ISSN - 0103-2577

Delay-partial differential equations
with some large diffusioms

ALEXANDRE N, DE CARVALHO

LUIZ AUGUSTO F. OLIVEIRA

NS 003

NOTAS DO ICMSC
Serie Matematica

Sao Carlos

abr. /1993 SYSNO_SN 8250

DATA / [




Delay-Partial Differential Equations

with Some Large Diffusion.

by

Alexandre N. Carvalho!’

Center For Dynamical Systems and Nonlinear Studies
School of Mathematics
Georgia Institute of Technology

Atlanta, GA 30332-0160 USA

and

Instituto de Ciéncias Matematicas de Sao Carlos
Universidade de Sao Paulo
Sao Carlos - SP - Brazil

and

Luiz Augusto F. Oliveira®

Center For Dynamical Systems and Nonlinear Studies
School of Mathematics
Georgia Institute of Technology
Atlanta. GA 30332-0160 USA

and

Instituto de Matematica e Estatistica
Universidade de Sao Paulo
Sao Paulo - SP - Brazil

September. 1992

1) Research partially supported by CNPq - Ministério da Ciéncia e Tecnologia - Brasil. 2)
Research partially supported by FAPESP - Fundacao de Amparo a Pesquisa do Estado de Sao
Paulo - Brasil.



Introduction.

It is often the case in infinite dimensional dynamical systems that a certain unbounded operator depends
upon a parameter v. Its eigenvalues and eigenfunctions will also depend upon v. In many cases (see for
example Hale [1986). Hale and Rocha [1987a.b], Fusco [1987], Hale and Carvalho [1991]. Carvalho and
Pereira [1991] and Carvalho [1992]) there is a finite number of eigenvalues of the unbounded operator that
stay bounded as the parameter varies, the remaining eigenvalues blow up at a certain rate. In this case one
expects that the dynamics be dictated by a system of ordinary differential equations. This is indeed the case
in several applications and its proof strongly uses the invariant manifold theory.

In the cases considered in this paper we study the dynamics of infinite dimensional dynamical systems
for which a countable number of eigenvalues of the unbounded operator converges to the eigenvalues of an
unbounded operator in a lower dimensional domain. whereas the remaining blow up. This is the casc for
example in parabolic equations in thin domains studied by Hale and Raugel [1988]. We will not be able 1c
address the general case of thin domains. but only the case of a thin straight channel. However. the propert:
that allows this theory to work is present in the general case; that is, there is a sequence of eigenvalues tha:
stay bounded and a sequence of eigenvalues that blow up (see also Arrieta [1991]).

The theory of invariant manifolds will no longer work in this case since it is centered around existence
of backward solutions which can not be expected in this situation. The main tools in this work is a converse
theorem on existence of compact attractors and an eigenvalue problem.

A physical interpretation of a parabolic problem in a thin straight channel is that there is a very high
diffusion in one of the directions from which our intuition would say that, in that direction. spatial changes
will not be observed. )

The same interpretation can be given to a damped wave problem in a thin straight channel. The wave
speed can be interpreted as being very large in one direction. This would intuitively imply that there would
be no spatial changes for the amplitude of the wave. in that direction.

We also consider the problem called Shadow Systems where the diffusion is very large for some of the
substances in the reaction and not so large for the remaining substances. In this case. the only possible
spatial change for the substances with large diffusion coefficient would come from the reaction and not from:
the diffusion. This problem has been studied before in Hale and Sakamoto [1989] (see also Nishiura [1982])
However, due to their choice of space, they only give information about the local dynamics of the problem:.

The results are presented for damped hyperbolic delay-partial differential equations and parabolic delay-
partial differential equations in an abstract setting. We give a class of delay-partial differential equations for
which the hypothesis of our general result can be verified.

We remark that if one is interested only in local dynamics. the dissipativeness hypothesis can be replaced
by a local condition (e.g.. existence of local attractors). Also in this case, the growth conditions can be
dropped if we work in fractional power spaces which are embedded in L*.

Observe that in proving upper semicontinuity it is natural to assume that the union of all the attractors
as the parameter varies is a bounded set: however. this hypothesis is not always easy to be verified. The
method employed in this paper to obtain such a priori estimates is the more or less classical one of using
a Liapunov functional. 1f the a priori bounds can be obtained in any other manner the results would still
apply.

This paper is divided into five sections. In Section 1 we prove upper semicontinuity of attractors
for abstract semilinear parabolic and damped hyperbolic delay-partial differential equations using convers¢
theorems as in Yoshizawa [1966]. Section 2 is devoted to parabolic delay-partial problems on thin straigh:
(two or three dimensional) channels. In Section 3 we consider damped hyperbolic delay-partial problems on
thin straight (two or three dimensional) channels. In Section 4 we consider systems called Shadow systems
as an application of the results in Section 1. In Section 5 we consider an example of cooperative systems
(see Kishimoto and Weinberger [1985]) which arise as a reaction diffusion problem in a thin domain around
a point (see Hale and Raugel [1992]).

1. Upper semicontinuity of Attractors for Delay-Partial Differential Equations

In this section we introduce the basic concepts and prove results that will be used throughout this paper
In some cases existing theorems had to be reproved to adapt to the new situation.

Let X be a Banach space and A : D(A) C X' — X be the generator of a strongly continuous semigroups
of bounded linear operators on X. If the operator A4 generates an analytic semigroup. we can define the
fractional powers A® of 4 and the associated fractional power spaces X'® (see Henry [19&1]).

To simplify the presentation of the results we make the convention that @ = 0 for all results in which 4
is the generator of a strongly continuous semigroup.

Let 7 > 0 be a given real number. We denote by C = C([-r.0]. X¢) the space of continuous functior
o : [-r.0] — X° endowed with the uniform norm. For any continuous function z : [-r.T) — X'© and an)
0 <1< T.welet z; be the function in C defined by z,(8) = z(1 + ). -r < 6 < 0.



under T'(t) if dist(T({)C.B) — 0 ast — o. A set S C X issaid to be invariant if T(1)S = S for t > 0. An
invariant set A is said to be a global attractor if A is a maximal compact invariant set which attracts each
bounded set B C X ., )

Our first result i1s a converse theorem on existence of a compact attractor for semilinear equations in
Banach spaces. Results of this type are standard in the theory of stability and we only give its proof for the
sake of completeness i .

Let {T(1),1 > 0} be a semigroup (usually nonlinear) on X. A set B C X is said to attract aset C C X

Theorem 1.1. Consider the functional differential equation
z(t) = Az(1) + f(=) (1.1)

where A the generator of a semigroup on a Banach space X and f : C([-r.0].X°) — X s Lipschitz
continuous on bounded sets of C([-r.0]. X®). Suppose that (1.1) has a global attractor A. Then. there is a
function £ : C([-r.0}. X¢) — IR* which is Lipschitz in bounded sets and satisfv
i) S(6)=0.Y 0 € A '
i) a(d(¢,A)) < Z(o) < b(d(¢.A)). where a is continuous nondecreasing. a(s) > 0 if s > 0, a(s) — o as
§— o and b(s) is continuous with b(0) = 0.
i) £(11)(¢) < —Z(¢), where Ty 1) is the right hand derivative of T along solutions of (1.1).

Proof. Let ¢ € C([-r,01.X°), |I9]llc(j-r.0pxe) £ R. I z(-, ) is the solution of (1.1) satisfying zo(-,¢) = ¢,
there exists a function (7. R) such that

d(z¢(-,8). A)) < 6(1, R)

where (1. R) is a strictly decreasing in f and a C? function. Let T(¢) be its inverse. that is T(6(1. R))=A1.
So T(¢) is continuous on 0 < € < 6(0) and T'(¢) — oc as ¢ — 0.

: From t}l%e hypothesis on f, the map 0 — z,(-,¢) has Lipschitz constant < Le™ ' for some L, M depending
only upon R.
Define P
g(():e'("‘“‘”T“" g(O): 0.

for some 3 > 0. Also

For k=1.2,3,---

1 5
Tilo)=g (— sup{e”' G (d(z((-.c). A))}.
LT] 120

Observe that the sup is takenonlyon 0 <t <73 =T (%_H) and so

1
0<Se(0)<yg (k—+l> e“Tx6(0) < 6(0).
IZk(0) = Zx(v)| < g <—] > sup {L545+-""l|0_ Ulici—r.olx }
- K+ 1 0<t<T, ety =y
1

G+M)T
<g <A——l) Le'7 ™ o — vlle(f=r.0p xe . < Lllo = vllo=r.0).x)-

Finaly.

5 1 5
Si(zn(-.0)) =€ Py < ) ) sup{e”'Gi(d(z:(.0).A))}

1>h

so Ti(0) € =35k (0).
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If we let

we have that

IZ(¢) = Z(¥)| < Lll¢ = ¢lle-ropxe),  E(e) < -8Z(¢), I(¢)=0, Vo € A,

and

- 1
(o) 2 ) 27%g (m) Gi(d(0, A)) = a(d(6..4)).
k=1

with a Lipschitz continuous, strictly increasing. a(s) > 01f s > 0 and a(s) — x as s — . This concludes
the proof.

Let v > 0 be a positive parameter, X, be a Banach space and 4, : D(4,) C X, — X, be the generator
of a semigroup. Let A7 denote the fractional power of A, and X2 the associated fractional power spaces.

Let Y be a Banach space and B : D(B) C Y — Y be the generator of a semigroup. Let B® denote the
fractional power of B and Y ¢ the associated fractional power spaces.

Assume that the semigroup {7, (1), t > 0} generated by A, satisfies

IT,(wllxe < MW jullxe, 20

<
T, ()wlixe < M= 2 lu]lx.. 1> 0,

v

for any w € X2, where #(v) may depend upon the parameter » and M > 1 is a constant.
Consider the weakly coupled system

1(1)=_4pz(1)+f.,(11,yz)} (1:2)

y(1) = By(t) + g. (x¢. y1).

Let g: C([-7.0].Y®) — Y be Lipschitz continuous in bounded sets of C[~r,0].}?) and assume that
y(t) = By(t) + g(v) (1.3)

has a global attractor A in C([-r.0].}?). Suppose that there exists a constant M > 0. independent of v.
such that the set I, .
B = {ue C([-r,0.X] xY°): |lullc=r.0.x2 xye) < M} [H]

attracts bounded sets of C([—-7.0]. X2 x Y ¢) under the flow defined by (1.2).
Let R > 0. (0.v) € C([-r.0. X7 x Y?). |[(0.U)lic(-r.0pxexye) < R. Suppose that there exist
nonnegative constants M;. Ly, depending only on R. such that

Ifv(o.v)lix, < Lylldlle-r.a.xe)+ My [[Pulo.)lly £ Lpw)|ollc-r.0p.xe) + Mp(r). (1.4

where P,(o.v) = g,(0.v") — g(v'). and Lp(v). Mp(v) — 0 as v — 0.
Assume also that either of the following conditions is satisfied
a) The flow defined by (1.2) i1s asymptotically smooth.
b) M; = 0 and the flow defined by y = By + ¢,(0.y;) is asymptotically smooth.
¢) My =0and Mp =0.



Theorem 1.2. Assume that A is a sectorial operator and that (v) — o as v — 0. Assume also that [H |
and (1.4) are satisfied and that either a), b) or c) above is satisfied. Then, there exists vy > 0 such that . for
0 < v < . the problem (1.2) has a global attractor A, and the family of attractors {A,, 0 < v < 1} 1s
upper semicontinuous at zero, where Aq := A. Furthermore, if c) is satisfied, there exists vo > 0 such that
A, = A 0< v <.

Proof. Since (1.3) has a global attractor A there exists a locally Lipschitz continuous function T :
C([-r,0],Y®) — IR* such that for any v € C([-r,0],Y?),
1) Z(¢)=0 if vEA
i) a(d(v-,.A)) < Z(x") < b(d(v,.A)), where a is continuous nondecreasing. a(s) > 0 if s > 0, a(s) — x as
§— o and b(s) is continuous with b(0) = 0.
i) Ty .3)(v) < =E(v"). where T, 3) is the right hand derivative of £ along the solutions of (1.3).
For any ¢ > 0, let B, = {t € Y? : Z(v) < c}. Property ii) implies that B, is bounded.

Suppose (¢, y;) is a solution for (1.2) with initial data (e.v"). Using the variation of constants formula.
(1.2) can be rewritten as

d

‘a%sz'*'g(yr)'*’Pu(Irsyx)s (1.5)
t

z(1)=mr)c>(0)+/ Ty (1 = 8)f, (2.9, )ds. (1.6)
0

fort > 0 and z(1) = ¢(t) and y(1) = ¥(1) for —r <1 < 0.
Given ¢ > 0, > 0, there exists y; > 0 such that. for all v € (0. 1).

¢c—LLp(vyn— LMp(v)> 0.

where L is the Lipschitz constant of ¥ on B..
If y, € B and ||z4||c(j-r.00.x2) < 7 for 0 < s < ¢, then

= Z(y1) + L|iPu(ze, wo)lly
S(y) + LLp)|lzille(j-r.0p.x2) + LMp(v) < =Z(y:) + LLp(v)n + LMp(v)

and .
lz()llxe < Me™ W lo(0)||xe +/L M- s)-%--’”““-*'{L,|1z-,.|;c([_,,o)_,\-f,+ M)ds.

Fix ¢ > 0 and let v > 0 be such that 0 < v < 1y implies 3(v) — ¢ > 0. Then. for 1 > 0. we have

MM,;T(1-a)
3(v)l-e

ot

1
||1.(,[)”X3601 S A;{f(-ﬁ(uH’o)x”O(O)fof — AJL,’ / (i — S)"'C‘f(-—.’3{L-}+G)':—s)EGSHJ_SHCd'S Tt
Jo

Let = : [-r,oc) — IR" be defined by

2(t) = {
and let v(t) = sup_, ¢ < 2($).
If t>0and 0 <7 <1, we have

€ |zellc . if >0
llollc  .if —r<1<0

MLiT(1-a) . MMT(-0)
(B(v) = o)t-e S Bw)i-e

at

llz()llxe €™ < Mllofic +
On the other hand. if —r < # < 0. we have
lz(O)lixg e < llz(O)lix < liolic.

4



Therefore, for —r < 7 < 1, we have

MLiT(1-a) . MMT(-a)
(B(v) = o)t-° Blyv)i-e

ot

llz(T)llxge?” < Mlioflc +

and therefore

ot

_ MLT(1-0) MM;T(1-a)
su z()||xe€?" < M||d||lc + ! ) J
_rsggﬂ (Mlxe€’” < Mléllc FOPEh o

But

€!||ze|lc = sgg(o{c'”’c““”’llr(r+9)Hx:}sf"' sup {¢%[|z(s)llxe} <€ sup {e"ff2(s)llxe ).
T_ < v

Y—T‘S.‘SY —rS(_(_t

for all t > 0. Therefore

ML;T(1-a)e" MM;T(1—-a)e’"

& < Mljollce” + ( o
€“lzdlc < M|éllce B(v) —oy-= () + B)i=a
It follows that
v ML;T(1-a)e" MMT(1-a)e”
v(1) < M||o||ce’™ + v(t / ot
lellee™ * Gy —or—e A
Let vy be such that 0 < v < vy implies
_ ML;T(1 - a)e” - 1
B -oy-e =72
o MM,T
< or sl ] H—a)e™ o
v(t) < 2[M|jollce’” + B)o £
for all t > 0. In particular, we have
MA - or
e?lzlle < 2AMllollce” + LHIUZ ) o
B(v)i-e
and therefore .
i MM:T(1 - a)"
; a(t-r / =
llz:llc < 2[M||élice & O ] (1.7)
for all t > 0.
For [l¢]jc < 73 (1.7) implies ||z(|[c < 7 and y. € B. whenever defined.
Therefore. for every t > 0. ||¢]lc < 737. v € B, . (1.7) is satisfied and
: viee,  MyT(1=a)e
£(y) € —S(ge) + 2LLp()M llollce=t—1 + -}y ag ) (18

- 3(1,)]-0

for any t > 0.

This implies that the w-limit set A, of B, = {(z.y) € AP x Y :||z|lxe < F7. y € B.} is a local
attractor for (1.2). Since n and ¢ can be chosen arbitrarily. assume that B C B, . andt}i,, 1s a global attractor
for (1.2). If ¢) holds. the above computations show that w(B; ;) C A.

It remains to show that. in cases a) and b) . the family of attractors {4,.0 < v < wo} is upper
semicontinuous at zero.



Consider (1.8) for ||¢|lc((-r.0)xe) < 737 and ¢ € Be. Then,

d §
7 (€' Dw0)) <€y + €' Z(wr)
P MT(1-a)e’"
<2LLp(v)M [HOHC([—r 0).xe)€ (=rlet 4 45((”)]_—(2)661] + L/Up(l/)('
and
e o B0 e MT(1 - a)e"
S(w) £ 2LLp(v)M [( ("TT‘) llolle-r.0.x0) + TU)]—O——(] - (—1)] (1.9,

+ LMp(v)(1 —€™!) + S(¥)e .
From (1.7) and (1.9). for every (0.v') € A,.

PMMTU = 0)e 0y MU = a)e”

sy = M=oy 1AW

lielleq-ro.xg) <

and from property 1) of £
lim sup dist((¢,¢).(0.4)) =

v=0(o.v)cA,

and the Theorem 1.2 is proved.

The hypothesis #(v) — oc as v — 0 strongly relates the results of Theorem 1.2 to parabolic problems
for which we can prove that the eigenvalues of A, diverge to —oc. If we want to consider damped delay-
h\perl]mhc problems we must eliminate this hypothesis. Our next result is an attempt to overcome this
difficulty

Let R> 0. (¢.¢) € C([-r,0], X, x Y) ). (. ¥)lle((=r.01.x. xy) £ R. Suppose that

1fa(é.¥)lIx, < Lywllolle(=r.01x,) + Ms (), [[Palo.v)lly < LpWw)léllc-r.a.x,)+ Mp(v). (1.10)

where Pij(¢.¢) = g, (0.¢") — g(¥), My(v). Mp(v). Ly(v). Lp(v) — 0 as d — oxc.

Assume also that either of the following conditions is satisfied
a’) The flow defined by y(t) = By(t) + ¢.(0,y:) is asymptotically smooth or
b’) M;y(v)=0and Mp(v) = 0.

The proof of our next result follows the steps in the proof of Theorem 1.2. However. there are some

qualitative differences that require special attention and we chose to provide a complete proof for complete-
ness.
Theorem 1.3. Assume that 3(v) =: 0 > 0 is a constant and that A Is the generator of a stronglv continuous
semigroup. Suppose that [ H], (1.10) and either of the conditions a’) or b’) is satisfied. Then. there exists &
vg > 0 such that, for 0 < v < vg, the problem (1.2) has a global attractor A, and the fanuly of attractors
{A,. 0 < v < g} is upper semicontinuous at zero. where Ao := A. Furthermore, If b’) is satisfied we have
that A, = A for 0 < v < vg.

Proof. Since (1.3) has a global attractor A there exists a locally Lipschitz continuous function ¥ :
C([-7.0.Y) — IR* such that for any v € C([-r.0].Y).
1) S(v)y=0 if ¢ €A
i) a(d(v..A)) < Z(v") < b(d(v..A)). where a is continuous nondecreasing. a(s) > 0if s > 0. a(s) — oc as
s — oc and b s) is continuous with 6(0) = 0.
i) T(;3)(v) < —Z(v). where Z; 3 is the right hand derivative of T along the solutions of (1.3).

For any ¢ > 0, let B, = {v € Y : (v') < c}: the property i) implies that B. is bounded.
Suppose (z(1).y(t)) is a solution for (1.10). (1.10) with initial data (o0.v)). Using the variation of
constants formula (1.11) can be rewritten as

dy ,
= =By+9(u) + Pz w). (1.11

z(t) =T,(t)o(0) +/ T,(t = s)fu(xe. ye)ds. (1.12;
c



Given ¢ > 0. 7> 0, there exists ¥y > 0 such that. for all v € (0, ).
c—LLp(v)n— LMp(v) > 0,
where L is the Lipschitz constant of £ on B.. If y, € B, and ||z,||c < nfor 0 < s <1, then

S(w) € = S(w) + LIIPo (20 30)lly
<= () + LLpW)lzelle(=r.0.x,) + LMp(v) < =Z(y;) + LLp(v)n + LMp(v)

and

t
llz())ix. € Me~Yollc + M/0 e L )|z e + My (v)]ds.

Let = : [-r,oc) — X, be defined by

1

Me=!j6(0)]lx, + M/ “= (L w)||zelle + My (v))ds, ift>0

€
z(t) = 0
llolle if =r<t<0

Then, z is a nonnegative function satisfying

H(t) < —oz(1)+ MLy(v) sup =z(t+6)+ MMy(v)
-r<#<0

for t > 0 and z(1) < ||o||c for —=r <1 < 0.

; MMo) ]
Letting z(1) = w(t) + mfl’,(—u') we have

w(t) < —ow(t)+ MLy(v) sup w(t+6)
-r<6<0

The reader is referred to Halanay [1966] for the proof of the following result

Lemma 1.4. Suppose r : [-r.o) — R Is a non-negative function satisfving

r(t)= —cz(l)+ 3 sup z(t+6)
—r<6<0

fort > 0 and assume a > 3 > 0. Then. 0 < z(t) < e ~*||o||. for all t > 0. where k > 0 is the unique real
solution of the equation k — o + 3¢¥" = 0.

Therefore. for ¢ > ML;(v). we have

MM, (v)

:1\<—/\x 1 ]_—).z
(1) e Mldlic + (1 —¢ )——a—,’uL,(u)'

where A > 0 is the unique real solution of the equation
A—a+MLi(v)e* =0.

It follows that
MM, (v)

zit)llx, < e Mlolle + — 7
lzit)llx, < e Vllolle o — ML;(v)

for all t > 0. )
Assume that v is such that 0 < v < v implies 2M L;(v) < o and 4MM;(v) < on. Under this
conditions .
e QMM ()
lzllx, < e liofle + === (1.13)

For ||6]|c < % and t > 0. (1.13) implies [lz[[c < 7 and y. € B. whenever defined.

i



Therefore, for every 1 > 0, ||¢]|x, < g, v € B, , (1.13) 1s satisfied and

£(u(1)) < ~S(1) + LLp(w) {lelee + 22

+ LMp(v) (1.14)

for any t > 0.
This implies that the w-limit set A, of the set By . = {(¢,v:) € C([-r,0],X,) x C([-7,0],Y) : |I¢]|c <
-'21, ¢ € B} is a local attractor for (1.2). Since 1 and ¢ can be chosen arbitrarily, assume that B C B, . and
A, is a global attractor for (1.2). If b’) is satisfied, the above computations show that w(B, ) C A.
. 2 ;emains to show that, in the case a’), the family of attractors {4, .0 < v < v} is upper semicontinuous
at infinity.
Consider (1.14) for |[é]lc([-r.0.x) < % and v € B.. Then.

d .
‘d—i(ftz(yr)) szz(yx) + ftz(yr)

SLLp(W)||8llc(j-r.01.x)€

2L A
'“'”’+[ LP("LW’(”)JrLMp(u) é'

and
e— M

- 6—1
_I——A—] lléllc=r 01.x)
- [QLLP(I/)JU.)UJ(V)
(o2

X(y:) < LLp(v)

- LMP(I/)] Q=€)+ Z(y:)e™".

From (1.13) and (1.15). for every (¢,1) € A,.

I8llc(-r.0.x) < — Z(v)

2M M, (v) oy < 2LLPIMM, () M)
< - J

and from property 11) of ¥
lim sup dist((¢.4"),(0..4)) =0
v—0(g.y)EA,

and the proof is complete.

2. Upper semicontinuity of Attractors for Parabolic Delay-Partial Differential Equations ou
Thin Channels

As an application of Theorem 1.2 we consider a parabolic delay-partial differential equation in Q =
(0.1) x O C R"*!. n < 2. where @ is a smooth domain in IR". Denote by (z.y) a generic element of Q.
where 2 € (0.1) and y € O and by A, the Laplacian operator in (0. Consider

u 6 ‘
5_111 = d'(9 l: +Ayu+f (u/ glu(z.y. 1+ 0))d9> m Qi=[01]%0

- (2]
1)
Gu
— = Q.
n 0 in 0
Assume that f: IR? — IR satisfy
If(u.s)= f(v.1)| <L (lu —v|(1+ el 4 ey 4 s — 1|) . Mn=1 (2.2;
If(u.s)= f(r. )| < L(u=v|jQ+v? 4+ +|s=1]). ifn=2 (2.9
for some L > 0. p< 1 and all (u.s).(v.1) € IR? and
lim sup f(2.0) < =4, (2.3

(EE
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for some é > 0. Assume also that g : IR — IR is globally Lipschitz continuous and satisfies |g(u)| < B for all

u € IR and some B > 0.
It is our purpose to use Theorem 1.2 to prove that, if d > 0 is sufficiently large, then the dynamics of

(2.1) can be described by

(’;;_At+f<yt)/ y1+9))d0> in 0

o
o

(2.4)
=0 in 00.

To better present the problem we introduce some terminology. Let X = L*(Q) and A4 : D(A44) C X —
X be the self adjoint operator defined by

8o

F27 Ayo Vo € D(Ay). (2.5)

D(Ag) = {(DEH'J(Q):a—: :0}, Adc):—d"7

Let X'¢ denote the fractional power spaces associated to Az endowed with the graph norm. Equation
(2.1) can be written as

0
u(t) = —Agu(t)+ f (u(i)./ g(u(t + 9))d0) (2.6)

-r

in the space C([-7.0], X).
In what follows we obtain some embeddings necessary to handle the growth condition (2.2). The next

Jemma follows an argument used in Carvalho [1992] where such embeddings are obtained for a fixed energy
space.

Let W, = {¢ € X§ : ¢ is independent of z} and W its orthogonal complement in X§.
Lemma 2.1. For any p > 1 we have
X} C LA ().

with embedding constant proportional to p. Furthermore, there exists a constant k' > (. independent of d.
such that

Illzrn) < K pd™2 foll_y. (27)

d

for all 0 € Wi

Proof. Let ¢ € C}(Q), 6 € Wi. Then, for any z; € [0.1]. there exist ¢ € [0.1] such that é(z,.¢) = 0. This
implies the following mequalmes
60
] 610 / = = fi(zy).

lo(zy.29)] < |o(0 |+/ l——szq |ds = fo(z4).

/ ?O (s.22)ds|.
Jo 0x,

1
oo
| tet0. 2)ldsz < lelliie + 5 v
0 I

lo(z,.22)| =

lo(0.z2)] < |o(x1,22)| +

Therefore.
lo(z1.22)]* < filzy)fa(z2)

00
() 'd “1_1(91

and

2]
a
llolizz(q) < (/ [0(0,z2)|dzs + | (,jc
0

9



Let 1 > 1. If we apply the above inequality to ¢ = |u|'~'u we have that (observe that,if v € C?(Q)NW'} .
then ¢ satisfy the above inequalities) :

1 P
Ou e Gu 1
1 1 =1 — £
ullp2e(q) <1 (/0 [u(0.z2)|"dzs + |[|u] o Hu(m> [ ulf !_612”i‘(m

Ou } Ou
-1
(Il + 2 ) = 22

Ou P ou
< ey (Il + 2 lisin) e
Choose 2t = p'(t = 1). Then. t = ;—;_L and
P Ou Ou 1
e, < 72 (1t + 2 ) 1R
Since [|o]|Lr () < |Q|¢'%||O|!L:(m for all ¢ € L?(Q2), we have that
7 1 8
< u %.
Il e, € 20 (Il + 25 ) i
P ot du du
< Eiopta (I sy + Sl Hmm) e e,
] 1
r o ) Q772 Ou Ou
<3p,_2d 5 [“d_”L’(Q)+ 6_”1_7(1'7) ;

where we use that, for ¢ € Wi,
2

0o .,
b < (1052 oy + 15 e )

The result now follows from a density argument.
The following lemma guarantees that the problem (2.1) is locally well defined.
Lemma 2.2. Under the previous growth assumption on f. the function f¢ : C([-r. O].Xa%) — X, given by
0

f(o)(z) = f (o(mu)./ g(om)(znde)

r

is Lipschitz continuous in bounded sets of C([—r.O]‘.\'j) that is, given a ball of radius p in C([-r,0]. X : ).
there exists a constant Ly = Ly(p) such that

i/ (0) = f(v)lix < Ly

o — vtilc.



<l
for ||d>HC ety S° Il ”c roxd)
Proof. The proof is based on the embeddings (2.7). If [l¢|| 3 r, IIU’H < r, it follows
-r0lX}) " r.0). A*
that
||f‘(¢) _ " ”:I),Q(ﬂ) <L A[60|¢(0)(r)lr " eGl'«"(O)(J')l'] |¢7(0)(1‘) _ t'(O)(.‘l‘)|2d.’t + LLgT‘”O _ #'”C‘([—r,o],/\')
1
<F </ (100N Sl > (/ l0(0 (0)(2)1 dr) ’ + LLyrllo = tlleqeran
4

SL HO(O) _ 74"'(0)”:1’_‘(9) </n[€€{c10);:\|r o 69]1 (0)(r)|f]'g d.‘r> 1 LL;THO - 1'”C‘([—r,0].){1

<16 KL [|6(0) = ¥(0)[lfy 1.5, ( / [FIREIRE  HelTE d:) + LLyrllo = vlleq-r.0.x)-
A |

Therefore, we only need to prove that

(X1 0

e r
(€10 |12y < C(r),

for ||6(0)]] 1 < r, where C(-) : IR* — IR" is continuous and increasing. This follows from the following

o
v

x_ gn < gn
ele(0 4 np
1O 2y < D7 = OO lzxmy = Y 5 H0(0)Enrq)
n=0 n=0
oc o
or n"? np

Z ; 277}7]\”0 |H1(ﬂ] Z (27‘])9%]\)
n=0 n=0

and we only need to prove that the radius of convergence of the series

np

o
o
T
n!
n=0

is infinity. This follows from the fact that. if a; = %

a 1\~
i =(n+1)"f'<1+—> —x
an-:—] n

as n — oc. The lemma is now proved.

Consider the Liapunov functional V" : C([-r.0]. _Xf )— IR

. 1. .2 ’ 1 =
V(o) = 514z o)} + glle(0)lk ~ /nﬂow))dz

(]

where F(u fo (s.0)ds.
We use thlc Liapunov functional to prove that hypothesis [ H ] of Theorem 1.2 is satisfied. We prove the

esult for the case n = 1 since in this case the estimates are more complicated and one could easily reproduce

the proof for the case n = 2 from the case n = 1.

11



Lemma 2.3. There exists a constant M > 0, independent of d, such that for any d > dy and any bounded
set B in C([-r, 0],)&';5). there exists 1o = to(d. B) such that, fort > 1,, u € B

u(t,up) € {u € C(|-r.0. X}): Iull, M),

<

—r,O].X}') -
where u(1,ug) is the solution of (2.1) satisfying u(0.up) = ug.

Proof. Hypothesis (2.3) implies that there exist positive constants ct and m such that sf(s,0) < -‘1)—657+C£_

2

F(s) < 'Tbs"’ + s and |F(s)] < me®™!" for all s € IR. Therefore, we have the following estimates

1 3 1 p
1145 0(0)llx + 71+ 8)lle(O)lx - cs 10

> erflo(O)IF 3 — e ).
X ® 2

d

On the other hand,

: I 2 (T 9 »
V(o) < 514360l + 5lI6(O)5 + mlle”t* |k
< C(lloOll ).
Ad
where C : IRT — IR™ is a continuous function. If u(-,1) is a solution of (2.1), then we have

av
dt

9

() = =15 Ol = (w00 Aw) + (. (u(1).0)

0
+ <f (u(-.1)./ g(u(-.i+6’))d9> —f(u(~,1),0).u(~.i)+@(-,1)>

-r

6 2 1
< =110 Ol = 0.+, £CuC.0,00) + BLrIRE ([t )l + 1550 )
3 ) \ 6 9 2. 1
< =15 COl = (.0 4w) = Gl + BLrIREE (e llx + 155 (0 ) + gl

< '-Czll“(*’)llx} + ¢s.
which implies the result.

Let us denote by W' and W, the closed subspaces of X and X§. respectively. whose elements are
functions independent on the variable z. Let W+ and W be the orthogonal complement of W™ and W, in
X and X§. respectively. Observe that W is isometric to L?*(©) and W, is isometric to the fractional power
of the restriction of A4 to the subspace W N D(A4). This decomposition induces the decomposition

C([~r.0). X2) = C([~r.0], Wo) & C([=r.0. W2).

Writting u(z,y.1) = v(y.1) + w(z.y.1). where v(y.1) = fcl u(r.y.t)dz. and v = u — v . the equation (2.1)
can be written as

al_ 1 0
% = Agr + /0 I <1'(y.1) - u'(s.y.i)./ glr(y.t+6)+w(s.y.t+ ﬁ))dﬁ) ds in O

.
ai

— =0 in 00
oy
du . 02w 2
— =d"— +Ayu+f 1'(y.i)-+—u~(:r.y.i)./ glo(y.t+6)+w(z.y.t+6))db
at Ox? * Jer
1 0
—/ f<1'(y.1)+u'(s.y.1)./ g(t(y.t—.L(?)-\‘—U‘(s.y.f+€))d6) ds i Q
0 -r
ou
E =0 1 39

1%



Theorem 2.4. There exists a dy > 0 such that, for d > d the problem (2.1) has a global attractor A,
which coincide with the embedding of A into C( [-—r,O].z\'d% ):

Let Ty4(t) denote the semigroup generated by —A4. Then, there exist constants A > 1 and A(d) — o
such that -
||Td(1)u']|w; xw < Kfnmd'"”“’”w; xWd-

Let 7 : X — W be the projection
1
7(u) = / u(s,y)ds.
0

Let Py:C([-r.01.X5) — W be given by

- 0 N 0 A
FPu(¢,9) =1 (0(0)-/ g(é(f?))d@) - [f (0(0) * 0(0)./ a(o(f) + Q(e))am)] (2.8)
The variable u satisfy
% =d* é?-l.i, +Ayw + Qa(ve, & uwe 1)
1 oz”

du (2.9)
— =1
on

where Qg : C([-r.0},X§) — W is given by where

0 0

g(o'(9)+<5(9))d9)—w(f(0(0)+c3(0)./ g(6(6) + 3(8))d8))  (2.10)

-r

Qa(6.0) = f(o(0) + 6(0)./

-r

The following results can easily be obtained using the embeddings (2.7) and the growth assumption

(2.2).
Lemma 2.5. The function Qg : C([-r.0].X}) — W+ defined by (2.10) 1s Lipschitz continuous on bounded

1
sets of C([-r.0],X ;). Furthermore. given p > 0, there exists constant Lg = Lg(p) such that

1Qa(0.0)llw+ < Lod™? |lolle-r g W)

. 0 <p.
for ||(c O)ch_r.o].x}) <ef

1
Lemma 2.6. The function P; : C([-r.0].X;) — W given by (2.8) is Lipschitz continuous in bounded sets
1
of C([-r,0].X ;). Furthermore. given p > (. there exists constant Lp = Lp(p) such that

|Pso.o)|lw < Lpd* ||5|1C([_,,03_“;,.

b .~ < p.
o0 108y, 53, S 4

Remark 1. It has been shown (see Moser [1971]) that f¢ is a bounded operator from H* into L* for p < 2
Using Moser’s inequality and the techniques in this section. we can prove that the same result holds for
p < 2. Indeed. it has been shown (see Hale and Raugel [1992]) that the operator f¢ is a bounded operator
from H' into W for s < 2. Their proof strongly uses the results of Moser [1971].

Remark 2. The above results can be easily proved for the equations

du .0%u ,

— =d =+ 1 - ¢
5 12 +Ayu+ f(uu(t—r)) in Q
du .

% = 1n 89

11



where f satisfies the conditions (2.2) and (2.3). If ¢ = (. problem (2.1) reduces to a parabolic partial
differential equation and all the results hold with the same proof.

3. Upper Semicontinuity of Attractors for Damped Hyperbolic Delay-Partial Differential
Equations on Thin Channels

As an application of Theorem 1.3 we consider a damped hyperbolic-delay equation in Q = (0.1) ¥ O
(see Section 2). Denote by (z,y) a generic element of 2, where z € (0,1) and y € @ and by A, the Laplacian
operator in 0. Let # > 0 and consider

2y By 6 ’
%ﬁu+¢3-£=d'a,z+Ayu+f<U-/ g<u<r~y.1+9))d9) B = l1= 0
Jor (3.1
ﬁ:o n 69
on

To simplify the notations, we assume that f : IR” — IR is globally Lipschitz continuous and satisfies
the dissipation condition (2.3). Assume also that g : IR — IR is globally Lipschitz continuous and satisfies
lg(u)| < B for all u € IR and some B > 0. If g = 0 then (3.1) becomes the equation

v  _Bu  ,0%u

—(EH—2+BE=JEF+Ayu+h(u) in Q:=[01]x0 a2,
Ou . '
5;:0 in 09Q.

where h(u) = f(u,0).
As in Section 2. it is our purpose to prove that if d > 0 is sufficiently large. then the dyvnamics of (3.1
can be described by

2o 8 . 0 |
%%-i'ﬂ-a—; =Ay1'+f(l'(y.1)./ g('u(y.i_*_g))de) in 0
oo - (3.3
_— 3 /).
By 0 in ac

Using the notation introduced in the previous section. Equation (3.1) can be written as the following
svstem

¢ (3.4,

() = —Aqu(t) — Be(t)+ (um./

-1

glu(t + 0))d9)

in the space C([-r.0]. X§ x X).
Under the above conditions the problem (3.3) has a global attractor 4 and by considering the Liapunov

functional V" : C( [—r.O].Xd% x X) — IR given by

1 1 i
Vo )= §l|.43 o(0)]|3 + 5“1'(0)};;\- + b{o(0),v(0)) — /ﬂ F(o(0))dz .

where b is a positive constant and F(u) = fo“ f(s.0)ds. it follows from computations similar to the compu-
tations in the proof of Lemima 2.3 that

14



Lemma 3.1. There exists a constant M > 0, independent of d, such that for any d > dy and any bounded
set B in C([=r.01, X} x X), 3o = t(d, B) such that, for 1 > to, u € B

Pt
ult,uo) € {u € X7 : lull_y < M),

where u(t, ug) is the solution of (3.1) satisfying u(0. ug) = uo.

Proof. Hypothesis (2.3) implies that there exist positive constants ¢; and m such that sf(s,0) <
F(s) < 5?4 ¢ and |F(s)] < m(1+6° ?). for all s € IR. Therefore. we have the following estimat

',

=¢
":T +C[-.
©

1 1 5 1 5
§||Ajc»(0)||f'\- + 5 (1= B)Iv(O)llx + 5 (& = )llo(0)][5 — e [QU.

Choosing 0 < b < min{1,6} and letting ¢; = min{3,1—b,6 — b}, we have

V(6. ¥) 2 es(143 @01 + (0l + [W(0)I3) = 192 = exll(0(0).¥)(0 Mg~ @)
On the other hand,
V(6.4) <SI435 + 31O + 5160 + mllo(@) + mio)
< 21426015 + (5 + ms(O)I + 56+ DOl +mia)
< 314300} + (5 + SO + ()i +mia).
Letting c; = max{1, 3 + m} we have
V(6.v) < e (1143000 +16(O)IF + I (0)I ) +miel (36)

Consider the functional Vi : C([—r,,O].Xd% x X') — IR given by

Vi(6.0) = gI430(0) + 510 /F (0))

If (u(-,1).v(-.1)) is a solution of (3.4). then we have

= ]
—d,—(u,.r,) = —Bllv- OIF + {e(-1). ] (u(~-f)-/ glu(-.1 +9))d9) - f(u(-,1).0))
< =Bl Ok + BrLIQiF [e(-1)llx

3 o, 2(Brl)*
< =Bl 0l + S IOl + T 1)
and therefore i " 51 BrL 120
B B (BrL)*|Q
B (e v0) < ~ e i + ZEELEL

On the other hand. if Vo(é,¢) = (0(0).v(0)). we have

. 0
%(uhu)ﬂlv(nﬂlli (u, Agu(-.1) + Bu(-.t ( n/ glu(-.1+6)) d9>)
:”v(-_’ Hf\ (’U Agu(-. 1)+ 3v(, ) 0))

— (u(-,1). f(u(-,1).0) - < (1), / 1+ 8)) d9>)



and therefore

dVv é o
2 (e ) < I 01 = 1436 Ol = Bul-.0), 0 0) = Sl Ol + cel2 + BrLIR u(- ).

Since B(u(-,1),v(-,1)) < €lu(-, D)% + Hv O)ll% and BrL|Q|¥|[u(-1)]lx < dlu(- O]} + !B—,;LﬁIQ[ for any
¢ > 0, we have ‘ ’

dVs

1 B'J - 2
2 ) < (0 IOl = 450015 + 2= 3.0l + coiel + o

and. by taking ¢ = g we have

d\’ 25° g 1 , ¢ 5 2(BrL)?
—7 () S (T4 =)l Ol = 4G uC Ol = gl 0l + (s + L) Y
Since V = V; + bV, we have
dv 232 . 1 b ,
gt M v) S DI = blIAGu(- O = 7 lluC- DIl
+b(c5 ke 2(32“’ # (B;L) ) .

Now, we fix b > 0 sufficiently small so that é = b1 + = . ) > 0 and we conclude that there are positive
constants ¢z and c¢q4 such that

dv 1 Y R
B uv0) < = (43U 0 + 00 + C.01) + call

It follows from (3.8) that

dv’
W(“zﬂf't) < =2V (up )+ (ﬂ N 64) 1],
€2

Co
CacCy
) o
c3

for all t > 0. This estimate together with (3.5) and (3.6) imply the result.

which implies that

V(us,v) € V(ug.vo)e &' + (

Let us denote by W and W, the closed subspaces of X' and XJ. respectively, whose elements are
functions independent on the variable z. Let W+ and 1} be the orthogonal complement of ¥~ and W,
in X and X§. respectively. Observe that 11" is isometric to L%(]0.1]) and W, is isometric to the fractional
power of the restriction of A4 to the subspace W N D(A4y). We will use the identification

AgxX=W,&W

W LA

h

4
a

28

as well the identification

C([-r.0]. X C([-r.0. W, & W) x C([-r.0, Wl & ).

1A



Writing u(z.y.1) = v(y.1) + w(z,y.1), where v(y,1) = fol u(z,y.1)dr and w = v — v , the equation (6.10
can be written as

v

B =
¢ )

== A=+ | flulyt)+ w(s=y=1)./
at 0 o
9y
@
at

on . 0w = ,

T =d- 522 + Ay —fBn+ f (1'(y,1) + U‘(z.y,i)./ glv(y,t+6)+w(z.y,1 + 9))d0)

0
g(v(y,f+0)+w(s.y.1+0))d0) ds in O

=0 n 80

=1

o

1 0
- / f (v(y.t) -+ U'(s.y,t),/ g(v(y, 1+ 6)+ w(s,y.t+ 6))d6’) ds in Q
0 -7

g% =0 in 0Q

Theorem 3.2. There exists a dg > 0 such that, for d > dy the problem (6.10) has a global attractor A

which coincide with the embedding of A into C( [—r.O]./\'d% x X).

Let T4(t) denote the Cy semigroup generated by Cy4 = (—(ild _],:>- Then. there exist constants A’ > 1

and ¢ > 0 such that

“Td(t)u’”wl* xws < Kf—“”“’”wl*xu%
2 2

Let 7 : X' — W be the projection

1
m(u) = / u(s.y)ds.
0
Let Py : C([-r.01.Xg x X) — W be given by

5 = 0 A 0 )
Pi(o.v.0.¢) =f (o(O)./ g(o(ﬁ))dﬁ) -7 [f (o((l) + o(0). / glo(f) + o(f)))d(?)} (3.7

r

The variable u satisfy

ou _

ar =

an . 0%  0%w

—a;=d'—;+ o = Bn+ Qalve. & we. ) (3.8
ow

e 0,

where Q¢ : C([-7.0].X§ x X) — W+ is given by where

. - ~ L R O
Qalc.v.o.v) = f(e(0) + 0(0)~/

=

- - 0 -
g(o(ﬁ)+o(0))d9)—w(f(o(0)+o(0)./ glo(8) + o(8))df)) (3.9

Lemma 3.3. The function Qg : C([—r.O].Xd% x X) — W defined by (3.9) is Lipschitz continuous in

bounded sets of C([-r. 0].Xd% x X). Furthermore, given p > 0. there exists a constant Lg = Lg(p) suck
that

1Qa(e. v 0. v)llws < Lod™? (0. ¥)lleger o) Wiew )

k(o



b e <
for [|(6,v.0.v )”c([_r,o].x} .

Lemma 3.4. The function Py : C([-r,0). X} x X') — W given by (3.7) is Lipschitz continuous in bounded
1
sets of C([-r,0], X} x X). Furthermore, given p > 0. there exists a constant Lp = Lp(p) such that

1Paé, v, 0,0)|lw < Lpd~? ||<é.¢>||cq-,,o].w;e,u.”,

<

for ||(@. ¥, 9, tT‘)IIC([_r T =P
I

Remark 1. Proceeding as in Section 2. we could consider the less restrictive conditions (2.2). (2.2) on f.
Remark 2. The above results can be easily proved for equations
v Ou 0% ,
W.f.g-a—i_dﬁ-{—,ﬁyu+j'(u.u(f—r)) in Q:=[0,1]x0
Ou .
s 0 in  06%.

where f satisfies the conditions (2.3) and (2.2) or (2.2)". In this case, we should use the following Liapunov
funtional

L ool 9 1 . 3 /° 0 )
V(e v) = :ZIIAdo(O)Il,\-+§Hr(0)ll'x+b(o(0).r(0))+§—r /_ (/ |11=(9)||;\-d0> dr—/nF(o(O))dr.

to obtain the a prior bounds on the attractors.

4. Application of Theorem 1.2 to a Class of Cooperative System Arising in Parabolic Prob-
lems on Thin Domains Around a Point

Suppose Q = [0,1] x [0.1] C IR* and consider the scalar parabolic partial differential equation

ur = (a(z. ) )s + Uy + flTu), (2.y)€Q (4.1)
b _
6—: =0. (z.y)€09. (4.2)

This problem arises as a limiting problem for

U;ZA‘U-}-f('U). (Iy)E-QfL

Ou
= 0. (Z.9) € Qs

where @, = {(z.y) e R*:0<z<v. 0<y< c(a(f.u))‘;}. (see Hale and Raugel [1992]).
To proceed describing the results some additional notation is needed.

Let X = L?(Q); then the operator 4, : D(A,) C X — X, defined by A, ¢ = —(a(z,v)2; ) — y. Ve €
D(A,) where

W

D(A,) = {y € H}(Q) : T; =0 on 89}.
dn
is a sectorial operator. Therefore. the fractional power spaces X? associated with A, can be defined: that is.
for @ > 0. X2 = D(AJ) endowed with the graph norm. It i assumed throughout that o = 3. unless stated
otherwise. Then. for any p > 1.

XEc Q) (4.3),

with continuous inclusion (see Friedman [1983]. Theorem 10.1).



Consider the eigenvalue problem
(apz)r + pyy = =Ap, T€Q

0p _ (4.4)
B 0, (z,y) € 09.

The following eigenvalue problems

(avz)r = —py¢. 7 €(0.1)

dv (4.5)
p 0, z=10.1.
and
Oy, = =9, ye(0,1)
dé
— =0, y=01 (4.6)
dy

are associated to (4.4) by the following result
Theorem 4.1. Let {ym. ¥m} be the solutions of the eigenvalue problem (4.5) and {£,,, 6y} be the solutions
of the eigenvalue problem (4.6). Then,

Amn = tm +&n, Emn(Z,Y) := Y'm(T)0n(y) (4.7)

are the eigenvalues and associated eigenfunctions for the problem (4.4).

Assume that a(-,v) € C%([0.1].IR). a(z,¥) > 0, 2 € [0,1]. We assume that a is large except in a
neighborhood of a point where it becomes small. To describe the coefficient a, let 0 = 2 < 2; < 72 =1 be
a partition of the interval [0,1] and let /;,a; be two positive constants and I{,a} be functions of a.positive
parameter v that approach lj,a; from above as v — 0. Then if €;, e, are other positive constants (and v is
sufficiently small), let a be such that

!
a(z.v) > - for 2o <z <zy-vl.

€2

a(z.v) > — for ;4 vl <z <0z, )
v == (4.8)

a(z.v) 2 vay. for z;-vlj<z<az;+vl).

a(r,v) <wvay. for z,—vly <z <2, +0vl.

We assume that
I, =1 =o(1),

()“
a; —a, = o(1). (49)

as v — 0.
The following result plays an essential role in this example and its proof can be found in Carvalho and

Pereira [1991].
Lemma 4.2. Under these hypotheses. y; = 0. py — %‘; :1(+zl as v — 0 and there exists m > ( such that.
ps > Z. Furthermore, we can choose v'; =1 and v to satisfy

1'—1‘]
- +o(l). z€[0.2;—vl)
I
Ug(z) = 0(1). z €z, —vi.z; +vl]
I
+o(1). z€[z;+vl.]]
]"1‘]

With this information we proceed to guess the differential equation that carries the asymptotic behavior.

10



Let WP = span(f, 6,63, -], W9 = span[vf). Vo0, vi2f3, - -] and W} = [WP & W2)* its orthogonal

. - vl . .
complement in X°. If u € X7 it can be written as

u=u¢; + vy tw

where hereafter we denote ¢; by 1, ¢"» by ¢" and

1
U] :/ u(z.y)dz,
0

1
‘l"_):/ u(r,y)(z)dr,
0

U =u-—1r] — Ul

This decomposition of the space induces a decomposition in the equations (4.1), (4.2) as follows. Suppose
u(t,z,y) is a solution of (4.1), (4.2); then.

u(t,z,y) = vi(t,y) + v2(1. y)¥(z) + w(t, z,y)

and
“u)fwsmﬁ%+Wuww )
= Yy ! (1, s,y)ds = 57" : u(t.s,y))ds. (4.10;
d i j 62 ) .
(,;t'(i.y)z/o u(t, s, y)u(s)ds = 6;'—’- — poto + flu(t.s.y))v(s)ds. (4.11)
0
1 1
we = (@us)e +wy + J(ult2,0) = [ St 9)ds = [ Flut s, 9)u(s)ds v
5 = s (4.12)
UV
Bn 0.
We know from Lemma 4.2 that
1 -z
-\ II‘. 2 € (0.2;)
v(z) — :
T,
\ =z, r € (zy.1)
as v — 0.

Also from Lemma 4.2 we know that u3 — oc as v — 0. Therefore. one expects that the component u
of u does not play any role in the large time behavior. Thus.

2 1.9~ 9

- 1
’+/ F(va(t, ) + va(t, y)e(s))ds
0

(7
A~ d“ +zf(vi(t.y) = kyva(toy)) + (1 = 20) flva (L. y) + kava (1. y)).

6 19 32 ) :
(1. y) ~ al; —yvz(f-y)+/ flui(t y) + vt y)u(s))v(s)ds

6 1
~a—2-umu /fnfv)—lm(f D=kde+ [ (1) + kavatt. p)hads

lij y?

n(t.y) = ki f(vi(t y) = krva(t ) + (1= z)ka f(va (1. ) + kava(1. ).

an



: = . fl=2y . =6y 1
where ky =/ i y kg = 0 4 s and p = 2, T (1-13)

Therefore, we guess that the limiting differential equations are,

%(i,y) = %—;ql +91(vi(t.y), v2(t, ),
Ovs &

Bt

Ovy _ Ovy

= — =0, =0.1
Ay Oy =

where

gr(vyve) = f(vg = kyve) + (1= z1) f(vy + koto)

(t,y) = "ay_; — pvat, y) + ga(v:1 (1, y), va(t, v)),

(4.13)

go(vy.ve) = —z1ky f(vy = kyvg) 4+ (1 = 29)kaf(2y + kova).

We now exhibt a change of variables that simplify equations (4.13). Consider the average on each of

the intervals; that is,

el i/ il el
0

1
/ u(l,z,y)dzr.

Z

1
z(t.y) = =)

this suggests that the variables in (4.13) are

vi(t,y) =212 (L, ) + (1= 21)22(, ).
va(t,y) = —kizy21(8, y) + ka1 — z1)22(1. ).

In the variables z; and 25 the equations (4.13) become

a
R I TP
z0 6?25 a;
2 (4 _ 2
ot ( 1y) (9y2 21](]—1])
) _ 6:2 _ _
-a—y = ay =0 y—Ol

(4.14)

The techniques in section 1 are applied to prove that the dynamics of (4.1), (4.2) in X‘% is given by
(4.14). To accomplish this. the class of nonlinearities in consideration must be restricted to those that satisfv

some dissipativeness condition and for which the above problem is locally well posed.
Assume that f : IR — IR is globally Lipschitz continuous function with Lipschitz constant L;. Also.

assume that f satisfies the dissipativeness condition (2.3).

The following result is an easy consequence of the above hypothesis.

3
Lemma 4.3. Under the previous assumptions on f, the function f*: X7 — X given by

1 , .
is globally Lipschitz continuous in X/ with Lipschitz constant L;.

This implies that (4.1), (4.2) is globally well posed. By standard arguments one can prove that the

semigroup associated to (4.1). (4.2) is bounded dlssmhatn'e: that is. there exists a set (3, in X7 that attracts
bounded sets. The aim is to find a constant M > 0, independent of v. such that, for some vy > 0.

< 4
lufl 3 < M
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for everyue O0,, 0 < v < wy.
Once the above constant is found, by Theorem 1.2, the following result follows.
Theorem 4.4. Denote the attractor of (4.1), (4.2) by A, and the attractor of (4. -13) (equivalently (4.14))

by A. Let A, = {(v1.v2) : v + va¥' + w € A,}. Then, the family of attractors {A,, 0<v< Vo) is upper
semicontinuous at zero. - -

To apply Theorem 1.2 we have to prove that the constant M can be chosen independently of v < v
To accomplish this the standard proof that the semigroup associated to (4.1), (4.2) is bounded dissipative
is repeated, keeping track of the constants involved.

In what fo]lo“a the existence of a uniform bound for the attractors is shown. Consider the Liapunoy

functional E : )&,? — IR defined by
1 80 6
)P+ 2‘8 v’ + 2<z>(1 v): = F(o(z.,y)) | dzdy.

where F(u) = [ f(
From the d1551pat1veness condition it follows that sf(s) < -—%s? +cs and F(s) < —% s 4 cs for s € IR

and from the growth condition that |F(s)| < r(1 + |s|?) for s € IR.
With these estimates on F(s)

) 2 ] 6 2 9
£9)2 [ [ L1 + 315 e ] dedu+ el - o)

o

210l = eel0).

On the other hand,

a(z) 86, p 106 . 5 ,
E,(¢) < /{; [ 5 |$(I‘y)| % 5'6_y(r’y)| ] drdy + §||0Hi2(m +rlléllzziq) + i€
2
9 Q.
< C.||¢||X§ + 7|9

Also, if u(t) is the solution of (4.1). (4.2) satisfying u(0) = ug € ,\',%.

d a(z) du 5 1 0u 5
4 Eutt) = —Ilu:lly—c‘/ [T Gl + 315 ]drdy+<‘/nuf(u)drdy
dU ? ] 6 2 ((':) 9
<s [ [——n D+ 315 ) ] ddy = Gllzs + 69 < =Sl + bes.

~ Observe that all the constants involved in the above estimates do not depend on v. Therefore. the above
inequalities imply the following result.

Lemma 4.5. There exists a constant M > 0. independent of v. such that for any 0 < v < vy and bounded
1 . =
set B in X7 31tg=1o(v.B) such that. fort > 1y. ug € B.

u(t.ug) € {u€ X7 : lluHX% < M),

where u(t, ug) is the solution of (4.1), (4.2) satisfving u(0. ug) = ug.
This proves that (4.1). (4.2) defines a global semigroup which is bounded dissipative.

The fractional power space X2 can be decomposed as
Xe=WieW, e W, (4.15]
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where W is the subspace functions that do not depend upon 7 in X'¢, Wy = {n€ X:’ ‘N =Yo(r)e(y). v €
w},0<a<1. )
Let T, (1) denote the analytic semigroup generated by A,. Then,

IOl s < h'(-'"”'*'uu»uw;

T Ol < K13em™ " jullys

Let
P(l'].'l"'_y.U')= [ fo + 12 ( )1‘2(5)+U‘(3-y))d~‘ ] (4.16)
—pz(V)vs + fo (¥) + va(y)va(s) + wis. y))va(s)ds
and
) = gi1(vy.vz)

gt [—l“':' + 92(?’1-1’:’)} '

The variable w satisfy
wy = (auwz)r + uyy + Q(vy, v2, w) }
ouw _ (4.17)
on ~ %

where
1

Q(vy.vo. w(z)) = flvi+rvava(z)tu(x /f(l]"}'l')l'v (s)+w(s))ds /f(ﬁ+1‘21'2(~")+u'($))1'2(5)d51'2(1,‘
0

Let Q° : X7 — X be defined by

Q(v1,va,w)(2,9) = Q(v1(y). va(y). w(z.y))- (4.18)

The following results can be easily proved using growth assumptions on f and from the variational
characterization of the eigenvalues.

,J

1
Lemma 4.6. The function Q* : Wy &l j X defined by (4.12) is Lipschitz continuous in bounded

(T)

sets of W]’ & H'._f & Wi . Furthermore. given r > 0. there exists constants Lg = Lg(r) and Mg = Mg(r)
i .

such that ]
NQ (v, v2.w)llx < Low? flull 3 _ 3

Wrewsews

+.7UQ.

for ll(vr,veew)ll 3 3 <7

)
ok

Lemma 4.7. If P is given by (4.16), the function P H'l%‘ =W %H j — WY& WY defined by P(vy.va.w) =

P(vy,va, w)—g(vy,v2) Is Lipschitz continuous in bounded sets of W %1 7 &Wi. Furthermore, givenr > (.
there exists constant Lp = Lp(r) and function Mp = Mp(r.v) — 0 asv — 0 cuch that

P(11. . w)|lur02 wro 3 ||
1P(vy,v2. w)llwegwe < Lpv Ilusl“.lg_:_“.};“f + Mp(r.v).

for ||(vy., v2. w <
r{|(vy,va u)”W,éG“';eWi‘- <7

Theorem 4.4 now follows from Theorem 1.2.
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In what follows we consider a family of problems that include the problem (4.14). That is, consider the
system of parabolic partial differential equations

0z 0%: )

Wl = d:'(.vgl + p(z2 — 21) + f(21,22),

32'_1 62:2

T d; 52 (22 — 21) + g(21,22), ¢ (4.19)
6:1 _ -2 _ _

(')y—@y-o’ y=0.1 J

where p, q. d; and d- are positive parameters and f. g are smooth functions.
Define
(z1.20) := ( p(z2 — 21) + f(21.22) )
- g(zo—21)+ g(z1.29) )

Next we introduce the notion of invariant region as in Smoller [1982].

=

Definition 4.8. A closed subset © C IR” is called a positively invariant region for the local solution defined
by (4.19), if any solution (z;(1,y).z2(t.y)) having initial value in . satisfies (z;(1,y), 22(t.y)) € T for all
v € (0,1) and t for which the solution 1s defined.

The following result is quoted from Smoller [1982] (page 202) and it is due to Chueh, Conley and Smoller
[1977).
Proposition 4.9. The following holds
(a) Any region of the form

T =nl,{(z1,22) €R* : q; < 5 < B3}

is an invariant region for (4.19), prouded that F points into T on 6X.

(b) If dy = d5 = 1, then any convex region T, in which F points strictly into T on 8T, is an invariant region
for (4.19).

Proposition (4.9) implies the following result.

Corollary 4.10. Assume that there are real numbers a, b, ¢ and d such that f(s.t1) > 0Vs < a, f(s,1) <
0Vs>b, g(s.1)> 0Vt <candg(s.t) <0Vt>d Then, the rectangle [a.b] x [c.d] is an invariant region for
(4.19).

Proof. Under these hypotheses, it is easy to see that, on the boundary of the rectangle [a.b] x [c.d] . the
flow F points into [a,b] % [¢,d]. The proof of the result now follows from Proposition 4.9.

Next we introduce the notion of cooperative systems in convex domains with no flux boundary condition
(see Kishimoto and Weinberger [1985]). Let Q be a bounded convex smooth domain in IR" and consider the
weakly coupled system of parabolic equations

Ou,

—U'ZU,'AU,T:‘I,'(U]."'.Uk). 1<7<k. z€Q

at

" (4.20)
~ = Q. T € 0N

on

where 7 is the outward normal and o, > 0. 1 <7 < k. This system 1s said to be cooperative if

0f S 5
P > 0. 1F (4.21)

Kishimoto and Weinberger [1985] prove that the following result holds.
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Theorem 4.11. Let u be a nonconstant equilibrium solution of (4.20). Suppose that (4.21) holds on the
range of 4. Then u Is unstable.

Even though the equivalent system (4.3) is not necessarily cooperative it is equivalent (by a change of
coordinates) to a cooperative system. This ensures that the above theorem also holds for (4.3).
The condition (4.21) is immediately satisfied for the system (4.14). Therefore, the systems in consider-

ation in this section are cooperative systems and the only possible stable equilibrium points are the constant
equilibrium points.

Now we consider some generalizations of the problem (4.1), (4.2). We introduce some notation (see also
Carvalho [1992]) to describe the diffusion coefficients that we are going to consider.
Let A™ C IR" be the cone defined by

AN ={€=(€6.-.ex)€EMR":¢; >0.1< i< n},
with the partial ordering defined by € < fiffe; < f. 1<i<nandlet NG C IR"*! be the cone defined
by
Né’“ ={f=(e1, " €ns1) ER" :0=¢€1 <€2< - n < €ny1 =1}.
For € € N, 7 € NJ*! and continuous increasing functions ’,a’ : [0,00) — A"*! we say that a
function a : [0,1] x (0,0c) — (0,0¢) is a CM(E.I',a", Z,v) function if. for each v, a(-,v) € C'[0,1] and the

following is satisfied

for z;4+vll<z<z;4y—vl,, 1<i<n

>va;. for z,-vl<zr<z;+vl] 1<i<n+1 (4.22)
a(z.v)<wva,. for z;-vl,<z<z;+vli 1<i<n+1
where @ = a/(0), = I'(0). @ = a'(v) and I' = I ().

Consider the scalar parabolic problem

Uy =(au,),+uw+f(u), (z.y) €Q (4.23)
pu+ (1 - p)aus.uy) - 71=0. (z.y)€0Q (4.24,

where 0 < p,0 < 1.
Carvalho and Pereira [1991] studied the eigenvalue problem for the operator

Ay : D(Ay) C L2(0,1) — L(0,1)
defined by

D(4,) = {u€ H*0.1) : pu(0) — (1 = p)a(0)us(0) = u(1) - (1 - ¢)a(1)u(1) = 0} .
Ayu=(alz.v)uz):. u€ D(A).
where 0 < p,oc <1, a € C,l,(e-‘l—’,a—’,f.u). More specificaly to study the behavior of the eigenvalues and

eigenfunctions of A, as the parameter v tends to zero.
Let B be the tridiagonal symmetric matrix

rm; T 0 0 0 0 0 7

rn my 1o 0 0 0 0

0 7 mz 7r3 0 0 0

0 0 T3 my T4 0 0

0 0 - 0 0

0 0 0 7rp_3 Mp_2 Th_9 0

0 0 0 0 Tpeo Mga_] Tpol
L 0 0 0 0 0 Tno1 My




where

ol = ap a m -—g’l..+. an410
pli+ai(1=p) 21" "7 2, " olpyy +ans(l-0)
ag Ak 4
= = b k'__ ) -4,

my 21* 21k+’ 2 n 1
—Qk41

T . . S T R
241

If M is the matrix M = diag(Ly, -+, Ln), Li = 2,41 — 7, . 1 < i < n, consider the inner product

(v, 2)m = (My.z)

where (-.-) stands for the usual inner product in IR".

Consider the matrix A := M~!B. Since A is a tridiagonal matrix with non-zero product of the ofl-
diagonal entries, it has n distinct eigenvalues . In addition, its eigenvectors have the Sturm property; that
is, the first eigenvector can be chosen with all components positive, the second has one change of sign in the
components, the third has two changes of sign and so forth (see Gantmacher [1959]).

We need the following result of Carvalho and Pereira [1990] which is stated without proof.
Theorem 4.12. Suppose the above hypotheses are satisfied. Let A be the matrix defined above, 0, <0, <
.-+ < 0, the sequence of its eigenvalues. 21,25, --, 2, the corresponding sequence of eigenvectors. Writing
2z; i= (25144 +52in) we have:

pr = ok + O('1?),

Hnt1 2 %

Zky + O(Vq/2)3 I E [zi +U1iazi+] - V1f+1]a 1= 11”‘!”

o(1). z€0.1].

where (ux, V%) is the k'" eigenpair of A,.1 <k <n.

Observe that Theorem 4.1 holds. We use the same notation for eigenvalues and eigenfunctions as in
Theorem 4.1. . )
Let A° be the fractional power of 4, and X¢ be D(A4°) endowed with the graph norm. Let

=a Wi and Wl ={o€eX°:(6,v)=0.VveW}...

W

Wg = span[¢;0;,vi02, ¥i63.- ). g

Wolhs s

1
Then if u € X7 it can be decomposed as

n
u= E Ui + W
=1

where

1
5 :/ u(z.y)uv(z)dr. 1<i<n
0

U =u-— Z Uil
i=1
This decomposition of the space induces a decomposition in the equations (4.23), (4.24) as follows.
Suppose u(t.z,y) is a solution of (4.23). (4.24); then.

n

Ul 2. )= Z vt y)i(z.y) +w(t. z,y)

f=1
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and

Ov, 6%,
'B‘i"(f\y)z6_3;:’—yiv,'+P,'(l‘],"',t'n,tl'). 1<i<n
Ow

—_— (au“:)r +u,‘yy +Q([.‘l‘...’vn,ur)
pw — (1 - p)laws,uy) -1 =0, (z,y)€ 0N

where

Pi(vy, - vn, 0)( / <Z‘(, y)(s +osy)) i(s)ds, 1<i<n
1=1
Q(vi. - vp.0)(z,y)= (Z vi(y)vi(r) + o(z.y ) Z/ ( vi(s) + é(s.y)) vi(s)ds ().

1=1 =1

With this information it is possible to guess that the system of partial differential equations that deter-
mines the asymptotic behavior 1s,

61'1 _ 62 vy

R - o1 v + fi(v),

: (4.25)
Ovn 0%v, . .
i — Ontn + fo(v).

where v = (v1, -, vn) and fj(v) = T, [eips = 2/ (02 (1) + v2(0) 22+ + v (1) 20) 255
Under the assumptions on f, it is not hard to see that the system of parabohc equations (4.25) has a
global attractor .A. For example one could consider the Liapunov function

- ] | = (9'(:,‘ . ) n L
‘(1'1."‘:1'n):/0 {52[(3}') + 1+ aile; —jz_:](:r_,—.rj-l)]‘- Z]:Tl:ij dy
to prove the existence of such global attractor.

Define Q¢ : X2 — L*(Q) by Q*(v.v)(z) = Q(v, w(x)) and }5_, :,\"% — L*(0.1) by P (v.w)= Pj(v.w)-
fi(v), 1 <5 < n. To apply Theorem 1.4 the following lemmas are needed.

Lemma 4.13. For (v,uw) € W;‘- ||(T.,u')HX:} < r there exist Lp (r.v). Mp (r,v) such that
1Ps (v w)llm o) < LP,HU‘HX} + Mp,(r.v)

where Lp (r.v). Mp (r,v) — 0 asv — 0.

Lemma 4.14. For (v.w) € WI;L. ]|(z-.u-)|[k_§ < r there exist Lo(r.v). Mg(r) such that
10(x- w)llzzca) < Lolrliwll 4 + Molr)

where Lo(r,v) — 0 asv — 0.

The proof of these lemmas can be reproduced from Carvalho [1992] and we omit them.

From Theorem 1.2 the following result holds.
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Theorem 4.14. Denote by A, the global attractor for the problem (4.23), (4.24). Let A, = {(vg, -+, vn):
EL] vi¥s + w € A, ). Then, the family of attractors {A,, 0 < v < vy} Is upper semicontinuous at zero.

5.Applications of Theorem 1.2 to Shadow Systems

S.ever.a] models in applied sciences involve systems of reaction-diffusion equations in a bounded smooth
domam y\'lt.h homogepeous Neumann boun.d'a:y conditions. In such problems, the study of pattern formation
is a subject of great interest to mathematicians and applied scientists.

Negative results are important to rule out the cases where stable patterns are not observed. Some
negative results when the diffusion coefficients are large are proved in Conway. Hofl and Smoller (1978
for the case when invariant regions exist and later in Hale [1986], Hale and Rocha [1987a,b] and Hale and
Carvalho [1991] for more general situations. '

The next step towards understanding the formation of stable patterns seems to be to consider the case
where some of the diffusion coefficients are large and the remaining are kept fixed. This situation has been
addressed by Hale and Sakamoto [1989], among others.

Our purpose is to consider the question of upper semicontinuity of attractors as in Hale and Sakamoto
[1989]. Our primary goal is to give a simple proof that allows us to consider global attractors. Hale and
Sakamoto [1989] are only able to consider local attractors, except in the one dimensional case. due to their
choice of spaces. We apply the techniques of Section 1 to obtain the results.

We now introduce some terminology necessary to precisely state the results. Let Q CIR". n < 3, be a
bounded smooth domain (for convenience assume that |Q| = 1) and consider the system of reaction-diffusion
equations

u; = Au+ h(u.v) €N
vy = DAu+ g(u.v) €
Ju Ot
on ~ 6n 2 €an
where u € IR™, v € IR¥ are vectors, D = diag(d;,---.di), d; > 0,1 <j<kand h:R™ x R* — R™,
¢ :IR™ x IR¥ — IR* are continuous. Let f := (Z) :IR™ x R* — IR™ x IR* and assume that

(5.1)

If(p)— (@)l <clp—ql(1+1p)* +1g]?). V¥p.g€eR™ xIR*

for all p.g € IR™ x IR* and
: J(p) afi(p) _ 8fi(p)

limsup —— < -6, —L1— = —="" V¥peR™ xIR" 1€, < X

|p,|—£ P op, op; S ) stysm+k

for some é > 0. ,
Let X = L2(Q,IR*) and Y = L?(Q.IR™). Let Ap : D(Ap)C X — X and B: D(B)C Y — Y be the
sectorial operators defined by

N
D(AD):{oeH-(Q,mk):a—::oy Apé=-DA¢ Vo € D(Ap)

, )
D(B) = {6 € H*(Q.IR™) : 6—: =0}). Bo=-Ao Yo € D(B).

Let X7, Y@ be the fractional power spaces associated to Ap and B. respectively. If d := min{d;.---.d}}
is viewed as a large parameter. there is a large gap between the eigenvalue zero and the remaining eigenvalues
of Ap. This suggests that in the process of obtaining a limiting equation for (5.1) we decompose the space
Xp into the subspace of constant functions W and its orthogonal complement 1171 that is. 0 € X§ can be
written as

o=&+ v, (5.2)

where £ = [ o(z)dr € Wand vy =¢-¢ € W



Let (u(?),v(1)) be a solution of (5.1), using the decomposition (5.2), this solution can be written as
(u(t),€(t) + w(t)) where £(1) € W and w(1) € W2 and the equations (5.1) become

uy = Au+ h(u(z),& + w(z))

Ou
il
§= /n glu(y). € + w(y))dy
(5.3)

wy = DAuw + g(u(z),€ + w(r)) - / 9(u(y).€ + w(y))dy

9]
ou
% = 0

Since the linear part of the equation for w has a strong exponential decay we expect it not to play an
important role in the asymptotic behavior and the limiting equation should be i

uy = Au+ h(u(z).§)

Ou
22— 0
dn (5.4)

£ = / g9(u(y). €)dy.
9]

The equation (5.4) has been called a Shadow System for (5.1), in the previous works, since it partially
describe the dynamics of (5.1). ;
Under the above conditions on f the problem (5.4) has a global attractor A and by considering the

Liapunov functional V' : Y?x };é — Rt

= l o d o 1 o ] o
\’(O.L'):L[§|Vo(r)!‘+§[\_d’(1)['+§|O(I)|‘+§[t'(1)['—F(C;(I),tf(r)) dr,

where F is defined by

Fipys o Pran) = m—-H ;/0 f,(Pl-"'-P,-1-5=P-+1A'"‘Pm+k)d5-

it follows from computations similar to the computations in the proof of Lemma 2.5 that

Lemma 5.1.]Tbere exists a constant M > 0, independent of d, such that for any d > dy and bounded set
BinY% x X3 31, =1o(d.B) such that, fort > o, u € B

u(tug) E{u €Y x X3t llull , 3 <M}
YIxXgE

where u(t, ug) is the solution of (5.1) satisfving u(0.ug) = ug.

Theorem 5.2. There exists a dy > 0 such that the family of attractors {44.d > do} Is upper semicontinuous
at infinity, where A = A and A is the embedding of A into Y3 x Xg‘.

Let Tp(1) denote the analyvtic semigroup generated by Cp = (ﬁ 40 ) Then. for any w € Wi.
AD ) 2
ITa(t)(0.0.w)|f_, i < Ix'e—d'“u'”wl:. >0
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Let
et (u(z) )
Fa(u,{, w)(z) <fnLa(u(y).,e+w(y)>-g(u<y>,£)ldy) e

The variable u satisfy

= DAw+Q(u.£,w)}
Bu a (5.6)
T 0
where
Qp(u.&.w) = g(u(r). + w(z)) - /ﬂg(U(y).E +uw(y))dy. (5.7)

The following results strongly use the growth condition of f.
Lemma 5.3. The function Qp : Y3 x W & Wi — X x Y defined by (5.7) is Lipschitz continuous in
2

bounded sets of Y3 x W & W%L. Furthermore, given r > 0 (u.£,.w) € Y: x W & Wi, there exists constant
2

Lo = Lo(r) and Mg = Mq(r) such that

Q@ (€. w)llwa < Lod? s + Me.

for €Wl 4 oy s <

Proof. Let (u.f.w)€Y?x W& Wi & such that ||(u.€,w)|| 2 < r. Then,

Y zxwe :\L
2

Qb (u.€&.w)lliy 4 =/Q|QD(U-EeU’)(T)IQd-T

2

=/ l/ [o(u(v).€ + w(y)) - g(u(z).€ + w(z))] dy| dz

// ). €+ w(y)) — glu(z ).£+u'(:r))j'“’dyd1'
2

< 4¢? [(/nl z)| d:r) (/ lu(x ]"dr) ] (_/n(l+|(u(.r).§+u'(.r)|:')3d.'r)3
< Lot ( [ Iuta >|°dr> + Mo(r) € Lo(r a4l + Mo(r)

and the result is proved.
Lemma 5.4. If P : Yi x W & H'_;L — X is given by (5.5). is Lipschitz continuous in bounded sets of
YixWe Vl L. Furthermore, givenr > 0 (u.€.w) € Y* x W = W{. there exists constant Lp = Lp(r) such

that '
HPa(u.&.w)|lysw <Lpd 7 ||lufjyz.
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or €0l 4y <7

Proof. Let (u,£,u) €Y? x We W such that ||(u,¢, u)ll) bewews ST Then.
1
2
1P € = [ 1t e =/ '(fn (w0 ¢ oty 525_“"(1)'{2)]@) “
< [ Iuta).¢ + w(a) - hiuto).€) dr+// l0(u(v).€ + w(y))dz - o(u(v). ) *dyds

56c7/n(1+l(u(r),£+w()l \2Ju(z) dr

6c° (/n !uv(z)|°d:r>s ( /Q (1+ [(u(z),€ + u»(an)"drf

Loy ([ m@iPir) < K2LeR e,

d

and the result is proved.

Theorem 5.2 now follows from Theorem 1.2.

Remark. The above results also hold for systems of reaction diffusion delayv-partial differential equations.
The proofs are similar and are left to the reader.

REFERENCES

R. Adams, Sobolev Spaces, Academic Press, [1971].
H. Brézis, Analyse Fonctionnelle, Masson , Paris, [1983].

A. N. Carvalho, Spatial Homogeneity in Damped Hyperbolic Equations, Dynamic Systems and Applica-
tions 2, [1992a].

A. N. Carvalho. Infinite Dimensional Dynamics Described by Ordinary Differential Equations. preprint
CDSNS 92-97. Georgia Institute of Technology, [1992b].

A. N. Carvalho and J. K. Hale. Large Diffusion with Dispersion. ’\onlmear Analysis - Theory, Methods
and Applications, 1991.

A. N. Carvalho and A. L. Pereira , A Scalar Parabolic Equation Whose Asymptotic Behavior is Dictated
by a System of Ordinary Diflerential Equations, J. Diff. Equations (to appear), [1991].

K. Chueh, C. Conley and J. Smoller. Positively Invariant Regions for Systems of Nonlinear Diffusion
Equations, Indiana Univ. Math. J., 26, 373-392, [1977].

E. Conway, D. Hoff. and J. Smoller. Large time behavior of solutions of systems of nonlinear reaction-
diffusion equations, SIAM J. Appl. Math., 35, 1-16, [1978].

R. Courant and D. Hilbert . Methods of Mathematical Physics. I, John Wiley & Sons, [1989)].
A. Friedman, Partial Differential Equations, Krieger, [1983].

G. Fusco, On the Explicit Construction of an ODE Which Has the Same Dynamics as a Scalar Parabolic
PDE, Journal of Differential Equations, 69. 85-110, [1987].

F. R. Gantmacher. The Theory of Matrices. Chelsea Pub. Co., New York, [1959].
A. Halanay, Differential Equations-Stability. Oscillations. Time Lags - Academic Press, [1966].

J. K. Hale, Sufficient Conditions for Stability and Instability of Autonomous Functional-Differential Equa-
tions. J. Diff. Eq.. 1, No 4. 452 - 482, [1965).

J. K. Hale, Theory of Functional Differential Equations, Applied Mathematical Sciences 3. Springer-Verlag.
[1976).

J. K. Hale. Asymptotic Behavior and Dynamics in Infinite Dimensions. Research Notes in Mathematics.
Pitman, 132,1-42. [1985].

J. K. Hale. Large Diffusivity and Asymptotic Behavior in Parabolic Systems. Journal of Mathematical
Analysis and Applications. 118. No. 2, 455-466, [1986].

31



.[1. K.] Hale, Asymptotic Behavior of Dissipative Systems. Mathematical Surveys and Monographs 25, AMS,
1988].

J. K. Hale and G. Raugel, Upper semicontinuity of the attractor for a singurlarly perturbed hyperbolic
equation, Journal of Differential Equations, 73, 197-214, [1988]. ’

J. K. ltla]e ]and G. Raugel, Partial Differential Equations in Thin Domains, Diffl. Eqn. and Math. Physics.
63-97, [1992). )

J. K. Hale and G. Raugel, A Damped Hyperbolic Equation on Thin Domains, Trans. AMS., 329,
185-219, [1992a).

J. K. Hale and G. Raugel, Attractors for dissipative evolutionary equations, CDSNS, Georgia Tech .
preprint #72, [1992b].

J. K. Hale and G. Raugel. Parabolic Equations on Thin Domains. J. Math. Pures Appl., 71, 33-95.
[1992¢].

J. K. Hale and C. Rocha. Varying Boundary Conditions with Large Diffusivity, J. Mat. Pures et Appl..
66, 139-158, [1987].

J. K. Hale and C. Rocha, Interaction of Diffusion and Boundary Conditions, Nonlinear Analysis, Theory.
Methods and Applications, 11, No. 5, 633-649, [1987a). )

J. K. Hale and K. Sakamoto, Shadow Systems and Attractors in Reaction-Diffusion Equations, Applicable
Analysis, 32, 287-303, [1989].

D. Henry, Geometric Theory of Semilinear Parabolic Equations, Lectures Notes in Mathematics, 840.
Springer-Verlag, [1981].

K. Kishimoto and H. F. Weinberger, The Spatial Homogeneity of Stable Equilibria of Some Reaction-
Diffusion Systems in Convex Domains, Journal of Differential Equations, 58, 15-21. [1985).

J. L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and Applications, Springer-
Verlag. [1972].

J. Moser, A Sharp Form of an Inequality by N. Trudinger, Indiana Univ. Math. J., 20, 1077-1092, [1971].
Y. Nishiura, SIAM J. Math Anal., 13, 555-593, [1982].

A. Pazy, Semigroups of Linear Operators and Applications to Partial Differential Equations, Applied Math-
ematical Sciences, 44, Springer-Verlag. [1983].

G. Raugel, Une Equation des Ondes Avec Amortissement Non Linéaire Dans le Cas Critique en Dimension
Trois, C. R. Acad. Sci. Paris, 314. Série 1, 177-182, [1992].

J. Sola-Morlales and M. Valéncia, Trend of spatial homogeneity for solutions of semilinear damped wave
equations, Seccio Mat.. Univ. Autonoma de Barcelona. preprint, [1986].

J. Smoller, Shock Waves and Reaction-Diffusion Equations. Springer-Verlag, [1982].

C. C. Travis and G. F. Webb Existence and Stability for partial differential equations. Trans. Amer.
Math. Soc. 200, 395-418, [1974].

C. C. Travis and G. F. Webb, Partial Differential Equations With Deviating Arguments in the Time
Variable. Preprint, University of Tennessee, [1975].

T. Yoshizawa. Stability Theory by Lyapunov’s Second Method. Math. Soc. Japan. [1966].

Eletronic Mail: andcarva@icmsc.usp.br

32



Ng

NQ

ND

N

Ng

NQ

BERLE

001/93 -

SERIE:

001793 =

SERIE:

001793

002/93

003/93

004/93

NOTAS DO ICHSTC

Estatistica

ACHCAR, J.A. - Some aspects of reparametrization
for statistical models

Computacao

MORARITO, R.; ARENALES, M.N. - An and/or graph to
the container loading problem

Matematica

MICALI, A.; CHIBLOUN, R. - Ilimension de Krull des
algebres graduees I1I

MICALI, A.; DIAS, I. - Singularites et algebres
symetriques

CARVALHO, A.N.; OLIVEIRA, L.A.F. - Delay-partial
differential equations with some large diffu
sS10NsS

CARVALHO, A.N. — Infinite dimensional dynamics
described by ordinary differential equations



