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Abstract

We present the first formulation of topology optimisation for transient compressible flow. We discretise the equations with
a discontinuous Galerkin method, due to its similarity to the popular finite volume method, and its capacity to model
discontinuities in the flow. The discretised topology optimisation problem is solved through an integer linear program-
ming algorithm. We present numerical examples that optimise the shape of a nozzle and a pipe joint in the presence of

a time-varying inflow.
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1 Introduction

Topology optimisation is a valuable approach to design, due
to its potential to discover solutions with any material dis-
tribution inside the design domain. Initially devised for sol-
ids, its extension to fluid problems began with Borrvall and
Petersson [1], and this initial work has been then gradually
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extended to more complex fluid flow physics, such as for
the Navier—Stokes equations [2], non-Newtonian effects [3,
4], thermal-fluid interactions [5, 6], and turbulence effects
[7]. Applications include, for example, mixers [8], arterial
by-pass grafts [9], bladed rotors [10], fluid diodes [11], and
rectifiers [12]. Different approaches for implementing the
topology optimisation method have also been considered
throughout the years, including pseudo-density [1], level-
set [13] and topological derivative [14] approaches. In this
work we adopt the pseudo-density approach [15].

When considering compressible flow physics, the fluid
density becomes dependent on its thermodynamic state.
Since the density appears in all equations, this means that
all equations become thermodynamically coupled, resulting
in higher computational costs stemming from nonlineari-
ties, interdependency between the fluid properties, and wall
effects [16]. The contribution of the compressible behavior
is measured by the Mach number (Ma): essentially, the com-
pressible behavior of the fluid becomes important starting
from Ma = 0.3 [17], below which the fluid may be consid-
ered as incompressible. In terms of compressible flows, they
may be characterised differently depending on the Mach
number, due to changes in the fluid behavior [18]: subsonic
(0.3 < Ma < 0.8), transonic (0.8 < Ma < 1.2, character-
ised by a transition in fluid flow behavior), sonic (Ma = 1),
supersonic (1.2 < Ma < 5, characterized by the appearance
of oblique shock waves) and hypersonic (Ma 2 5, when the
heat transfer becomes intense enough to induce molecular
dissociation and/or ionisation of the gas). The most com-
mon types of compressible flows in turbomachinery range
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from subsonic to supersonic. The use of topology optimisa-
tion to design for compressible flow started with the lami-
nar subsonic case with Sa et al. [16]. This original incursion
was then considered in a finite differences-based sensitivity
approach [19], in an integer programming-based geometry
trimming approach [20] (i.e., using a integer programming
algorithm and trimmed meshes for the simulations), and in
turbulent flow [21]. However, these works are all based on
steady state formulations.

Another important effect, when evaluating fluid flow
dynamics, is transience. Transient interactions arise such
as from changes in boundary values (e.g. inlet velocity
changes), flow oscillations [22], and moving boundaries. In
terms of topology optimisation, transient effects have only
been considered for laminar incompressible flows [23, 24],
although body forces [15] and heat transfer [25] effects have
already been considered. These previous works only con-
sider incompressible flows.

In this work, we employ the discontinuous Galerkin
(DG) approach [26]. DG methods are finite element formu-
lations that do not assume the continuity of function val-
ues between the elements of the mesh. They can also be
said to be conceptually similar to the finite volume method
[27], and are even thought of as a hybrid of the finite vol-
ume and finite element methods [28]. This similarity is also
apparent when considering the conservation of variables
during the iterations of the simulation, since both DG and
finite volume methods enforce the local conservation of
the variables, whereas the usual continuous finite element
method enforces a global conservation. Some further char-
acteristics of DG methods are that the boundary conditions
are weakly imposed through numerical fluxes, which may
improve fluid flow simulation results at lower mesh resolu-
tions [28]; they facilitate the solution of problems featuring
discontinuities, such as with compressible fluid flows with
higher Mach numbers [29]; they have good parallel scal-
ing [30] due to their compact stencil (which requires only
interface neighbour information) [31]; they are able to han-
dle unstructured and non-conforming grids [31]; and there
are further potential advantages with respect to high-order
accuracy on unstructured meshes, and local hp-refinement
[28]. Up to now, in fluid flow topology optimisation, DG
formulations have only been considered for incompressible
Stokes flow [32].

In this work we develop a topology optimisation method
for transient compressible flow, discretised with DG. The
fluid is treated as an ideal gas. In terms of the topology
optimisation setup, the design variable is pointwise, and
the classic Borrvall-Petersson material model is set for
the inverse permeability [1]. The numerical implementa-
tion of the developed formulation is performed in the finite
element-based computing platform FEniCS [33], with the
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use of the dolfin dg library [34] for the derivation of the
specific DG terms, and the sensitivities being automatically
obtained from the adjoint method (dolfin-adjoint library)
[35, 36]. Both forward and adjoint models are solved with
the sparse direct solver UMFPACK [37]. Finally, we employ
as optimisation algorithm TOBS [38, 39], which is based on
a sequential integer linear optimisation algorithm.

This paper is organised as follows: in Sect. 2, the con-
tinuous formulation is presented; in Sect. 3, the DG formu-
lation is presented; in Sect. 4, the boundary value problem
is defined; in Sect. 5, the topology optimisation formula-
tion is detailed; in Sect. 6, the numerical implementation is
described; in Sect. 7, numerical results are presented; and in
Sect. 8, some conclusions are offered.

2 Continuous formulation

The fluid flow equations for transient compressible flow
consist of the continuity, linear momentum, and energy
equations. The complete set of equations for an ideal gas,
including compressibility and transient effects, and neglect-
ing external body forces, is:

0

5? + V:(pv) =0, M
200 | 9. l(pw) © 0] = VT + £,(a). @
w + v’(petotalv) = V[ktthK] + V[TU] (3)

where v is the velocity of the fluid flow, p is the (static)
pressure of the fluid flow, Tk is the absolute temperature
of the fluid, p = p(p, Tk) = Zg=ei is the density of
the fluid according to the ideal gas model (M o1ar is the
molar mass of the gas, and Ry is the universal gas constant

(8.314 J/(K mol))), etotal = Uint + % is the total energy,
Uing = ﬁ is the internal energy, ¢, is the specific heat at

constant pressure, ¢, is the specific heat at constant volume

. o . Ru _ cp - .
(for an ideal gas, ¢, = ¢, =),y =2 the ratio of

the specific heats, k¢, is the thermal conductivity, and
are the inner products (one- and two-dimensional versions,
respectively), ® is the outer product, f, («) is a resistance
force considered to model the solid material for topology
optimisation (Sect. 5).

The fluid stress tensor T is given by:

1
T =2pe—pl + \Vv)I, €= 5(vu + VoT) )
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where p is the dynamic viscosity of the fluid, and A = — % 1
is the dilatational viscosity of the fluid, and I is the identity
matrix.

3 Discontinuous Galerkin formulation

The DG formulation is derived from the weak form of (1)—
(3). Due to the discontinuous nature of the DG variables,
the boundary integral terms, which come from Gauss’ diver-
gence theorem and integration by parts is split into internal
and external facet integrations. The internal facet integra-
tion arises from the difference between the fluxes from one
element to the other (i.e., the jump between them), whose
contribution is equally split for both neighbouring elements.
Furthermore, some additional terms are included in the
equations, in order to maintain the continuity of the fluxes
around the facets and avoid instabilities [26, 40], the conti-
nuity of the solution, and the stability of the method. As a
first step to derive the DG formulation, (1)—(3) are rewritten
by separating the convective, dissipative and external terms
[34]. Thus, by stacking the resulting equations [34],
V-F.(u) = V-Fy(u,Vu) + F.(u), (5)
where F.(u) is the convective part, F4(u, Vu) is the dis-
sipative part, and F'.(u) is the external part. These parts are
given as:

pv
F.(u)= | pI+(pv)®v |, (6)
PCtotalV + (pI)U
F4(u,Vu) =
0 ™
w(Vo + Vol) + X tr(Vo)I ,
ki VTk + [u(Vo + VoT) + X tr(Vo)I|v
3p
Fo(w) = | -2 3 ¢ (a)] | )
_ 3(Pemml)
ot
p
where tr is the matrix trace (tr(Vv) = V-v),u = | v 1 is
Tk
Vp
the state vector, and Vu = | Vv | is its gradient. Also, the
VT

divergence operator in eq. (5) is defined, when considering a

Fy V-Fy
generic stackedterm F' = | Fy|,as V-F = |V-Fy |,
F3 V.-F3

In terms of (5), the DG formulation considered in this
work for transient compressible flow is given as:

— | F.(u):(Vw)dQ+ | Fy(u,Vu):(Vw) dQ
Q JQ
—/ F.(u)wdQ
Q
+ [P + aue ()l n Tl n T
Tint
= [t V)  asing ()l e

—/ (Fq(u, Vw)):[u]@.n dlint
- Z /

Text,i

(’LU ® n) chxt K

- Z/ ARG V)l
— QSIPG b(u‘b,z)[(u - u‘b,z) & n”’:(w ® n) dFeXtAi

Ry

[(uw—ulp;) ®n]dlext,; = 0,

)

[Fe(ulp,i) + avrp(u, ulp:) (uw — ulp)]:

u|b z:vw)|Nz

where ), represents the sum over all boundaries of the
domain, €2 is the whole computational domain, I'j,,; are the
internal boundaries of each element, I'ex( ; is the external
boundary of the domain labeled 7, 7 is the unit normal vec-

w
tor over a given facet of the element, w = [ wz ] is the
'wTK
Vw,
vector of test functions, Vw = | Vw,, | isits gradient, | ;
V'wTK

means to substitute the boundary value (from the Dirichlet
boundary condition), |y ; means to substitute the boundary
value (from the Neumann boundary condition), the DG ten-
sor jump operator (over u) is [u]gn = (0" —u) ®@mn,
and the DG average operator (over u)is (u) = % (u" +u’).
The boundaries and the use of the superscripts “+” and “-”
are illustrated in Fig. 1.

The second and fourth lines of (9) correspond to the con-
vective numerical flux according to the local Lax—Friedrichs
scheme (aka. Rusanov scheme) [31]. In practical terms, this
numerical flux term serves so as to include an additional
diffusivity in the equations, by using a locally-selected
weight. The parameter op,r(u) is a measure of the propaga-
tion speed on the facets, configuring a local dissipation. The
parameter arr»(u, u|p ;) is its corresponding value for the
boundaries. These two parameters are given as:

1
arr(u) = imax(miax [Aei(u)T], max [Ae,i(w)~])

(10)

1
Oéprb(u-, u|b,i) = inlax(mf‘x ‘)‘el(u)lv Hl?X |)‘6’b(u|bl)‘)7
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n+

Fig. 1 Graphical representation of the notation used in the DG for-
mulation for a part of a sample computational domain, where I'ext
represents the boundary of the full computational domain, I'int repre-
sents the boundary of the illustrated element that is composed of only
internal facets, a™ is the variable according to the current element, a”
is the variable according to the neighbouring element, and ™ is the
normal vector for one of the facets of the current element

FHXT

where ). ; is one of the eigenvalues of the convective part
[41]. When considering incompressible flow, the list of
eigenvalues is A.(u) = [v-n], and, when considering com-
vn—c
vn
vn+c

pressible flow, the list of eigenvalues is A, (u) =

>

where ¢ = , /“’—pp is the speed of sound.

The terms of (9) thatinclude asipc (w) and asipa b (Up,i)
correspond to the interior penalty in the Symmetric Interior
Penalty Galerkin (SIPG) formulation [42], which is applied
only to the dissipative part of the problem. This formula-
tion essentially controls the imposition of Dirichlet bound-
ary conditions and imposes additional stabilisations in the
equations, by using an additional penalty parameter. They
are given as:

2

agpg(u) = Cipm<G(u)> o
2

aspa,p () = Cip%G(u|b,i)7

— Voca
where h = i

lt is a measure of the element size in the

face

mesh (Vioca is the volume of each element, and Ag,cet 1S

the area of each facet), p > 1 is the degree of the DG ele-

ment, ¢;, > 0 is the interior penalty parameter (which needs

be chosen as a sufficiently large value; however, not too

high, given that it affects the numerical convergence), and
OF

G(u) = 5.2 is the homogeneity tensor.

4 Boundary value problem
The external boundaries of a sample computational domain

are shown in Fig. 2, and the boundary value problem is
stated as:

@ Springer

[Egs. (1)-(3)] in 0

UV = Vi on I'j,

TK = TK,in on 1_\in
v=20 on I'yan (12)

VTK‘TL =0 on Fwall

P = Pout on Loyt

VTK'n =0 on Foutv

where the inlet boundary is Iy, the outlet boundary is I'gyt,

Fig. 2 Boundaries
Twall

rout X

the wall boundaries are ['y,)1, the inlet velocity is v, the
inlet temperature is Tk i», and the outlet (static) pressure is
Pout- The walls are set to be adiabatic, and the outlet is set
for the heat fluxes to be zero. The Dirichlet conditions in eq.
(12) are enforced weakly with a standard Nitsche approach.

5 Topology optimisation formulation
The topology optimisation formulation is defined as follows.
5.1 Material model

The material model corresponds to how the design vari-
able (pseudo-density) affects the overall simulation. It cor-
responds to three effects: blocking the fluid flow inside the
modelled solid material zones, given by the f,.(«) term; and
imposing adiabatic walls for the modelled solid material,
imposed by not including any additional term in the energy
equation [16]. The definition of f,(c), which is the resis-
tance force to the fluid flow, is:
fr(@) = —r(a)v, (13)
where () is the inverse permeability.

An interpolation function is used for x(«) in order to
allow a continuous transition between the solid (o« = 0) and
fluid (o = 1) states, better conditioning the topology opti-
misation problem. The interpolation function in this work is
adopted from Borrvall and Petersson [1] as:
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1+gq
a )
o+ q

K:(O‘) = Kmax + ("Qmin - "fmax) (14)
where Kmin = 0 kg/ (mBS) is the minimum permeability
value, kmax 18 a sufficiently high value to block the fluid
flow in the modelled solid material, and ¢ is a penalisation

parameter that controls the convexity of x(a).

5.2 Topology optimisation problem

The topology optimisation problem is formulated as:

min J(u(a), «)
such that

Fluid volume constraint: adQ, < Vo (15
Qa
Box constraint of a: 0 < a< 1

Other constraints

where fis the specified volume fraction, V) = an dQl, is

the volume of €, (the design domain), J(u(«),a) is the
objective function, and u(«) is the state vector obtained by
solving the boundary value problem (12)), which indirectly
depends on the design variable o.

We consider energy dissipation ¢ as the objective func-
tion (i.e., J = ®) [1]. For transient compressible flow, it
becomes the following time average:

1 ts
o = / {
tf—to to

/Q Bu(vfo + Vol ):(Vo + V'UT)} iy

(16)

+ /Q A(V-0)(I:V0) dO — /Q fr(oz)-vdﬂ} dt,

where ty and t; are the initial and final times of the
simulation.

In cases where there is more than one outlet, and the
outlets are located at different distances from the inlet, the
topology optimisation algorithm may, depending on the
fluid velocity, decide to, for example, simply close the far-
thest outlet and redirect the whole fluid flow to the nearest
outlet, in order to minimize the energy dissipation. There-
fore, if a certain amount of fluid is required to pass through
each of the outlets, additional constraints must be imposed.
In the case where there are only two outlets, if a constraint
is imposed on one of the outlets, its counterpart is implicitly
imposed on the other outlet, due to the continuity equation.
This type of constraint is considered in one of the numerical

examples, which features two outlets (Sect. 7.2), and is
based on Deng et al. [24]. In this numerical example, the
outlet that is chosen for imposing the additional constraint
(i.e., the constrained outlet) is the upper outlet. Since includ-
ing an equality constraint on the flow would probably be a
quite strong imposition, it may be relaxed into an inequal-
ity constraint. Also note that using an equality constraint
per se would actually be infeasible in the binary variable-
based algorithm considered in this work, due to the intrinsic
discreteness of the design variable, which means that this
relaxation of the constraint makes it possible to use a binary
variable-based algorithm with it. Define mout,1 to be the
total mass that exits through the constrained outlet in a given
time interval [¢1 0,1 ¢], Mout,1,target the target mass to exit
through the constrained outlet, m the total mass that enters
through the inlet, and m.ps a small tolerance for the impo-
sition of the constraint. The inequality constraint, which
corresponds to the relaxation of Mout,1 = Mout,1,targets
becomes:

2
m
(Out,l - ]-> < mep57 (17)
Mout,1,target
¢
where Mout,1 = ft;;)f fFout  pomdloy1dt, and
m=— j;if me pv-ndli,dt. In the numerical examples,

we are setting Mout, 1 target = %m and meps = 1.7 X 1072.

We numerically approximate the time integration of a
given function J by the trapezoidal rule:

ng—1

1
J = Z §(J|ti+1 + ‘]|f7)At)
=0

(18)

where At is the size of the time step, i is the number of the
current time, n; is the total number of time steps, and .J|;, is
the value of the function at time ¢;.

5.3 Sensitivity analysis

The sensitivity of J is given by composing the sensitivities
of the corresponding time steps. By following (18),

ng—1
A7 1 (dd),,  d),
& el LS A LT N
da ; 2 ( do | da ’ (19)

where the sensitivity for J|;, is given from the adjoint

method.
In order to consider the adjoint method for
), = T, (ui(@), @), the first part is to consider the deriv-

ative with respect to a;, and the chain rule for derivatives:
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da Oa ou; do do D S

Then, the Jacobian term % can be obtained by differenti-

ating the equilibrium equation F' = 0, which corresponds
to (9) with respect to «, and applying the chain rule again
(considering F' = F'(u; (), u;—1 (), @)). Therefore,

dF o oF dui oF d’ui,;[ oFr o

@ a 8’11,2 do 8ui_1 do Bia =0
1 21
— du, _ ai 87F+ OF dui,1
do o 6’111 60[ aui_l do ’
By substituting (21) in (20) for time step t;, dj{‘;i can be
computed by:
dJly, 9l OJl, <E)F ti>1 {aF "
da Oa ou; ou,; Oa (22)
(9F‘|t7 dui_l
8ui,1 do ’

which is the direct (tangent linear) model.

. ; ~1
The adjoint model is given by computing % (%)

first, which can be done if the conjugate transpose is applied
to (22). Then, the adjoint variable A;|, (Lagrange multi-
plier of the weak form) is introduced in order to compute

1% *
OF|¢, 9|+,
(877-41) (T’Uq) . Therefore,

Initial topology
h 8

Forward model setup

FEniCS |
v

DG forward model

dolfin_dgl

Annotate

Current topology
TOBS linearization
l >

Integer Programming
Optimizer

Topology update

Forward mode! | = | Adjoint model

\4 v

Objective function,
constraints

Sensitivities

No
Converged? —

l ks
tolerance

TOBS

O

Topology optimization

H:

Optimized topology

Fig. 3 Flowchart of the numerical implementation
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. . (23)
dui,1 OF t:
: A
() () o
OF,\ y (0N, . .
( ou, ) Agp,, = ( ou, ) (adjoint equation), 24)

where “ * 7 is the conjugate transpose. Note that (23) and
(24) are computed with automatic differentiation in this

work. The term dl:i"’ !
{3

tion to (21) (considering F = F(u;_1(a), u;—2(a), a)),
recursively until reaching ug. Then, the terms involving the
computation of inverse matrices are converted into adjoint
variables, such as how it was done for (24).

can be substituted by a similar equa-

6 Numerical implementation of the
topology optimisation problem

The implementation of the topology optimisation problem
is illustrated in Fig. 3. It begins with the initial topology,
i.e. the initial distribution of the design variable. Then, the
first step is to define the forward model in the finite element-
based platform FEniCS [33], in the form of the convective,
dissipative and external terms ((6)—(8)). These terms are
used as the input for the dolfin dg library [34], which is
able to use them to automatically derive the SIPG formu-
lation (9). This equation can be defined by hand in FEn-
iCS; however, having an automated way to define it allows
further flexibility when changing the involved physics and
boundary conditions of the problem. We then employ the
dolfin-adjoint library [35, 36], which annotates the forward
model and symbolically derives its corresponding adjoint
model. Next, the topology optimisation procedure starts,
by using the TOBS algorithm [38, 39]. TOBS is a binary
variable-based topology optimisation solver, which makes
use of the continuous problem derivatives, and performs a
linearisation of the problem at every topology optimisation
iteration, relaxes the constraints and includes a truncation
error constraint. After defining the whole topology opti-
misation integer variable subproblem, an efficient external
procedure (e.g., CPLEX®, from IBM), is used. The simula-
tions in FEniCS are solved with a Newton solver. At the end
of the optimisation loop, a specified tolerance is verified,
concluding the procedure.

We discretise in time with the implicit Euler method.
Given a variable a and that the corresponding equations may

be represented as % = f(a), the discrete equations become
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AR —0ak—1
At

step. The time integrations of the objective function and the
mass constraint are performed according to the trapezoidal
rule for numerical integration.

Since the flow is compressible, it is not necessary to sat-
isfy the LBB (Ladyzhenskaya-Babuska-Brezzi) condition
for numerical stability. Therefore, all state variables are dis-
cretised with DG1 elements (dP; interpolation). Since the
optimised topology is continuously distributed in the design
domain, and it is not expected for it to feature discontinui-
ties, the design variable is discretised with continuous ele-
ments (P, interpolation). Note that, in the DGI1 elements
(dP, interpolation), the nodes (vertex values) are not shared
between elements, which allows element-to-element dis-
continuities in the DG formulation.

A Helmbholtz-based pseudo-density filter is employed in
the numerical examples [43]. In order to diminish the effects
of mesh-dependency in the sensitivities, the sensitivities are
scaled by an L? Riesz map [44].

= f(ax), where k is the index of the current time

7 Numerical results

In the numerical examples, transience originates from the
time-varying inlet velocity profile v;,. The fluid properties
that are considered are ¢, = 1004 J/(kg K), 11 =0.01 Pas, k¢,
= 1.7 W/(m K), and M ,o1ar = 25 g/mol, while the boundary
conditions are given by Tk i, = 50 K and poyt = 10° Pa. The
inlet velocity profiles are parabolic. The Helmholtz filter
radii are 0.00938 mm and 0.0284 mm, respectively, for the
two sections of the numerical examples. The initial guess
for the pseudo-density (design variable) distribution is the
computational domain filled with only fluid. The param-
eters of the TOBS algorithm are set as €yelax = 0.05 and
Baip 1imit = 0.05 [38, 39], and the algorithm is iterated until
the design variable stops changing. The optimised topolo-
gies are the optimised distributions of the design variable,
and it is possible to delineate the contours of the fluid part
of the domain. The identified contours are considered as

Post-processing

E/

Fig.4 Post-processing procedure

shown in Fig. 4, and are used to compute the objective func-
tion values after the topology optimisation.

The Reynolds number is defined from the maximum
local Reynolds number based on the size of the inlet, and the
characterisation of the fluid flow as compressible depends
on the Mach number. These two quantities are given as:

Ein

Rep = Mo g (25)

Ma, = Ma (26)
R

where vg = /v ]WRUI, Tk is the speed of sound in the fluid.

Two numerical examples are presented, for a nozzle and
a pipe joint. In both cases, the flow is compressible, which
can be seen from the maximum local Mach numbers of
about 0.5 and 0.4, respectively. The maximum local Reyn-
olds numbers are about 50 and 40, respectively. The inte-
rior penalty parameter c;;, is set to 50 and 100 in the two
examples, respectively.

7.1 Nozzle

The first example is a nozzle under transient compressible
flow, illustrated in Fig. 5. There is an inlet above, and an
outlet below. The angle of the inlet velocity changes linearly
in time from 6y to 61 (61 = —0y), from a given parabolic
inlet velocity profile at 0°, while always keeping the same
flow rate. The maximum value of the inlet velocity at 0° is
set as 40 m/s. The design domain is restricted to the height
h1. The time-related parameters of the simulation are ¢y =
0s,t1 =1s, At =0.05 s and the initial state is set as the
steady state simulation of the ¢y configuration. On the opti-
misation side, the specified maximum fluid volume fraction
() is set as 70%, the maximum inverse permeability value
(Fmax) is set as 2.5 x 10'®y, and the penalisation parameter
q is set as one. The mesh is composed of 25,600 elements
and is shown in Fig. 6. The topology optimisation problem
from (15) adjusted for this numerical example is:

rnin D(u(a), a)

such that

i 27
Fluid volume constraint: / adQly < W @7)
Qo

Box constraint of a: 0 < a< 1

The topology optimisation results are shown in Fig. 7.
The values are shown for A®,, which is the percentage
increase/decrease of the energy dissipation ¢ with respect
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Fig.5 Nozzle under transient flow (h1 =0.875 mm, he =0.125 mm, /1
=0.25 mm, 4, = 1 mm, Loyt = 0.5 mm)

Fig. 6 Mesh for the nozzle case

to the steady state topology (0°) under the given transient
conditions for ;. In all cases, this decrease is less than
1%. The first point of the plot from Fig. 7 corresponds to
the steady state topology under the steady state conditions,
which means that A®,, is naturally zero in it. The remaining
values for A®,, are negative, which mean that the optimised
topologies for transient flow dissipate less energy than the
steady state topology operating under transient flow. The
differences between the optimised topologies from Fig. 7
are better visualized in Fig. 8, which shows the tendency of
having a thicker and taller channel the higher 6; is.

The local Mach number and density are shown in Fig. 9,
for the steady state topology: the local Mach number reaches
a maximum value of 0.51, showing that the fluid flow is
clearly compressible and leads to the portrayed 26% varia-
tion in the fluid density.

Fig. 7 Change in the energy dissipation of the optimised
nozzles

AD,
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Fig. 8 Comparison of the contours of the optimised nozzles
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Fig. 9 Local Mach number and density for the steady state nozzle

The convergence curve of the optimised nozzle for

0, = 75° is shown in Fig. 10. The values are presented for

o _ fi—min(f))
fni = max (f;)—min (f;)°

function values (energy dissipation or volume constraint)
between 0 and 1, where f; represents the current function.
In the case of the volume constraint, the value 1 represents
the satisfied constraint.

which represents the normalised

The simulation results for §; = 75° are shown in Fig. 11,
for some time values. Note that, from the velocity values,
due to 07 = 75°, there is a quite abrupt change in the flow
direction when the flow approaches the side walls. This
probably means that, for the given volume constraint, it
should be better to have the walls closer to the inlet, helping
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Fig. 10 Convergence curve of the optimised nozzle for 6; = 75°

the fluid to smoothly change direction afterwards towards
the outlet. Also, note that the simulation results are almost
symmetric, aside for small differences, which is caused by
the laminar behavior.

A brief insight on the computational cost of the per-
formed topology optimisation is shown in Fig. 12, with the
average/typical timings. The main cost is in the solution of
the forward problem, while the solution of the adjoint prob-
lem takes a little less than half of this cost. These timings
can be improved by employing a preconditioned iterative
solver (such as GMRES) for the involved linear problem
computations, instead of using the direct solver UMFPACK.
Note that the computational cost of the TOBS algorithm is
negligible when compared to the other two parts.

7.2 Pipe joint

The second example is a pipe joint, inspired by the problem
presented by Deng et al. [24] for transient laminar incom-
pressible flow. The present case is illustrated in Fig. 13.
There is an inlet on the left side of the domain, and there
are two outlets, one above and one below. The inlet veloc-
ity profile v;,, is parabolic, with a time-dependent variation
(see Fig. 13). The magnitude of the inlet parabolic veloc-
ity profile is changed according to vin max (t) from Fig. 13,
where Vin max,0 = 52 M/S, Vin,max,1 = 65 m/s. The design
domain is restricted in order not to include the inlet and out-
let channels. The time-related parameters of the simulation
aretg=0s,t1 =05s,to=1s8,t3=25,t4 =255, t5 =

Fig. 11 Simulation results of the optimised nozzle for
01 =75°

Fig. 12 Average/typical timings for each
optimisation iteration (in seconds)

E Forward problem
& Adjoint problem
B TOBS algorithm
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Fig. 13 Pipe joint under transient flow (¢1 =3 mm, {2 =1 mm, {3 =1.5
mm, {4 =2 mm, r1 = 0.2 mm)

3 s, At = 0.05 s and the initial state is set as the steady
state simulation of the ¢y configuration. On the optimisation
side, the specified maximum fluid volume fraction (f) is set
as 50%, the maximum inverse permeability value (Kmax) 1S
set as 2.5 x 1012y, and the penalisation parameter ¢ is set
as one. The mesh is composed of 11,815 elements and is
shown in Fig. 14.

Here, two cases are considered, by changing the time
interval [t1 o, t1,f], which is used to compute the additional
mass constraint. In the first case, the whole time interval
[to, tf] is considered, meaning that the total mass that flows
through the upper outlet is being constrained. In the sec-
ond case, the reduced time interval [to, 5] is considered,
meaning that the mass that flows through the upper outlet is
constrained in this time interval. This can be seen depicted
in Fig. 15. Overall, this means that both cases impose that

t=0.2s t=0.5s t=0.8s t=1.0s
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the optimised topologies need to connect the inlet to both
outlets (i.e., closing one of them is not allowed), and that
the second case has to allow a higher mass flow rate than
the first case. The topology optimisation problem from (15)
adjusted for this numerical example is given as:

min @ (u(a), «)
such that

Fluid volume constraint: / adQy < W
o (28)

Outflow mass constraint:

2
Mout,1
( : -1 < meps
Mout,1,target

Box constraint of a: 0 < a< 1

The optimised topologies are shown in Fig. 16. Note that
the channel towards the upper outlet is thicker in the sec-
ond case, allowing a larger mass flow (see Fig. 17), which
is consistent with the imposed constraint. When compar-
ing the energy dissipation values for both cases, it can be
noticed that it is 5.3% higher in the first case. This is prob-
ably caused by the fact that the upper outlet is the nearest
outlet with respect to the inlet, dissipating less energy.

Also note that, even at the lowest flow rate, such as in the
end of the simulation (¢ = 3 s), the flow is still compressible
for both optimised cases. This can be seen in Fig. 18, which
portrays the local Mach number and density (20% variation
in the density).

8 Conclusions

In this work, a topology optimisation formulation for tran-
sient compressible flow was presented, discretised with a
DG method. Two numerical examples are presented to
illustrate the developed methodology. The first numerical
example is a nozzle, with an inlet velocity with a varying
angle, which shows that the fluid exhibits compressible
effects and that the transient conditions slightly change the
optimised design, when compared to a steady-state configu-
ration. Overall, the higher the varying angle, the taller and
thicker the outlet part of the nozzle becomes. The second
numerical example is a pipe joint, featuring one inlet and
two outlets, and shows that different transient constraints

@ Springer

Fig. 14 Mesh for the pipe joint case
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Fig. 15 Outflow mass constraints considered in each case

(a) Case 1. (b) Case 2.

Fig. 16 Optimised topologies for the pipe joint case

change the overall design—in this case, the upper pathway
becomes larger when a larger mass is necessary to flow to
the upper channel for a while.

There remain many important extensions of this work,
including the incorporation of turbulence, different types of
heat transfer, flow machine design, 3D configurations, and
supersonic flows.
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