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We derive upper and lower bounds of the same (exponential) or­
der for the gap of the Metropolis dynamics for the Random Energy 
Model (REM). The upper bounds are based on the Poincare inequality 
derived recently by Diaconis and Stroock. 
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1 Introduction 

The Random Enrrgy Model (REM) is a disordered hamiltonian spin sys­
tem desigoM by Dt>rrida ([I] and [2]) as a caricature of the Sherrington­
Kirkpatrick (SK) Spin-Glass Model. Doth models are mean-field ones. While 
in thE" SK modE"I onP has (gaussian) pair interar.tions, in the REM then· are 
(all siu>.s) multibo,ly interactiom. That is, the hamiltoniau for the SK modd 
is ( for er a given configuration of ~pins + or - I in a volume A) 

Hs1<(0-) = IAi- 111 I: .1,,0-;u;, (I.I) 
i.JEA 



where the sum is ovf'r all pairs of distinct sites in;\ and {J;;, i,j} is a family 

of i.i.d. standard gaussians, wherf'as that for the REM is 

( 1.2) 

where the sum is over all subsets of A, { J,., o} is a family of i.i.d. standard 

gaussians and "" = TTiea <1; (<11 = 1 ). 
We observe that for the REM the hamiltonians of all configurations form 

a family of i.i.d. gaussians with mean zero and variance IAI (A proof of thifl 

f'lementary fact is provided in an appPndix to the paper). That could be 

taken as an alternative description of this model, indeed it is the usual one. 

We will adopt in the next session. 

The REM (in equilibrium) has been much studied ([I], [2], [:3], [41). In 

this work Wf' consider the dynamical model, that is, the REM undergoing a 

Glauber dynamics. We want to study the speed of convergence to equilib­

rium, the exponential rate of which will he given by the spectral gap of the­

dynamics, which is the difference between the- first and second eigenvalues of 

the transition probability matrix of the l\(arkov chain giving the dynamics 

(see [5] Proposition :J). 

To get bounds for the (inverse of the) gap, we make use of the technology 

df'veloped by Diaconis and Stroock relying on a variational characterization 

of the gap and on a bound based on a geometric Poincare inequality ([5]). 

Rece-ntly, Cassandra et al. have studied a disorderf'd dynamical model, 

the random walk with random traps, with a different approach. via coupling 

techniques, to get the order of the speed of convergence to equilibrium ( [61). 

The rest of the papf'r is organized as follows. In the next section we 

describe the model in detail. In Section :J, the main onf', we derive upper 

and lower bounds for the inverse of the gap. Then we make some concluding 

remarks on Section 4. Section 5 is devoted to a brief discussion on existing 

work in dynamical random spin systems. 

2 The Model 

Throughout we consider the Random Energy i\(odel (REM), which is a dis­

ordered Hamiltonian spin system, as a non-rq11ilibrium system undergoing 



Metropolis type ( discrete) dynamics in finite volume. We want to study the 
behavior of the gap between the first and second eigenvalues of this process, 
which is a Markov chain, as the volume goes to infinity. 

Let A be a nonempty set with IAI = N and let !l denote { -1, l }A. Let 
11. = {H(u),u E !l} be an independent family of Gaussian random variables 
with common mean zero and common variance N. 1-1. will play the role here 
of the random hamiltonian. We consider a Markov chain in the state space 
!l with transition probabilities reversible with respect to the Gibbs measure 
l'N on !l obtained from 1-1. and the inverse temperature parameter /3 in the 
usual way, that is 

I 
l'N(<1) = ZN exp{-/JH(u)}, <1 En, 

where ZN is the usual normalization factor known as partition function. 
More specifically, we have Metropolis type transition probabilities given 

by 

, { ;l;exp{-,8(H(<1') - H(u))+}, 
P(u,u) = 0, 

l -r; .... ,,, .. P(u,u"), 

where a+ =(a+ lal)/2). 

3 Upper and Lower Bounds 

if lu' - <11 = I, 
if lu' - <11 > I, 
if u' = r1, 

Let ¢, be a vector in the 2N dimensional unit sphere indexed by !l with 
non-identical entries. Define 

= ~ L(¢(u) - tb(u')) 1 t>Xp{-/l(H(u) + H(u')l}, (:J.2) 
ZN,,,,,, 

E.(</,,¢) = L(¢(r1) - m(u'))2Q(r1,u'), (:J.;J) 
n ,tr' 

where Q(u,u') = l'N(u)P(u.u'). 
~/ 111·( d,) 

r(</,) = [(</J,<t>)' 



Then the inverse of the gap between the first and second eigenvalues of 

,.. the transition matrix is given by ([.5]) 

r = sup r(<j>) . 
• 

(:3.5) 

Remark 3.1 We speed up time. by a factor of N, so that the final expression 

for r is (3.5} divided by N. 

We derive now upper a.nd lower bounds for r. For the lower bounds, we 

maximize over <J,'s which are indicator functions of a given coordinate. 

Lower bounds. 
Define </>a by 4'.,(0-') = o(o-,a'), whPre ,5(•,·) is lhe lfronecker ddta. We 

have 
r(q,") = exp{-,JH(o-)} 

N ZN L(a,a') Q(u, u') 
(:l.6) 

For the Metropolis dynamics, Q(u,cr) = (NZNexp{/J(H(u)V H(u'))})- 1 

and thus (3.6) equals 

t>Xp{-/J//(u)} 

L( .. .,,') exp{-,d(H(o-) V H(o-'))} · 

Let !Z. be the C"onfiguration of spins o- for which H(u) is minimal. Then 

we get the bound 

T > 

= 

m,,,ax r( <P,.) ?: r( ¢~) = 
exp{ -#H(Q.)} 

(:3.8) 

(:J.9) 

Our upper bounds are based on the Poincarf inequality derived in [.5]. 
Upper bounds. 
Let CN denote the hypercube in N dimensions obtained from n by adding 

nearest neighbor bonds. Let rN ht> the following set of paths in CN. 
For 'I and ,,' in CN, choose -y,,.,,• by changing tlw coordinates where 'I 

differs from 1,' to their opposite, working lt'ft to right, one coordinate at a 

time. Make r N = h,,.,,,, ,,, ,,, E C.v}. 

Remark 3.2 rN is a complete .~ct of paths (in 1hr S1"11sc that t'llfTY two 

distinct sites of CN aiT extremes of a path in the f,v) of length at most N. 

For any given bond e in CN thcrr ar,· :.f•-1 clcmrnts of r N traversing t : (/.'5}, 
Ezamplr. :J.2). 

4 



From Proposition I' in 1,'iJ ont" gt"ts tlw bound 

T :S m;ix(J(t)- 1 L h,1.,,•l11N(,/)11N(11'), (:U0) 

...,.,,,'),:Jr 

where the max is ovf'r nearest Uf'ighbor bonds of CN and the summation is 

over all paths (indexed by their endpoints 1/ and 1,') through e. 

i.From (:J.10) we derive our bound 

N2N maxQ(e)- 1 max11N(a) 2 

, " 
= N2N max Q(t;f I z,;/ rxp{-2/JH(!!_) }. . 

where N2N is justified from Remark :J.2. 

(:J.11) 

(:1.12) 

Aftt"r taking into account tht" chauge in timr sc.ale, it takes the form 

N exp{/3H(i7)} exp{-2/JH(!!.)} / Z,v, 

wlwre iJ is the configuration fT for which H(<7) is maximal and ZN = 2-N Z.v. 

By applying these bounds. Wf' gt"t tht> following n~suh. 

Theorem 1 TIH·1·r I rist /}()S1lir1r Jinilt· co11.,/1111L., ,·1 1111d C·z 1<1tch that 

. . lo,e;r 
hmmf - V ~r,, 

.V-t- ,X) ' 

. lo,e;r 
lunsup - - :S ,·z. 

N--+'>O .V 
(:U4) 

Proof. 
\VP. nse here and P!sewlwre the bai,ic fact of gaussian distributions that 

the maxinmm (resp. minimum) of II independent standard gaussian random 

variahll"s is of thf' ordn of ✓2 log 11 (resp. -✓2 lo,e; 11) with prubability I (that 

is, the maximum (resp. minimum) divided by ✓2 Jog 11 (resp. -J:! logn) goes 

to I with probability I). 

The log of the denominator in (:l.8) is of order ✓,\ log N since the sum 

can hP. boundf'd below hy thf' maximum of the sununantls and above by N 

times this maximum. 

Only thl" log of tlw numerator contributes tht'n. \\'llf'n cliviclt>d by 1\' it 

convf'rgt's to d ✓'1. log 1 iL<; ,V -+ ,::,o, so WP t akf' this c•xpn·ssion for ,., . 

. 'i 



For the upper bound, we use the (exact) asymptotic expression for 
,v-• log ZN derived in 141, namely 

r.P/2 + log 2, 

J2tog2/J, 

if{.J ::S J2tog2 

if/J ~ /1log2. 

This combined with the numerator allows us to take c2 as 

:Jd/1 log 2 - /3 1 /"2 if /3 $ J2 lu~ 2 

2/3J2log 2 + log2 if /3 ~ J2 log2 c 

4 Concluding Remarks 

One interesting feature of tlw REM is its (third order) phase transition at ;J = 
✓2 log 2. This should affect the asymptotic bf'havior of the gap. Our bounds 
of coursP. do not say anything about that. One should instead gf't exact 
asymptotic expressions for log r / N. Partial information as to the existence 
of such expressions for all /3 and their nourandomness would be alrf'ady of 
interest (we conjecture that this is the case). The nlt'thods used in this paper 
tlo not seem to apply for these questions, although a more careful, random 
choice of the complPte set of paths entering the uppn bound, or a morf' 
careful estimation with the consicleretl set might narrow the gap with the 
lower bound. 

5 The Dynamics of Random Spin Systems 

O_vnamics of spin glasses was studied (non-rigorously) hy Sompolinsky and 
Zippelius ([71) which considen,d a soft spin approach so that they could work 
with quantities varying continuously. This has hf'f"11 made rigorous hy 8f'n 
Arous and Guionnet {[IOI). Some recent work (181 and I!!]) shows that non 
exponential relaxation is possible in infinite volume for models with short 
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• 

range interaction. This is of course not in contradiction with our result for a 
(large) finite sample. We plan to investigate infinite volume behaviour and 
the relationship with the short models results in a forthcoming paper. 

A Appendix 

. We establish here the microscupic representation for the REM hamiltoniau 
mentioned in the introduction. 

Proposition A.1 ld 1i = { H(u), u E H} be defined by Equation 1.2, where 
{ J0 , o C A} is a family of i. i.d. sta,1da1-d ga11ssia11 mndom 11ariablcs. Thm 
1i is a family of i.i.d. gaussia11 random variablrs with mean O and uari,mce 
N. 

Proof 
The gaussianness, correct marginal mean and variance are clPar. It suf­

fices thus to establish independence. It. is enough to show that the matrix 

{<T,,; u E H,o C .\} (A.I) 

is an orthogonal one. that is, that 

for all IT, 0"
1 E n with (T "# u'. 

Given a, CT' E {l with a =f:. u', let .l denote the { nonrmpty) set where a 
and a' disagree, that is 

We have 
L u,,u:, = L(-l)l"MI_ 

uCA ttCA 

The last sum can be rewrittrn a.~ 

i 



when• A/ = lill. Which Pcp1als 

,If 

L .<JA(/.:)(-1 )\ 
k=O 

where 9A(k) is the munbt>r uf distinct subsets o of;\ intnsecting il at exactly 

k points. There are k choices out of M in u, which yields (~) possibilities 

for a n ~. and total freedom in A\~. which yields 2N-M possibilities for 

o\~. Thus 

We finally have 

= 2N-M E (1)(-It 
= 2N-M ( I - I)"' = 0, 

sincP .\f > n. Tlw n·s11lt is provPn. □ 

Acknowledgements. 
\Ve thank M. Cassanclro. :\. (:alws and .-\. J>Pllt•p;rinotti fur stimulat.ing 

discussions concerni1111; this work, which wa.-; partially s11pµurted hy CNPq 

grant nu . .t!\:186.''> /9:J-:l, Fapesp grant no. !M / 4:JO:l-!> aud the rPasearc:h agree­

ment lwtween tlw llniwrsitit>s of Ronw ~ La Sapit->nza·• and Siio Paulo. L.F. 

thanks the MathematiC's Department of the former 1111iversity for warm hos­

pitality. i\1.1. acknowledges hospitality in Sao Paulo. 

References 

[ I] Derrida IL Random E11nm1 Mndr-l: Limit nf a Family of Di.~or­

,fr,-,·d .\Ind, 1.-. Ph.vs. HP\'. Lt'!.t. 45. i!I-S2 ( 1!180) 

[:.!] Derrid;i B .. Ha11dom E111 ,·gy ,\lo,frl: An Emctly Soillabfr ,\/odd 

of Disorrfrrnl Sy.,tcms, Phys. lfrv, L,·tt. U 24, :!fi I :J-2fi2(i ( 1981) 



[:J] Eisele Th., On a Third Order Phase Transition, Comm. Math. 
Phys. 90, 125-159 (1983) 

[4] Olivieri E., Picco P., 011 the Existence of Thermodynamics for 
the Random Energy Model, Comm. Math. Phys. 96, 125-144 
(1984) 

[5] Diaconis P., Stroock D., Geomet1·ic Bound.~ for Eigenvalues of 
Markov Chains, Ann. Appl. Probab. 1, :36-61 ( 1991) 

[6] Cassandro M., Galves .J.A. and Picco P., Dynamical phase tran­
sitio11 i11 diso1Ylrrnl syslrm.~: the .~tudy of a random walk model, 
Ann. Inst. H. Poincare (Physique Theorique) 55, 689-706 ( 1991) 

[7] Sompolinsky H. and Zippelius A., Relaxatio11al dynamics of 
the Edwards-Anderson model and the mean-field theory of spin­
glasses, Phys. Rev. 8 25 6860-6875 (1982) 

(8] Zegarlinski B., Strong Drcay to Equilibrium in one Dimensional 
Random Spin Systems, .J. Stat. Phys. 77 717-7:32 ( 1994) 

[9] (:uionnet A. and Zegarlinski 8., Decay to Equilibrium in Ran­
dom Spin Sy.drm.s 011 a Lattirc. Preprint 

[10] Ben Arous C. and <:uionnet A., Large Deviations for Lan_qetJin 
Spin Glass Dynamic.• Probab. Theory Helat. Fields 102, 4,'l5-
!l09 ( 199,,) 

lrenatoGime.usp.br, isopiQmat.uniromal.it 

9 



ULTIMOS RELATORIOS TECNICOS PUBLICADOS 

9501 - FAVA, L. on Interpenetrating Order Statistics. 
Sao Paulo, !ME-USP. 1995. 32p. (RT-MAE-9501) 

9502 FERRARI,P.A.,KESTEN,H., MARTiNEZ,S. R­
Positivity, Quasi-Stationary Distributions and Ratio 
Limit Theorems for a Class of Probabilistic Automata. 
Sao Paulo, IME-USP. 1995. 39p. (RT-MAE-9502) 

9 5 0 3 - FERRAR.I, S . L. P. , CORDEIRO, G. M. , URIBE-OPAZO, 
M.A., CRIBARI-NETO, F. Improved Score Tests for 
One-Parameter Exponential Family Models. Sao Paulo, 
IME-USP. 1995. 2lp. (RT-MAE-9503) 

9504 - ARIZONO, H., BUENO, V.C. 
Reliability of Used Components 

Bounds for system 
under MIFR/ .:Jt 

1 Op. ( RT-MAE-Assumptions. Sao Paulo, IME-USP. 1995. 
9504) 

,sos - 8:I.NGEll, J.M. 1 A.NDRADE, D.F. Regression Models 
for the Analysis of Pretest/Posttest Data. Sao Paulo, 
!ME-USP. 1995. Sp. (RT-MAE-9505) 

9506 SILVA, A.J., ZUAZOLA, P.L.I., WECHSLER, S. 
Partial exchangeability and extendibility. Sao Paulo, 
!ME-USP. 1995. 21p. (RT-MAE-9506) 

9507 - MADRUGA, M.G., OCHI-LOHMANN, T.H., OltAZllI, K., 
PEREIRA, C.A.B., RABELLO-GAY, M.Z. Bayesian Dosimetry 
II: credibility Intervals for Radiation Dose. Sao Paulo, 
IME-USP. 1995. 12p. (RT-MAE-9507) 

9508 - FERRARI, S.L.P.; URIBE-OPAZO, M.A.; CRIBARI-NETO, 
F. Second order asymptotics for score tests in 
exponential family nonlinear models. Sao Paulo, 
IME-USP. 1995. 07p. (RT-MAE-9508) 

9509 WECHSLER, S.; BALLAS, D.; CARDOSO, R.H.A. 
Bayesian Optimization of Quality-of-life. Sao Paulo, 
IME-USP. 1995. 06p. (RT-MAE-9509) 

9510 BOTTER, D.A; CORDEIRO, G.M. Bartlett 
corrections for Generalized Linear Models with 
Dispersion covariates. Sao Paulo, IME-USP. 199g5. Jlp. 
(RT-MAE-9510) 

9511 PAULA, G.A.; ROJAS, o.v. On Restricted 
Hypotheses in Extreme Value Regression Models. Sao 
Paulo, !ME-USP. 1995. 14p. (RT-MAE-9511) 



9512 - ARIZONO, H.; BUENO, V .C. Bounds for System 

Reliability of Used Components Under NBU!3t Assumptions. 

Sao Paulo, IME-USP. 1995. l0p. (RT-MAE-9512) 

9513 - FERRARI, S.L.P.; BO'l'TER, D.A.; CORDEIRO, G.K.; 

CRIBARI-NETO, F. Second and Third Order Bias Reduction 

for one-Parameter Family Models. Sao Paulo, IME-USP. 

1995. 07p. (RT-MAE-9513) 

9514 - BBLITSKY, V.; KOIIAYAllWA, Y. Inference on the 

Flip Rates from Density Dynamics for a Class of Spin­

Flip Systems. Sao Paulo, IME-USP. 1995. 2lp. (RT-MAE-

9514) 

9515 - BELITSKY, v. The change of sign of derivatives 

of the density function of a spin flip system with the 

order of derivation. Sao Paulo, IME-USP. 1995. 27p. (RT­

MAE-9515) 

9516 - PAULA, G.A. On Approximation of the Level 

Probabilities for Testing Ordered Parallel Regression 

Lines. Sao Paulo, IME-USP. 1995. 15p. (RT-MAE-9516) 

9517 - PAULA, G.A. 
Restricted Regression. 
(RT-MAE-9517) 

The Concept of 
Sao Paulo, IME-USP. 

Leverage in 
1995. 09p. 

9518 YOSHIDA, o.s.; LEITE, J.G.; BOLFARINB, H. 

Bayes Estimation of the Number of Component Processes of 

a Superimposed Process. Sao Paulo, IME-USP. 1995. 19p. 

(RT-MAE-9518) 

9519 - SIMONIS, A. Metastability of the d-Dimensional 

Contact Process. Sao Paulo, IME-USP. 1995. 17p. (RT-MAE-

9519) 

9520 - FONTES, L.R.G.; ISOPI, M.; SIDORAVICIUS, V. 

Analyticity of the Density and Exponential Decay of 

Correlations in 2-d Bootstrap Percolation. Sao Paulo, 

IME-USP. 1995. 17p. (RT-MAE-9520) 

9521 - FERRARI,S.L.P.; DOTTER, D.A.; CRIBARI-NETO, F. 

Local power of three classic criteria in generalised 

linear medels with unknown dispersion. Sao Paulo, IME­

USP. 1995. 5p.(RT-MAE-9521) 

9522 - CORDEIRO, G.H.; FERRARI, S.L.P.; A general 

method for approximating to the distribution of some 

statistics. Sao Paulo, IME-USP. 1995. 18p. (RT-MAE-9522) 

9523 - BOLFARINB, H.; LIMA, c.; SANDOVAL, M.c. Linear 

Calibration in Functional Regression Models. Sao Paulo, 

IME-USP. 1995.24p. (RT-MAE-9523) 



9524 - WECHSLER, S.; BRANCO, M.D. 
coherent statistical inference. Sao 
1995. Sp. (RT-MAE-9524) 

The exercise of 
Paulo, IME-USP. 

9525 - ROJAS, O. V.; BOLFARINE, H.; PAULA, G.A. On 
restricted hypothesis in structural regression models. 
Sao Paulo, !ME-USP. 1995. 16p. (RT-MAE-9525) 

9526 - RODRIGUES, J.; BOLFARINE, H.; CORDEIRO, G.M. 
NonLinear Quasi-Bayesian Theory and Inverse Linear 
Regression. Sao Paulo, !ME-USP. 1995. 14p. (RT-MAE-9526) 

9527 INOUE, L.Y.T.; 
comparable experiments. 
(RT-MAE-9527) 

'lfBCHSLER, 
Sao Paulo, 

s. Classes of 
IME-USP. 1995. 7p. 

9528 - CHIANN, c.; MORETTIN, P.A. A Wavelet Analysis 
for Stationary Processes. Sao Paulo, IME-USP. 1995. 40p. 
(RT-MAE9528) 

9529 - SAJ'ADI, T.; MORETTIN, P.A. A Bayesian Analysis 
of the Threshold Arma Model.Sao Paulo, IME-USP. 1995. 
lJp. (RT-MAE9529) 

The complete list of Relat6rios do Departamento de 
Estatistica, IME-USP, will be sent upon request. 

Departamento de Estat1stica 
IME-USP 

Caixa Postal 66.281 
05389-970 - Sao Paulo, Brasil 




