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Abstract

In this work we apply the so called Unfolding Operator Method to analyze the asymptotic behavior of
the solutions of the p-Laplacian equation with Neumann boundary condition in a bounded thin domain
of the type R® = ’(x, y) € R%:x e 0,1)and0 <y < ¢eg (x/a“)] where g is a positive periodic function.
We study the three cases 0 < o < 1, « =1 and o > 1 representing respectively weak, resonant and high

oscillations at the top boundary. In the three cases we deduce the homogenized limit and obtain correctors.
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1. Introduction

Let R® C R? be the following family of thin domains

R8={(x,y)e]Rz:xe(O,l)andO<y<ag<%)}, £ >0, (1)
e

where o > 0 is a fixed parameter, g : R — R is a strictly positive function, periodic of period L,
lower semicontinuous satisfying

O<go<glx)<g, VYxe(0,L),

with go = min, g g(x) and g; = sup, g g(x).
In this work, we are interested in analyzing the asymptotic behavior of the family of solutions
of the nonlinear elliptic equation

—Apue + |ug|P"2u, = f€in R®
{ pre |8| & f (2)

|Vue|P~2Vuen, =0 on dR®

where 7, is the unit outward normal vector to the boundary dR?, 1 < p < oo and
A, =div <|v : |P—2v-)

denotes the p-Laplacian differential operator. We also assume f¢ € L (R?) where p’ is the
conjugate exponent of p, thatis 1/p’ +1/p=1.
It is known that the variational formulation of (2) is given by

/H|Vu8|p_2Vu8V(p+|u8|p_2u8(p]dxdy:/fsgodxdy, 0e WIP(RE).  (3)
R¢ Re

Furthermore, for each fixed ¢ > 0 the existence and uniqueness of solutions is guaranteed by
Minty-Browder’s Theorem. Hence, we are interested here in analyzing the asymptotic behavior
of the solutions u, as ¢ — 0, that is, as the domain R® becomes thinner and thinner although
with a high oscillating boundary at the top.

Indeed, since the set R® C (0, 1) x (0, e gy) for all € > 0, we have the parameter ¢ models
the thin domain situation. Moreover, we see that R® has thickness of order ¢, and then, it is
expected that for ¢ & 0 the sequence of solutions u, will converge to a function of just one single
variable x € (0, 1) and that this function will satisfy an equation of the same type as (2) but in
one dimension.

The parameter & measures the intensity of the oscillations of the top boundary and, as we will
see, the homogenized limit equation will depend tightly on this positive number. We will deal
with three distinct cases: weak oscillatory case (0 < o < 1), the resonant or critical case (o = 1),
and the high oscillatory one (o > 1). See Fig. | where these three cases are illustrated. We will
obtain different limit problems according to these three cases.
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(a) Weak oscillation: o < 1. (b) Resonant case: o = 1.
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(c) High oscillation: a > 1.

Fig. 1. Examples of oscillatory behavior at the boundary 9 R®.

Here we will combine techniques such as the so called “Unfolding Operator Method” for
homogenization problems as well as those presented in [15,17] used to analyze monotone op-
erators in perforated domains. Furthermore, we will also obtain corrector results for each case
considered here.

The Unfolding Operator Method was initially developed by D. Cioranescu, A. Damlamian
and G. Griso, see [11,12], as an effective method to treat homogenization problems in partial
differential equations. We recommend the recent monograph on the subject [13] to have a nice
and broad perspective of this technique. Also, this method was adapted to thin domains with
locally periodic oscillatory boundaries, [5], and with very mild regularity assumptions on the
boundary of the domain in [6]. See also, [16]. We also refer to [10,27,14] for more classical and
very important literature in homogenization.

As we will see below, if the family of functions f* converge in certain sense to a function
f, then the homogenized limit problem is given by the following one-dimensional p-Laplacian
equation with constant coefficient g:

/ -
¢ (1017 72') + P Pu= 7 in©0.1)

W' (0)=u'(1) =0.

“

The expression of f is given in Theorem 3.1 for « = 1, Theorem 4.1 for 0 < « < 1, and
Theorem 5.3 for o > 1. Notice that in the simple but important case where f¢ is independent of
e, thatis f¢(x,y) = f(x,y), and for instance, f is a continuous function, then f(x) = f(x,0).
Also, if fé(x,y)=f(x)and f € LP/(O, 1), then f(x)= f(x).

The coefficient g has different expression depending on the values of the positive parameter
a. As a matter of fact, for « = 1, we show in Theorem 3.1 that the homogenized coefficient g is
the positive constant

1 2
g= |Y—*| V| Oy, vdyidys (5)
Y*

3
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where Y* is the representative cell of the oscillating domain R?, that is,

Y*={(y1,y) eR?:0<y; <Land 0 <y < g(y)}. (6)

The function v appearing in (5) is an auxiliary function, which is the unique solution of the
following problem

/ Vol 2 VuVedyidy, =0 Vo e Wy (¥,
v (7
W—y) eWrP(¥"  with (v —y))y: =0,

where

1,
Wy P (Y ={p e WP (Y*) : @l ve = lo,i0r+}

is the space of periodic functions on the horizontal variable x, and (¢)» denotes the average of
the function ¢ € Llloc (R™) on the open set O c RV

It is worth noting that problem (7) is well posed, due again to Minty-Browder’s Theorem.
This implies that g is well defined and it is a positive constant, see (34).

For the case o < 1, we obtain in Theorem 4.1 that the homogenized coefficient depends just
on the function g, which describes the profile of the oscillatory boundary and on the number

p € (1, 00), which establishes the order of the p-Laplacian operator. It gets the following form

1
/ -1
(®o.n(1/e" oy,

q:

Finally, for the case o > 1, we show in Theorem 5.3 that the homogenized coefficient g of the
limit equation (4) assumes the form

80
(g)o,L)

Observe that the coefficient does not depend explicitly on p, but on g¢, the minimum value of
the L-periodic function g, which is strictly positive. For this case, it is easy to see that g < 1 if g
is not constant. In fact,

8 _ Lgo ¥ i

8o,y 1Y* Y%

Somehow, we can say that the high oscillatory behavior tends to affect the system in such way

that its diffusion becomes smaller. Notice that g also has a lower bound in the class of functions
g considered here. It satisfies ¢ > go/g1 where g1 is the maximum value of g in [0, L].

Strong convergence in Sobolev spaces like W7 is also obtained using the corrector approach
discussed for instance in [6,15]. We show the existence of a family of functions W, such that

8_1||vu8_Wsl|ip(R£)_)O, as e — 0.

4
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Fig. 2. Comb-like thin domains.

Such results are precisely stated in Corollary 3.1.1, 4.1.1 and 5.3.1, respectively for each case:
a=1,0<a <1 and @ > 1. It is worth noting that corrector results are very important in
homogenization theory. In addition to ensure strong convergence, they set a way of understanding
the effect of the thickness and roughness of the domain on the solutions of the partial differential
equation under study.

Notice that there are several works in the literature dealing with issues related to the effect
of thickness and roughness on the behavior of solutions of partial differential equations. Indeed,
thin structures with oscillating boundaries appear in many fields of science: fluid dynamics (lu-
brication), solid mechanics (thin rods, plates or shells) or even physiology (blood circulation).
Therefore, analyzing the asymptotic behavior of different models on thin structures and under-
standing how the geometry and the roughness affects the limit problem is a very relevant issue in
applied science. Here, we just mention some works in this direction [1,7-9,18,19,22-25].

Furthermore, we point out that the particular case p = 2 in equation (2), which represents
the Laplace differential operator, has been originally discussed in some previous works using
different techniques and methods. The resonant case, « = 1, has been studied in [2,3,22,28]
where different techniques from homogenization theory have been used. Moreover, in [28] the
author also treats the case of 0 < @ < 1 (even with a doubly oscillatory boundary) via change of
variables and rescaling the thin domain as in the classical work [20].

The case with fast oscillatory boundary (o > 1) was obtained in [4] by decomposing the
domain in two parts separating the oscillatory boundary. There, the authors also consider more
general and complicated geometries which are not given as the graph of certain smooth functions.
See also [6,28].

In [5,6], the authors adapt the unfolding operator method to thin domains tackling these three
cases for the Laplace operator with Neumann boundary condition in a unified way. Also, the
regularity requirement on the function g whose graphic defines R? is very mild.

In this respect, our present work goes a step beyond since we are considering the p-Laplacian
equation instead of the linear case p = 2. Moreover, as we mentioned above, combining tech-
niques from [5,6] and [15,17], we will be able to treat the case of non-smooth oscillating thin
domains for any 1 < p < oo and any order of oscillation & > 0. Our paper also goes a step be-
yond [26] where the p-Laplacian operator is studied in standard thin domains with no oscillatory
boundary, that is &« = 0 (as those ones introduced in [20]).

Notice that this is not a easy task since we are studying here a quasilinear differential equation,
which can be singular, as it is in the case 1 < p < 2, or degenerated, if 2 < p < co. Moreover,
the problem is posed in non-smooth thin domains as comb-like thin domains where standard
extension operators do not apply (see Fig. 2). Besides, it is worth observing that the unfold-
ing method also allows us to obtain some new strong convergence results for the solutions by
corrector approach.

The paper is organized as follows: in Section 2, we state some notations and results. In Sec-
tion 3, we consider the resonant case o = 1 obtaining the homogenized equation via a somehow
classical auxiliary problem given by homogenization theory. In Section 4, the weak oscillation
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case (0 < a < 1) is studied, and in Section 5, we finally consider the case of thin domains with
very highly oscillatory boundaries, (o > 1).

2. Notations and basic facts

To study the convergence of the solutions of (3), we clarify some notation and recall some
results concerning monotone operators and the method of unfolding operator. We will need these
results for our analysis.

We consider two-dimensional thin domains defined by (1). Observe that this domains have an
oscillatory behavior at its top boundary. The parameters ¢ and « are positive and the function g
satisfies the following hypothesis

(Hg) g : R — R is a strictly positive, bounded, lowersemicontinuous, L-periodic function.
Moreover, we define

=ming(x and =max g(x
80 XeRg() 81 xeRg()

sothat0 < go<g(x)<giforallx eR
Recall that lower semicontinuous means that g(xp) <liminfg(x), Yxo € R.
X— X0

Recall that Y*, given by (6) is the basic cell of the thin domain R and

1
(Plo = @fw(x)dx
(@)

is the average of ¢ € L 110 . (R?) on an open bounded set O C R2.

We will also need to consider the following functional spaces which are defined by periodic
functions in the variable y; € (0, L). Namely

Lg(Y*) ={p e LP(Y") : ¢(y1, y2) is L-periodic in y,},
Ly ((0,1) x Y*)={p € LP((0,1) x Y*) : @(x, y1, y2) is L-periodic in y;},
Wy P (V) = {p € WP(Y™) : @la,ve = @logre)-

If we denote by [a];, the unique integer number such that a = [a], L + {a}; where {a}; €
[0, L), then for each ¢ > 0 and any x € R, we have

@ X a X X
x=¢e%|—| L+c¢ -~ where —1. € [0,L).
L el e*lr

80!
Let us also denote
Ne
I, = Int (U [kLe*, (k + 1)L8“]> ,
k=0
where N, is the largest integer such that e*L (N, + 1) < 1. We still set

6
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Ae=(0, D\Ir =[e"L(N: + 1), 1),
X
R; = (x,y)e]RZ:xelg,0<y<sg<8—a)},
€ 2. X
R :{(x,y)eR .xeA8,0<y<£g<8—a)}.

Observe that we have A, = if e*L(N; + 1) = 1. In this case Rj = R® and R} = 0.
The following well known inequalities will be needed throughout the paper (see [21]).

Proposition 2.1. Let x, y € R”.
e Ifp>2 then
(Jx[P72x — [y|P "2y, x — y) > cplx — y|”.
e If1 <p<?2, then

(IX1P72x — |y1P 2y, x — y) > cplx — yP (x| + [y)P~2

> cplx — Y2+ x| + [yDP 2.

Corollary 2.1.1. Iffor 1 < p < oo, we denote by a,(s) = |s|1’_2s thenapoay(s) =s if% + # =
1, that is, ap and a,y are inverse functions. Hence,

o Ifl <p <2(ie, p>2) then
’|u|f”—2u — |v|f”—2v‘ <clu—v? 1,
o Ifp'>2(ie, 1 <p<?2) then
1”2 = 017" 20| < clu = vl + o) =
< clu — v|(1+ ful + [ 7%

Now, let us recall the definition to the unfolding operator and some of its properties. For proofs
and details, see [5,6].

Definition 2.2. Let ¢ be a Lebesgue-measurable function in R®. The unfolding operator T, acting
on ¢ is defined as the following function in (0, 1) x Y*

o (e* [&], L+e"y1.ey2), for (x, y1,y2) € I x Y*,
TS(p(-xﬂylayz): ES

0, for (x, y1, y2) € Ag x Y™
Proposition 2.3. The unfolding operator satisfies the following properties:

1. Tg is linear;
2. Te(pyr) = Te (@) T (W), for all ¢, ¥ Lebesgue measurable in R?;

7
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3.

4.

Vo € LP(R®), 1 < p < oo,

T.(p) (x, =] f) = p(x. ).
for (x,y) € Ry.

Let ¢ a Lebesgue measurable function in Y* extended periodically in the first variable. Then,

ef(x,y)=¢ (6% %) is measurable in R® and

Te(@*)(x, y1,y2) = @1, y2), Y(x, y1, y2) € [, x Y.

Moreover, if ¢ € LP(Y™), then ¢° € LP(R®);

. Let ¢ € L'(R?). Then,

1

1
I / T (@) (x, y1, y2)dxdyi1dy, = g/(ﬂ(x,y)dxdy

0,1)xY* R

1 1
/fﬂ(x,y)dxdy— g/<p(x,y)dxdy;

&
R RE

. Yo € LP(R?), Te(¢p) € LP ((0,1) x Y*), 1 < p < o0. Moreover

L 1% L\»r
||Te((0)||Lp((0,1)xy*) = " ||¢||LP(R8) = " ||¢||LP(R5)~
If p=o0,
ITe (@) oo, 1yxv+) = @l Loo(rg) < @Ml Lo (Rey 5
Vo e WIHP(R®), 1 < p < o0,
Oy, Tz (@) = T, (0, ¢) and 0y, T (p) = T (0y@) a.e. in (0, 1) x Y*:

If p € WHP(R®), then To(p) € L? ((0, 1); Wh-P(Y*)), 1 < p < o0. Besides, for 1 < p < 0o,
we have

1

P
) [10x @1l Lr(re)

o |~

o L\7 N
103 Te@)|[ 11 0,1y v = € z l10xellLrrs) <€

L\7? L\7?
0Tl =2 (£) 10l <6 () lelages.
If p=o0,
Hayl Tb‘(‘p)HLoo((Oyl)xy*) = 80{ ”8)6(0”L°O(R8 =< 80{ ||8X§0||L°°(R£)
Haszs(‘/’)HLoc((o,l)xY*) =€ Hay‘/’HLeo(Rg) =¢€ ||3y‘PHL°°(R€)'

8
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Notice that, due to the order of the height of the thin domain the factor 1/¢ appears in prop-
erties 5 and 6. Then, it makes sense to consider the following rescaled Lebesgue measure in the
thin domains

1
pe(0) = ~|0|, YO C R°,

which is widely considered in works involving thin domains. As a matter of fact, from now on,
we use the following rescaled norms in the thin open sets

WlllLerey =& P l@llLo(ge) Yo € LP(RF), 1 < p < 00,
Wellwiorey = Y2 ll@llwipge) Yo € WHP(RF), 1 < p < 0.

For completeness we may denote |||¢||[zoc(gey = 19| oo (ge)-
From property 6, we have

T ro.1yxrs < LYP @l pgey, 1< p < oo.

Property 5 of Proposition 2.3 will be essential to pass to the limit when dealing with solutions
of differential equations because it will allow us to transform any integral over the thin domain
(which depends on the parameter ¢) into an integral over the fixed set (0, 1) x Y*. Notice that,
in view of this property, we may say that the unfolding operator “almost preserves” the integral
of the functions since the “integration defect” arises only from the unique cell which is not
completely included in R® and it is controlled by the integral on Rf.

Therefore, an important concept for the unfolding method is the following property called
unfolding criterion for integrals (u.c.i.).

Definition 2.4. A sequence (¢, ) satisfies the unfolding criterion for integrals (u.c.i) if

1
E/|g0€|dxdy — 0.
I

Proposition 2.5. Let (¢:) be a sequence in LP(R®), 1 < p < oo with the norm |||@e|||Lrge)
uniformly bounded. Then, (¢.) satisfies the (u.c.i).
Furthermore, let () be a sequence in LY(R®), also with |||Ve||| 4 (gey uniformly bounded,

% + % = %, with r > 1. Then, the product sequence (p: ;) satisfies (u.c.i).
If we still take ¢ € LY (0, 1), then, the sequence ¢ satisfies (u.c.i).

Proposition 2.6. Let (¢:) be a sequence in LP(R®), 1 < p < 0o with |||@e|||Lr(ge) uniformly
bounded and let (V¢) be a sequence in Lp/(Rs) set as follows

v =v (5.2,

&%’ ¢

where r € L”/(Y*). Then, (@ re) satisfies (u.c.i).
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Now, let us recall some convergence properties of the unfolding operator as & goes to zero.

Theorem 2.7. For a measurable function f on Y*, L-periodic in its first variable and extended
by periodicity to {(x, eR?:xeR,0<y< g(x)}, define the sequence (f;) by

Fam=r(32)
ae. for
(x,y) € i(x,y)eRZ:xeR,O<y<8g<8%)}.
Then

fO1,y2), for (x, y1,y2) € Ie x Y™,
T: f¥lo,1)(x, y1, y2) = { 0, for (x, y1. y2) € Ap Y*.S

Moreover, if f € Lg(Y*), then
T.f*— f
strongly in Lﬁ ((0,1) x Y*).
Proposition 2.8. Let f € L? ((0, 1); Lg(Y*)) and extend it periodically in y|-direction defining

Fray)=f (x5 D) e L7 R, ®)
& &

Then,
T, f* — f strongly in L” ((0,1) x Y*).

Proof. It follows from Theorem 2.7 and the density of the tensor product Cgo 0,1H® Lf; (Y*) in
LP (0, ); LE(Y"). O

Remark 2.1. Using Proposition 2.8, we also have that, if T, f¢ — f strongly in L? ((0, 1) x Y*),
then

T, (|f£|1’_2f8) — | £IP72f strongly in L”' (0, 1) x ¥*). ©)
In particular, we can take f¢ as in (8).

Proposition 2.9. Let ¢ € LP(0, 1), 1 < p < 00. Then, considering ¢ as a function defined in R¥,
we have

Tep — ¢ strongly in L? ((0,1) x Y*).

10
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Proposition 2.10. Let (¢;) be a sequence in LP(0, 1), 1 < p < 0o, such that
e — @ strongly in L (0, 1).
Then,
T.pe — ¢ strongly in L? ((0, 1) x Y*).

Next, we recall a convergence result which does not depend on the value of the parameter
a. To do that, we first introduce a suitable decomposition to functions ¢ € W7 (R?) where the
geometry of the thin domains plays a crucial role. We write ¢(x, y) = V(x) + ¢ (x, y) where V
is defined as follows

€80

Vix):= % /go(x,s) ds ae.xe(0,1). (10)
0

We set ¢, (x, y) = @(x, y) — V(x).

Proposition 2.11. Let (¢,) C WHP(R?), 1 < p < oo, with @elllwi.p(gey uniformly bounded
and V;(x) defined as in (10). Then, there exists a function ¢ € wb-r(0, 1) such that, up to subse-
quences

Ve — @ weakly in WP (0, 1) and strongly in L? (0, 1),
T. V. — ¢ strongly in L? ((0, 1) x Y*),
[llpe — Vs|||Lp(R8) — 0,
[ge —§0|||LP(RE) — 0,
To0e — @ weakly in LP ((o, 1): W”’(Y*)) :
Topc — ¢ strongly in L? ((0,1) x Y¥).
Furthermore, there exists g € L? ((0,1) x Y*) with 3y, € L? ((0, 1) x Y*) such that, up to
subsequences
1 &€ — . k
—Te(¢f) — @ weakly in L ((O, HxY ) , and
£
T:(0y@s) — 0y, weakly in L” ((0,1) x Y*)
where @7 = @ — V.

Now, let us recall a compactness result which allows us to identify the limit of the image of
the gradient of a uniformly bounded sequence by the unfolding operator method as 0 <« < 1 in

(D).

11
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Theorem 2.12. Let (¢,) C WP (R?), 1 < p < oo, with [@elllw1.pgey uniformly bounded.

Then, there exists ¢ € WP (0, 1) and ¢, € LP((0, 1); W;’p(Y*)) such that (up to a subse-
quence)

a) ifa =1, we have
Toge — ¢ weakly in LP ((0, 1): W“’(Y*)) :

Te0x s — Ox + 3y, @1 weakly in LP ((0, 1) x Y*) ,
T, 0y@s — Oy, 1 weakly in L ((0,1) x Y*).

b) If a < 1, we obtain 9y,¢1 =0 and
Tege = g, weakly in LV (0, 1); WP (r),
T;0x e — xg + 0,91, weakly in LP ((0,1) x Y*).
Proof. See [6, Theorem 3.1 and 4.1] respectively. O

Finally, we obtain uniform boundedness to the solutions of the p-Laplacian problem (2) for
any value of o > 0.

Proposition 2.13. Consider the variational formulation of our problem:
[ {192 Vg el P dxay = [ foodndy. pewirws.an
R® RE

where f¢ satisfies
&
1iFs |HLI’/(R5) =c
for some positive constant ¢ independent of € > 0. Then,

MuelllLrrey < ¢, e lllwipgey < c,

<c

H‘|Vu£|p_2 Vue , =
LP (R®)

Proof. Take ¢ = u, in (11). Then,

||ug||€vl,,,(R5)=/{|wg|l’+|ug|"}dxdys 10 o ey N ey
Ré‘

Hence,

|||us|||W1,1)(RE) <c.

12
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Therefore, the sequence u, and |Vu5|”_2Vug, are respectively bounded in L”(R®) and
(LP'(R?))? under the norm |||-]||. O

3. The resonant case: a =1
In this section, we use the results on the Unfolding Operator described in Section 2 in order to
pass to the limit in problem (2) assuming « = 1. Notice that this case is called resonant since the

amplitude and period of the oscillation are of the same order as the thickness of the thin domain.
Thus, we consider here in this section, the following two-dimensional thin domain family

R8:{(X,)’)GRZ:O<X<1,0<y<sg(§)}’

with g satisfying hypothesis (Hyg).
We have the following result.

Theorem 3.1. Let u, be the solution of problem (2) with ¢ satisfying
L Lo gey <€
for ¢ > 0 independent of ¢ > 0. Suppose also that
T £ — f weakly in L” ((0,1) x Y*). (12)
Then, there exists (u,u1) € Wh?(0,1) x L?((0, 1); W;’p(Y*)) such that
Toue — u weakly in LP((0,1); WhP(Y*)),
Te (xuus) — Ot + dy,u1 (x, y1, y2) weakly in LP ((0, 1); WhP(Y")),
T, (3yu) — dy,u1 (x, y1, y2) weakly in L ((0, 1); WP (Y*)) ,

and u is the solution of the problem

1 1
/ (a 101”200 + 01"~ 20,up) dx = / Fodx, (13)
0 0
where
_ 1 A
f= T /fdyldyz, (14)
Y*
1

q

= |Y*|/|Vv|p_28ylvdy1dy2’
Y*

and v is the solution of the auxiliary problem

13
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/ |VolP~2 VuVedyidy, =0, Vg€ w;;O”(Y*),
7 (15)
1,
(v—y1) € W, g (Y,

where W;”é’ (Y™) denotes the subspace of W;’p (Y™) of functions with zero average.
Moreover,

u' (X)Vyu(yr, y2) = @' (x), 0) + Vyui(x, y1, y2), (16)
where V- = (3y1 - 8),2~).
Proof. From Proposition 2.3, we can rewrite (11) as

) L -2
T, (|Vu8|[’ Vug) T.Vodxdyidy, + — | |Vue|P~*Vu,Vodxdy
&
(0,1)xY* R¢

_ L _
b [ 1 () Topdxandya + 2 [l uepdxdy a7

(0,1)x Y* R

L
= f T, f°T.pdxdydy, + . / ffodxdy.
(0,1)x ¥* RE

By Proposition 2.13 and Theorem 2.12, there exist
ueWhr(0,1), uy;eLP((0,1); W;’p(Y*)) and apelL? ((O, 1) x Y"‘)2
such that, up to subsequences,

Teug — u strongly in L? ((0,1) x Y™),

Te (Oxug) — Oxu + 0y, u1(x, y1, y2) weakly in L? ((O, 1); W”’(Y*)) , 18
T: (Byug) — dy,u1(x, y1, y2) weakly in L? ((O, 1); Wl’P(Y*)) , (18)
Te (IVue P2 Vu, ) — ag weakly in L? (0, 1) x Y*)2.

We still have from Remark 2.1 that
|Toue|” ™2 Toug — |u|P~2u strongly in LY ((0, 1) x Y*).

Hence, passing to the limit in (17) for test functions ¢ € wlpr(, 1), we get

aoVe + lulP "2 updxdy\dy, = / fodxdydy,. (19)
0,)xY* O,1)xY*

14
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Let¢ € C3°(0,1) and ¢ € WJ’p(Y*). Define the sequence

Xy
v, ) =ep @y (2, 2).
e €
We apply the unfolding operator in this sequence and obtain

T.v. — O strongly in L? ((0, 1) x Y*) ,
T: (3xve) — ¢pdy, ¥ strongly in LP ((O, 1) x Y*) ,
Ts(dyve) — @0y, ¥ strongly in L? ((0, 1) x Y*).

Thus, taking v, as a test function in (17), we obtain at ¢ = 0 that
aop (x)Vyydxdyidy, = 0. (20)
0,1)xY*
Hence, we get from (20) and the density of the tensor product Cgo o0, W;’p (Y*) in
LP((0,1); WP (¥*)) that
ao Vyy dxdyidy, =0, Vi € LP((0, 1); W;’p(Y*)). (21
(0,1)xY*

Now, let us identify ag. For this sake, let u; € L?((0, 1); W;’p(Y*)) and u € WLP(0, 1) be
the ones obtained in (18). Extend Vyu in the yi-direction, and then define the sequence

We(x,y) = @(x), 0) + Vyuy (x, A X). (22)
e &

See that W, € LP(R?) x LP(R?). Also, due to Proposition 2.8, we have

TeWe — (0xu,0) 4+ Vyuy, and

5 - (23)
T, <|Wg|/’ WS> — | @1, 0) + Vyuy [P [(010, 0) + V)]
strongly in L? ((0, 1) x Y*)?> and L” ((0, 1) x Y*)?, respectively.
We need to prove that
[|vu + Vo [P (Vu + Vo) — ao] g dxdyidy, =0,
0,1)xY*
for all ¢ € C3° ((0, 1) x Y*) x Cg° ((0, 1) x Y*) in order to identify ay.
For this sake, let us first prove that the right hand side of
0= [ E[IVul Vi~ W W T V- Wodxndy @b

0,1)xY*

15
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converges to zero. Notice that by the monotonicity of | - |[?~2- (see Proposition 2.1) the inequality

above is obtained. To pass to the limit in (24), we first use a distributive in the integral.

Using (17), denoting dY = dy;dy; and using (18), we get that

lim T, (qug |P—2w8) T, (Viug)dxdY
e—

0,1)x ¥*

L
= lim / T feTeuedxdY + — / Sffugdxdy
e—0 &
(0,1)xY* R

L
- / T: (|u€|p_2u€> TeugdxdY — — / luglP 2ugusdxdy | =
e

0. 1)xY* R¢
/ (f—|u|”_2u>udde.
0,1)xY*

Consequently, we get from (19) that

e—0
0,)xY* 0,)xY*

On the other hand, due to (18), (23) and (21), we get

lim T, (|Vu8|P*2w8) T.(W.)dxdY
e—
0,1)x ¥

= / ap (Vu+Vyu1)dde
0,1)xY*

= / aoVudxdY.
(0,1)xY*

Finally, we have

lim T, <|W8|p’2W8) T, (Vu, — W,)dxdY =0,
E—>
0, 1)xY*
by (23) and (18). Indeed, we have T, (Vu, — W,) — 0 weakly in L?((0,1) x Y'™*).
Thus, from (25), (26) and (27), we can pass to the limit in (24) to get

T, [|ws|l’*2wg _ |W5|”’2Ws] T. (Vu, — We)dxdY — 0.
0,1)xY*

16
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Suppose p > 2. Then, by Proposition 2.1, we have

|TeVue — TeWe|P dxdY
O,1)xY*

<¢ f T, (|w8|1’—2wg - |W€|”_2W€) (To Vi, — ToWe) dxdY
0,1)x Y*
-0 ase — 0. (29)

If 1 < p <2, we have, using a Holder’s inequality for the exponent % (and its conjugate %)
and Proposition 2.1,

TV — ToWe|P dxdY
O, 1)xY*

(=2)p

I+ |TeVue | + T We )2

(=2)p

(I +[TeVue| + | TeWel) 2

dxdY

= / |TeVue — T, We|?
0,1)xY*

p/2

IA

T Vite — Te We|* (1 4+ | Te Ve | + | Te We ) P~ dxdY
(0,1)xY*
2-p)/2
(1 4+ |TVug| + |T: W, )P dxdY
0,1)xY*

p/2

IA
o

T, (|w£|f’—2w£ — |W8|”_2W5> (T.Vue — T, W,) dxdY
0,1)x T*

— 0. (30)
Now, let us prove
T, (|w€|f’—2w€ - |W8|1’_2W€)g0dde—> 0 G1)
0,1)xY*
for any test function ¢ € C3° ((0,1) x Y*) x C3° ((0,1) x Y'*).

First, consider p > 2. Therefore, from Corollary (2.1.1) and Young inequality, we get

T, (|Vus|l’*2ws - |W8|1”2W5> odxdY
0,1)xY*

17
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IA

c / ‘|TSVM£|P*2T8W8—|T8W5|P*2T8W8 dxdY
0,1)x Y*

IA

c / (1 +|TeVue| + | T We )P 2 Te (Vue — We)|dxdY
0,1)xY*
1/p'

IA
o

A+ T Vug| + | T W )P dxdY
(O, 1)xY*
1/p
|TeVue — T We|P dxdY
(0,1)xY*

— 0,
by convergence (29).

For 1 < p < 2, we perform analogous arguments. Using Corollary 2.1.1, a Holder’s inequality
and the convergence (30), one gets

T, (|w€|ﬂ—2w€ - |Wg|"—2ws) odxdY

(0,1)xY*
<c / |T:Vuy — T, We |~ dxdy
0,1)xY*
1/p
=c |TeVug — TeWe|P dxdY
(0, 1)xY*
— 0.

Thus, for any p > 1 and ¢ € Cgo (0,1) x Y*) x Cgo ((0,1) x Y*), we have
/ (ao—‘Vu+Vyu1|p72 (Vu—i—Vyul)) pdxdY =0.
0,1)xY*
Finally, let us associate ag with the auxiliary problem (15). We first rewrite (21) as

Vi + Vyur [P (Vi + Vyur) Voo dxd¥ =0, (32)
0, 1)xY*
forany ¥ € LP((0, 1); W, "(Y*)).
From Minty-Browder Theorem, we have that (32) sets a well posed problem, and then, for

each u € W2(0, 1), possesses an unique solution u; € LP((0, 1); W;’p(Y*)/R). Notice that

18
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W;’p (Y*)/R is identified with the closed subspace of W;’p (Y*) consisting of all its functions
with zero average.

We might mention that multiplying the solution v of the equation (15) by u’, then u'v de-

pends on x and belongs to the space L”((0, 1); W;’p (Y*)/R). Multiplying (15) by a function
[8cu|P~20,u and by ¢ € C5°(0, 1), and integrating in (0, 1), we get

® |axuvyu|”*2 duVyvVypdxdY =0, Vge W;”’(Y*)/R.
O,1)xYy*

Thus, from the density of tensor product C3°(0, 1) ® (W;’p (Y*)/R), we get

|axuvyv|”‘2 duVyvVyyrdxdY =0, Yy € LP((0, 1); W;*”(Y*)/R). (33)
0,1)xY*

Hence, we can conclude (16) from equations (32) and (33). Moreover, we can rewrite (19) as

]axuvtu"z duVyoVo + |u|" 2 updxdY = / fodxdy,
©,1)xY* 0, 1)x¥*
which is equivalent to

1

1
f q135ulP 29, udcp + |ul” 2 updx = / fodx,
0 0

where ¢ is that one given by
g= / |Vyv]P 28y, vdY
Y*

and

_ 1 ~
= dy.
! IY*I/f
Y*
We point out that g > 0. Indeed, since (Vyv — (1, O)) € W;”(f(Y*), we get
0</|Vyv|de=/|Vyv|P72Vyv[(l,0)+Vyv—(1,0)]dY=/|Vyv|p*28ylde. (34)
Y* Y*

Y*

Finally, problem (13) is well posed, we conclude the proof noting that T,u, is a convergent
sequence. [
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In the proof of Theorem 3.1, we have already obtained a corrector result. The corrector func-
tion is given by W;. Indeed, according to [15], since we already have, by Propositions 2.13 and
2.11,

[llue — ulllerrsy — 0, ase—0,
we just need to construct the corrector to the term Vu,. We have the following result.
Corollary 3.1.1. The function W, defined in (22) satisfies

ITeVue — Te WellLr0,1yxy+) = 0.
Proof. The proof follows from (29), when p > 2, and (30), when 1 < p <2. O
Remark 3.1. From Corollary 3.1.1 and Proposition 2.17 of [6], we can conclude that

IVue — WelllLr(rey > 0,  ase— 0.
Consequently, due to (22), we obtain that the function
Vyui (x, )S—C %) , (x,y)€R?®,

works as a corrector function to Vu, in LP(R®) with the norm ||| - ||| since it allows strong
convergence.

4. Weak oscillation case: « < 1

Now, let us consider o < 1. Here, we deal with the oscillatory thin domain R? given by

Rgz{(x,y)eR2:O<x<1,0<y<eg(x)]

=1
with g satisfying hypothesis (Hg) at Section 2.
In order to obtain the homogenized equation, we will proceed as in the previous case o = 1,

Section 3. We show the following result.

Theorem 4.1. Let u, be the solution of problem (2) with f* satisfying |||f£|||Lp/(R€) <c for
some positive constant independent of € > 0. Suppose also that

T. f€ — f weakly in L” ((0,1) x Y*).
Then, there exists (u, u1) € W70, 1) x L? (0, 1): Wy (Y*)) with dy,u1 =0 such that
Toug — u weakly in LP ((0, 1): WW(Y*))
Tp0xue = Out + Oy uy weakly in LP ((0,1) x Y*)

20
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where u is the unique solution of

1 1
1 _
f — 19| P 20, ud @ + lu|P " ug dx:/fq)dx, VYo e WhP(0,1),
0 (g><0L)<1/gp/_l>fOLl) 0
and
_ 1 N
f= I fdyidy:
Y*

Proof. From Proposition 2.13 and Theorem (2.12), there exist u € wLP,1) and u; €
L?((0, 1); W;‘p(Y*)) with 9y, 11 = 0 such that, up to subsequences,

Toup — u weakly in LP ((o, 1); Wl’p(Y*)) ,
Te(lus 1P 2u) — |u|?~2u strongly in L” ((0, 1) x ¥*),
Te0xue — dyu + 9y, uy weakly in L ((O, 1) x Y*) ,
T, (|w£|f’*2 ws) — ag weakly in L' ((0, 1) x ¥*)?.

We rewrite (3) and obtain as in (17) that

L
/ T: (|Vu£|p72 Vu8> T.Vodxdydy, + — / |V |P~2 VuVodxdy
€
(0,1xY*) RS

L
+ f T; <|M€|p_2 Ma) Tepdxdyidys + g [ |M8|p_2 uspdxdy

0.1 Y% RE
L

_ / T, f* Topdxdyidys + — / Feodxdy, Ve W P, 1). (35)
£

(0,1%¥*) R

Hence, we can pass to the limit to get
agVeodxdydy; + f lulP2updxdydy,
(0,1)xY* (0,1)xY*

_ / Fodxdydys. (36)
0,1)xY*

Now, let ¢ € C3°(0,1) and ¢ € W,i’p(Y*) with d,,v = 0 (thatis, assume ¥ (y1, y2) = ¥ (y1)).
Define the sequence

vl ) =" 0¥ (55).
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Then, we have that

T.v. — O strongly in L? ((O, 1) x Y*) ,
T; (0xve) — ¢ dy, ¥ strongly in L? ((0, 1) x Y*),
To(3yve) = 0.

Next, taking v, as a test function in (35), we have, as ¢ — 0, that

ap - (1,0) ¢(x) 9y, ¥ dxdyidy, =0.
0, 1)xY*

Hence, by the density of the tensor product C;°(0, 1) ® W;’p(Y*) in L?((0, 1); W;’p(Y*)), we
obtain

ao - (1,00 0y, ¥ dxdyidy» =0, Vi € LP((0, 1); Wy " (¥™), (37)
O,1)xY*
for all v € L?((0, 1); W;’p(Y*)) such that dy,y = 0.
Now, we identify ag. We argue as in the previous section. We take the limit functions

ue Whr,1) and u; € LP((0, 1); W;’p(Y*)), we extend dy,u; in yj-direction and define the
sequence

We(x) = (axu(x) + 3y, 11 (x, ;—a),o). (38)
Notice that by Proposition 2.8 we have
T,We — (3c1 4 dy,u1,0) in LP (0, 1) x ¥*),
T, (Wl =2 We ) = (o + 0y, |* =2 [0t + 0yy00, 0)] im L7 (0, 1) x ¥*)°,

and then, T, (Vu, — Wg) — 0 weakly in L?((0, 1) x Y*).
Analogously to the resonant case, we have as in (28) and (31) that

/ T, I:|Vue|p_2vue - |Ws|p_2Wa] T, (Vue — We)dxdydy, — 0,
0,1)xY*

T, [ IVue P2V, = |We P2 W, | pdxdyrdyz — 0,
0,1)xY*

forany ¢ € Cg° ((0,1) x Y*)?. Therefore,

Te (19017 72Vug ) = |+ 01" (e + 0,001, 0), weakly in L7 (0, 1) x ¥*)?
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and then,

ao = |eu + dy,u1|” > (Beu + dy,u1,0) ae (0, 1) x ¥*. (39)
Thus, due to (36), we get
(f = ul"=2u) p dxdyidy, (40)
0,1)xY*

-2
- / |0xu + dy,u1 |”77 (Byu + 3y, u1) dxp dxdyidy, =0,
0,1)xY*

forall g € WP (0, 1).
Since u € W1-P(0, 1), 3y, =0 and dy,u; = 0, we can take ¥ € LP((0, 1); W,;”’(o, L)), and
then, using (39), we can rewrite (37) as

-2
|8xu+8y1ul|p (8xu+ay1u1) 3y11/f8(y1)d)€d}’1=0:
(0,1)x(0,L)
forall ¢ € LP((0, 1); WP (0, L)).

Hence, treating x as a parameter in the above equation we have that there exists a function T
depending only on x such that

T(x) = | + 3y 01| (o1t + 3y 101) g(y1) ae (0, L).

By Corollary 2.1.1, the composition of a;, and a, gives the identity. Thus, we can rewrite the
above equality as

TP 2T
8xu+8y]u1=‘— r 1)
8 8
Using the periodicity of u1, we get
L
T
0= /3y1u1dy /‘— ——3 udyl,
8
0

which means that

/ 1
TP 2T = 3xu/<fg>
lgl” =g 0,L)

Putting this together with (41), one can get

1
181”28 (1/1817" %) o 1,

Oy, i1 = Oyt — Oy U.
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Thus, using the above equality and the fact that g > 0, we can rewrite (40) as

1

1
1 )
/ p—1\p—1 |8xu|p_28xbt3x¢+ |u|1’_2u(pdx =/f(ﬂdx,
2 (o (1/87 oL 0

for all ¢ € W-7(0, 1), where

1
|y

f= /fdmdm. ]

|
Y
As in Corollary 3.1.1, we get the following corrector result to (2) for o € (0, 1):

Corollary 4.1.1. The function W, defined in (38) satisfies

TeVue — TaWeHLP((O,])Xy*) — 0.

Remark 4.1. From Corollary 4.1.1 and [6, Proposition 2.17], we have that

Vg — WelllLp(rey — 0.
5. The strong oscillation case: o > 1

In this section we analyze the behavior of the solutions of (2) as the upper boundary of the thin
domains presents a very high oscillatory boundary. Then, the thin domain is defined as follows

Rez[(x,y)eR2:0<x<l,O<y<8g(x)},

g
where o > 1 and g satisfies the hypothesis (Hg).
We would like to point out that even though we use the unfolding operator to get the homog-
enized limit problem, the approach is different to the two previous cases. The roughness is so

strong that we can not obtain a compactness theorem as in the previous result Theorem 2.12. To
overcome this difficulty we will divide the thin domain in two thin parts:

RY = {(x,y) eR%?:xe(0,1),eg0 <y <Sg(x/8a)}’
Rt = {(x,y)ERz:xE(O, 1),0<y<go}-
Notice that

R =ne (RE|JRE).
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Moreover, let us introduce the following sets independent of &

Y*={(y1,yz)€R2:0<y1 <L,0<y <g(y1)},
=[(y1,yz)€R2:0<y1 <L,go<yz<g(y1)},

i
R_ (x,y)eRzzxe(O,l),O<y<g0},
Ry

[
[(x,y)eRzzxe(O,l),go<y<g1}.

Remark 5.1. Notice that the reference cell for the unfolding operator restricted to the oscillating
part, Y, may be disconnected since go = miﬂr(} g(x).
Xe

We first introduce an operator which allows us to rescale R® in order to work over a fixed
domain.

Definition 5.1. Let ¢ € LP(R?). The rescaling operator I, : LP(R?) — LP(R_) is defined by

e (@) (x, y) = p(x,ey),V(x, y) € R_.
Proposition 5.2. The rescaling operator satisfies the following properties:
1. Let ¢ € L'(R%). Then

[ Mo yandy = [ ot axay.

R_ R%

2. Tl is linear and continuous from LP (R?) to LP(R_), 1 < p < co. In addition, the following
relationship exists between their norms:

e O ey = H-lLrgrey »
e (D zoeroy = NI zoo(re Y -
3. Forg e WLP(RE), 1 < p < 0o, we have

O Ilgp =Tlg0yp, 0yIlgp =ell 0y¢.

4. Let p € LP(0,1), 1 < p < o0. Then, considering ¢ as a function defined in R, we have

e = ¢.
Proof. The proof follows directly from the definition. O
Our homogenization result is the following one.
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Theorem 5.3. Let u, be the solution of the problem (2) with f¢ € L”,(RS) and || f¢| |LP’(R€) <ec,
for some ¢ > 0 independent of ¢. Suppose the function

e8(7)

A 1
Fo=1 [ e
0
satisfies

& — f weakly in L?' (0, 1).
Then, there exists a unique u € wlr (0, 1) such that
Toup — u weakly in LP((0,1); WhP(Y™)),
and |llue — ulllppgey = 0,

as e — 0.

Moreover, u is the unique solution of the one dimensional p-Laplacian problem

f_godx

1
f((g)gzL |8xu|”_28xu8x<p+|u|”_2ugp) dx =
0 ©O,L)

S t~—

A

f
(8or

f= (42)

Proof. Throughout this proof, we denote by T, the unfolding operator associated to the cell Y*,

Te : LP(R®) — LP((0,1) x Y*) and by T;“ the unfolding operator associated to the cell Y7,
T :LP(RS) — LP((0,1) x YZ).

By Proposition 2.13, we have uniform bound of solutions. Therefore, from Proposition 2.11,
there exists u € WH2(0,1) and ag € L? ((0, 1) x Y*)2 such that, up to subsequences,

tim s = ull| Lo g =0

T,ue — u, weakly in L”((0, 1); WP (Y*))
Toue — u, strongly in L?((0, 1) x Y™),
T, (|wg|l’—2w8) — ag weakly in L” (0, 1) x ¥*)*.

In order to simplify the notations, we denote the following restrictions by
+ _ d - —
ug =uelgs and  ug =uelge .

From Proposition 2.13, we have that T, (|Vu;‘|p_2Vu2‘) is uniformly bounded. Therefore,
there exists u; € L? ((0,1) x Y*)2 such that, up to subsequences,
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T, (|w8+|l’—23xu8+) — u; weakly in L” ((0, 1) x ¥*). (43)

We show that u1(x, y1, y2) =0a.e.in (0, 1) x Y. To do this, we proceed as in [6, Theorem 5.3]
using the suitable test functions there introduced.
Since go = miﬁg g(x) and g is L-periodic, there is, at least, a point yg such that g(yp) = go-
Xe

Furthermore,

{0032 eRZ 32 € (g0, g0} N Yy = (44)

We analyze two cases: yg > 0 and yp = 0.
First, suppose yo > 0. Then, for any ¢ € C;°(0, yo) we define the following function:

/q’)(t)dt, if 0 < y1 < yo.

vy = (45)

0
0,if yo<y; <L.

Notice that ¥ can be extended by L-periodicity and ¢ € C*°[0, yg) U C*(yo, L). Then, we
consider the test function

e =e4(x2)v({Z]). @ner

where ¢ € Cj°(R4), ¥ is defined in (45) and - is the extension by zero. Using (44) and the
definition of (45), we have that ¢° is continuous in R* for each €.
Now, we apply the unfolding operator to the restriction of ¢° to the thin domain R :

C( *
Yo %o (e [F] L+ % y1. y2) ¥ (y1) for (x, y1,y2) € Ie x Y7,
T, (¢ )(x,yl,yz)—{ofor(x Viov2) € Ae X Y7

By Proposition 2.3, we have

1
T.F(3c¢°) = 0 T® =T @e@) v (1) + ¥ ODT (9, -/e),
1
and 7,7 (0y9%) = ~0,, T ¢" =" 'TF @y, - /eNV ).
Since o > 1, we obtain from Proposition 2.8 that

T, ¢ — 0 strongly in L” ((0, 1) x in) ,
7,5 (0c¢®) > ¥/ (yD)e(x, y2) strongly in L” ((0, 1) x Y7), (46)
;" (9y9®) — O strongly in L” ((0, 1) x YJ).
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We use the fact that ¢ annihilates in R? to take it as a test function in (3) to obtain
/ |Vite P72 Vu Vol + |ue|P2u pfdxdy = / feofdxdy.
RE. RY
Thus, from (43) and (46), we get
w1y’ (y)@(x, y2)dxdyidy, =0.
(0,1)x¥*
That is,

L
o (r, 32) f Gy'dy: | dyadx =0, Vo e CE(Ry).
(0,1)x(go.81) 0

Thus,

L
/ﬁ](x, vy, V¥'dy; =0 ae. (x,y) € Ry,
0
and then, from (45), we have
Y0
/fn(x, v, )¢ (1) dy1 =0 ae. (x,y) € Ry and V¢ € C;°(0, yo).
0

Hence, we have

ur(x, yr, y2) =0ae. (x, y, y2) € (0, 1) x (0, yo) x (g0, g1)-

Now, repeating the arguments to ¥ defined as

0, 1f0§x <)o,
i L

vy = /¢(;)d[-/¢([)dt, ifyo<x <L,
Yo Yo

with ¢ € C3°(yo, L), we get

ur(x,yr, y2) =0ae. (x,y1,y2) € (0, 1) x (yo, L) x (go, &1)-
Therefore,
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ur(x,y1,y2) =0ae. (x,y1, y2) € (0, 1) x Y.
Finally, for yo =0, set

Y1
v(y1) =/¢(t)dt, withO < y; <L,
0

for any ¢ € C;°(0, L). In this case, we have

{(0,y2) : y2 € (g0, gN}NYI =0, and {(L,y2):y2 € (g0, g} N Y} =0.

Then, the sequence

can=cg(x2)y(|5]). @ner

80!
is well defined since ¢ € C3°(Ry).

Thus, using the same arguments as before, we get that u; =0 a.e. (x, y1,y2) € (0,1) x Y.
Therefore,

To(IVu 1P 29,uf) =0 weakly in L” ((0, 1) x Y7), @7)
and then,
ap- (1,0)=u; =0 ae. (x,y1,y2)€(0,1) x Y}.

For the function u, due to Propositions 2.13 and 5.2, there exists u™ € Wl*l’(O, 1) such that,
up to subsequences,

Meu, — u~ weakly in WP (R_),
[0 u, — d,u~ weakly in L”(R_),
IM;dyu, — 0 weakly in L”(R_).

Furthermore, from items (2) and (4) of Proposition 5.2, we have
(Meug —ullp gy = ug —ulllpge, < e —ulllLr e -
Thus,
[Meu, — u strongly in L”(R_),
which means that
u(x) =u_(x)a.e.in (0, 1).
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Next, we pass to the limit in T, (|Vu€_|”_2Vu€_). We show that

m, (|vu;|1’—2vu;) — 1 |P72’,0) in LP(R_)>.

Journal of Differential Equations 274 (2021) 1-34

In order to do that, suppose that a; is the limit of I, (|Vug|1”2Vug), up to subsequences.

Again, we use monotonicity arguments. Let w € W17(0, 1).

Using ¢, T, and the rescaling operator I, in the variational formulation (3), we obtain

1 _
- / T <|Vuj|” 2wj) T Vedxdydy
(O,l)in
1 _
+- / \Vul [P=2Vul Vodxdy
R,
+/n8 (|Vu;|l’*2w;) M, Vedxdy
R_

| .
+1 / T, (e |P~2ue) Topdxdyidy,
0.1)xY*

1
+g / 17 |p_2u5<pdxdy
i

1
:—/fggadxdy.
e
RE

Hence, we can pass to the limit taking test functions ¢ € W17 (0, 1) to obtain

1
1 A
/al((p/,O)dxdy+Z [ |u|p72u<pdxdy1dy2=/f<pdx.
0

R_ 0,1)x Y*

Now, notice that

1
0< 7 |T€+Vu:|pdxdy1dy2,
0,1)xY*
also, due to (47), we have
. 1 _
0=lim | — / \THVul P2Vt (T, 0)dxdy dy,
(O,l)in

since T;"u’ — u’ strongly in L?((0, 1) x Y*).
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Using the monotonicity of | - |[?~2., we have

0< / (ng (|w;|f’—2w;) — L (P2 0))) (M Vug — (', 0)) dxdy
R_

< / (ng (|W;|P—2w;) . W=t 0))) (MeVu; — Mo, 0)) dxdy

R_
1 1
+Z / \T,"Vul|Pdxdydys — 7 / \TVul \P2 TVl (T, 0)dxdydy,
0, )xY (0,1)xY*
1
+7 / \THVul P2 Vul (T, 0)dxdydy, (49)
(0,)xY};

Now, we can pass to the limit in (49) using the variational formulation (48). Taking the test
functions ¢ = u, — u in (48), we have that

1 1
o[ vasanay - ¢ [ PRI @ odrdydy,
(0,1)><Yi (O,I)XYi

(50)
+/ M, (|Vu;|1’—2vu;) (MeVuy — Mo, 0)) dxdy — 0
R_

since T (uz — u) — O strongly in L?((0, 1) x Y*). Hence, as I1,Vu, — 1, (', 0) — 0 weakly
in LP(R_), we get from (49) and (50) that

lim (ng (|W;|P—2w;) L (P2 0))) (MeVuy — M, 0)) dxdy =0. (51)

e—0

R_

On the other hand, we have

f M Vu, — W', 0)|Pdxdy < c/ M Vu, — ., 0)|Pdxdy
R_ R_

+C/ [T (u’,0) — (', 0)|Pdxdy.
R-

If p > 2, we get from (51) that
/ M Vu, — . (u',0)|Pdxdy <
R_
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c/ (ng (|Vu;|1’*2w;) N W1 0))) (MeVuy — M., 0)) dxdy
R_

— 0.

For 1 < p <2, using Holder’s inequality and (51), we obtain

/ M Vu, — (', 0)|Pdxdy
R-

(r=2p
T Vug |+ [T (', 0)]) 2 _
= (I vu; £ ) e Vu, — M@, 0)|Pdxdy

# (IMeVug |+ T, 0)]) 2

p/2
< / (IMeVur |+ el ) "2 [T, Vu: — Mo, 0)2dxdy
R_
(2-p)/2
/ (M Vuy |+ M @', 0)])” dxdy
p/2
< c/ (ng (|w;|1’*2w;) ML (P2 0))) (MeVuy — ., 0)) dxdy
R_
@-p)2

/ (IMe Vg | + T (', O)I)dedy

\r_

— 0.
Thus, as [, [Te(u’,0) — (u’,0)|Pdxdy — 0, it follows that
[, Vu_, — (', 0) strongly in L (R_) x L”(R_),
and then,

TV, [P, Vu, — |u/|P~2(u’, 0) strongly in L” (R_) x L” (R_).

e |
Finally, we can pass to the limit in (48), for any test functions ¢ € WLP(0, 1) to obtain

1
1 o
f|u/|p_2u/¢/dxdy+z Iulp_zmpdxdyldyg:/f(pdx,
R_ 0

0,1)xY*
which is
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1

1
/golu’l”‘zuw L ||uI” “updx = /fwdx
0 0

for all ¢ € W7 (0, 1), concluding the proof. O

Corollary 5.3.1. Under hypothesis of Theorem 5.3, we have that the solutions of problem (2)

satisfy
[Meu, — u strongly in WhP(R.) (52)
, (|w;|l’*23xu;) — 1 |P"2 strongly in LP(R_) (53)
, (|w P20, >—>Ostr0ngly in LP(R_) (54)
75 (IVaf 177200 ) — 0 strongly in L7 (0, 1) x Y7) (55)
T <|w+|P 29t ) — 0 strongly in LP ((0, 1) x ¥7) (56)
Moreover,

11Vuelll Loz = O.

Proof. The convergence of (52) - (54) are proved in Theorem 5.3. For the convergence (55) and
(56), we take as test function (1, — u) in (48) to get from (52) - (54) and (47) that

/ T+ (|Vuj|l7*2wj) T+ (Vs — Viydxdyydys — 0.
O, 1)xY}
Thus
|T8+Vu;r|p — 0,
©,1)xY}

which proves (55) and (56).
The last convergence follows from the above convergences and [6, Proposition 2.17]. O
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