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Abstract 

We prove the following theorem: 

Theorem Let M be an o-minimal structure wl,ose underlying ordrr i, dense and whose 

definable (n-ary) equivalence relations E are given by x Ey if, and only if, /E(z) = !E{Y), 

where IE : M" -. M" is a definable function. Then Th( M) does not interpret the theory of 

a discrete ordered stnicture. 

We also discuss some future work related to the lattice of chapters of mathematics. 

1 Introduction 

In (7), Swierczkowski proves that Th((w, <)) is not interpretable (with param­

eters) in RCF (the theory of real closed fields) by showing that a pre-ordc>ring 

with successors is not definable in R. 

(We recall that a pre-ordering with successors 1s a reflexive and transitive 

binary relation <<, satisfying Vx"ly (x << y Vy<< x) and Succ(x, y), where 

Succ(x,y) <==> x<<y/\x¢yl\Vz(x<<z<<y-+z~xl\z~y), 

where x ~ y means x << y I\ y << x.) 

•This research wu partially supported by CNPq. 



The proof uses certain properties of RCF, such as a-minimality and definable 

Skolem functions. Analysing the proofs of the lemmas and the main theorem of 

(7), which work in the reals (as a model of RCF), we can see that those results . 

are still true in the more general setting of o-min~al densely oredered structures 

having definable Skolem functions. 

The purpose of this note is to show this generality, that is: 

Theorem 1 Let J..1 be an o-minimal structure whose underlying order is dense 

and whose definable (n-ary) equivalence relations E are given by x E y if, and 

only if, fE(x) = fe(y), where IE : Mn -+ Mn is a definable function. Then 

Th(M) does not interpret the theory of a discrete ordered structure. 

We follow very closely the proofs of {7], but depart from it when specific 

propei:tic:s of the reals ( such as elimination of quantifiers and the Baire Category 

Theorem) are used. 

We assume familiarity with the notions of interpretability, definability and 

o-minimality. The reader should consult [3], [5), [1] and [6]. 

2 Proof of the main result 

2.1 Suppose that Mis an o-minimal structure whose underlying order is dense. 

Lemma 2.1 Let Lo C Li C . .. be a strictly increasing sequence of subsets of 

M such that the boundary 8Ln of each Ln have at most J( elements, for a fixed 

positive integer J(. Then the difference Li+l \ Li is infinite for infinitely many i. 

Proof: It is exactly the same as the proof of Lemma 3.1 of (7). 0 

Lemma 2.2 There does not exist a definable pre-ordering of M for which there 

is an infinite sequence xo, xi, .. . such that every Xi+I is an immediate successor 

of Xj. 
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Proof: The proof is quite close to the proof of Lemma 3.2 in (7], where 
the author uses quantifier elimination of RCF. Here we replace its use by the 

Theorem 0.3(a) of [1] to obtain the required bound on the number of points of 
the boundaries of the sets Ln ( see below). 

Suppose that << is a definable pre-ordering of M, and (x,),<w is a sequence 

such that M F Succ(xi, x,+1), for each i. Let Li = {x E M : x << xi}, i < w. 
These sets are definable by a formula A(x, x,), whose parameters include the x;'s. 
Let ~ denote the equivalence relation associated to <<. By the o-minimality of 

M (using Theorem 0.3 (a) of [11), there is a K < w such that l8Ln l ~ I{, for all 
n < w. Therefore, lemma 2.1 applies. This means that there are infinitely many 
infinite ~-classes in M, a contradiction to a-minimality. D 

2.2 To finish the proof of Theorem 1.1 of [7], the author uses Baire Category 
Theorem to obtain a projection of a pre-ordering from Rd to R, with succes­
sors. Here we depart from this paper, substituting this argument by a more 
combinatorial one. But we still keep the idea of projecting the pre-ordering. 

Now assume that Mis a densely (totally) ordered structure, whose definable 
(n-ary) equivalence relations E are given by x Ey if, and only if, fE(x) = JE(Y), 
where f E : Mn - M" is a definable function. 

Lemma 2.3 If there is a definable pre-ordering of Md, d ~ 1, for which there 

is an infinite ,equence ao, a1, ... such that every ai+l is an immediate successor 
of a,. Then there is a definable pre-ordering of M for which there is an infinite 
sequence bo, b1, ••• such that every b;+ 1 is an immediate successor of b;. 

Proof: We do this by induction in d ~ 1, the case of d = l being trivial. 
Now, suppose that the result is true ford - 1 ~ 1. 

Let << be a definable pre-ordering in Md and let a0, a 1, ... be a sequence 

in Md such that ai+l is an immediate successor of a;, under <<. Let / be the 
definable function associated to the equivalence relation x ~ y if x << y I\ y << x. 

3 



For simplicity we may assume that such / selects one representative of each 

~-class. Put X = f(M"). Observe that << induces a total order on X, by 

J(x) :5x f(y) if x << y. Let ll'{x) be the formula 3y(Succ{x, 11) V Succ(y, x)). 

This formula selects the ( classes of) elements which have an immediate successor 

or predecessor under << . By choosing equivalent elements, we may suppose that 

/(ai) = a,, for each i ~ 0. 

We define another auxiliary pre-order << ' in M" by 

x << 'y {:::::::} ( "x, y EX" I\ x :5x y I\ \ll(x) I\ ll'{y) /\ ao << x) V 

("x EX" I\ ,\ll(x)) V ("x ¢ X")) V ,(ao << x). 

This relation coincides with << on the elements of X having immediate suc­

cessor or predecessor and which are << -greater than ao. These constitute the 

singleton classes under the associate equivalence relation, (which will be denoted 

by::::::'). Apart from these one-element classes there is possibly only another class, 

containing the remaining elements of M". This class is pre-ordered below all the 

others. 

Observe that under this new pre-ordering, the element a 0 is put in the first or 

the second place, then there follow the other ai and on the top of the sequence 

(ai) there appear the remaining ~'-classes. 

We will use <<' to define a pre-ordering in M. 

To do this, let /' be the definable function selecting representatives of the 

::::::'-classes, and let 1r : M"--+ M be the projection onto the first coordinate. For 

each a EM, let Sa= f'(Md) n 1r-1(a). It is easy to write a formula !:(x,_t) such 

that !:(x, a) defines Sa in M", for each a EM. 

If there is a E M such that Sa contains a subsequence ( ait) of the sequence 

(a;)i~o, then the restriction of <<' to 1r- 1(a) gives a definable pre-ordering <<" 
in M"-1 such that the corresponding elements ait satisfy aiui is an immediate 

successor of a;t. By the induct.ion hypothesis, from this pre-ordering we can 

define a pre-ordering with successors in M, and we are done. 
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Otherwise, all Sa have finitely many (or none) elements of the sequence (ai)• 

Let L(x, t) be the formula Vy(E(y, t) - x << 'y). For each a EM, if Sa contains 

an element of the sequence (ai) then L(x, a) selects the << '-least x in Sa. Such 

element exists because below any ai there are only finitely many ~, -classes under 

<<',and all but possibly one come from an element of this sequence. Let (aDi2::0 

denote the subsequence of (a;) selected in this way. Let b; E M be such that 

a~€ s6,· 
We define the relation << 1 in M by 

a<< 1b <==> 3x, y(L(x, a) I\ L(y, b) I\ x << 'y) V Vx(-iL(x, a)). 

This is more or less the projection on M of << 1
• It says that either a is the 

projection of the << '-least x in Sa, if there is such ax, and for such a's we copy 

the pre-ordering << '; or there is not such an x in S0 and this a is put in the 

minimal class of << I· 
Observe that under this new pre-ordering, the element bo is put in the first or 

the second place (depending on having or not having a minimal class below it), 
then there follow the other bi and on the top of the sequence (bi) there appear 

the remaining classes. 

Observe also that the sequence (bi)i>O satisfies bi+l is the immediate successor 

of bi under << t • 

This proves the lemma. □ 

2.3 Proof of Main Theorem 

(Compare with the proof of Theorem 1.1 of [7].) It is enough to prove that if o 

is a sentence which proves the existence of a pre-ordering with successors is not 

interpretable in Th(M). 

Putting Lemmas 2.2 and 2.3 together we have a contradition which proves the 

theorem. D 
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3 Discussion 

Here we want to discuss some problems which arise from this work. 

3.1 An immediate consequence of Theorem 1 is that if Tis an o-minimal theory 

of a dense order which can be interpreted in an a-minimal theory of a dense order 

and with definable Skolem functions, then T does not interpret any discrete order. 

This suggests the following questions. 

Open problem 1 Can an o-minimal theory be expanded to one with definable 

Skolem functions? 

This question seems likely to have a negative answer since Th{ (w <)) has no 

a-minimal expansion by a non-definable function or relation (see [4]) although it 

has definable Skolem functions. The following question seems to he more likely 

to be true. 

Open problem 2 Can an o-minimal t_heory be interpreted in an a-minimal the­

ory with definable Skolem functions? 

3.2 The lattice of chapters 

The relation T1 5 T2 defined by T1 is interpretable in T2 defines an equivalence 

relation T1 ~ T2 in the class of first-order theories. Each equivalent class is called 

chapter of mathematics (see [31). We denote by ITI the equivalence class of the 
theory T. 

In (2), it is analysed the meet and the join of the classes ( of local interpretabil­

ity) of theories of order. In our context, we can pose the following problem. 

Open problem 3 Describe the meet and the join of the classes of two a-minimal 

theories. 
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We believe that the techniques of [5], [1] and [6] will be useful to deal with 
this question. 

A partial result in this direction is the following. Let M be an o-minimal 
L-structure, for some first order language L. Let c(M) = {x E M : 3a, b E 
M(a < x < band the open interval (a, b) in Mis a dense linear order without 
endpoints)} and let d(M) = M \ c(M). These sets are L-definable in M. Let 
1(x) define c(M) and b(y) define d(M). Let T = Th(M), Tc = Th(c{M)} and 
Ta= Th(d(M)). • 

Lemma 3.1 The join of !Tel and ITal is ITI, i.e. Tc :ST, Ta :ST, and for all T' 
such that Tc :S T', Td :S T', we have T :S T'. 

Proof: Clearly we can interpret Tc and Td in T. Suppose that the L'-theory 
T' can interpret each of Tc and TJ. We want to show that T' also interprets T. 
By introducing dummy variables if necessary, we can suppose that both Tc and 
Tc1 have an n-dimensional interpretation Uc and Ia, respectively) in T'. We will 
make the "union" of these two interpretations. 

Suppose that the equality symbol is interpreted by the equivalence relations Ee 
and Ea (under le and la respectively) on n-tuples. We define the new interpreta­
tion of the equality symbol by the folloing equivalence relation on ( n + 1 )-tuples, 

where a is a parameter ( to be chosen in the M F T' intended to interpi:et 
those theories). This parameter is used to tag the n-tuples intended to interpret 
the continuous (or dense) part of T . The other symbols of L are interpreted 
analogously. 

If <f>(x, i) is an L-formula then, by [6] Proposition 2.3, there is a Booled.ll com­
bination 4>1(x, i) of L-formulas t/J(x) and x(y) such that T proves the equivalence 

<f>(x, i) " 1 (x) "6(y) - <1>1(x, y) ",(x) "b(i), 
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where -y and 6 are the formulas defining c(M) and d(M) as above, and 7(£) 

represents the conjunction of -y(xi) for all coordinates x, of x, and similarly for 

6(y). 
Since T also proves 

¢>(w) ~ v ¢>(x, w A-y(x) "6(i), 
•c• w=(z,i) 

we can interpret T in T' by mapping separately the dense and the discrete parts 

ofT. □ 

To study the meet of these theories, we need to have more detailed information 

about them. 
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