





where the sum is over all pairs of distinct sites in A and {Jijs 1,7} is a family
of i.i.d. standard gaussians, whereas that for the REM is

A/ :
H(o) = Spmn > JaOas (1.2)
<= aCA

where the sum is over all subsets of A, {J.. a} is a family of i.i.d. standard
gaussians and 0, = [[ica 0i (09 = 1).

We observe that for the REM the hamiltonians of all configurations form
a family of i.i.d. gaussians with mean zero and variance [A] (A proof of this
elementary fact is provided in an appendix to the paper). That could be
taken as an alternative description of this model, indeed it is the usual one.
We will adopt in the next session.

The REM (in equilibrium) has been much studied (1], (2], [3], [4]). In
this work we consider the dynamical model, that is, the REM undergoing a
Glauber dynamics. We want to study the speed of convergence to equilib-
rium, the exponential rate of which will be given by the spectral gap of the
dynamics, which is the difference between the first and second eigenvalues of
the transition probability matrix of the Markov chain giving the dynamics
(see [5] Proposition 3).

To get bounds for the (inverse of the) gap, we make use of the technology
developed by Diaconis and Stroock relying on a variational characterization
of the gap and on a bound based on a geometric Poincare inequality ([5)).

Recently, Cassandro et al. have studied a disordered dynamical model,
the random walk with random traps, with a different approach, via coupling
techniques, to get the order of the speed of convergence to equilibrium ({6])-

The rest of the paper is organized as follows. In the next section we
describe the model in detail. In Section 3, the main one, we derive upper
and lower bounds for the inverse of the gap. Then we make some concluding
remarks on Section 4. Section 5 is devoted to a brief discussion on existing
work in dynamical random spin systems.

2 The Model

Throughout we consider the Random Energy Model (REM), which is a dis-
ordered Hamiltonian spin system, as a non-equilibrium system undergoing
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Metropolis type (discrete) dynamics in finite volume. We want to study the
behavior of the gap between the first and second eigenvalues of this process,
which is a Markov chain, as the volume goes to infinity.
Let A be a nonempty set with [A| = N and let  denote {—1,1}*. Let
H = {H(o),0 € 1} be an independent family of Gaussian random variables
with common mean zero and common variance V. H will play the role here
of the random hamiltonian. We consider a Markov chain in the state space
{? with transition probabilities reversible with respect to the Gibbs measure
fn on 1 obtained from H and the inverse temperature parameter 3 in the
usual way, that is
in(o) = -exp{~BH(0)}, o€,
N
where Zy is the usual normalization factor known as partition function.
More specifically, we have Metropolis type transition probabilities given

by

Yexp{-B(H(c') - H(o))*}, iflo'~0o|=1,
P(o,d') =10, if jo! —o| > 1,
1 - Za”#a P(U! d")s if o' = a,

where at = (a + |a})/2).

3 Upper and Lower Bounds

Let ¢ be a vector in the 2V dimensional unit sphere indexed by 2 with
non-identical entries. Define

Var(¢) = aza:l(d’(v) — o{a"))un(o)pn(o") (3.1)
N %g(aﬁ(o) — &(a')) exp{—B(H(o) + H(d"))}, (3.2)
(b, ¢) = Z’((b‘(ﬂ) - o(0"))’Q(o.0"), (3.3)
where Q(o,0") = ,lN;:)P(a. o).
r(¢) = %, (3.1)
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Then the inverse of the gap between the first and second eigenvalues of
the transition matrix is given by ([5})

T = sup 7(¢). (3.5)
é

Remark 3.1 We speed up time by a factor of N, so that the final ezpression
for T is (3.5) divided by N.

We derive now upper and lower bounds for 7. For the lower bounds, we
maximize over ¢’s which are indicator functions of a given coordinate.

Lower bounds.
Define ¢y by ¢4(0") = 8(a,0’), where §(-,+) is the Kronecker delta. We

hav
lave o ) T exp{—/jH(U)} () 6)
) = NZNZ(LO’)Q(U’U’) 3.

For the Metropolis dynamics, Q(o,¢’) = (N Zn exp{(H(o) V H(e)HH!
and thus (3.6) equals

exp{-8H(s)} ) (3.7)
Loy exp{—B(H(o) V H(o"))}
Let o be the configuration of spins o for which H(c) is minimal. Then
we get the bound ‘

T 2 max T(¢s) 2 (@) = (1.8)

exp{-0H(z)} .
(e exp{—3H(a")} (3.9)

Our upper bounds are based on the Poincar¢ inequality derived in [5].

Upper bounds.

Let Cn denote the hypercube in NV dimensions obtained from {1 by adding
nearest neighbor bonds. Let ['y be the following set of paths in Cn.

For 1 and 3’ in Cy, chouse 7,,+ by changing the coordinates where 1
differs from 7 to their opposite, working left to right, one coordinate at a
time. Make 'y = {v,.» 1.7 € Cn}.

Remark 3.2 'y is a complete set of paths (in the sense that cvery two
distinct sites of Cy are cztremes of a path in the ['y) of length at most N.
For any given bond e in Cy there are 9N=1 clements of Ty traversing ¢ ([5],
Erample 2.2).



From Proposition 1’ in [5] one gets the bound

T < maxQ(e)”! ST hawlen s ('), (3.10)

K e

where the max is over nearest neighbor bonds of Cy and the summation is
over all paths (indexed by their endpoints 7 and ') through e.
From (3.10) we derive our bound

NN max Q(e)™! max pn{o)? (3.11)

= N2V max Q)" Z5* exp{-28H(a)}. (3.12)

where N2V is justified from Remark 3.2.
After taking into account the change in time scale, it takes the form

N exp{BH(5)} exp{—26H(2)}/ Z, (3.13)

where & is the configuration o for which H (o) is maximal and In=2"N2Zx.
By applying these bounds. we get the following result.

Theorem 1 There crist positive finite conslants ¢ and ¢; such that

.. JlogT . log
ll\llll‘lgf—sl— > e, h:]_‘sgp 0BT < ey (3.14)

Proof.

We use here and elsewhere the basic fact of gaussian distributions that
the maximum (resp. minimum) of n independent standard gaussian random
variables is of the order of /ZTogn (resp. —/2Togn) with probability 1 (that
is, the maximum (resp. minimum) divided by /ZTog n (resp. —v/2 log n) goes
to | with probability 1).

The log of the denominator in (3.8) is of order /N Tog V since the sum
can be hounded below by the maximum of the snmmands and above by N
times this maximum.

Only the log of the numerator contribntes then. When divided by A it
converges to 3v/2 log2 as N — 0. s0 we take this expression for ey



For the upper bound, we use the (exact) asymptotic expression for
N~'log Zy derived in 4], namely

B%/2 +log2, ifB </2log2

2log 24, if8>/2log2.

This combined with the numerator allows us to take c; as

33\ 2log2 — F2/2 if3 < \f2log?2

20v/2log2+log2 if3 > (/2log2 g

4 Concluding Remarks

One interesting feature of the REM is its (third order) phase transition at g =
v2log 2. This should affect the asymptotic behavior of the gap. Our bounds
of course do not say anything about that. One should instead get exact
asymptotic expressions for log 7/N. Partial information as to the existence
of such expressions for all # and their nonrandomness would be already of
interest (we conjecture that this is the case). The methods used in this paper
do not seem to apply for these questions, although a more careful, random
choice of the complete set of paths entering the upper bound, or a more
careful estimation with the considered set might narrow the gap with the
lower bound.

5 The Dynamics of Random Spin Systems

Dvnamics of spin glasses was studied (non-rigorously) by Sompolinsky and
Zippelius ([7]) which considered a soft spin approach so that they could work
with quantities varying continuously. This has been made rigorous by Ben
Arous and Guionnet {[10]). Some recent work ([8] and [9]) shows that non
exponential relaxation is possible in infinite volume for models with short



range interaction. This is of course not in contradiction with our result for a
(large) finite sample. We plan to investigate infinite volume behaviour and
the relationship with the short models results in a forthcoming paper.

A Appendix

We establish here the microscopic representation for the REM hamiltonian
mentioned in the introduction.

Proposition A.1 Let H = {H(o).0 € 1} be defined by Equation (.2, where
{Jay @ C A} is a family of i.i.d. standard gaussian random variables. Then
H is a family of i.i.d. gaussian random variables with mean 0 and variance

N.

Proof
The gaussianness, correct marginal mean and variance are clear. It suf-
fices thus to establish independence. It is enough to show that the matrix

{a; 0 RacC A} (A.1)

is an orthogonal one, that is, that

’
Z a0, =10

aCA

for all 0,0’ € §¥ with o # o’.
Given a,0’ €  with o # o', let A denote the (nonempty) set where o

and o’ disagree, that is
A:{ie.\:a,-#a.'-}.

We have

Y oaal = 3 (—1)nal

aCA aCA

The last sum can be rewritten as

M
Y X (=h

k=0 oCA:lvnA)=k



where M = |A]. Which equals

M

3 galk)(=1)%,

k=0
where ga(k) is the number of distinct subsets of A intersecting A at exactly
k points. There are k choices out of M in A, which yields (}f) possibilities
for a N A, and total freedom in A\A, which yields 9N-M nossibilities for

a\A. Thus
A
aalk) = (k,) e el

Y 040, = otk ‘:!: (A,:l)(—-l)k
k=0

aCA

We finally have

= 2V M- M =40,
since M > 0. The result is proven. g
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