and 

•=1 •... tt 
only if i = 1, ... , r. Denote f = (/1, ... , ft), g = (g1, ..• , g1), and for a 
vectors= (s1, ... , s,) EU' denotes the vector {s1, ... , sr, 0, ... , 0) E 
if. If d >deg/then from the condition (f,g)u = f follows (f,g)u = O. 
Since the sequence g1 , .•• , Yr is regular in U by Proposition 1, (3), then 

there exist Yi; EU, l ~ i < j ~ r such that f = L Yi;(g;e; - g;e1). 

l~i<j:for 

Consider k = L g;;(g,e; - g;e;) E U'. Then f = k, hence for 
l:foi<j,r 

h = (h1, ... , ht)= f-k holds degh; ~ deg/;for all i and deg hi <deg/. 
for i = 1, ... ,r. Note that (g;e; - g;e.,g)u = g;g; - g;g. = 0, hence 
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(k, g)u = 0. Then r 
t 

L h,g; = (h,g)u = (f - k,g)u = (f,g)u = L f;g; = f. 
i=l i=l 

Since _max deg h;g; < _max deg f;g; t_he obtained equality contradicts 
s=l, ... ,t a:l, ... ,t 

the minimality of d. This proves (1). 
The statement (2) follows immediately from the proof of statement 

( 1) and the fact that deg f; 2'.: 1 for all i. □ 

Corollary 1. Let A = k[Xi, ... , Xn], g1 , ••• ,9t E A be such that the 

sequence g1, •.• , 9t is regular in A= A. Then the sequence g1, ..• , 9t is 
regular in A. 

Proof. Suppose that for some i E {1, ... , n }, g; is a zero divisor in 
A/(91, ... ,g;-1)- Then there exists an element J EA, J ¢ (g1, ... ,g,_i) 
such that Jg; = E~-:,11 fkg,. for some J,. E A. Assume that J has the 
minimal possible degree. Then following Lemma 3.1, (1), deg Jg; = 
m~ deg J,.g,. . We may assume without loss of generality that Jg; = 

151<5,-1 

:E~=t f,.g,. for some 1 ~ r $ i - 1. Since the sequence 91 , ••• ,9t is 
regular then the sequence 91 , ••. , Yr is regular also. Therefore 7 = 
:E~=l h,.g,. for some h.,. E A. It follows that f' = J - E~=t h,.g.,. has a 
smaller degree than/ and that f'9, E (91 , .•• ,9,_1 ). This contradiction 

completes the proof. The case when the image of g, in A/ (91, ... , g;-1) 
is invertible is treated analogously. D 

Lemma 3.2. Let A = k[X1, . .. , Xnl, G = fo1, ... , 9t} be a regular 
sequence in A consisting of homogeneous polynomials, r = k[g1, ... , g,], 

µ E Specmf, µ; = g;(µ), i = l, ... ,t and let I,,. c A be the ideal 

generated by 91 - µ1, ... ,9t - µ1. 
t 

(1) I,, n Am = LAm-dj(g; - µ;), where d; = degg;, i = 1, ... , t. 
i=l 

(2) 91 - µ1, ... ,gt - µ 1 is a regular sequence in A. 
(3) 1,, is an ideal generated by g1, •.. , 9t and hence 1,, does not 

depend on µ E Specm r. In particular I,, =I= A. 
(4) The regular map PG : SpecmA--t Specmr = kt, induced by 

the inclusion iG : f c....+ A is an epimorphism and dimpc;1 (µ) = 
n - t for anyµ E Specmr. 

(5) There exists an open dense UG C Specm r such that for any 

µ E UG the ideal I,, is radical. 

Proof. Statement (1) follows from Lemma 3.1,(1) while the statement 
(2) follows from Corollary 1. Statement (3) follows immediately from 
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(1). Since the sequence g1 -µ 1, ... ,gt-µt is regular by (2) and Pc;1(µ) = 
V(g1 - µi, ... ,9t - µt) then Pc;1(µ) is equidimensional of dimension 
n - t. This implies (4). To prove (5) consider the Jacobian matrix J 

= J(X1 , ••• ,Xn) = (o(g;;/i)), 1 ~i ~ t, 1 ~ j ~ n. Denote by 

'J the ideal of A, generated by all (t x t)-minors of J and set Jµ, = 
Iµ,+ 'J. It is~nown (see for example Theorem 18.15, [Ei]) that ideal Iµ, 
is radical if and only if dim V(Jµ,) < n - t. Denote by fl the set of all 
µ's such that lµ, is not radical. Since J is the Jacobian matrix of the 
epimorphism PG then V('J) is a proper closed subset in SpecmA. Let 
p : V('J) ➔ Specm r is the restriction of PG on V('J). Obviously,µ E fl 
if and only if dimp-1(µ) = n-t. It follows immediately from the upper 
semicontinuity of dimp-1(µ) onµ that the set fl is constructible, i.e. 
the disjoint union of locally closed subsets. If n = Specm r then n 
contains an open dense in Specm r set B. Since dim B = t and for 
everyµ EB, dimp-1(µ) = n - t, applying top the theorem about the 
dimension of general layer ([Ei], 14.3), we obtain 

dim V('J') = dimB + dimp-1(µ) = t + (n - t) = n = dim A. 

But this contradicts the fact that V('J) is . a proper closed subset of 
A. We conclude that the closure IT /; Specm r, then we set UG = 
Specm r- 0. Thus for anyµ E UG the intersection of V{Iµ,) = pc;1(µ) 
with V('J) has dimension < n - t implying the radicality of Iµ,- □ 

We have the following useful properties of special PBW algebras. 

Proposition 2. Let U be a special PBW algebra and 9h .. . , g1 EU be 
mutually commuting elements such that 9v ... , g1 is a regular sequence 
in u, r = k[gl,•••,9t], µ E Specmr, µ; = g;(µ), i = 1, ... ,t, lµ, = 
U(g1 - µi) + ... +U(gi - µt)-

t 

(1) Iµ, n Um= L Um-d;(g; - µi), where di= deggj. 
i=l 

(2) Iµ, = (g1 , ••. , g1) and does not depend on µ E Specm r. 
(3) For anyµ E Specmr holds lµ, /; U. 
( 4) For any µ E Specm r there exists a simple left U-module M 

generated by m E M such that for every 'Y E r holds -ym = 
1'(µ)m. 

Proof. The proof of (1) coincides with the proof of (1) in Lemma 3.1. 
The implications (1) =?- (2) =?- (3) are obvious. To obtain from (3) 
the statement ( 4) we consider a maximal proper left ideal m in U, 
containing Iµ, and set M = U/m, m = 1 + m. 

D 
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4. AN ANALOGUE OF KOSTANT THEOREM FOR SPECIAL PBW 
ALGEBRAS 

!n this chapter we follow closely the notations flld techniques from 
[D1], 8.2.3 and [02]. Let A= k[X1, ... ,X,.]. We-say that h1 , ••• , h,. E 
A a.re linearly independent over an ideal I C A, provided h1 + I, ... , 
h1,; + I E A/ I are linearly independent over k. Lemmas 4.2 and 4.3 
below are analogous to [Di], 8.2.1, 8.2.2. 

We use below the following fact. 

Lemma 4.1. Let V be a finite-dimensional space, V' C V be its sub­
/JPace, Gr,.(V) be the Grassmanian of k-dimensional subspaces of V, 
\f': SpecmA--t Gr1,;(V) be a regular map and 

d = min dim V' n F(µ). 
µESpecmA 

Then the set U = {µ E Specm A I dim V' n F(µ) = d} is nonempty and 
open in Specm A. 

Proof. Let l = dim V'. Fix a basis in V which defines an open covering 
of Gr,.(V) by affine subsets U,1, ... ,,. ~ Ak(n-k), 1 :$ i1 < • · · < i,. ~ n, 
such that a.ny subspace WE Gr.1:(V)nUi1 , .•• ,,. is represented as the row 
space of a unique matrix of the form ([Ha], p.65) 

i1 •2 ;. 

Xn Xu 7 ~ 'o' 
x •• l X:n X22 0 1 0 X2,. , 

X,.1 X.1:2 0 0 1 Xm 

where the columns numbered by i1 , ••• , i,. form the unit k x k-matrix 
and all other entries are arbitrary. Denote Z = Im F. Consider the set 
E of all WE Grk(V) such that dim(W + V') ~ l + k - d. Then Eis 
an open set in Gr,.(V) since it is defined by the condition that there 
exists a non-zero k x k minor of the following ( k + l) x n- matrix 
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i1 i2 it 

Xu Xn ~ "o' 'cl' X1n 

Xu X22 0 1 0 X2n 

X1,:1 Xu 0 0 1 ' x,... 
Vu V12 V1i1 V1i2 Vti~ ' 'V1n 

V11 V12 V/i1 V1i2 Vii• Vin 

where the rows (v11 , ••• 7 v1,.), ••• , (vu, ... , V1n) form a basis of V1
• In 

particular, Zn :E is open in Z and hence U = J-1(Z n E) is open in 
SpecmA, where f: SpecmA-tZ is induced by F. The statement of 
lemma follows. D 

Lemma 4.2. Let G = {g1, .•. ,g,} be a regular sequence of homoge­
neous elements in A, r = k(gi, . .. , g,] and let h1, .. • , hi. E A be linearly 
independent over I = (91, •.. , 9t). Then 

(1) There aists an open dense set U1 C Specm r such that hi, ... , hi. 
are linearly independent over I,. for every µ E U1. 

(2) There exists an open dense U2 C Specm r such that the restric­
tions of hi, ... , hi. on V (I,.) are linearly independent over k for 
eachµ E U2. 

Proof. Let l = max; deg h;, Y = kh1 + ... +kh1,: c A,. Let V = Ai, 
µ E Specmr, µ; = g;(µ), i = I, ... ,t, I,.= (91 -µ1, ... , 9t -µ,) and 
r = dim/,. n A1. Note that by Lemma 3.2, (3), r dC>e!!, not depend on 
µ E Specmr. Define F: Specmr ➔ Gr,.(Ai) such that F(µ) = (I,.)1 
and set V' = Y. It follows from Lemma 3.2, (1) that Fis a regular 
map. Then by linear independency of hi, . .. h,. over J it follows that · 
d = min dim Y n ( J,.)1 = 0. Applying Lemma 4.1 we conclude that 

µESpecmr 

the set U1 consisting of µ's, such that dim Y n (J,.)1 = 0, is open dense 
in Specmf. Therefore statement (1) is proved. By Lemma 3.2,(5) 
there exists an open dence set UG C Specm r such that I" is radical for 
everyµ E UG, For such µ's the linear independence of h1, ••• 7 h,. over 
I,. is equivalent to the linear independence of the restrictions h1 lv,., ... , 
h1rlv,. as regular functions, where V,. = V(I,..). ThUB the statement (2) 
follows from (1) of this lemma. and Lemma 3.2, (5), if we set Ul = 
U1 n Ua. D 

Lemma 4.3. Let g1, •.• ,9t be a regular sequence of homogeneous el­
ements in A, r = k[gi, ... , g,], I be the ideal generated by 91, ... ,9t• 
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00 00 

Suppose I = L /(;) is a graded decomposition of I and H = L H(i) 

i=O i=O 
is a graded complement of I in A as a k-vector space. Then the map• 
ping tr: f ®t H-+ A defined by 1r('y ® h) = 1h,, Er, h EH is an 
isomorphism of r •modules. In particular, A is ':}ree module over r. 
Proof Note that H(o) = k and Im 1r is a f-submodule in A containing 
r and H. We prove by induction on i that A(,) = J(i) + ll(,) C Im1r. 
If/ E A(i) then f =Ji+ JH, h E J(i), fH EH(,) C Im1r. By Lemma 

t 

· 3.2, (1) we have that fr= Lh9i, where deg!;< i, j = 1, ... , t. 
i=l 

By induction, J; E Im 71' for all j a.nd hence fr E Im 1r, therefore f = 
fr+ f H E Im 1r. It is left to show that ,r is a monomorphism. Suppose 
h1, .•• , hk E H are linearly independent over k, hence h1 , ... , hk are 
linearly independent over I. Let for some 11, ... , -y,. E r holds ')'1h1 + 
... +,y,.h,. = 0. Consider the restriction of this equatlity on V,., µ E 
Specmr. By Lemma 4.2, (2) there exists an open dense set U2 C 
Specmr such that for eachµ E U2 the restrictions of functions h1lv,., 
... , h1,lv,. a.re linearly independent over k. Since 1,lv,. = 'Y,(µ), i = 
1, ... , k, we get that 11 Iv,. = ... = 11rlv,. = 0 for every µ E U2- This 
implies that 'Y1lp;;-1cu

2
) = ... = 1.1:IP;;1(u2 ) = 0. Since Pci1(U2) is dense in 

SpecmA we conclude that 11 = ... = 'Yk = 0. D 

We have the following analogue of Kosta.nt theorem ([Kl) for special 
PBW algebras. 

Theorem 1. Let Ube a special PBW algebra and let 91, •.. , 9t EU be 
.mutually commuting elements such that g11 ••• , Yt is a regular sequence 
in U, r = kfg1, ... ,g1]. Then U is a free left (right) f-module. 

Proof. We will prove the statement for U as a left module. Right 
module structure is treated analogously. We apply Lemma 4.3 for 
A = U a."nd the regular sequence g1 , •.• , 9t· Let 1 be a left ideal of U 

. 00 

generated by 91, ... ,9t, r = k[g1, ... ,9tl and H = L H. be, a. graded 
i=O 

complement to 1 in A. Then the map 7f : f ®t H --t A which sends 
00 

7®h ~;::;his an isomorphism of vector spaces. Let H = LH•, where 
j=() 

H1 C U1 is such that gr: U--t U induces a k-linear isomorphism H, 
onto 1/.. We show that 71" : r ®t H--t U which sends 'Y ® h i--+ 1h 
is an isomorphism of vector spaces. Since H0 = k and Uo = ·k then 
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- U0 C Im 1r. Let now / E U;. Then J E Ui and J = I:; 'f;h; for some 
"Yi E f and h; E H. Since / - E; -y;h; belongs to U-i-l and hence to 
Im 1r by induction on i, we conclude that / E Im 1r. This shows that 7r 

is epimorphism. Let now B = {h;,j E J} be a basis of H such that 
h;,j E J form a. basis in H. Suppose hi, ... , h1c E B are such that 

.I: 

L "Yih, = 0 for some 1; E r, 'Yi f- 0, i = .J., ... , k. We can assume 
i=l 
that deg h191 = ... = deg hr9r > deg h,g; for some r ~ k and any 

r 

i = r + 1, ... , k. Then L~}i; = 0. Since 7f is an isomorphism and 
j=l 

h1 , ••• hr a.re linearly independent, we conclude that 'f 1 = ... = 'fr = 0 
and hence ,1 = ... = 'Yr = 0 which is a. contradiction. □ 

5. APPLICATION TO RESTRICTED YANGIANS 

Let p be a positive integer. The level p Yangian Yp(gl,J for the Lie 
algebra gln ([Dl}, [CJ) can be defined as the associative algebra. with 
generators t};l, ... , t~>, i,j = 1, ... , n, subject to the relations 

(1) 

where u, v a.re formal variables and 
p 

(2) · T,;(u) = 5,; uP + L ti:> up-k E Yp(gl..)[u}. 
k=l 

These relations are equivalent ~o the following 

rnin(r,a) 

(3) [t\~) t(•)} = ~ (i{"_-l)t\r+•-a) - i(r_+•-11)t\11-l)) 
,, , Id L..., k1 ,/ kJ .r , 

where l?l = 5.,·,· and t!~) = 0 for r > p + 1 ., ., - . . 
The importance of the restricted Yangian of level pis motivated by 

the fact that any irreducible finite-dimensional representation of the 
full Yangian ([D1]) is a representation of the restricted Yangia.n for 
somep [D2}. 

Note that the level 1 Yangian Y 1 (gln) coincides with the universal 
enveloping algebra U(g~). Set deg t!Jl = k. This defines a filtration on 
Yp(g~). The following analogue of the Poincare-Birkhoff-Witt theo­
rem for the algebra Yp(gl,.) ([CJ,[M]), shows that Yp(gln) is a special 
PBW algebra. 
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Proposition 3. The associated graded algebra Y p(gln) = gr Y ,,(gln) is 

a polynomial algebra in variables~;), i,j = l, ... , n, k = l, ... ,p. 

Note that the grading on Y ,,(gln) induced from the grading on Y ,,(gln), 

deg~; 1 = k, does not coincide with tlie standard polynomial grading 
for p > l. 

Set T( u) = (DJ( u) )f.i=l and consider the following element in Y ,,(gln)[u], 
called quantum determinant 

qdet T(u) = 
(4) 

The coefficients d,, by the powers u np-•, s = l, . .. , np, of qdet T ( u) 
are algebraically independent generators of the center of Y 11 (gln) ([C], 
[M]). 

For F = :Ei /;ui E Yp(gln)[u] denote F = I:i /;ui E Y,,(gln)[u]. 

To simplify the notations we denote X;~) = ~7), X;;(u) = T;j(u) and 

X(u) = (X;;{u))i,j=l· 

Lemma 5.1. grqdetT(u) = detX(u). 

Proof. Define 

dtT(u) = L sgn(cr) T1u(1)(u)T2u(2)(u) ... T,.,,.(n)(u) E Y11 (gln)[u]. 

Note that for every s = l, ... , np, the coefficient of dt T ( u) by the 
power u"P-a equals 

L sgn(u) ~ t(ki) t(k2) t(k,.) 
L...J lu(l) 2u(2) • • • nu(n)" 

k1 + ... +kn=• 

We assume that tiJ> = 6;;. Clearly, all terms in this expression are 

linearly independent in Yp(gln). Hence, 
~ ) ~ -(k,) nk2) :;(kn) 

gr dt T( u) = LJ sgn{ u LJ tlu(l)t2<7(2) • • , t,.,,.(n) 

which is equal to detX(u). On the other hand, for all i, j and a E k 
the coefficient of the polynomial T;;( u - a) by the power up-m equals 

t\m) + ~ t(~)(-a)m-k p - . m-
1 

( k) 
•1 LJ •1 m-k 

k=O 

Therefore grqdetT(u) = grdtT(u) = detX(u). 

Lemma 5.2. The sequence d1 , •.• ,d.n,, is regular in Y,,(gln)· 

□ 
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Proof. Due to Proposition 1,(3) it is enough to prove that the sequence 

X (A:l . -.J. . . . 1 k 1 -d d ij ,i-,-J,t,J= , ... ,n, = , ... p; 1, ... , np 

is regular in Yp(gl,,). Let c. is a polynomial in variables X!~l, X!~l, ... , 

X~f l, X~~), ... , x!f:l obtained from d. by substituting X,~l = 0 for all 
i cf= j and all k. It is easy to see from Lemma 5.1 that c. is the co­
efficient by unp-, in detdiag{X11(u), ... ,Xnn(u)}. Since the elements 

Xtj), i,j = 1, ... , n, i cf= j, k = 1, .. . p belong to the set of generators of 

Y ,,(gl,,) we only need to show the regularity of the sequence c1 , ••• , Cnp 

in the polynomial ring k[Xt), i = 1, ... , n, k = 1, ... ,p] due to Lemma 
2.1. By Proposition 1, (2), the sequence c1 , .•• , Cnp is regular if and 
only if the variety Z = V(c1, •.• , Cnp) is equidimensional of dimen­
sion 0. Consider the map of algebraic varieties c.p : knp ➔ knp which 
sends (a~7)) E tnp to the coefficients of the following monic polynomial 

rr=l ( uP + a!l)up-l +,,. + a!f l). Since k[u] is a factorial domain and k 
is algebraically closed we conclude that the map t,p is a finite (i.e. with 
a finite c.p-1 (>.) for each). E knP) epimorphism. Obviously, Z = c.p-1(0) 
and thus Z = {O}. This completes the proof. □ 

Applying Theorem 1 and the Lemma 5.2 we immediately obtain the 
following analogue of the Kostant theorem for the restricted Yangians. 

Theorem 2. For all n, p ?: 1 the restricted Yangian Y p(gln) is a free 
module over its center. 

6. APPLICATION TO CURRENT ALGEBRAS 

In this section we consider the polynomial current Lie algebra g = 
g(n) = gln(C) ® C[x] and its restricted quotient gm = Sm(n), m > 0, 
by the ideal EA:>m gin ®xk ([RT]). 

In [M] the families of algebraically independent generators of the 
center of the universal enveloping algebra U(gm) were constructed by 
using the quantum determinant and the quantum contraction for the 
restricted Yangian Y m(gl,.). We will show that U(gm) is a free module 
over its center for any m > 0. This generalizes in the case of gin the 
result of Geoffriau for Takiff algebra g2 ([Gl],[G21). 

· As in [M] let E,;, i,j = 1, ... , n, be the standard basis of gin, E!;l = 
Ei; ® xk with 1 $ i,j $ n, 0 $ k $ m - 1 be a basis of Sm· Set 

p_(~l = El~-1l ,, ., . ' 
1 < r::;: m and 
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For each k E {1, ... , mn} let r E {1, ... , m} and s E {1, ... , n} be 
such that k = m( s - l) + r. Then the elements 

(5) '°' ~ sgn(o-)F_(jil . p.U,). 
L L 1.,.c1)•1··· •.-c,i••' 

i1 < ... <i, aES, 
i1+ ... +j,=k 

are algebraically independent generators of the center of U(gm) ([Ml). 
Note that U(gm) is a special PBW algebra with respect to the standard 
grading. 

We will show that the sequencer ... ' lmn is regular in U(gm) where 

(6) lk = L L sgn(o-)~:;lii1 ···~:;~Ji." 
i1 <---<i, aES, 

i1+ ... +j,=k 

As in the case of the Yangian Y" (gln) we complete this sequence by the 

elements ~!) for all i, j = 1, ... , n, i =f. j and l = 1, ... , m and apply 
Lemma. 2.1. Hence it is enough to prove the regularity of the sequence 
m m h m - "' n{F jt) -,,;(F j,)( 1 "th (3 2) • 

11 , ... , 1'mn, w ere 1,. - ~ ;1; 1 • • • ;,;, compare w1 . m 
i1 < ... <i, 

i1+ ... +j,=k 
[Ml). We show that Z = V(1'f', ... , 1:::n) = {0}. Suppose that m = 1. 
Since for each k = I, ... , n, ,tis the elementary symmetric polynomial 

of degree kin variables~~>, ... , 'P,.~ we have that V(1:, ... ,-y~) = {0}. 
Suppose now that the sequence 1r-1

, •.• , 1r.:,--:_\)n is regular and hence 

V( 1~-1
, ••• , 1r.:,-_\)n) = {O}. Note that 1:;:

8 
is the elementary symmet-

. 1 'al f d . . bl n<p m) -;,;(Fm) 1 nc po ynom1 o egree s m vana es 11 , ••. , nn , s = , ... , n. 

Thus for every z E Z, Fi7)(z) = ... = F!,:>(z) = 0. Substituting these 
values in -y;:' for every k that does not divide m, we obtain the sequence 

1f- 1
, ... , 1 r,:.-_\)n which is regular by our assumption and thus Z = 0. 

By induction on m we conclude that the sequence e ... , lmn is regular 

in U(gm). Applying Theorem 1 we immediately obtain the following 
analogue of the Kostant theorem for restricted current algebras: 

Theorem 3. For all m,n ~ 1 the algebra U(gm(n)) is a free module 
over its center. 
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