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Abstract. Several commonly used materials, like metals, exhibit rate-dependent plastic strains. In order
to properly simulate such behavior, in this paper we present a large strain elasto-visco-plastic constitutive
model and its numerical implementation. The formulation is thermodynamically based and derived from
a total Lagrangian description, with the second law of thermodynamics written in the form of Clausius-
Duhem inequality. In order to account for large strains, we apply the multiplicative decomposition of the
deformation gradient into elastic and visco-plastic part. A neo-Hookean constitutive law is addopted for
the elastic part, while for the visco-plastic part we apply a Perzyna-type model together with Norton’s
Law for the overstress function. Yield is defined by von Mises criterion, and a kinematic hardening
of Armstrong-Frederick type is considered. The time integration of the evolution laws is performed
via backward Euler method. Both plane strain and plane stress approximations are considered for two-
dimensional applications, where the latter is solved numerically by a local Newton-Raphson procedure.
To solve the solid mechanics problem, we employ a position based finite element formulation, which
differs from traditional ones by using positions instead of displacements as nodal parameters. This
approach naturally includes geometric non-linearity, being applicable to large displacements problems.
Finally, we select numerical examples in order to show the characteristics of the model and its response
considering different strain rates and material parameters. The obtained results show that the presented
constitutive model behaves as expected and, therefore, is applicable to numerical analysis of elasto-visco-
plastic materials.
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1 Introduction

The study of large strain plasticity has been the subject of many discussions in the field of computa-
tional solid mechanics, as it is present into several engineering problems, for instance, in manufacturing
processes such as metal forming. One of the most accepted theories for the kinematic description of
finite strain plastic models is the multiplicative decomposition, introduced by Kroner [1] and Lee [2] in
the context of rate-independent plasticity. More developments on this subject can be seen in the works
of Haupt [3] and Simo [4]. The constitutive equations can be derived from a dissipation inequality, via
the principle of maximum entropy. This approach, known as thermodynamically-based, is applied, for
instance, in the works of Svendsen [5], Dettmer and Reese [6] and Pascon and Coda [7].

To account for the rate-dependent behaviour of plastic strains in materials, such as metals and al-
loys, elasto-visco-plastic constitutive models are usually applied. In this regard, one widely employed
formulations is due to Perzyna [8], who developed a model characterized by allowing a controlled non-
compliance of the yield criterion, resulting in the so-called ‘overstress’. For small strains, the Perzyna
model is well established, being addressed, for instance, in the works of Wang et al. [9], Simo and Hughes
[10] and Heeres et al. [11]. A generalization for the finite strain case was proposed by Ibrahimbegovié
and Chorfi [12], using a thermodynamically-based approach together with the multiplicative decompo-
sition. Among other finite strain Perzyna models, it is worth mentioning Ponthot [13], Garino et al. [14]
and Careglio et al. [15].

The elasto-visco-plastic model presented in this work is also a generalization of the classical Perzyna
model, using as basis the elasto-plastic model showed in the works of Dettmer and Reese [6] and Pascon
and Coda [7]. The constitutive equations are derived from the principle of maximum dissipation, where
the yield criterion is imposed with a penalty-like regularization, as in the work of Ibrahimbegovi¢ and
Chorfi [12], but using a Lagrangian approach instead of the originally employed Eulerian. Both isotropic
and kinematic hardening laws are applied, being the latter based in the Armstrong-Frederick model
presented by Vladimirov et al. [16] and Brepols et al. [17].

2 Kinematics

Let ¢ and €2 denote, respectively, the initial (undeformed) and current (deformed) configuration of
a body, and let ¢ be the configuration change function, which maps the points of () to its corresponding
coordinates in 21. We denote by A the deformation gradient, which is the gradient of ¢ in respect to the
initial configuration. Then, one can define the Green-Lagrange strain tensor by the following expression:

E:%(ATA—I). (1)

For elasto-plastic materials, Kroner [1] and Lee [2] introduced the concept of intermediate configu-
ration, €),,, which represents the solid configuration when the body is unloaded to a stress-free state, such
that it only contains plastic deformations. For the visco-plastic case, it can be generalized to a configu-
ration €,,,, containing only the visco-plastic deformations. Then, we denote by A, the gradient of the
function ¢,,,, mapping from ) to €2, and by A the gradient of the function ¢, mapping from {2, to
)y (see Fig. 1). Notice that A, and A, represents respectively the elastic and visco-plastic parts of the
deformation gradient. Therefore, we can write

A=AA,, 2)

which is known as Kroner-Lee decomposition. Analogously to Eq. (1), the elastic and visco-plastic
Green-Lagrange strain tensor can be defined as
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Figure 1. Initial, deformed and intermediate configurations

The volumetric strain, also known as jacobian, is given by

J = det(A) = JoJyp, )

where J. = det(A.) and J,, = det(A,,) are, respectively, the elastic and visco-plastic jacobian.
Furthermore, based on the rheological model presented by Lion [18], we decompose the visco-

plastic deformation gradient in two parts, called, respectively, visco-plastic “elastic” and visco-plastic

“inelastic” deformations: the first, denoted by Af,p, is due to dislocation-induced lattice deformations;

the second, denoted by Af,p, represents the inelastic deformations due to slips on the crystallographic

systems. By applying again the multiplicative decomposition, we write:

A, =AS AL (5)

Then we can define, analogously to Eq. (3), the visco-plastic “elastic” and the visco-plastic “inelastic”
Green-Lagrange tensors as

ES, = [(AS) AL, — 1] and E| =

vp

[(AL)TAL, —T]. (6)

N | =
N | =

3 Positional finite element method

Most of finite element approaches for solid mechanics analysis uses displacements as nodal param-
eters. In this work we adopt the positional finite element method, which uses current positions as nodal
parameters, under a total Lagrangian description. Although for 2D solid elements the resulting positional
formulation has the same features as the displacement based formulation, its derivation is didactically
easier and more compact to write. Since the positional FEM is not the scope of this work, only a brief
description is given in this text. For more detais, the reader should refer to the works of Coda and Greco
[19], Coda [20], Coda and Paccola [21] and Coda and Paccola [22].

For each finite element domain, the initial and current positions, denoted by x and y, respectively,
can be written as
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x(§) = va(&)Xa and  y(§) = pa(§)yas

(N

in which x,, and y, denote respectively the initial and current position of each node «, and ¢,, is the
shape function associated with node «a, defined on an auxiliary finite element with dimensionless coordi-
nates &, taken in this work as Lagrange polynomials. The elements used in this work are triangular with

3 nodes (linear interpolation) and 10 nodes (cubic interpolation)
By mapping the initial and current finite elements from this auxiliary one, we write

A=A (A0,

®)

where AY and A are respectively the initial and current deformation gradient, calculated by the follow-

ing expressions:

1ol
0 1 [
Aij = —; and Aij = a—ijf‘

®)

Therefore, one can write the Green-Lagrange strain tensor entirely in terms of the initial and current

nodal positions, and, consequently, calculate the second Piola-Kirchhoff tensor, given by

0w
=k

where W is the Helmholtz free energy, defined by the constitutive model.
The solid mechanics problem consists of solving, for each node «, the equilibrium equation

£t + e = 0,

7 X

where £, is the external force vector of «, and £}, is the internal forces vector, written as
OE
£, = S: - dVp.
Vo 8}’

(10)

(11)

12)

Therefore, the equilibrium equations form a non-linear system can be written entirely in terms of

the nodal positions, which is solved iteratively by Newton-Raphson method.

4 Constitutive model

4.1 Energy, stress and dissipation

Based on rheological models, we decompose the Helmholtz free energy (V) additively by an elastic
(¥,), a visco-plastic isotropic (\Ilf;""’) and a visco-plastic kinematic (Tkiny part, where the first depends

P vp
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only on the elastic strain, the second, only on the visco-plastic elastic strain, and the third, only on the
hardening parameter (k), i.e.:

U(Ec,ES, k) = Ue(Ee) + UHM(ES) + Ui (k). (13)

vp?

Following, we define the elastic stress, the back stress tensor at initial configuration and the yield
stress, respectively, as

O a\I,km 6\11550
Se = -0 X =" d o — 14
e OE, , 8E$p an Ok Or (14)
where, in this work, ¥, and \Ilﬁ’l"," are assumed to be in the following neo-Hookean form:
e = é1n(J )2+ plte(E) —In(J,)]  and R = Se(EC) (15)
e M e e vp vp/r

2 2

with tr(-) denoting the trace of a tensor, A and p being the Lamé constants, and ¢ the kinematic hardening
stiffness. For the yield stress, the following linear rule is applied:

ox(k) = oy + Eik. (16)

where oy is the initial yield stress, and E} is the visco-plastic modulus.
The internal dissipation rate is given by the second law of thermodynamics, in the form of the
Clausius-Duhem inequality:

dimp =S :E—V¥ > 0. (17)

Finally, by applying the Coleman-Noll procedure (Coleman and Noll [23]) on Eq. (17), one can
obtain the following expression for the second Piola-Kirchhoff stress tensor:

S=A,,S.A, . (18)

4.2 Yield criterion and evolution laws

In this work, the von Mises yield criterion is adopted, as it is one of the most representative and
widely applied criteria for ductile materials. It can be written as:

2
(I)(MGZ?X?O-H) = ||(M€ - X)D” - \/;O-Ii < 07 (19)

where (-)” denotes the deviatoric part of a tensor, M, = AT'A_S, is the Mandel tensor, and x =
Af,pX(Af,p)T is the back stress tensor at the intermediate configuration. More details on this criterion
can be seen, for instance, in Dettmer and Reese [6].
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The evolution of the visco-plastic deformation is given by the Perzyna model, which is obtained
here by maximization of Eq. (17) (principle of maximum dissipation) restricted via penalty method to
the yield criterion. The resulting equation is:

Avp = %NAv]b (20)

where 7 is the viscosity parameter, N is a tensor that defines the direction of the evolution, © is the
so-called overstress function, and (-) denotes the Macauley brackets:

(©) = 50+ 6. e

In associative flow rules, N is assumed to be orthogonal to the yield surface. Therefore, it can be
calculated by:

8(1) (Me - X)D

N = = .
oM. [[(Me — )"

(22)

For the overstress function, as in Heeres et al. [11], we apply the Norton’s law, given by:

o— (9> , 23)
«

being o and m calibration parameters. According to Heeres et al. [11], the condition m > 1 must be
satisfied in order to achieve the necessary convexity of the overstress function.

The kinematic hardening is given by a finite strain generalization of the Armstrong-Frederick model,
as shown in the works of Vladimirov et al. [16] and Brepols et al. [17]. The evolution law is written in
terms of the Af,p tensor, by the expression:

AL <@> b e i
Avp = __(Mvp)DA

P . (24)
where M7, = (Af)p)TAf)pX is a Mandel-like tensor, and b is a dimensionless parameter.
Lastly, for the isotropic hardening the following evolution law is applied:
0) /2
w9 2 (25)
n 3

For the computational implementation, we apply the implicit Euler algorithm to perform the time
integration of Egs. (20), (24) and (25), which gives

A3, ALY /(6 :
= A A (O, )

(AL — (AL (@b hei )\ 2%
At B (TE(M””) A”p) ’ 2

o
Al ~
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where the indexes (-)* and (-)*~! indicate variables from the current and previous time step, respectively.
The system of equations (26) is non-linear, being solved, in this work, by the Newton-Raphson method,

from which the plastic variables of the current step, Aj,,, (Af,p)s and x°, are calculated.

5 Numerical examples

In this section we present numerical examples to show some characteristics of the proposed elasto-
visco-plastic model, such as its response to different strain rates. The computational code is built in
Fortran language, together with OpenMP for multi-threading. To solve the linear systems in the iterative
processes, we use the HSL MAG67 library (HSL [24]). For mesh generation and post-processing visual-
ization, we make use of the Open-Source applications Gmsh (Geuzaine and Remacle [25]) and Paraview
(Ayachit [26]), respectively.

5.1 Simple shear at small strain

This example, proposed originally by Heeres et al. [11], is presented in this work with the aim
of showing the equivalence of the presented model with classical small strain Perzyna-type models. It
consists of a cube with dimensions 1m x 1m x 1m, with restrictions and prescribed displacements applied
as shown in Fig. 2: Dirichlet conditions in the lower and upper boundaries, and Neumann conditions with
null forces in the left and right boundaries. Two cases are considered for the evolution of the prescribed
displacements: loading-unloading (case I) and progressive deformation (case II), both with plane strain
state.

Since the aim of this example is to obtain the stress-strain diagram for a single point with constant
strain rate, a refined mesh is not needed. Therefore, we consider a mesh consisting of 2 triangular
elements of linear order, with 1 integration point each, where the stress-strain diagram is measured
(being equal for both elements).

The time discretization is as such: for the case I, 60 load steps are considered, with time increment
of At = 1.77 - 10~ °s each; for the case II, 40 load steps are considered, with time increment of At =
4.35 - 10~5s each.

Case I Case II
B L e 0.7+ 1.17+
Upresc —_
g
g L)
— ¥ 0.3+
¥ 0.123¢1
0 +——+ t 0
1177771777777 777 0 17 27 60 0 40
1 m "
Step Step

Figure 2. Geometry and load evolution for the small strain simple shear example

The hardening model is assumed to be only linear isotropic (no kinematic hardening). Since in the
work of Heeres et al. [11] a different form of the von Mises yield criterion is adopted, a calibration of the
visco-plastic parameters is performed in order to achieve the desired results. The calibrated parameters
are given in Table 1.

The stress-strain response for both loading cases are given in Fig. 3, where a good agreement can
be seen with the results of Heeres et al. [11]. The linear shear strain is given by w.cs./h, where h is the
height of the cube (1 m), and the Cauchy stress tensor can be calculated by the equation

1
o= jASAT, (27)
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Table 1. Material parameters for the small strain simple shear examples

E(Pa) v((Pa) oy (Pa) E;,(Pa) n(s) aPa) m

2-10" 02 2-10% -5-10 2/3 2103 1

(a) Case | (b) Case II
T I I I I
2000 | o Heeres et al. (2002) |{ — 2000} o Heeres et al. (2002) |
gi 1750 b —— Present work | éf/ 1750 |- —— Present work
95} wn
& 1500 4 & 1500 =
2 2
® 1250 | 4 #1250 -
4 5
%: 1000 |- % 1000 - .
> 750 1 5 7501 .
3 )
= 500 [ 4 2 500 =
3 =
© 250 4 © 250 -
0 | | | 0 | |
0 2-107% 4-100*  6-107% 0 5-1074 1-1073
Linear shear strain Linear shear strain

Figure 3. Stress-strain diagrams for the small strain simple shear example

5.2 Uniaxial tension and simple shear at large strain

This example is presented to show the stress-strain behavior of the model when subject to different
strain rates. Again, we consider a cube with dimensions 1m x 1m x 1m, subject this time to large strain
uniaxial tension and simple shear. For the uniaxial tension, the geometry and loads are shown in Fig. 4,
with Dirichlet conditions at the left and lower boundaries, Neumann condition at the right and upper
boundaries, and plane stress state; for the simple shear, the geometry and loads are shown in Fig. 5, with
boundary conditions analogous to the example of section 5.1, and plane strain state.

The adopted mesh is the same from the previous example, and, again, two cases are considered for
the evolution of the prescribed displacements: loading-unloading (case I), and progressive loading with
fixed displacement at the final stage (case II). The last case represents a relaxation test and is performed
to show the evolution of the yield stress at fixed strain. A total of 1200 steps is considered for both cases,
being the maximum time (Z y) variable.

Case I Case II
0.5 05f
E
E g: =
- Z: up o §
25 & 01
Undeformed é Deformed 0.95 | ]
I I 0 ty/3 5t/6 t; 0 ty/2 t
Time (s) Time (s)

Figure 4. Geometry and load evolution for the large strain uniaxial tension example

The adopted material is the Mild Steel Ck-15, whose parameters are originally given by Liihrs et al.
[27] and calibrated for the presented model. This time, kinematic hardening is considered instead of
isotropic, which means that the yield stress does not depend on the variable «. The calibrated parameters
are given in Table 2.

For the case I, the stress-strain diagrams are shown in Fig. 6 for different strain rates, together with
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444)/_44’/_4%{44%{44){{ Uy Case I Case II
> 1 1]
= =
- & 01
Undeformed Deformed 05 i f 0 :
THITITTHIGITTTTTE 1T 77777777 7777 0 t/3 5t,/6 t; 0 ty/2 t
™ Time (s) Time (s)

Figure 5. Geometry and load evolution for the large strain simple shear example

Table 2. Material parameters for the uniaxial tension and simple shear examples

A(MPa) pu(MPa) oy (MPa) E,(MPa) ¢(MPa) b n(s) oa(MPa) m
173333 80000 300 0 1900 85 4-10% 1 4

the equivalent elasto-plastic response, given by Dettmer and Reese [6]. As can be seen, the yield stress
increases for higher strain rates (i.e., lower values of Z¢), which consequently increases the general stress
response. Furthermore, an interesting aspect of the Perzyna model can be noticed: for lower strain rates
(i.e., higher values of ¢¢), the response approaches the elasto-plastic one. In other words, the elasto-
plastic model of Dettmer and Reese [6] is equivalent to the proposed elasto-visco-plastic model at an
infinitely slow rate, showing indeed that the latter can be treated as a generalization of the first.

For the case II, we show in Fig. 7 the time evolution of the Cauchy stress. In the progressive
prescribed displacement stage, one can notice a similar response to the case I, i.e., higher stress responses
for lower values of ¢ ;. However, the interesting result lies in the second stage: as the strain is kept fixed,
the stress values decrease and tend to the elasto-plastic response as the time evolves, which is a well
known characteristic of the Perzyna model.

(a) Uniaxial tension (a) Simple shear
- 1 5 300
£ 1 &
= =
@ 1 % 150
E 1 5 O
g | %
% %» —150 f
2 1 2
© | © —300 |4

i !
—0.25 0 0.25 0.5 —0.25

Linear axial strain Linear shear strain
o Elasto-plastic - Dettmer and Reese (2004) —t;=20s m-=-tp =025 e ty =0.002s

Figure 6. Stress-strain diagrams for the loading-unloading case

5.3 Partially loaded block

This example consists of a block with geometry and loads given by Fig. 8, and plane strain state.
Taking advantage of the symmetry, only half of the problem is discretized, being adopted a regular
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(a) Uniaxial tension (a) Simple shear
650 T T I 400 T T T
s : o)
& 600 [a¥
% g 350
» 550 2
L £ 300
2 500 [ @
% 450 74 < 250 i
> i o
£ 400} Y
g S 200 ¢
O 350 @]
300 : ' . 150 J ‘ :
0 0.25 0.5 0.75 1 0 0.25 0.5 0.75 1
Dimensionless time Dimensionless time
o Elasto-plastic - Dettmer and Reese (2004) ——1ty =2000s ----ty =208 =v=-tp=10.28 o ty =0.002s

Figure 7. Stress evolution for the relaxation test case

mesh with 200 triangular elements of cubic approximation and 961 nodes. A total of 4000 time steps is
adopted, being 2000 for the loading and 2000 for the unloading, with the maximum time (¢ ) variable.

W e

g L05m ' 05m: 05m__05m

p (MPa)

0

0 0.5¢, t,

Figure 8. Geometry and mesh for the partially loaded block example

The material is assumed to be polymeric, with parameters given on Table 3, which are based on the
oriented PET material presented in Liihrs et al. [27]. Again, only kinematic hardening is considered.

Table 3. Material parameters for the partially loaded block example

A (MPa) p(MPa) oy (MPa) E;(MPa) c¢(MPa) b n(s) aMPa) m
320 80 35 0 100 2.7 1 35 1

The force-displacement diagram is shown in Fig. 9 for different values of ;. In this example we
can observe that the displacements values increases as the load rate decreases (i.e., as the value of
increases), since it approaches an elasto-plastic behaviour. Furthermore, as the load rate increases, the
hysteresis effect of the loading-unloading curve decreases and the residual displacement tends to zero,
suggesting that the results approaches a pure hyperelastic one. This is due to the excessive increase of
the yield stress induced by the Perzyna model for higher rates.

In the Fig. 10, we show the deformed configurations for the totally loaded and the unloaded step in
some of the cases analyzed.
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0
_tf:0.2-10_18
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........... ty=02-10's
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Vertical displacement at A (m)
=
w
I

| | | | | | | |
-9 -8 -7 —-60 -50 —-40 =30 —-20 10 0
Applied load (MPa)

Figure 9. Force-displacement diagram for the partially loaded example

—0.3841 —0.30 —0.25 —0.20 —0.15 —0.10 —0.05 0.0215
' | d ' = | [ ——

tp=02-10"1s tp=02-10's
Step 2000

t;=02-10"s

Step 2000

Step 4000

Figure 10. Deformed configurations of the partially loaded example, with component (E},)22 of plastic
strain showed in color map

6 Conclusion

In this work we present and implement a numerical formulation for 2D modeling of large strain
elasto-visco-plastic solids considering plane stress or plane stain, based on Perzyna model. Such formu-
lation matches with the results of the classical small strain formulation, as can be see from the example
in section 5.1. Another important characteristic of the model, is the association with the elasto-plastic
response for infinitely small strain rates, as shown in the example from section 5.2. The relaxation test
also behaves as expected from a Perzyna-like model, since the stress tends to the elasto-plastic yield
stress as the time evolves. Furthermore, for larger strain rates, the results approach a pure hyperelastic
one, as shown in section 5.3, which may not be representative for some specific materials. In such cases,
a different elasto-visco-plastic model should be applied, or at least a modified version of the Perzyna
model, as the one proposed by Méhler et al. [28].
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