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1. Introduction

Two kinds of graded-equivalences are usually considered when dealing with graded
rings: one, the graded-equivalence, as defined in [26] and [29], and a stronger one, the
graded Morita equivalence, given in [13]. A general description of equivalences of cate-
gories of graded modules over unital rings graded by different groups was given in [15].
Morita theory for unital rings was extended to rings with local units in [7] and [8], with
graded versions worked out in [27] (graded-equivalence) and [28] (graded Morita equiv-
alence). To a great extent the graded theory is stimulated by the Cohen-Montgomery
duality, saying that if B is a unital ring graded by a finite group G of order n, then
the skew group ring (B#G) xg G and the matrix ring M, (B) are isomorphic, where
(£ is a certain canonical global action of G on the smash product B#G. Extensions
of the above duality theorem were obtained, in particular, in [32], [12], [1], [16] and
[27].

Cohen-Montgomery duality was inspired by the use of duality in studying von Neu-
mann algebras and C*-algebras. In C*-theory a duality development based on partial
group actions was done in [3], introducing, in particular, the notion of the Morita equiv-
alence of partial actions and stimulating algebraic analogues in [6]. Partial actions on
algebras are closely related with graded algebras: on the one hand any partial group
action on an algebra gives rise to the corresponding crossed product, and on the other
by [19] an algebra partially strongly graded by an arbitrary group G (see Definition 4.5
below) with enough local units is stably isomorphic to a crossed product by a twisted
partial action of G. The latter fact is a purely algebraic analogue of a C*-algebraic result
from [21] stated in terms of an important concept of a Fell bundle, which is roughly the
essential data remaining after disassembling a graded C*-algebra into its homogeneous
pieces. Moreover, any Fell bundle carries an associated partial action of the underlying
group on the spectrum of the unit fiber, as shown in [2].
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More recently, notions of weak equivalence and strong equivalence between Fell bun-
dles were introduced in [5] and [4], and in the present work we look at these notions
from a purely algebraic point of view. In the algebraic case, a Fell bundle is essentially
a graded algebra, more precisely a partially-strongly-graded algebra, as introduced in
Definition 4.5 below, and weak equivalence corresponds to graded-equivalence. However,
strong equivalence gives rise to a new kind of relation between partially-strongly-graded
algebras, which we call here strong-graded-equivalence.

Crossed products by partial actions on algebras came into algebra from the theory
of C*-algebras. Since a C*-algebra enjoys the nice property that the intersection of two
closed ideals is equal to their product, the notion of a partial action in this category
can be introduced equivalently in terms of intersection or product of ideals. However
the situation is very different in the purely algebraic framework, and one has to make a
choice. This fact was not explicitly observed in the first algebraic works on partial actions,
but it emerged clearly when twisted partial actions were considered in [19]. It appeared
again when the question of globalization up to Morita equivalence was considered in [6],
giving rise to the notion of a regular partial action. The work done in the present article
suggests that perhaps the notion of a product partial action is the most convenient choice
to translate the concept of a partial action from the C*-algebraic world to the purely
algebraic one.

We begin the paper recalling some notions on graded algebras in Section 2 and pointing
out in Theorem 2.1 that the above mentioned duality holds for any idempotent algebra
B graded by an arbitrary group G, with M, (B) replaced by the algebra FMatg(B) of
G x G-matrices over B with only a finite number of non-zero entries. For graded algebras
with 1 this is known by [12, Theorem 2.2]. In Section 3 we define graded-equivalence of
idempotent graded algebras using graded Morita contexts and prove in Theorem 3.3 that
if B is an idempotent algebra graded by a group G, then B and the skew group algebra
(B#G) 35 G are graded-equivalent, where B#G is the Beattie’s version of the smash
product [12] and B is the usual global action of G on B#G, sometimes referred to as
the dual action.

Strong-graded-equivalence is introduced in Section 4, and we deal with it concentrat-
ing on partially-strongly-graded algebras A = @i As, i.e. we assume that the equality
Ay = AyA—1 A, is satisfied for all t € G. The latter condition naturally appeared in a
characterization of graded algebras as crossed products by twisted partial group actions
n [19]. Section 5 is dedicated to product partial actions, the main result being Theo-
rem 5.7, which says that the skew group algebra A x, G by a product partial action
a is graded-equivalent to the skew group algebra B xg G, where 8 is a minimal glob-
alization of a. Given a partially-strongly-graded algebra B = @ B¢, the dual action
B8 of G on B#G can be restricted to the ideal I” of B#G defined in Section 2 (which
is called partial smash product in this work), resulting in a product partial action 2,
called the canonical partial action associated to B, such that B and the skew group alge-
bra I® x5 G are strongly-graded-equivalent. Theorem 6.5 states that the (global) skew
group algebra (B#G) x5 G and the partial one I B x5 G are graded-equivalent. We
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begin Section 7 by adapting to product partial actions the Morita equivalence of partial
actions considered earlier in [6]. One of the main results of the section is Theorem 7.10,
which says that if B = ®;c¢ B; is a partially-strongly-graded algebra, then B is strongly-
graded-equivalent to I2 x5 G. As a consequence we obtain in Corollary 7.11 that if B
is a strongly-graded algebra, then B is strongly-graded-equivalent to the (global) skew
group algebra (B#G) x5 G. Another consequence states that the crossed product by
any twisted partial group action is strongly-graded-equivalent to the skew group algebra
of a product partial action (see Corollary 7.12). We also prove in Theorem 7.15 that the
canonical partial actions 4 and 47 associated to strongly-graded-equivalent partially-
strongly-G-graded algebras A and B, are Morita equivalent. We also consider, at the
end of Section 7, another notion of equivalence of product partial actions, weaker than
Morita equivalence.

The question of whether a partial action is the restriction of a global action, that
is, the question of globalization, is one of the most important topics in the theory of
partial actions [22]. It was initially considered in [3] in the context of C*-algebras, and
afterwards in a series of algebraic papers. In Section 8 we deal with globalization up to
Morita equivalence. More specifically, we show in Theorem 8.8 that any product partial
action a of a group G has a so-called Morita enveloping action (3, i.e. 8 is a minimal
globalization of a product partial action which is Morita equivalent to «. Furthermore,
B is unique up to Morita equivalence, and the skew group algebras A x, G and B xg G
are graded-equivalent. In order to prove Theorem 8.8 we establish several facts, one of
them being Theorem 8.3, saying that skew group algebras by product partial actions «
and o' are strongly-equivalent if and only if @ and o’ are Morita equivalent. We then
use our results on globalization to give different characterizations of Morita equivalence
and weak equivalence of product partial actions. Finally, in Section 9 we employ the
technique developed in [19] to prove in Theorem 9.1 that given strongly-graded-equivalent
partially-strongly-G-graded algebras A and B with orthogonal local units, there exists a
graded isomorphism of algebras FMaty(A) = FMatx(B), where X is a sufficiently large
cardinal.

In what follows G will stand for an arbitrary group and k for an arbitrary commutative
associative unital ring, which will be the base ring for our algebras. The latter will be
assumed to be associative and non-necessarily unital. Let A and B be algebras. A left
module 4 M over A is said to be unital it AM = M. We shall say that an (A, B)-bimodule
AMp is unital if AM = M = MB. Given a right A-module M4, a left A-module 4 N
and subsets M’ C M, N' C N, we denote by M’ ® 4 N’ the k-submodule of the tensor
product M ®4 N generated by all elements of the form x @ y with x € M’y € N'.

2. Group graded algebras
Let G be a group, and let B = &;c¢ B; be a G-graded algebra, possibly non-unital. We

denote by 1 the unit element of G. If b € B, we write b; for the homogeneous component
of bin By, so that b = ZteG bs. Note also that b; may also stand for an element in B; not
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necessarily related to some b € B. This will be clear from the context and no confusion
should arise. Consider the algebra RCFMatg(B) of all row and column finite G x G-
matrices with coefficients in B, with the usual operations of addition and multiplication
of matrices. An (r, s)-position of a matrix d € RCFMatg(B) will be denoted by d(r, s).
Observe that the algebra RCFMat(B) is unital if so is B. Let FMatg(B) be the two-
sided ideal of RCFMatg(B) whose elements are the matrices with finitely many non-
zero entries. If B is unital then e, s € RCFMatg(B) will denote the matrix unit and
be, s, with b € B, will stand for the product of the scalar matrix b/ with e, s, where
I € RCFMatg(B) is the identity matrix. Then clearly be, ; is the matrix having b at
(r, s)-position and 0 at all other positions. By convention we shall denote this matrix by
be, s even if B is non-unital. Then FMatg(B) = span{be, s : r,s € G,b € B}. We will
be interested in the following subalgebra B#G of FMatg(B):

B#G := span{be, s € FMatg(B) : r,s € G,b € B,-1,}.

Thus B#G = @, scaB,-156rs. Note that if B is unital, then this algebra is nothing
but the smash product in the sense of Beattie [12] (see also [32]), which in the case of
a finite G agrees with the smash product in [14]. If A = $4ccA; is another G-graded
algebra, and ¢ : A — B is a (graded) homomorphism of G-graded algebras, then ¢
induces a homomorphism ¢# : A#G — B#G such that ¢ (a,-1,e,5) = ¢p(ap-1,)ers.
It is easily shown that B — B#G, ¢ — ¢¥ is a functor from the category of G-graded
algebras into the category of algebras. Note that ¢# is injective if and only if so is ¢.
Moreover, suppose that B = @®icgB; is a G-graded algebra, and that A = @ycqA; is
a G-graded subalgebra of B. Then, if ¢ : A — B is the natural inclusion, we have that
# + A#G — B#G is also the natural inclusion.

We may think of B as a subalgebra of RCFMatg(B) via the map 7 : b — n(b) such
that n(b)(r,s) = b.-1,, Vr,s € G. If G is finite, then the map n has its range contained
in B#G.

There is a natural action 3 of G on RCFMatg(B), such that (t-d)(r,s) = d(t~1r,t71s),
vr,s,t € G, d € RCFMatg(B). Thus t - (be, s) = beyr s, Vt € G, be, s € RCFMatg(B).
Clearly, the subalgebras FMatg(B), B#G, and n(B) are invariant under 5. We denote
by BP the dual action, namely restriction of 8 to B#G. This action is natural with
respect to the smash product functor: ¢# 4 = BP¢#, Vt € G. Note that each element
of n(B) is fixed by 8 and, moreover, if G is finite, then n(B) C B#G is precisely the
subalgebra of fixed points of 35.

We concentrate now our attention on the smash product B#G of the G-graded algebra
B. The skew group algebra

(B#G) xg5 G = &req(B#G)o

possesses the usual G-grading, defined by declaring (B#G)d; to be the t-homogeneous
component of (B#G) xgs G, where t € G. In Theorem 2.1 below we shall consider a
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G-grading on FMatg(B), defined by setting R, = span{Bes; : srt~! = u} to be the
u-homogeneous component of FMatg(B), where u,r,s,t € G. It is readily verified that
this indeed defines a G-grading.

Our first remark about B#G is the following duality theorem, that generalizes [14,
Theorem 3.5] and [12, Theorem 2.2] (see also [32, Theorem 1.3]):

Theorem 2.1. Let B be any G-graded algebra. Then the skew group algebra (B#G) X35 G
is naturally isomorphic, as a graded algebra, to FMatg(B).

Proof. Let C be a unital algebra that contains B as a two-sided ideal. Thus RCFMatg (B)
and FMatg(B) are two-sided ideals of RCFMat(C). For ¢ € G, let A; € RCFMatg(C)
be such that A.(r,s) = [r = ts] € C, where the (square) brackets stand for the boolean
value. Let ¢p : (B#G) xgs G — FMatg(B) be the (B#G)-module map given by
Yp(cdy) = cAy € (B#G)RCFMatg(C) C FMatg(B). We have

(er,sA¢)(u,v) = Z ers(u, w)Ay(w,v) = [r = ul[s = tv] = e, y-15(u, v).
weG

Then e, Ay = e,;-1, (similarly one can show that Ae.s = ey, 50 Bi(ers) =
Aser sAy-1). Now if ¢4 = biepy sy, C2 = boery sy, bi € Brflsi’ ri, 8,18 € G,i = 1,2,
then

¢B(C157")¢B(625s) = blerl,sl Ar b2er2,32As
= b1b26r1,r*15167‘2,s*152

= [81 = Trg]blbgerhs—lSz.

On the other hand:

¥Y((c10,)(c20s)) = Y ((brer, s,0r) (D261, 5,05))
= wB (b1b2€r1,sl €rry,rsg 57"5)

bl b2€7‘1 ,51€rra,rss Ars

b1b267'1,s1 €rry,s—lr—lrsy

[51 = T?"g]blbgerl’s—lSQ.

Hence g is a homomorphism of algebras. Moreover, it respects the gradings, since
Y(Br-15€r,50t) = Bp-146,sAr = By-14e,,-1,, whose degree is r(r~'s)(t71s)™! = t.
Furthermore, v¢p is injective, because {A; : t € G} is (B#G)-linearly independent: if
> e ¢ty is a finite sum which is equal to zero, then } 7, c;:A¢(u,v) = 0, Yu,v € G,
that is, D ..o ci[u = tv] = 0, Yu,v € G; fixing ¢ and choosing u = ¢, v = e, we conclude
c¢¢ = 0. Let us compute now the range of ¢ p5:
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Up((B#G) x5 G) = > (B#G)A =D @rscaBrrers A

teG teG
= E E Brflse'r',tfls = @T‘,uEG E Brfltue’l",u
teGr,seG teG
= Prsca E Byer s = &, sBe, s = FMatg(B).

veG

This ends the proof of (B#G) x5 G = FMatg(B).

We next show the naturality of the isomorphism v g. The definition of 15 does not
depend on the choice of the unital algebra C' containing B, so one may adjoin a unity
element to B by one of the most common ways: C = K x B, (k,b)(k',V) := (kk', kb’ +
k'b+ bb'). Let ¢ : A — B be a morphism of G-graded algebras, and C’ = K x B the
unital algebra obtained same way as C. Then ¢ obviously extends to a morphism of unital
algebras C’ — C. The homomorphism ¢# : A#G — B#G between the smash products
induces a G-graded homomorphism ¢ : (A#G) Xga G — (B#G) xg5 G, determined by

QB(CAét) Z ¢# Cr—1 ers 6t Z (b 7- lg ersé‘t

r,s€G r,s€G

The map ¢ — ¢ is the morphism level of the functor A — A#G X ga G. Similarly,
i : FMatg(A) — FMatg(B) given by ¢f*(d)(r,s) = ¢(d(r,s)), is the morphism
level of the functor A — FMatg(A). Clearly, ¢1%(d) is also a G-graded map. A direct
computation shows that the diagram below commutes:

(A#G) x50 G —2 FMatg(A)

(Z; l ¢ﬁu

(B#G) xp2 G w; FMatg(B)
B

Now the proof is complete. O
2.1. Multipliers
We recall that the multiplier algebra 2t(A) of an algebra A is the set
M(A) = {(L,R) € End(As) x End(4A) : R(a)b = aL(b)for alla,b € A}
with component-wise addition, and multiplication given by

(L,R)(L',R') := (LL',R'R), VY(L,R), (L', R") € M(A).
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See, for example, [17] or [23] for details. For a multiplier w = (L, R) € MM(A) and a € A
we set aw = R(a) and wa = L(a), so that one always has (aw)b = a(wb) (a,b € A).
The first (resp. second) components of the elements of M(A) are called left (resp. right)
multipliers of A.

Consider a graded algebra B = ®;cqB; over the group G. We denote by u : B —
M(B) the natural map, that is, u(b) = (Ly, Rp), where L, and R; are respectively the
maps of left and right multiplication by b.

A multiplier w = (L, R) of B is said to have degree t € G if wB; C Bys and Bsw C By,
Vs € G. For instance, the multiplier p(b;) defined by b; € By, is a multiplier of B of degree
t.

Let M(B) = {w € M(B) : wisof degree t}. It is not hard to see that
M (B)M(B) C M (B), Vs, t € G, from which it easily follows that 9t (B) is a unital
algebra and each 9 (B) is a bimodule over M1 (B). On the other hand, since the family
{B:}teq is linearly independent, it follows that the family {9 (B)}icq is linearly in-
dependent as well. Thus we get a graded algebra My (B) = e (B), which will be
called the graded multiplier algebra of B. Note that the natural map p: B — M (B) is
now a homomorphism of graded algebras, and p(B) is a graded ideal in 9, (B).

3. Graded-equivalence

Suppose A is an associative idempotent algebra. Consider, in the category of all right
A-modules, the full subcategory mod-A of the unital and torsion-free modules. Thus a
right module M over A is in mod-A if and only if M A = M and mA = 0 implies m = 0.
This is a Grothendieck category, that is, an abelian category which is cocomplete and such
that direct limits are exact and there exist generators. In [25] the authors characterized
the equivalence of the categories mod-A and mod-B for idempotent algebras A and B
in terms of Morita-type theorems: they proved that these categories are equivalent if
and only if there exists a Morita context (A, B, aAXp, 5Ya,7a,75), where the modules
X, Xp, Y, Y, are unital and the bimodule maps 74 : 4X ®5 Y4 — A and 75 :
BY ®4 Xp — B are surjective (Proposition 2.6 and Theorem 2.7 of [25]).

Since we are working with graded algebras, we are interested in graded Morita
contexts. By a graded Morita context between two idempotent G-graded algebras
A = BiegAr and B = Piee By we mean a Morita context (A, B, aXp,5Ya,Ta,TB),
where X = ®iee Xt and Y = ®ieqY; are G-graded bimodules, and 74(X, ®p Ys) C A5
and 75(Y, ®4 X;) C B,s, Vr,s,t € G. Notice that this extends the concept of a graded
Morita context given for the case of unital rings in [13]. We say that a bimoldule 4 Xp
is unital if both 4 X, Xp are unital modules. Equivalently, AXB = X.

Definition 3.1. Let A = ®cgA; and B = @yecB: be two idempotent G-graded alge-
bras. We say that they are graded-equivalent if there exists a graded Morita context
(A, B, X,Y, Ta,7p) with unital bimodules 4 Xp, pY4 for which 74 and 75 are surjective.
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It follows from [28, Theorem 2.6] that for graded rings with graded local units the
concept of a graded equivalence in Definition 3.1 is tantamount to that considered earlier.

In general we will work with Morita contexts that are contained in a graded algebra,
that is, A, B, X and Y will be contained (as graded objects) in a certain graded algebra
C, and all the algebraic operations of the context will be inherited from the algebra
structure of C' (Proposition 3.4 below shows that we do not lose generality in doing so).
In particular 74 and 75 will be determined by the product of C', and we will omit to
mention them. We will refer to M := (A, B, X,Y") as a Morita context in C.

Proposition 3.2. Let B = @&;cqB; be a graded algebra. Then B is idempotent if and only
if Br =3 ,cq BsBs—1,, Vr € G.

Proof. Just note that

B? = Z ByB, = Z Z ByB, = ED Z ByBi-1,. D

s,teG reG st=r reG seG

Theorem 3.3. If B = @By is an idempotent G-graded algebra, then B and (B#G)x g5
G are graded-equivalent.

Proof. Given r,t € G, consider the following subsets of B#G: X;(r) = B,-1er ¢, X¢ =
BrecXi(r), Yi(r) = Bre1, and Yy = @,cqYi(r) (so Yi(r) and Y; do not really depend
on t). Define now the following subsets of (B#G) X35 G: X := e X6, Y = DreaYids,
and B’ := @icqBier 0. Note that the map B’ — B given by bieq 0y — by is an
isomorphism of graded algebras, because

(bse1,505)(bre1 16r) = bseq sBs(bre1r)0sr = bsbreq sidse — bsby.

So it is enough to prove that M = ((B#G) x5 G,B’,X,Y) is a graded-equivalence,
which implies that (B#G) x5 G and B are graded-equivalent. Since X,Y’, and B’ are
graded according to the grading of the crossed product (B#G) xg5 G, to see that M is
a graded-equivalence is enough to show that it is a Morita equivalence.

We show first that XY = (B#G) x5 G. For all u,r,s,t in G we have:

(Xu(r)0u) (Yu-14(8)0u-1¢) = Xu(r)Bu(Yu-14(5))0t = (Br-1u€ru)(Bs€u,us)0t
= BrfluBsenusdt = BrfluBufls’ens’dt c (B#G)(Stv

where s’ = us. Therefore:

(XY)e = > (Xubu)(Ya-1:0-10) = Y (Xu(r)0u) (Yi14(5)8,-1¢)-

ueG u,r,s

Hence
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XY = @tGG(XY)t(;t = Brea Z ®T,SEGBT_1uBu_1seT,56t
ueG

= DPteq EBT,SEG Z BrfluBuflser,s(St = @tGG(B#G)(St = (B#G> a¥e] G’
uel

in view of Proposition 3.2. We now show that ((B#G) %35 G)X = X. Given u,v,7,s,t €
G:

(Br—lseT,Sau)(Xu—lt(v)(su—lt) = (Br—lsehs)ﬂu(Bv—lu—ltev,u—lt)(st

= (BT_lst_lu_1ter,seuv,t)§t = [5 = UU]B7'_1SBS_1teT,t6t'
Thus, using again Proposition 3.2, we see that

(B#G) 355 G)X = Brea(D Y [s = uv]Bi-1,By-1604)6;

u 7,80

= @teG(Z B-1ier1)0 = @ X0 = X.

Let us show that YX = B’. Let u,r,t,s € G. Then:

(Yu(’l“)(su)(Xufu(S)(suflt) = (BT€17T)6U(Bs—lu—1t€s7u—1t)6t
= (Bre1,)(Bs-1y-1¢€us.t)0 = [r = us| By By-14€1 1.

Hence YX = @t(zu(zm[r = 'U/S]BTBrflteLt))ét = @tBteLt(St = B/.
Now it is easy to check that X B’ = X:

XB' =X(YX)=(XY)X = (B#G) x3 G)X = X.
For the equality B'Y =Y notice first that

(Bue,ubu)(Yu-14(r)0y-1¢) = (Bue1,udu)(Brex 0y-11)
= (Buel,u)ﬁu(Brel,rdt) = Buel,uBreu,urét = BuBT'el,uT'6t-

Then B'Y = @:(>°, >, BuBrei ur)d: = @t(zs,u B,B,-14€1,5)0;, where s = ur. With
one more use of Proposition 3.2 this shows that B’Y =Y. Finally,

Y ((B#G) x35 G) =Y(XY) = (YX)Y =B'Y =Y,
which ends the proof. O

If C is an algebra and e € 9(C) is an idempotent element, then C’ := eCe is clearly
an algebra. Suppose in addition that C' = @, C} is graded over G, and e is a multiplier
of C of degree 1. Define C] := eCie. Then C.C}| = eCseCie C eCsCre C eCsie = C7,, so
it follows that C” is also a graded algebra, because C' = @1 C}.
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Proposition 3.4. Let A = ®icqAr and B = @icq By be idempotent algebras graded over
the group G. Then the following statements are equivalent:

(1) The algebras A and B are graded-equivalent.

(2) There exist an idempotent graded algebra C' = ®ecCi and e = €2 € M (C) (the
algebra of multipliers of degree 1 of C), such that: A= eCe and B = (1—e)C(1—e)
as graded algebras, and CeC = C =C(1 —e)C.

Proof. Suppose first that (A, B, X, Y, 74, 7p) is a graded Morita context between A and

B. Let L :={ Z ‘IZ; ca € Abe B,z € X,y € Y} with entry-wise addition, and the

product given by the Morita context, as follows:

a xz\(a '\ _ [(ad +7a(z®Yy) ax’ + xb’
y b)\y V) ya' + by’ aly@2’)+bb )
These operations give an associative algebra structure on IL, as it is easy to check.

Moreover, since the algebras A and B are idempotent, and the modules of the Morita
context are unital, it follows that LL is also an idempotent algebra. If

L;:= {(ZZ Z) cap € A, by € By, vy € Xy, € Vi),

then the fact that the Morita context is graded implies L;L; C Ly, Vs, t € G. On the
other hand it is clear that . = ®;c¢lL¢, so L is a graded algebra over G.

Now let L,R : L — L be the maps given by L((Z i)) = <8 ”é) and

R( Z ﬂbr ) = Z 8 . Then L(L;) C L, R(L;) C L;, and routine matrix computa-
tions show that L(cc’) = L(e)d/, R(cc’) = cR(c"), and cL(c’) = R(c)c, Ve, ¢’ € L. That is,
e := (L, R) is a multiplier of IL, of degree 1. It is clear that e? = e. Note that we may con-
veniently think of e as the matrix (é 8) acting in the obvious way on IL: L is multipli-
cation on the left by this matrix, while R corresponds to multiplication on the right. Now,

e =R = (4§}t -0 = a-me-nen = (§ 5)

which are obviously isomorphic to A; and B; respectively. On the other hand:

(A X\ (A X\ _[4A AX _
ML—(Y B)(O 0>_<YA TB(BY®AXB)>—L7

where the latter equality is due to the facts that A is idempotent, 4 X and Y4 are unital,
and 7p is surjective. In a similar way we conclude that L(1 — e)L = L.

Conversely, suppose C' = C? and e € 9;(C) are such that A’ := eCe = A and
B = (1 -¢e)C(1 —e) = B as graded algebras, and CeC = C = C(1 — e)C. Let
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X:=eC(l—e), X;:=eCi(l1—¢),Y :=(1—e)Ce, and Y; := (1 — e)Cye. It is clear that
X is an (A’, B')-bimodule. Moreover:

AL X, = (eCse)(eCy(1 —e)) C eCsCi(1 —e) C Xy,
A'X = (eCe)(eC(1 —e)) = e(Ce*C)(1 —e) =eC(1 —e) = X.

Similarly we have X B; C X, and XB' = X, so 4X and Xp are unital and graded
modules. In the same way we conclude that gY and Y4 are unital and graded modules.
Since

XY = (eC(1 —¢))((1—e)Ce) =e(C(1 —e)Ce=eCe = A,

and YX = B’ after a similar computation, we have that the natural maps 74/ : X ®p/
Y - A and 73 : Y ®4 X — B’ associated to the multiplication on C are both
surjective, and it is easily seen that 74/(Xs ®p Y;) C A%, and 75/ (Y; ®4 X;) C B,
Vs,t € G. Then (A, B', X,Y, 74/, 7p/) is a graded-equivalence between A’ and B’. Since
A= A" and B = B’ as graded algebras, we are done. 0O

Definition 3.5. Let M = (A, B, X, Y, 74, 7p) be a graded Morita context giving a graded-
equivalence between the idempotent graded algebras A and B. The graded algebra L
constructed out of this Morita context as in the first part of the proof of Proposition 3.4
will be called the graded Morita algebra (or the graded linking algebra) of M. We will
write IL(M) if we need to stress the dependence of I on the Morita context M.

We end the section by showing that graded-equivalence is an equivalence relation:

Proposition 3.6. Graded-equivalence is an equivalence relation for graded idempotent al-
gebras.

Proof. Suppose M = (A4, A", X,Y,74,74) and N = (A, B, X', Y’ 7),,,75) are graded
Morita contexts giving graded-equivalences between A and A’ and between A’ and B
respectively. As in [30, p. 30] we consider 4 Xp = X ®4 X’ as a G-graded bimodule,
whose t-homogeneous component Xy, (¢ € G) is the K-submodule of X generated by all
elements z ® 2/, v € X,, 2’ € X/, such that rs = ¢. Thus, for t € G, X; = X ®ar
X! _,,. Similarly, BY4 =Y ®4 Y is a G-graded bimodule, with Y; = Yoscc Yi®a Yoy
Obviously, 4 X5 and Yy are unital bimodules. Denote by p4 the following composition
of surjective (A, A)-bimodule maps:

XopY=(XosX )oY ®@4Y)

id@T!y, ®id
—=

gX@A’ (X/®BY/)®A’Y X®A’A/®A’Y

HX@A/Yl)A.
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Note that ps(Xs®pY;) C Ay, Vs, t € G. In fact, if u,v € G and z € X,z € X .,y €
Y,y € Y,-1,, we have:

pallz@a) @ (Y @y)) =Tal(z @ 7 (&' @ y)y) € Ta(Xu @ Vy-150) C At
In the same way we construct a surjective (B, B)-bimodule map
PB: Y @4 X — B,

such that pB(}_fS ®AX't) C Bgt, Vs, t € G. It then follows that MN := (A, B, X.Y, PA,PB)
is a graded-equivalence between A and B. O

Remark 3.7. Note that combining Proposition 3.6 with Theorem 2.1 and Theorem 3.3,
we obtain that any G-graded idempotent algebra B is graded-equivalent to FMatg(B).

4. Strong-graded-equivalence

If A= ®eqA; is a G-graded algebra, then for each t € G the set Df = AyA- s a
two-sided ideal of A;.

Suppose that (A, B, X,Y,74,75) is a graded Morita context between idempotent G-
graded algebras A and B. Since Dﬁl is a subalgebra of B, we have a natural map
ot Xy ®Df,1 Y;-1 - X ®p Y (observe that whenever X; or Y;-1 are unital Dﬁl—
modules, then Y; ®D£3_1 Xi-1 = Y, ®p, X;-1). Thus composing this map with 74 we
obtain an A;-bimodule map 74 = Tapl @ X, ®ps, Y,-1+ — A;. Similarly, we have a
natural map pl : Yy ®pa, Xi-1 =Y ®4 X, and also a Bj-bimodule map 75 := tput; :
Y, ®pa, X1 — Bjy.

Suppose that Df* and DE are idempotent, Vt € G. We will say that the Morita
context above is strong, if each X; is a unital (Df,Dgl)—bimodule and each Y; is a
unital (D, D{,)-bimodule. Under this condition observe that, for each ¢t € G, the
ranges of 74 and 7} are contained in D;* and DP respectively. Indeed,

TZ(Xt ®Dfil Y;ffl) = TZ(D;AXIL/ ®Df71 5/;5,1) =
= D{7h(X, @pp , Yi1) € DAy € D},

and similarly for the range of 75.

The following definition is an algebraic adaptation of [4, Definition 2.6], which in turn
is a generalization of the notion of Morita-Rieffel equivalence of partial actions introduced
in [3]. As we shall see later in Theorem 8.3, Definition 4.1 is a generalization of Morita
equivalence of product partial actions, which are defined in Section 5.

Definition 4.1. Let A = ®1cq A and B = @i B; be two idempotent graded algebras
such that Df and DE are idempotent, V¢ € G. We say that A and B are strongly-
graded-equivalent if there exists a strong-graded Morita context (4, B, X,Y, 74, 7p) with
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surjective 74 and 7, such that 74 (X; @ps Y1) = D and 75(Y; @pa | Xy-1) = D,
vt e G. ' '

Evidently, if (4, B, X,Y, 74, 7p) is a strong-graded Morita context, then the bimodules
A4XpB, pYa are unital. Hence, strongly-graded-equivalent algebras are graded-equivalent.
Moreover, notice that if D} is idempotent then D is a unital (A, A;)-bimodule, since,
for example, D = (D)% C DAA, C D{.

Proposition 4.2. Let M = (A, B, X,Y,74,75) be a strong-graded Morita context. Then:

(1) ATXl = Xr = XlBT and Bryl = Y;« = YlAr, Vr € G.

(2) DAX, = X, DB and DPY, = Y, DA, Vr € G.

(3) TA(Xr ®B Ys) = ATTA(Xl XB Yl)As g ATAS and TB(YT ®A XS) = BTTB(Yl ®aA
X1)Bs C B, Bg, Vr,s € G.

(4) If the context M is a strong-graded-equivalence and each A; is a unital Aq-bimodule
and each By is a unital By-bimodule, then T4o(X,®pYs) = A, As and 75(Y, @4 X,) =
B, Bs.

Proof. Since X, is a unital left DA-module, we have
AX C X, = D;j‘Xr = ATAT*IXT - A’I‘X17

so A, X1 = X,.. The other identities in (1) are proved similarly, and (2) follows at once
from (1). Now, since 74 is an A-bimodule map:

7-A()(r & )/s) = TA(ATX1 & YlAs) = A'I"TA(Xl 29 5/1)143 C ArAlAs - ATAs-

An analogous argument proves the second claim of (3). Finally, (4) follows from (3),
because the assumption implies 74(X; ®p Y1) = A; and 75(Y1 ®4 X1) = B;. O

Note that, if in Proposition 4.2 the context (A1, By, X1,Y1, 74, 75) is a Morita equiv-
alence, and each A; is a unital A;-bimodule and each B; is a unital Bj-bimodule, then
both of the inclusions in (3) above are actually equalities. So we have:

Corollary 4.3. Let A = $recgl:r and B = GieaBr be idempotent G-graded algebras
such that each A; is a unital Aq-bimodule and each By is a unital Bi-bimodule. Then
a strongly-graded Morita context (A, B, X,Y,Ta,TB) is a strong-graded-equivalence be-
tween A and B if and only if the Morita context (A1, By, X1,Y1,74,75) is a Morita
equivalence.

Proof. The ‘only if’ part is evident and for the ‘if’ part it remains to show that if
(A1, By, Xy, Y1,74,75) is a Morita equivalence then 74 and 7p are surjective. Indeed,
using (1) of Proposition 4.2 we see, for instance, that 74 is surjective as follows:
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TAX®pY)= Y Ta(X,@pY.) = > Ari(X1®p Y1)A,

r,seG r,s€G
= ) (A A)(A1A,) = A = 4,
r,s€G

thanks to the unital condition on each A,. Analogously, we show that 74(X; ® DB,
Y;-1) = Dt and 75(Y: ®pa  X;1) = DP, Vi€ G, O

Corollary 4.4. If A and B are strongly-graded-equivalent, then the algebras D, D;‘Ll ,DB
and Df_l are Morita equivalent to each other.

Proof. Note that if (A, B, X,Y,74,75) gives a strong-graded-equivalence between the
graded algebras A and B, then by definition the context (Di*, DB, X;,Y;-1, 7Y, TfB_l)
is a Morita equivalence, V¢t € (. Since Morita equivalence of idempotent algebras is
transitive, we only need to show that D{* and DP are Morita equivalent, ¥t € G. But
Proposition 4.2 shows that if (A, B, X,Y, 74, 7p) is a strong-graded-equivalence between
A and B, then D{X; is a unital (D{!, DB)-bimodule and DPY; is a unital (DZ, D{)-

bimodule. Moreover:

TA(D{ X1 ®p DPY1) = 7A(D{ X1 Df @ Y1)
= D{*7a(X1 ®p Y1) = D{".

Similar computations show that also 75(DPY; ®4 DA X1) = DE. Thus (D, DE, DA X1,
DPY,,%4,7p) defines a Morita equivalence between D{* and DZ, where 74 is the com-
position of the natural map D;“Xl ®ps DtBYl — X ®p Y with 74, and 7g is defined
symmetrically. O

Observe that every graded algebra A = @;cgA; defines a trivial Morita context,
namely, the context (A, A, A, A), where the range maps are given by the product of A.
Note that this context is a strong-graded-equivalence between A and itself if and only if
A satisfies the following property:

Ay = Ay A1 Ay, YreG. (1)

In particular, (1) implies that A is an idempotent algebra, as A2 D A;A, 1 A; = Ay for
each t € G. Moreover, it also follows from (1) that the algebra A; is idempotent, as well
as each ideal D of Ay, (t € G). In addition, A;A; D A;A,—1 A; = A; and consequently,
A Ay = Ay, t € G. Similarly, A;A; = Ay, so that each A; is a unital Aj-bimodule. As a
consequence, we see that each D; is also a unital A;-bimodule.

Observe that if A satisfies (1) then A satisfies each of the following two conditions

A AV A, = A, 1Ay, and A A A, = Ay A1, VrseG. (2)
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Indeed, if A satisfies (1), then:
A1 Apg =A 1 AA 1A CA1AA 1= A1 AVA; C A A,

The second equality is proved similarly. Observe that if each A; is a unital left (or right)
Aj-module, then (2) implies (1).

Notice that equalities of the form (2) appear in the definition of the concept of a
partial representation of a group (see for example [18, Definition 2.1]). As an effect, if A
satisfies (1) then, for all ¢, s € G we have:

A;DX = DA, DD} =D2AD{, Vit sea, (3)

which are the analogues of useful properties of partial representations (see (2) and (3)
n [18]). One can readily adapt the easy computations in [18], and for an illustration we
prove the first equality, from which the second one follows easily:

A D = AyAA 1 = Ay Ay = Ay Ay1p1 Ag Agr =
ApAg1y-1 A = DA,

Note also that (1) is one of the key properties which characterize graded algebras
as crossed products by twisted partial actions (see [19, Theorem 6.1]). Recall that A =
Brec Ay is called strongly-graded if A,.A; = A, for all r, s, € G. Obviously, each strongly-
graded algebra satisfies (1), so we give the next:

Definition 4.5. A graded algebra A = ®;c¢A; over the group G satisfying (1) is said to
be partially-strongly-graded.

For instance, the so called epsilon-strongly-graded algebras considered in [31] are
partially-strongly-graded.

A graded algebra A is strongly-graded precisely when D = A; and A;4; = A,
YVt € G, that is, whenever each (A, A;—1) defines a Morita autoequivalence of A;. Simi-
larly, A is partially-strongly-graded exactly when each (D}, Dﬁl,At, A;-1) is a Morita
equivalence between D;“ and Dﬁl
product of A).

The next result extends formulae (2) and (3) above for graded modules over partially-

(we omitted the trace maps, which are given by the

strongly-graded algebras:

Proposition 4.6. Let B = GicaB; be a partially-strongly-graded algebra, and X =
®iec Xt a graded module over B. Then:

(1) X is partially-strongly-graded, in the sense that for allr,s € G we have X, BsBy—1 =
X, sBs-1, if X is a right B-module, and B,-1B.Xs = B,-1X,s if X is a left B-
module
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(2) If X is a right module, then X, is a unital right Df_l-module if and only if X, =
X1B,., and if X is a left module, then X, is a unital left DB -module if and only if
X, = B-X;.

(3) If A = Breq At is a partially-strongly-graded algebra and X = Gicc Xy is a graded
(A, B)-bimodule such that each X, is a unital (D}, DB ,)-bimodule, Vr € G, then
X,.DB =DAX,, vred.

Proof. Suppose that X is a graded right B-module. Since B is strongly-graded we have
X, sBs-1 = XpsBs-1BsBy-1 C X,.BsB,-1 C X, sB,-1. In particular we get XTD;“B,1 =
X1 B,, so the first two claims are proved for a right B-module X. A similar argument
for a left module X concludes the proof of (1) and (2). As for (3) note that by (1)
we have X, D8 = X,,B, 1. On the other hand, by (2) we have 4, X; = X, = X B,,
Vr € G. Thus X, sBs-1 = As X1Bs-1 = A A1 X1 = D;f‘SA,«SAqul - DfSXT. Hence
X,.DB C DA X,. A symmetric argument shows that DX, C X,.D,—1,, Vr,t € G. This
ends the proof, since in particular we get DA X, C Xer,lm =X,.DB. O

Proposition 4.7. Let A = @Ay and B = @ By be partially-strongly-graded algebras.
Then the following statements are equivalent:

(1) The algebras A and B are strongly-graded-equivalent.

(2) There exist a partially-strongly-graded algebra C = ®ycqCy and e = €2 € M1 (C) as
in (2) of Proposition 3.4, which moreover satisfy, ¥Vt € G:
(a) eDfe = DA, (1 —e)DE (1 —e) = DE
(b) DfeD¢ = DE = DE(1 — ) DY .

Proof. Let L. = @iccly be the Morita algebra of the strong-graded-equivalence
(A, B, XY, 74,78) between A and B, and let e € 9M;(L) be the multiplier defined
in the first part of the proof of Proposition 3.4. Then the pair L and e satisfy (2) of
Proposition 3.4. Moreover, using Proposition 4.2:

pL_ (A Xi) (A Xpr) _ Df  DAX,y
to\Y% B )\Y B ) \DPvi DP -
Thus eDFe = DA, (1 — e)DE(1 — e) = DE. Now, in order to compute DFeDF, note

first that it follows from (2) of Proposition 4.2 that DtBYng4 = DBY; and 75(DPY; ®a
D{AX,) = DEB; = DE. Therefore:

A A
L L _ Dy D X, _ AL
DyeDy = (DtBYng“ 75(DBY, @4 DAX,) ) = Pt

The equality between DF (1 —e)DF and DF is proved in a similar way. Finally, let us see
that L is partially-strongly-graded. Since both A and B are partially-strongly-graded,
we have:
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DLL, = (At DiTa(X,®Y;) DX, + DX\ B,
t DtBYIAt + DtBYt DFTB(Yl ® Xi) + By

Now, using Proposition 4.2 and the fact that X; is unital as a left D{*-module, we have:

A+ DPrA(X1®Y)) = A+ D AA = Ay + Ay = Ay,
DAX, + DAX\B, = X, + DX, = X,
and similarly we see that DPY; A; + DBY; = Y; and DE7p(Y1 ® X;) + By = B;. Thus
L;L;L;, 1 = L.

Suppose conversely that C and e satisfy statement (2), and let A" = @icqAl,
B' = @B, X = ®rec X, Y = @recY: and 74/, 75 as in the proof of (2)—(1)
in Proposition 3.4. Since A = A’ and B = B’ as graded algebras, then both A’ and B’
are partially-strongly-graded, so in particular Df‘, and DtB, are idempotent. Notice that

DY = AlAL = eCreCyre = eCy,DE 1 eDC  Cyore =
eCyDY ,Cy-1e = eDFe.

Let us see that the graded Morita context (A’, B', X, Y, T4/, 7p/) is strong. In first place,
since C' is partially-strongly-graded and satisfies (2)(b), we have

DY Xy = (eCyCy-1€)(eCy(1 — €))
= eC;C,-1DEeDECy(1 — e) = eC;C,-1 DECi(1 — e)
= €Ct(1 — 6) = Xt,

showing that D{‘/Xt = X;. Similar computations yield Xth_/l = Xy, DtB/Yt =Y, and
VDY, =Y.
On the other hand:

XY, = (eCy(1 —€))((1 — €)Cy-1e) = eCy D (1 — ¢)DE, Cy e
= eCyDY Cy-re = e(DE)%e = eDSe = D{.
The equality Y;-1 X, = Dﬁl is proved in the same way. Thus we conclude that

(A", B", XY, T4, 7p) is a strong-graded-equivalence between A’ and B’, which are iso-
morphic to A and B respectively. Hence A and B are strongly-graded-equivalent. 0O

Proposition 4.8. Strong-graded-equivalence is an equivalence relation in the class of
partially-strongly-graded algebras.

Proof. We have already seen that every partially-strongly-graded algebra is a strongly-
graded autoequivalence. Since the symmetric property of strongly-graded-equivalence is
clear, we prove that it is transitive. To this end consider strong-graded-equivalences M =
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(A, A, XY, 74,74) and N = (A", B, X" Y’ , 7/,,75) between A and A" and between A’
and B respectively. Let MN = (A, B, X.,Y,pa, pB) be the graded-equivalence constructed
in the proof of Proposition 3.6. We will show that MN is in fact a strong equivalence. First
note that each X; is a unital (D;', DE,)-bimodule and each Y; is a unital (DZ, DA,)-
bimodule. Indeed, using Proposition 4.2 and (3), we see that

Xs Qar Xéflt = Xs Qu D?:It ;*1t = Xstfllt Y nglt
= X ADY s @ Xy = XaDE AL 04 Xy = DX A, @0 Xy
:DfXS XA ‘gflth?Xh

which shows that X; = D*X;. Similarly, X = XDB,, Y, = DFX;, and Y = YDA ,.
We have, for t € G:

Pa(Xi®@ps | Vi) = > pa((Xr @ X/ 1)) @5 (Xp-1,-1 @40 Y3))
r,s€G

=Y (X o T (X @ Yy YL,
r,s€G

Now using again Proposition 4.2 we obtain:

TA((Xr ®ar Ty (X[ 21y @B V0 20)Ys) = ma (X1 AL @ ALy Aps 1 AT
=7a4(X1 @4 Y1) A A1 Ay1 g1 Ay = A\DADADA, = DADADA .

Therefore p% (X; ®ps Y1) = Y orseG DADADA | = D, vt € G. Analogous compu-
tations show that ply (Y ® pa ) X,1) = DF, vt € G, which concludes the proof. O
A

We end this section by showing that the property of having a strong-grading is invari-
ant by strongly-graded-equivalence, unlike the situation with graded-equivalence (see for
instance Theorem 3.3 or Theorem 5.7).

Proposition 4.9. Let A = & and B = BBy be partially-strongly-graded algebras
that are strongly-graded-equivalent algebras. Then A is strongly-graded if and only if so
is B.

Proof. Let (A, B, X,Y,74,75) be a strong-graded-equivalence. By Proposition 4.7, we
may suppose that there exist a partially-strongly-graded algebra C = ®;c¢C; and e =
e? € My (C), such that A = eCe and B = (1 — e)C(1 — e) are graded subalgebras of
C, X =eC(l—e),Y =(1-e)Ce, eDe = D, (1 —e)DE(1 —e) = DE, DFeDE =
D¢ = DE(1 —e)DE, and 74 and 75 are given by the product of C. Suppose that B is
strongly-graded. Then Y;X,-1 = DB = By, Vt € G. Now, (1) and (2) of Proposition 4.6
imply that B;Y; -1 = Y; and X; = X B; (recall that each Y, X,, are unital D and
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Df_l modules respectively). Hence Df = X;Y;-1 = XqBY,-1 = X Y7 = A;. Then
Ay = DA, = Aj Ay = Ay, Vit € G, so A is strongly-graded, which ends the proof. O

5. Product partial actions

Let us begin by recalling the usual definition of a partial group action on an algebra.

Definition 5.1. A partial action « of a group G on an algebra A consists of a family of
two-sided ideals Dy in A (t € G) and algebra isomorphisms «; : Di—1 — Dy, such that
for all s,t € G the following properties are verified:

(1) aq is the identity isomorphism A — A,
(2) Oés<Ds—1 M Dt) = DS n Dsty
(3) as(ai(w)) = as(x), for any x € Dy—1 N Dgp)-1.

We say that a partial action « is idempotent if each domain D; is an idempotent ideal.
In this work we will prefer to replace in the above definition intersections by products
as follows.

Definition 5.2. A product partial action « of a group G on an algebra A consists of a
family of two-sided ideals D; in A (¢t € G) and algebra isomorphisms oy : Dy—1 — Dy,
such that for all s,t € G the following properties are verified:

(1) «q is the identity isomorphism A — A,

(2) D? = Dy, and D,D; = D; D,

(3) O‘S(Dslet) = DsDyt,

(4) as(u(®)) = as(x), for any & € Dy-1 Disgy1.

For instance, a partial action whose domains are all unital is a product partial action.
Other examples of product partial actions are the partial actions on C*-algebras, since
in this case the product of two closed ideals is equal to their intersection.

Notice that an idempotent ideal I in an algebra A is a unital A-bimodule. Hence,
given a product partial action & = {a; : Dy—1 — Dy, t € G} of G on A, each ideal Dy,
t € G, is a unital A-bimodule.

The following result shows that, under certain circumstances, product partial actions
can be obtained from global actions by restriction. We will see in Theorem 8.2 that in
fact any product partial action can be obtained, up to Morita equivalence, in such a way.

Proposition 5.3. Let A be an idempotent ideal in the algebra B, and suppose that (3 :
G x B — B is an action such that AP (A) = B(A)A, Vt € G. Define Dy := ABi(A).
Then pi(Dy—1) = Dy, ¥t € G, and o := ({ou},{D+t}iec) is a product partial action,
where oy (z) = By(x), Vt € G and x € Dy-1.
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Proof. Tt is clear that 3;(D;-1) = Dy, and also that each B;(A) is idempotent because
so is A. Moreover AB;(A) = Bi(A)A, so we have D? = A?3,(A)? = Dy, and

DDy = ABs(A)ABy(A) = AB(Bi-15(A)A)A = AB(APi-15(A)) A
= ABi(A)Bs(A)A = DD,

On the other hand:

as(Dslet) = ﬁs(ABsfl(A)Aﬁt(A)) = 6S(A)A63(A)Bst(14) = DsDg;.
Finally, condition (4) of Definition 5.2 is obviously satisfied. O

The product partial action « obtained in Proposition 5.3 will be called the restriction
of the global action 8. The action 3 is called a globalization of « (as well as any global
action isomorphic to 3). A globalization S of a product partial action « is called minimal
if B =3,.508:(A), in which case we have B? = B. Note that each ;(A) is a unital
B-bimodule, due to the fact that A is an idempotent ideal in B.

In [6], a partial action a := ({on}, {Dt}req) was called regular if

Dy, NDy,N...NDy, =Dy, Dy,...Dy., Vi ta,... bty €G.

Evidently any regular partial action is a product partial action. As it was mentioned in
[6, p. 4961], any C*-algebraic partial action is regular as well as any partial action on
a von Neumann regular ring. Notice that in a von Neumann regular ring the ideals are
idempotent and the intersection of any two of them coincides with their product. The
same is true for the ideals of the Jacobian algebra A,, over a field of characteristic zero
introduced by V. Bavula with respect to the Jacobian Conjecture (see [9, Theorem 3.1,
Corollary 3.10]). It follows that any partial action on A,, is regular. Moreover, the same
can be said about the algebra I, of integro-differential operators on a polynomial algebra
thanks to the ideal equivalence with A,, established in [11, Theorem 3.1]. Furthermore,
[10, Corollary 7.4] implies that any idempotent partial action on the algebra of one-sided
inverses of a polynomial algebra is regular.

Given a partial action or a product partial action o of G on A, we define the skew
group algebra A x,G of A by « as the direct sum @y Dyd;, with the product determined
by the rule

(aér)(bas) = Qi (a;l(a’)b)érs; (4)
where 7,8 € G,a € D,,b € Ds. It was established in [17, Corollary 3.2] that A x, G
is associative if « is an idempotent partial action of a group G on a unital algebra A.
Notice that the proof does not use the fact that A is unital and, moreover, it works for
any product partial action «.
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Let o = {a; : Dy-1 = Dyt € G} and o = {a} : D;_, — Dj,t € G} be product
partial actions of G on A and A’, respectively. By a morphism ¢ : @« — o' we mean
an algebra homomorphism ¢ : A — A’ such that ¢(D;) C D; and p(az(a)) = aj(p(a))
for all t € G, a € D;~1. A morphism ¢ : & — o' induces an algebra homomorphism

™ AXy G — A Xy G. In fact the correspondence (« RS )= (Ax, G w_t Axy G)

is a functor.

Remark 5.4. Every partial action « := ({ay}, {D¢}+eq), such that each D, is unital, can
be seen as a restriction of a global action, which is essentially unique if a minimality
condition is required (see [17]). We refer to this global action as the enveloping action of
a. Note that the enveloping algebra is idempotent [20, Theorem 3.1], which implies that
so is the corresponding skew group algebra of the enveloping action.

Proposition 5.5. The skew group algebra of a product partial action is partially-strongly-
graded, and it is strongly-graded if and only if the partial action is global.

Proof. Let a:= ({as}, {D:}teq) be a product partial action on the algebra A. Let B :=
A X4 G. Then B = @¢cq B, where By = D6, and the product is given by dsds did; =
Cls(()(;l(ds)dt)ést. Thus Bth = ozs(ogl(Ds)Dt)ést = as(DSth)ést = Dsttést. In
particular B1B; = B; = B; By, Vt € GG. Moreover we have

ByB,-1By = (D D16,)(Dy6;) = Dy6, = B,.

As for the last statement, it is clear that the skew group algebra of a global action is
strongly-graded. To prove the converse note that, according to (3) of Definition 5.2 and
equality (4) above, we have

(D,0,)(Dsbs) = DpDysbrs, Vr,s € G,
which implies D,.s C D,., Vr,s € G, hence D, = A, Vr. 0O
Moreover, we have the next.

Proposition 5.6. Let o be an idempotent partial action of a group G on an algebra A.
Then A x4 G is partially-strongly-graded if and only if a is a product partial action.

Proof. The ‘if’ part follows from Proposition 5.5. For the ‘only if’ part suppose that
B = A x, G satisfies the partial representation property. If we write B = @ycq By, where
B; = D;6;, then we are assuming that

B(B,-1 By = By,

for all ¢ € G. Since this is equivalent to the two equalitites in (2), we obtain, on one
hand,
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B,-1B,By = D,-1 Dy0y = By1 Byy = 0,1 (D, Dy)ds,
which gives
ar(Dy-1Ds) = Dy Dy (5)
for all ;s € G. On the other hand,
B.B.B, 1 = (D1 D)5, = ByaBut = aipa(Ds-ty-1 D)5
that is
r(Dy-1Ds) = aps(Dg-1,-1 D),
for all r,s € G. Thanks to (5) the latter results in
Dy Dys = Dys Dy,

for all r, s € G, showing that the domains D; commute with each other. In combination
with (5) this shows that « is a product partial action. O

Theorem 5.7. Let o be a product partial action on A with a minimal globalization
acting on B. Then A x, G and B xg G are graded-equivalent.

Proof. Taking the subsets X := @cqfi(A)d; and ¥V = @cqAdy in B xg G, we show
that (B g G, A, G, X, Y) is a graded-equivalence. We only need to show that it is
a Morita equivalence, for all the objects of the context are graded under the grading of
B x5 G. Using the fact that each §,(A) is a unital B-bimodule, we have:

(B Nﬂ X Z B(S /Bt ZBB% et*ZB% 0ot = X
Y(BxgG) =Y (A5,)(Bb;) = ZABS St_ZA(St

s,t

XY = 268(A)26St = Zzt:ﬁ”—l(A)(ST = ZB(ST =B X g G.

VX = 3 (AB(A)00 = Dasdor = A 0 G.

s,t st
Finally:

X(Ax,G)=X(YX)=(XY)X =(BxzG)X = X.
(A%, Q)Y =(YX)Y =Y(XY)=Y(BxzG)=Y. O
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6. Partial smash products

Let B = ®ueqB; be a graded algebra. It is readily checked that the set IP :=
@r.scaBr-1Bser s is a two-sided ideal of B#G.

Definition 6.1. We will say that 17 := ®r scaB,-1Bser s is the partial smash product of
the G-graded algebra B. We may occasionally denote it also by B#,G.

Observe that 12 = B#G if and only if B is strongly-graded. The easy proof of the
next fact is left to the reader:

Proposition 6.2. Let B = ®icqB: be a graded algebra, such that the Bi-bimodule By is
unital for each t € G. Then the algebras B, By and IP are idempotent.

We proceed with the following fact.

Proposition 6.3. Let B = ®,eq By be a partially-strongly-graded algebra and I := I, its
partial smash product. Then

(1) The linear BP-orbit of I is all of B#G.
(2) For every t € G we have

IBE(I) = BE()I = @, B, B;By—1 Bge,,

so that the restriction v2 = BB|; of BE to I is a product partial action, and BP is
a minimal globalization of v5.

Proof. Since B is partially-strongly-graded, each B; is a unital B;-module and by Propo-
sition 6.2 the ideal I is idempotent. Therefore

B#G = ®T,S€Gﬁ£(BT_lsBleS_lT,l> C Z BSB(I) - B#G7
seG

which proves our first statement.
Let us see next that v is a product partial action. On one hand:

BtB(I) = EBr,sBrlesetr,ts = @u,vBufltBtflveu,v-

Then, since By = > B,,-1B,, we have:

u€G
B E : E
Iﬁt (I) = BrlesBufltBt—lveT-’seu’U = Br—lBuBu—ltBt—lveT,v
7,8,U,V T,U,V

=Y B,-1ByB,-1BB;-1Byeyy = @y Br-1 BBy Byey s

U,V
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On the other hand:

B
By (I>I = § By-14Bi-1,By-1Byer sy = § By-1;By-1,By-1Byer,y
7,8, [RIRY

= Z B,-1B:B,;-1ByBy-1Bye,, = ®rsBr-1B;By-1Bge, .

U,V

Thus I8P (I) = BE(I)I, so v is a product partial action by Proposition 5.3, and 8% is
a minimal globalization of v¥ by (1). O

Note that in the proof of (1) of Proposition 6.3 the only restriction on the grading of
B we used is that each B; is a unital B;-bimodule. Thus we have:

Corollary 6.4. Let B = ®:ccB: be a graded algebra such that every B; is a unital By-
bimodule. Then B#,G is 85 -invariant if and only if B#,G = B#G, that is, if and only
if B is strongly-graded.

Theorem 6.5. If B = ©icq By is a partially-strongly-graded algebra, then (B#G) x5 G
and I8 X8 G are graded-equivalent.

Proof. This is a direct consequence of Proposition 6.3 and Theorem 5.7. 0O

We shall call 42 from Proposition 6.3 the canonical partial action of G on the partial
smash product I5.

If  : A — B is a homomorphism of G-graded algebras and ¢ : A#G — B#G is the
corresponding homomorphism between the smash products, it is clear that ¢ (I4) C IB.
Thus ¢# induces a homomorphism ¢% : I4 — IZ. Besides, since B3Z¢# = ¢7 5, we have
that 72 g% = ¢iy! Vt € G, so that ¢ : v — 4P is a homomorphism of partial actions.
Therefore ¢' induces a homomorphism ¢* : 4 x G — I® x G. Tt turns out that the

b X
maps (A 4 B) s (44 2, B and (A LA B) — (I*xG 25 IB % G) are functors from the

category of graded algebras to the category of partial actions on algebras and to that of
partially-strongly-graded algebras, respectively.

Proposition 6.6. Let B = @icqgB: be a partially-strongly-G-graded algebra. Then
I8 X s G is naturally isomorphic, as a graded algebra, to the graded subalgebra
@y s,tB-1BiBser s of FMatg(B).

Proof. Let ¢p : (B#G) xg5 G — FMatg(B) be the natural isomorphism defined
in Theorem 2.1. Recall that p was determined by be, sd; wg ber Ay = bey -1,
Vr,s,t € G, b € B,-1,. Since IP Xy G = Dieqlids, where Iy = IBB(I) = BP(DI =
@5 By-1 By B;-1Bge, s, it follows that 15 (I8 Xy5G) = Breq¥B(i0r) = BreqliAy. Now:
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ItAt = @T,SGGBr—lBtBt—lBseT,t_ls = @r,uBr—lBtBt—lBtuer,u
= @y sB-1BiBy-1ByBse, s = & sB.-1 B Bse, s.

To verify naturality, just note that if ¢ : A — B is a homomorphism of partially-strongly-
graded algebras, the natural map ¢ : (A#G) Xga G — (B#G) Xz G sends I x4 G
into I8 x5 G, so the following diagram commutes:

inc

(A#,G) 5,0 G~ (A#G) %2 G —2> FMatg(4) O

L T

(B#pG)x73(14f4>(B#chBBc:—f%,FMaqu)

7. Equivalences of product partial actions

7.1. Morita equivalence

If 0 = {D; 1 By D;}seq is a product partial action of the group G on the algebra C,
we say that a subset S of C' is f-invariant if 6,(SND,-1) = SN Dy, Vt € G. Suppose that
M= (A4,A", X,Y, 74,74 ) is a Morita context. If X’ C X and Y/ C Y, in general we will
write X'Y” instead of 74(X’' ® 4/ Y’) and Y’ X’ instead of 74/ (Y’ ®4 X').

Definition 7.1. Let o = {Dy 1+ & D;}eq and o/ = {D’,1+ % D', }4cc be product partial
actions of G on algebras A and A’, respectively. We say that o is Morita equivalent to
o/ if there exists a Morita equivalence M = (A4, A’ X, Y, 74, 7a’) between A and A’, and

a product partial action 6 = {D; b D;} on the context algebra C' of M such that:

(i) YDX = D..
(ii) 0]4 = a and 0|4 = /.

The pair (M, §) will be called a Morita equivalence between « and o’. We simbolize this

relation by writing « Mo

Remark 7.2. Note that the above definition implies that each ideal D; corresponds to
D} under this equivalence. In fact, condition (i) above implies

Dy = (XY)Dy(XY)=X(YD;X)Y = XD)Y.
Moreover,

D,X = D, XD, = XD,
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and
DY =D)YD,=YD,, VteG.
Define X; = D; X D; and Y; = D;Y D;. Then

X,Y,=D, and Y X,=D, WeQG. (6)
DX=X,=XD, and DY=Y,=YD, VteG. (7)

Remark 7.3. It follows from the previous remark that if @ and o/ are Morita equivalent
product partial actions, then « is a global action if and only if so is /.

Remark 7.4. It is easy to see, using Remark 7.2, that in Definition 7.1 condition (i) is
equivalent to the following one:

(’) There exist families { X }+e¢ and {Y; }+eq of subbimodules of X and Y respectively
such that (6) and (7) hold.

Remark 7.5. Observe that the proof of [6, Proposition 2.11] works for product partial

actions. It follows, in particular, that D; = (% ‘gf), Vt € G, and all of the subsets
t

(61 8), (8 2,), <8 )(f> and (3- 8) of the context algebra C are -invariant.

We will identify the subsets above with A, A’, X and Y respectively. Notice that with
this identification and slightly abusing the notation we may write

O;(ax) = ay(a) Oy(x), 04 (xa’) = 0,(z) o (a’), (8)

foralla € D,z € X,a' € D{‘/, and similar equalities can be written for the bimodule
Y. Observe also that if both of o and o’ are global actions, then 6 must be a global
action as well.

Let (M,0) be a Morita equivalence between the product partial actions « and o/,
where M = (A, A, X,Y,74,74/). In what follows we use the notation of Remark 7.2.
Every X; is a unital (Dy, D})-bimodule, and every Y; is a unital (D;, D;)-bimodule.
Therefore we have natural maps j; : X; ®p; Vi > X®aYandj: Vi®p, Xy > Y ®4X.
We define 7; := 7ajs : Xy ®p; Yy — Dy and 7{ := Tarj; : Y; ®p, X; — Dj. Then 7,
is a D¢-bimodule map, and 7/ is a Dj-bimodule map. Let us see that 7 is surjective.
Since T4 is surjective, given a € A there exist x1,...,z, € X and y1,...,yp € Y
such that 74(31_, #; ® y;) = a. Now, given di,ds € Dy, we have diz1,...,d1z, € Xy,
yida, ... ynds € Yy, and 7(3° 1, diz; @ yid2) = dyads. Thus 7(X, ®p; Yy) 2 DiADy =
Dy, because D, is idempotent and unital over A. Similarly, every 7/ is surjective. Then
we have:
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Proposition 7.6. The context M; := (Dy, D}, X4, Ys, 7, 7{) is a Morita equivalence between
D, and D;.

Remark 7.7. Observe that the alternative definition of the Morita equivalence of regular
partial actions given in [6, Proposition 2.11] also holds for product partial actions without
any change in the proof.

Proposition 7.8. Morita equivalence of product partial actions is an equivalence relation.

Proof. Just follow, mutatis mutandis, the proof in [6, Proposition 2.12] of the same result
for regular partial actions, taking into account Remark 7.7. O

Proposition 7.9. If a and o’ are Morita equivalent product partial actions on A and A’
respectively, then A X, G and A’ x4 G are strongly-graded-equivalent (the converse is
also true: see Theorem 8.3).

Proof. We use the notation of Definition 7.1. Let A := A x, G, B := A’ xo G =, and
C :=C %9 G. Thus A = ®yc D0, B = ®reaD;d:, and C = ®1cqDyd;. Consider e :=

(L, R) € M, (C), whereL((y ”3) 6t)=(8 O)at andR(( x)at):@ 8)@.

To see that A and B are strongly-graded-equivalent, it is enough to see that the pair
(C,e) satisfies (2) of Proposition 4.7. First note that

. D, X, D, X, D, X, . X,
CreCSZ(YT D:ﬂ)éﬁ(y D/)CS _<Y D/) ( )53
D, X,.\ (D. X, B D,..D, D, IXS
= (7 B (8 8))oemer (V28 030)) o
o ((DrDe DeiDX N\, DiDi DoDX )4
= YD, Dy YD,1D.X =\vD,.D,. YD,D, X )s

By (6), (7) and the computations above we obtain, for r = ¢, s = 1:

(DD DiDX D,
Ctecl_(YDtDt YDtDtX)d (Y D’)‘St

Then it follows that CeC' = C. Similar computations show that also C(1—e)C' = C. On
the other hand:
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Similarly, (1 —e) <Z g) n(l—e)= (8 2) 8¢ Then eCe = A and (1 —e)C(1 —e) &

Dy
0
(1 —e)DY (1 —e) = DB. Finally, using again the identities (6), (7) we get:

5 e A e R D, X:\(D: X D, X 5
DtCeDf:Dt(SleDt&l:(Ytt DZ)<0t 0t>51:(ytt DZ)(Sl:DtC,

B. Now, since Dté = D,61, we have eDtée = ( 8) 0 = Do = D{E, and also

and similarly Dt(j eDté = Dté , which ends the proof. O

Theorem 7.10. Let B = ®,caB; be a partially-strongly-graded algebra and IB its partial
smash product. Then B is strongly-graded-equivalent to the partial skew group algebra
IB .5 G.

¥

Proof. Let Xy = @reaXi(r), Vi = ®recYi(r) and B’ := @yegBier 10 be the subsets
of B#G defined in the proof of Theorem 3.3, so X;(r) = B,-1;e,, and Y;(r) = Bre1,,
Vr,t € G. As it is shown in Theorem 3.3, if X = ®1ca X0y and Y = @ycaY;0s, then
((B#G) x G, B, X,Y) is a graded-equivalence. We define

X' =P x,8 Q)X = Brec X6 and Y =Y (IP x5 G) = ®ecY/6:.

We are going to show that (IZ x5 G, B’, X', Y") gives a strong-graded-equivalence.
We start by recalling that the partial action y:=~v% = {v; : -1 = L;}of Gon I = I?
is the restriction of 8 with

It = @T,sBrletBtleser,s-
We compute first X’ as follows. Notice that

(Br*1DEBser,sau)(vilufltev,ufltauflt) = Br*1Dstviluflte'r',seuv,t(St
=[s= U'U]BT—IDEBSBS—ltGT’t(St.

Consequently, since X;0; = 3, (lu6u)(Xy-1¢(v)dy-1¢), We obtain

X, = Z Z[s = uv]BT—l(Dst)Bs—lter,t

7,8,V U
= ZBrfl ZBsBSflter,t = Z B,.-1Ber,
T S ks
using Proposition 3.2. Then X’ = @, B,-1B;e,+0;. Computing next Y, we have

(Brel,rfsu)(Bv—lDEflthev,w(Su—lt) = Brel,TﬁU(Bv—lDz]f*lthev,w)(st

= [’I“ = uv]BTBrflqufquel,uwét'
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Setting s = uw we obtain

Y/ = Z [r = w]|B,B,-1,DE \ B, 1,61

T,8,U,V

=> " _B:Bi1,)DE 1, By-rsers =Y BuDP . By-1se1

u,s U,S

= DtB Z(Z BuBufls)el,s - DtB ZBsel,sa

using (3). Thus Y/ = &, DP Bsey 56;.
Let us see that XY’ = I x, G. We have

X'Y' = (I, Q)XY 1, G) = (I 1, G)(B#G) x5 G)(I 1, G).
Then

XY = Y (16.)(BHG),)(1uo.)

uvw=t
=@ Y (L6.)(B#G)5,)(Lwbw) = @ Y (IBu(I)(B#G)6uu)(Buw(I)I6.)
uvw=t wvw=t
=Dy Z IB.(1)Be(I)Buv(1)dr = & Z L1yl = & l0 = 1 %, G.
uvw=t uvw=t

To prove that Y’ X’ = B’, we compute, for each t,u,r,s € G:
(DB Bse1,50,)(By-1By-146,.-110,-1¢) = [8 = ur| DE B B,-1 B,-11e1,40¢
Then, since DZ B, B, = B,DP, we have:

Y'X = Z [s = ur|ByDEB, 161,40 = Z B,DEB, 1e140;

t,u,r,s tau,r

= ZBuBufltel,t(St = ®¢Biey 16, = B'.

t,u

Note that X’ and Y are unital over I x, G and B’. In fact:

X'B' = X'Y'X' = (I 1, G)X' = (I %, G)*X = (I %, G)X = X,
B/Y/ —_ Y/lel — Y/(I N'y G) — Y(I N’Y G)2 = Y(I )4,-‘{ G) = Y/-

We have proved so far that (I x, G,B’,X’,Y’) is a graded-equivalence. Next we check
that it is also a strong-graded-equivalence. On one hand:



848 F. Abadie et al. / Journal of Algebra 659 (2024) 818-858

(th(st)(y;:/flét—l) = X{ﬁt(Yt’,l)él = Z Br—lBtDﬁlBser,tet,tsél

=Y B,1BiBseryi01 = »_ B,1BiBy1ge, 001 = B,1DEBoe, o6

TS r,s’ T,8

= Itél = Itﬂt(ft—l)& = (It5t)(ft—15t—1).
On the other hand:

(Y/6:) (X} 1 61) = Y{Bi(X] )61 = > DFB.B,-1 By-re1 rer 101

T8

=DP Y [r=ts]B.B,~1,Bi-re1161 = DY DPe1 16y
7,8 T

= DF6171(51 = (Btel,tfst)(Btflel,t*15t*1)~ O

Corollary 7.11. If B = ®ica Bt is a strongly-graded algebra, then B is strongly-graded-
equivalent to (B#G)x35G.

By [19, (15)] the crossed product by a twisted partial group action is partially-strongly-
graded. Thus we have:

Corollary 7.12. The crossed product by any twisted partial group action is strongly-graded-
equivalent to the skew group algebra of a product partial action.

Theorem 7.13. Let M = (A, B, X,Y, 74, 75) be a graded Morita context between G-graded
algebras A and B. Let C = @icqC: be the corresponding graded context algebra, so

_ (A Xy )
Ct—<yt Bt) Then:

(1) The algebras C#G and (éig gﬁg) are isomorphic, and the restrictions of f€

to A#G and B#G are 4 and BB respectively, and X#G, Y#G, are BC -invariant.
(2) M#G = (A#G, B#G, X#G,Y#G) is a Morita context, where the traces are given
by the product in C#G. If M is a Morita equivalence so is M#G.
(3) If M is a graded-equivalence, then B4 and BB are Morita equivalent actions, so
(A#G) xpa G and (B#G) x5 G are strongly-graded-equivalent.

. Ar—ls X1,
Proof. Since C,-1, = (les B

(A#G X#G> determined by

Y#G B#G
_fa = . [aers wers
Cer,s = y b €r,s Yer.s be'r,s )

), it is clear that the linear map C#G —
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¢ € Cp-14, is an isomorphism. This proves the first claim of (1). The second assertion of
(1) is clear. Since (3) follows directly from (1), (2) and Proposition 7.9, we concentrate
on the proof of (2). We will suppose that M is a Morita equivalence and prove that
then so is M#G. Note that, since AX = X and YA = Y, for each t € G we have

= >, AuXy-1 and Y, = > Y, A, -1, due to the fact that X and Y are graded
modules. Hence

(A#G)(X#G) = Z Ar—rger  Xy-10€00 = Z [s = u]A -1, X160

,8,U,V T,8,%,V

= Z ArflsXsflver,v = Z AuXuflrflver,v = @7',1)erlver,'u = X#G,

T,8,V U,V

which shows that X#G is a unital left A#G-module. Similarly we obtain that Y#G is
a unital right B#G-module:

(YHG)(AH#G) = > VuAy-1,-1,600 = B Yyo10600 = YHG.

T,u,v

Let us see that the traces are surjective. Recall that 74 and 75 are surjective and respect
the gradings, so that 74 (>, (Xu®pYy-1¢) = A and 75(>_, (Yu®a X,—14) = By, Vt € G.
Then:

(X#G)(YH#G) = Y X156 Y1060

r,8,u,V

= Z [5 = U]TA(erls OB Ks*lv)env = @nvAr*lvenv = A#G.

T,8,U,U

Similar computations show that (Y#G)(X#G) = B#G.
Finally:

(B#G)(Y#G) = (Y#G)(X#G) (Y #G) = (Y#G)(A#G) = (Y #G).
(X#G)(B#G) = (X#G)(YH#G)(X#G) = (A#G)(X#G) = (X#G). O

Proposition 7.14. Let (M, ) be a Morita equivalence between the (global) actions 8 and
B, where M = (B,B',X,Y,7p,7p/). Let A be an idempotent ideal of B such that
ABL(A) = B(A)A, YVt € G, and let a := B|a be the product partial action obtained
by the restriction of B to A. Let A" := Y AX be the ideal that corresponds to A via the
equivalence M. Then

(1) Bs(A)B(A) =Y Bs(A)Br(A)X, Vs, t € G.

(2) LetN = (A, A", X1,Y1,74,7ar), where X1 := AX, Y1 =Y A, 74 is the composition of
T with the natural map X1 ®4 Y1 — X ®p' Y, and T4/ is defined analogously. Then
N is a Morita equivalence between A and A’, and the corresponding context algebra
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Cn is an idempotent ideal of the context algebra Cy of M, such that v5(Cn)v:(Cn) =
%(CN)’)/S(CN), Vs, t € G.

(3) Leto' := f'|ar and 0 := ~|c,, be the restrictions of B’ and~y to A" and Cy respectively.
Then (N, 0) is a Morita equivalence between o and o .

Proof. Since X and Y are 7-invariant we have:

BA) = n(YAX) = (V) (A)7(X) = Y (A) X

Next observe that every 8;(A) is idempotent because so is A. Then BS;(A) = 5;(A) and,
since XY = B:

YBs(A)B(A)X =Y Bs(A) (XY B (A) X = (Y B:s(A) X) (Y B (A)X)
= B, (A")Bi(A).
We see next that N is a Morita equivalence. Since A and A’ are idempotent, then X

and Y respectively a left unital A-module and a right unital A’-module. On the other
hand:

XA = AX(YAX) = ABAX = AX = X;, and similarly A’Y; =

Reasoning exactly as in the proof of Proposition 7.6, we have that 74 and 74/ are sur-
jective. Let us show that Cy is an ideal in Cy:

A AXA\ (B X\ _[(AB+AXAY AX+AXA'B
AYA A Y B') T\AYAB+AY AYAX +A'B
_( A+AXY  AX+AXAY (A AXAN _
“lava+ay aa+a )= lava a4 )TN

A similar computation shows that also CyyCn = Cy, so Cy is an ideal of Cy. Next we
compute v5(Cn)7:(Cn). Note that (1), with s = ¢, implies that 8;(A4)X = XF;(A’) and
Bi(ANY = YpBi(A), Vit € G. Recall also from the proof of Proposition 5.3 that, since
ABL(A) = Br(A)A Vt, then [,(A)Bt(A) = Bi(A)Bs(A) Vs, t. Then also 5L(A")5L(A") =
Bi(ANBL(A”) Vs, t, by (1). Then using (8) we have:

A t
vs<0N)vt<CN>:<ﬁ'5(§f>)y Al A' <£BA’))Y /355(2,))

_ <BS(A)ﬁt(A) + Bs(A)XB(ANY - Bs(A)Bi(A)X + B5(A) X G (A) )
BL(ANY B (A) + B (A)BLANY  BU(A)Y B (A)X + B (A")BL(A")

A
S t s X
= (e BANARY ) = wewmicm

Taking s = 1 = ¢ in the above equalities we get C3 = Cy.
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To prove (3) note first that Proposition 5.3, together with (1) and (2), show that
a, o/ and # are product partial actions. The domains of «, o’ and # are respectively

Dy = A8 (A), D = A5, and Dy = Cu(Cn = (il WL ) vee

So it is clear that a = 0|4 and o’ = 6] 4. Finally, by (1):
V1D X1 = YAB(A)AX = A'B,(A") = D;, VteG,
which ends the proof. O

Theorem 7.15. Let M = (A,B,X,Y,74,75) be a strong-graded-equivalence between
partially-strongly-G-graded algebras A and B, and let v* and B be the canonical partial
actions of G on I* and I® respectively. Then v* and v2 are Morita equivalent partial
actions.

Proof. Let C' = @ Cy be the graded Morita ring of M. By Theorem 7.13 we know
that (M#G, B¢) is a Morita equivalence between 44 and 3. The ideal 14 of A#G is
idempotent and I484(14) = BA(IA)IA, Yt € G (recall Proposition 6.3). Thus all we
need to do is to show that (Y#G)I*(X#G) = I”, and then use Proposition 7.14. By
Proposition 4.2 and Corollary 4.3, we have for each r, s € G:

Z (K'_luer,u)(Au—lAveu,v)(Xv_lse'u,s) = Z K"luAu_lAvX'u_lser,s

u,veG u,veG

=Y YA X,60 =Y, Xoep o = B, B
veEG

Then (Y#G)IA(X#G)=18%. 0

Corollary 7.16. Let A and B be partially-strongly-G-graded algebras, and let v* and
B be their corresponding canonical partial actions. Then A and B are strongly-graded-
equivalent if and only if v* and vB are Morita equivalent partial actions.

Proof. Just combine Propositions 4.8, 7.9 with Theorems 7.10, 7.15. O
7.2. Weak equivalence

Proposition 7.9 suggests the following notion:

Definition 7.17. Let o and o be product partial actions on the algebras A and A’ re-
spectively. We say that a and o are weakly equivalent whenever A x, G and A’ X, G
are graded-equivalent.

Of course Morita equivalence implies weak equivalence. From Proposition 3.6 we im-
mediately obtain:
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Proposition 7.18. Weak equivalence of product partial actions is an equivalence relation.

Proposition 7.19. Let B and B’ be strongly-graded algebras. Then B and B’ are strongly-
graded-equivalent if and only if they are graded-equivalent.

Proof. We only need to prove the converse. Since B and B’ are strongly-graded algebras
we have I® = B#G and I8 = B’#G. Hence, by Theorem 7.10, B is strongly-graded-
equivalent to (B#G) xgs G and B’ is strongly-graded-equivalent to (B'#G) Xge G.
Furthermore, thanks to (3) of Theorem 7.13 (B#G) xgs G and (B'#G) g5 G are
strongly-graded-equivalent. Then, in view of Proposition 4.8, we conclude that B and
B’ are strongly-graded-equivalent. 0O

8. Globalization of product partial actions

As we show in the present section, much of the work done for regular partial actions
in [6, Sections 4 and 5] can be extended to the case of product partial actions.

Definition 8.1. Let a be a product partial action, and 5 a global action. We say that
is a Morita enveloping action of « if § is a minimal globalization of a product partial
action o which is Morita equivalent with a.

Theorem 8.2. Let o« = {D;— X D:}ice be a product partial action of a group G on
an algebra A. Then o has a Morita enveloping action. More precisely, if B = A x, G,
and o/ := P is the canonical partial action of G on IZ, and B’ := 3B is the canonical
action on B#G, then o and o are Morita equivalent product partial actions, and ' is
a Morita enveloping action for c.

Proof. Note that 4’ is a minimal globalization of o’ = ’|;z by Proposition 6.3. Now it
is very easy to adapt the proof of [6, Theorem 4.1], keeping in mind Remark 7.7. Indeed,
obviously, there is no need to prove property (2) from [6] for the ideals D} = IB8P (I5).
Nevertheless, equality (12) from [6] should be used in the proof. However, the latter
is an immediate consequence of equality (9) from [6], which in our case is given by
Proposition 6.3. The rest of the proof goes without any change. 0O

In what follows, given a product partial action « on an algebra A, we will denote by
B* the canonical action of G on (A X4 G)#G, and by v* = %|;ax.c) the canonical

I(A%aG)  Thus, according to Theorem 8.2, o X v, and B¢ is a

partial action of G on
Morita enveloping action for a. We refer to 8¢ as the canonical Morita enveloping action
of a. Note that, in virtue of the comments preceding Remark 5.4 and Proposition 6.6,
the correspondences that send a to v and to 5<%, as well as to the corresponding skew
group algebras, determine functors.

As announced before, the converse of Proposition 7.9 holds:
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Theorem 8.3. Let a = {Dy1 % Di}ieq and o = {D'y-+ ¥ D'1}ieq be product partial
actions of G on algebras A and A’, respectively. Then the skew group algebras A x, G
and A’ x4 G are strongly-graded-equivalent if and only if o and o’ are Morita equivalent.

Proof. For the ‘only if’ part, we have « X ~% and o X ’ya/ by Theorem 8.2 and ¢ i 'ya/
by Theorem 7.15. Then « Mo by Proposition 7.8. The “%f” part is Proposition 7.9. O

Corollary 8.4. Two global actions on idempotent algebras are weakly equivalent if and
only if they are Morita equivalent.

Proof. The claim follows at once from Proposition 7.19 and Theorem 8.3 above. O

The next two results will show that any Morita enveloping action of a product partial
action « is Morita equivalent to the canonical Morita enveloping action 8¢ of a.

Theorem 8.5. Let @ = {a; : Dy-1 — Di}ieg and o = {o't : D'y-1 — Dilice be
Morita equivalent product partial actions of G on algebras A and A’, respectively. Then

ge X g

Proof. By Proposition 7.9 the skew group algebras A x, G and A’ x,/ G are strongly-
graded-equivalent. Then our claim follows from (3) of Theorem 7.13. O

Proposition 8.6. Let o = {a; : Dy—1 — Di}ieq be a product partial action of G on A. If
B : G x B — B is a minimal globalization of «, then B B B.

Proof. The skew group algebras A x, G and B xg G are graded-equivalent by Theo-
rem 5.7. Then 3% and B are Morita equivalent by (3) of Theorem 7.13. Since B x5 G
is strongly-graded, and IP*#¢ = (B x5 G)#G, then B x5 G is in fact strongly-graded-
equivalent to ((B xg G)#G) x5 G by Corollary 7.11. Thus 3 and S° are Morita
equivalent by Theorem 8.3. Since Morita equivalence of actions is an equivalence re-
lation (recall Proposition 7.8), it follows that 8% and § are Morita equivalent. 0O

Corollary 8.7. If 8 and 3’ are minimal globalizations of the Morita equivalent product
partial actions o and o respectively, then B and B8’ are Morita equivalent actions.

Proof. This follows at once from Theorem 8.5 and Proposition 8.6. O
Our previous results can be summarized as follows:

Theorem 8.8. Let o = {a : Dy—1 — Dy e be a product partial action of G on A. Then
a has a Morita enveloping action, which is unique up to Morita equivalence. Moreover,
for every Morita enveloping action 5 : G x B — B of «, the skew group algebras A x, G
and B xg G are graded-equivalent.
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Proof. Theorem 8.2 ensures the existence of a Morita enveloping action for «, and its
uniqueness up to Morita equivalence follows from Proposition 7.8 and Corollary 8.7. The
last claim is a consequence of Theorem 5.7, Proposition 7.9 and Proposition 3.6. O

To conclude the section, we summarize several characterizations of Morita and weak
equivalences of product partial actions.

Proposition 8.9. Let a and o’ be product partial actions of G on the algebras A and A’
respectively. Then the following are equivalent:

(1) « and o are Morita equivalent.

(2) Axg G and A’ 1o G are strongly-graded-equivalent.

(3) v* and v* are Morita equivalent.

(4) I* x40 G and 14 X G are strongly-graded-equivalent.

Proof. Theorem 8.3 implies that (1) and (2) are equivalent, as well as (3) and (4). Finally,
by Corollary 7.16, (2) and (3) are equivalent. O

Proposition 8.10. Let « and o’ be product partial actions of G on the algebras A and A’
respectively, with corresponding Morita enveloping actions B and 3, acting on B and B’
respectively. Then the following are equivalent:

) a and o are weakly equivalent.

) B and ' are weakly equivalent.

3) v* and fyo‘, are weakly equivalent.

4) B and B are weakly equivalent.

) « and B’ are weakly equivalent.

6) Axy G and A’ xo G are graded-equivalent.

7) Axg G and A’ xg G are graded-equivalent.

8) I %y G and I X o G are graded-equivalent.

9) (A X G)#G) xpge G and ((A' xor G)#G) X gar G are graded-equivalent.
(10) A %o G and B' g G are graded-equivalent.

Moreover, by Corollary 8.4, (2) and (4) above can be replaced by (2°) and (4’) below:

(2) B and B’ are Morita equivalent.
(4) B> and ﬁo‘/ are Morita equivalent.

Proof. Combining Theorems 5.7, 8.2, 8.8 and Proposition 7.18, and recalling that Morita
equivalence implies weak equivalence, we see that o, 3, v* and 5% are weak equivalent,
as well as o, 3, ’y"‘/, BO‘/. Hence the first five assertions are equivalent to each other.
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Finally, according to the definition of weak equivalence, the last five sentences are just
rephrasings of the first five ones, all the ten sentences are equivalent. O

9. Stabilization of graded algebras

Following [19] we shall say that a (non-necessarily graded) algebra A possesses or-
thogonal local units if there exists a set of (non-necessarily central) pairwise orthogonal
idempotents F in A such that

A=@D Ae =P eA. (9)

ecE eck

Algebras A with (9) are also called algebras with enough idempotents (see [24]). Note
that algebras with orthogonal local units generalize algebras with a countable set of local
units (see [19, p. 3300]).

It is proved in [19] that if A and B are Morita equivalent algebras with orthogonal
local units, then there is an isomorphism of algebras

FMatx (A) = FMat (B), (10)

where X is an appropriately chosen infinite set. Furthermore, it is shown in [6] that if A
and B are skew group algebras of Morita equivalent regular partial actions of a group G
on algebras with orthogonal local units, then the isomorphism in (10) is graded. In the
latter case, we now know by Theorem 8.3 that A and B are strongly-graded-equivalent.

Given a G-graded algebra A and a set of indexes X, define a G-grading on FMat (A)
by taking the g-homogeneous component of FMatx (A) to be FMatx(4,), g € G. Note
that this grading is different from that one considered in Theorem 2.1. We give the next:

Theorem 9.1. Let
A=@P Ae =P eA,
eck ecE
and

B=(D Bf =D /B,

fer feF

be partially-strongly-G-graded algebras with orthogonal local units. Suppose that A and B
are strongly-graded-equivalent. Then for any infinite set of indexes X, whose cardinality

is bigger than or equal to those of E and F, there exists a graded isomorphism of algebras
(10).

Proof. Let (A, B, aXp,5Ya,74,75) be a strong-graded-equivalence between A and B.
In particular, A and B are Morita equivalent as non-necessarily graded algebras, so that
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[19, Corollary 8.4] implies the existence of an isomorphism of algebras (10), and we
need to check that it is a graded isomorphism. If A and B are skew group algebras of
regular partial actions of G on algebras with orthogonal local units, this was verified in
[6, Theorem 6.1] by showing that the maps involved in the construction of (10) are all
graded. It turns out that the arguments given in the proof of [6, Theorem 6.1] can be
easily adapted to our more general case. The adaptation has to be done at the starting
point of the process and the subsequent steps follow the same way. Since we have a
strong-graded-equivalence between A and B, and these algebras are partially-strongly-
graded, it follows by Corollary 4.3 that (A1, By, X1,Y1,74,75) is a Morita equivalence.
Obviously, E C A; and F C B;. Consequently, for any f € F, using the trace map 75,
we may write f = > .0, y;x;, where x; = xl(-f) € X1, and y; = yi(f) €Yy, x; = x;f, and
fy; = vy; for all i. Then it is readily seen that the map

s A" S (1, e, Ty ) HZH%‘ eXf

is a graded epimorphism of left A-modules, as well as its splitting map

pre Xfoyf— Wiy, yfyz, ..., yfyn,) € A™.

Taking Ky = Kerny and denoting by uy the embedding of Ky in A"/, we see that all
maps in the exact sequences

0— Ky am I xp— 0,
and
04— Ky A L Xfe—o,

preserve the G-gradings. Similar maps are constructed replacing A by B and X by Y.
The subsequent steps involve the use of the functor Xp®_, application of the above
maps to direct summands, rearrangements of direct summands, each time resulting in
graded maps, and leading to a graded isomorphism AY) — X(*) of left A-modules,
which is finitely determined in the sense of [19, Definition 7.3], and whose inverse is also
finitely determined. Here A(*) (respectively, X (¥)) stands for the direct sum of copies of
A (respectively, X), indexed by the elements of X'. An important point is to interpret the
finitely determined isomorphism A(*) — X(¥) as a so-called row and column summable
X x X-matrix [¢] over RCFMat (. r)epxr(eX f):

[¢] € RCSumMat x (RCFMat ., r)cpxr(eX f)).
Then [¢/] is used to define the maps

U : FMaty(A) - FMaty(X), and ¥’ :FMaty(B) — FMaty(X),
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and, with the help of some preliminary results from [19] the isomorphism (10) is obtained
as the composition (¥’)~! o ¥. The fact that AY) — X(¥) is graded implies that each
entry of [¢)] belongs to the 1-homogeneous component eX; f of eX f. The latter yields
that (10) is graded. The details can be seen in the proofs of [19, Theorem 8.2, Corollary
8.4] and in the comments to them given to justify [6, Theorem 6.1]. O
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