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ABSTRACT ARTICLE HISTORY
This paper presents the method-of-moments (MM) and the maxi- Received 3 January 2021
mum likelihood (ML) estimators for the width of a uniform random Accepted 19 December 2021
variable U when measured with additive errors. We study situations KEYWORDS

where the support is either the symmetric interval [—a, a] or asym- Additive-error model;
metric interval [a, b]. Both MM and ML estimators for the boundaries asymptotic distribution;
are discussed in two cases, namely, when the noise level o2 is known delta method; the

and when it is unknown. While the MM estimators have a closed method-of-moments
form, the ML estimators need an iterative algorithm to solve a sys- estimator; the maximum
tem of nonlinear equations. A reliable algorithm to compute the ML likelihood estimator
estimators is proposed. We also establish sufficient conditions for

the existence of the MM estimators and their asymptotic normality.

Numerical experiments on real and synthetic data are presented to

validate our results.

1. Introduction

In image and signal processing, it is common to measure random variables with noise
[1,2]. It is widely known that neglecting measurement errors can lead to erroneous con-
clusions [3,4]. This is known as the measurement-error problem [5]. In this paper, we
study the problem of estimating the boundaries of a uniform random variable that is mea-
sured imprecisely along a line segment. This inferential problem is of great interest in edge
detection [6-9].

Schneeweiss [4] derives the maximum likelihood (ML) and the method-of-moment
(MM) estimators for the boundary of a uniform random variable U with support [0, a]
when it is measured imprecisely. The additive structure to represent the relation between
the unobservable variable U and the observable one X is employed, namely, X = U+ E,
where E is a white noise with zero mean and variance o2. Although the ML outperforms
the MM, the former is computationally cumbersome even under this simple model. Fur-
thermore, the ML tends to diverge when observations are measured with moderate noise
levels o [4].
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Bensic¢ and Sabo [10] consider the uniform distribution on a symmetric line segment
[—a, a], where a > 0. They derive the ML and MM estimators when the noise level o2
is known. They only establish the asymptotic distribution of the ML estimator when o2
is known. The asymptotic distribution of the MM estimator was not derived. Later, they
extend their results to the situation when the noise level 62 is unknown [11] and to the
problem of estimating the border of a disc [10,11] but without exploring their asymptotic
distributions. Then their work is extended later to estimate the width of uniform distribu-
tion when corrupted with Laplace additive error noise [3] supported by their R package
[12] which is devoted to estimate borders of uniform distribution on intervals as well as on
elliptical domains.

The problem of determining the width of uniform distribution contaminated with addi-
tive errors appears in many image processing applications. To recognize the border of
elliptical objects in an image, one needs to estimate the width of its X— and Y —coordinates.
In passing, Bensi¢ et. al [10] outline how a one-dimension model can be used to in
more practical situations. Later, they [3,12,13] apply their approaches to some real life-
applications, chief among them, fluorescent microscope [2], and estimating the size of
black fungi colonies on the basis of a monochromatic image [14]. Moreover, Baum and
Hanebeck [15] use Extreme Value Theorem and Bayesian estimation to estimate the bound-
ary of a rectangle, and then they apply their proposed estimator to the problem of tracking
a group of point targets that arise in many air surveillance where aircraft are tracked with
a high-resolution radar device.

Bensi¢ and Sabo [10] state that estimating the boundaries of a uniform variable dis-
tributed on the line segment [a, b] or of circular or elliptical shapes could be a cornerstone
to many important problems. Moreover, they [10,11] mention that if the mean of U ~
Uniform[a, b] is known, then one can firstly centre the data at its mean %b and then
estimate the boundaries of the symmetric line segment using either the ML or the MM
methods. However, the mean %h is generally unknown and it shall be estimated first.
Therefore this adds extra variability to the estimation process that should be taken into
account. Thus, estimating the parameters of uniform random variables distributed on a
line segment [a, b] shall be investigated.

In this paper, we study the MM and the ML estimators for both line segments [—a, a] and
[a, b] under measurement errors. To our best knowledge, no one has studied yet the asymp-
totic distribution of the MM estimators. Given the difficulty of computing the asymptotic
distribution of the ML estimators [4], we only investigate their asymptotic distributions
numerically. The rest of this paper is organized as follows. Section 2 discusses the ML and
the MM estimators of the boundaries of a uniform random variable on the symmetric line
segment [—a, a] under additive errors. It also discusses the sufficient conditions for the
existence and the asymptotic distributions of the MM. Section 3 extends the latter results
to the general line segment [a, b]. Section 4 summarizes our intensive numerical results and
Section 5 concludes our findings. The proofs of our theorems and other technical details
are deferred to the Appendix 1.

2. Uniform distribution on a symmetric line segment [—a, a]

Bens$i¢ and Sabo [10,11] derive the ML and the MM estimators under the additive-error
model. Let U be a random variable uniformly distributed on the line segment [—a, a].
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The random variable U, however, cannot be observed directly. Instead, a surrogate variable
X is observed with additive error, i.e. X = U + E. Here E has a normal distribution with
zero mean and variance o2 and it is statistically independent of U. The probability density
function (pdf) of X is given by

0 ._i a—x\ —a—Xx
ro-S (e

Z)T

where ® = awhen o2 isknownand 0 = (a,0 when o2 is unknown. In this section, we
shall discuss the ML and the MM estimators and present their asymptotic distributions.

The ML estimator

The ML estimator of § = (a,02)" is attained by maximizing the likelihood function
of 0

n
Li0) = [ [f;" 0 2)
i=1
where ® is the cumulative distribution function of the standard normal random variable.
Equivalently, one could minimize the negative of the log-likelihood function of 6

h®) =—Y Inf"(x). (3)
i=1

This is a nonlinear optimization problem and there is not an explicit closed-form for-
mula for ML estimators. Moreover, Ben$i¢ and Sabo [10] state that the Newton method
often fails to find the maximum value of (2) and, for this reason, they implement the Nelder-
Mead downhill simplex (NM) algorithm by using some built-in MATLAB functions. In our
simulations, we experience the same issues with the Newton-Raphson algorithm.

In this paper, instead of using NM algorithm to overcome divergence issues of the New-
ton method, we use the Damped-Newton algorithm. It is not only much simpler and faster
than the NM algorithm, but also the convergence rate of the former is similar to the latter
one. A generic outline for the adopted algorithm is presented in Table 1.

As Table 1 shows, the algorithm is initialized with the MM estimates and, in case of

~(0
nonexistence of them, we use the following estimate to initialize the iterative process 0( ) =
(max | X;|, % Zf‘:l xiz)T. Then, the objective function /; (@), the Jacobian J; := Vpl; (), and

Table 1. Damped Newton method.

Let /(-) be the negative of a generic log-likelihood function.

1. Initialize §©, set A < 1,and compute /(8©).
2. Given 8%, compute
10— 18®), 16 — Vy18®),and HY — v210®) + ;.

3.Solve H® hk+D = _j® for hk+1) by SV decomposition.
IV _ 105, stop and select ,y = 8%
max([16%1,1) ’ m ’

4b. Otherwise, compute 8* < §® 4 h*+D,

5a.1f 1(0*) > I®), reject 8*, and update A < 22, then go to Step 3.
5b. Otherwise 8* is accepted and ¢+ «— ¢*.

6a. Update k < k+ 1,1 < 0.5A.If k < N.max, go to Step 2.

6.b Otherwise, the algorithm is divergent.
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the augmented Hessian matrix Hj ; := Vgll (0) 4+ AI, are evaluated, where I, is the (2 x 2)
identity matrix. The algorithm is iteratively applied until the stopping criteria is satisfied,
i.e. see Step (4.a) in Table 1. If the maximum number of iterations N.max = 200 is reached
before achieving the stopping criterion, the algorithm is considered divergent. It is worth
mentioning that the algorithm described here finds the ML estimate of o not o2. To find
the ML estimate of o2 the invariance property of the maximum likelihood estimators is
employed.

The asymptotic distribution of the ML estimator is important to compute approximate
confidence intervals for the parameters and to test null hypotheses. Schneeweiss [4] and
Bensic¢ and Sabo [10,11] derive the asymptotic variance of the ML estimator a,, when o2
is known under both uniform random distributions on [0, a] and [—a, a]. The derivation
of their asymptotic variances even for those simple models is not straightforward since it
requires numerical integrals and log-likelihood function can be unstable [4]. When o2 is
unknown, one extra layer of complexity is added to the inferential process and the analysis
of the asymptotic distributions of the ML estimators becomes more complicated. For this
reason, in both cases, we will investigate the asymptotic variance of the ML estimators only
numerically.

For both cases, the asymptotic distribution of the ML estimator is (01 — 0) Y
N, (0, l"r_nll), where the (i) element of T is

o (alnf ")\ (dlnfi" (x)
1 _ @ _ 0 0 (1)
vio =vy 0)= /_ o ( 36, 30, o (0% @
for i,j =1,...,p, where p = 2 if 02 is known and p = 3, if 02 is unknown; andﬁél) is

the pdf given in (1). These quantities are estimated by replacing 6 with its ML estimate 0,
namely,

o~

D =v"@), ij=1...p. (5)
In our algorithm, we plug-in the ML estimates in formula (4) and then compute the

integral numerically. The algorithm produces stable results as shown by our simulations in
Section 4.

The MM estimator

Now we turn our attention to the MM estimator of (a, 0 2). First recall that the non-
central k' population moment of U is [E( Uk = %k (1 — (=D)K). Therefore, if we denote the
k™ non-central population moment of X by ;. = E(X*) and the k' non-central sample-
moment by my = - 7, X¥, then the second- and the fourth-moments of X are

2

a
u2:?+02 and 4 = - (a* + 104’0 + 150%) . (6)

yl| =

These moments can be computed with the aid of E(F/) = for any even positive

jlo/
number j. As the distribution of X is symmetric around zero, its odd moments are zero.
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Equating the population moments with their sample moments leads to the solution

2 2

3(my — 02) if 62 isknownand my > 0%,

amm = 15 (7)
,4/ ?,4/ 3m% —my ifo? isunknown and % < 3.
2

That is, for unknown o2, the MM @, exists only if my < 3m§. In the latter case, the
MM estimator of o' is

R 5
62 = my— \é\/mg—_m if 75 € (9/5.3), (8)
2

The lower bound 9/5 ensures that G2, is positive.

Bensi¢ and Sabo derive the MM estimator of a and o2 as in the preceding equations
but without exploring their asymptotic properties. To our best knowledge, no one has
addressed these properties. In this paper, we present in Theorem 2.1 the asymptotic vari-
ances of the MM estimators for both cases: when o2 is known and unknown. As expected
by the usual asymptotic theory, the theorem requires the existence of the eighth moment of
X. Under our statistical assumptions (the sum of uniform and normal random variables),
this condition is trivially satisfied.

Theorem 2.1: Under the additive-error model with X = U+ E and E(X®) < oo, the MM
estimator is asymptotically normally distributed. More specifically,

(1) When o? is known, then Gmm exists if my > o and its asymptotic distribution is
A D
V1(Gmm — @) —> N71(0; Wiih), where

2 4
M _ (% 2 307
\Dmm_3<15+o —l—zaz). %)

T

(2) When o is unknown, then 0 mm = (Gmm, 62 )7 exists zf% € (9/5,3) and its asymp-

2
2
totic distribution is

@
D
Vi O = 0) > N (000),), W, = [zib Zii} ’
12 722

where

a _ 3a? N 300 N 450 N 2256° 67508

oy 7 242 2a 8at ’
1) 2¢*>  6ac? 150* 750° 2250
2 =\ 57 + +— — | (10)
21 7 a 4
1  8at N 4a’0? 20ty 500° 7508
= — o
27315 7 2 2qt

Proof: See the Appendix. |
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The asymptotic variances are estimated by replacing the unknown parameters by their
respective MM estimates. For known o2, the asymptotic variance of ap, is estimated by

o _lsa
VarOO (amm) - ; mm
and the asymptotic variance-covariance matrix of 0. is estimated by

@

— A 1~
Vareo (0 mm) = ;‘I’mm’

where the ‘hat’ symbol indicates that unknown parameters are being replaced with their
MM estimates. Observe that, as expected, the asymptotic variance of dmm when o is
unknown is larger than when o2 is known.

From the asymptotic distributions, one can build approximate confidence intervals such
as dmm & Zy+/ %Gr(r}r)n, where z,, is such that P(—z, < N1(0,1) < z,) = y. Also, one can

test the null hypothesis Hp : a = ap by using the statistic z(@mm) = M’Z:“O) which
lI}l"ﬂl']'l
converges in distribution to a standard normal distribution.

3. Uniform distribution on the real line segment [a,b]

We now consider the case where the uniform random variable U is distributed on a gen-
eral line segment [a, b], where a < b. Consider again that U cannot be observed directly
and only a surrogate random variable X = U + E is observable, where E has a normal dis-
tribution with zero mean and variance o2 and it is statistically independent of the original
non-observable U. The pdf of X is given by

0(2>(x):bia[¢ (a;x>_q)(—ba—x)]’ o

Z)T

where 8 = (a,b) " when o2 is known and 0 = (a,b,0 when o2 is unknown. In this
section, we shall discuss the ML and the MM estimators and present their asymptotic dis-
tributions for both cases: o2 is known and o2 is unknown. To the best of our knowledge,
no one has considered this errors-in-variables model.

The ML estimator

Here, we find the asymptotic distribution of the ML estimator. In order to compute the
ML estimator of the parameter vector under both cases (o known and unknown), we
write a; = =% and b; = X’T_b

We start by considering o> known. In this case, the likelihood function of @ = (a,b) "
is

n n Il
L®) =[] =[];7— &= ob)—o(-a, (12)
i=1 i=1

and the negative-likelihood function of 6 is

L(6) = —Zln[,-—i—nln(b—a). (13)

i=1
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For the known o case, the Jacobian is J, = V(,)l>(8) with components

b x~¢(-a) n
da -7 1_21 I; b—a’
(14)

L Z —¢(=b)  n
ob i1 I; b—a
To find the ML we need to minimize /5, so, we adopt the Damped Newton algorithm as
described previously in Table 1. The algorithm also requires the evaluation of the Hessian
matrix V(za,b) I, which entities are given in the first three formulas in (15).
For the unknown o2 case, the first two components of the Jacobian vector J, =

(%, %, ‘3—2)T shall be evaluated as in (14) and the third component is
8[2 i -1 - wi

—_- - >

do . I,‘

i=1

where w; = b;¢p (—b;) — a;¢p(—a;). The entities of the Hessian matrix H; are

3%l 1 ~[—aip(—a) ¢*(—a) n
Frr e A A }_(b—aﬁ’
9%l 1 ‘¢><—ai)¢(—bi>] Lo

dadb ot =| e b —a?

ﬂ 1 [ big(=by) — ¢2(—bi)] _n
ab2 o2 ¢ ? b —a)?’

i=1 "+

2 " Td(—a) — a?d(—a; i (—aj
921, 1 ¢(—ai)) —a;o( al)+W1¢( a;)i|) (15)

dado o? —~1 I; ?

3%l 1 < [¢(—a) — a?p(—a)) +w,'¢><—ai)}

dado o~ | I r
L 1 N[—p(=b) +bIp(=b)  wip(—b)
dbdo o2 - I; ? ’

=1+

0l 1y 'ZWi—b?¢(—bi)+a?¢(—ai)+w§}

2 2 . 2
do ot =L I; I

Thus, after computing the ML estimate (G, l;ml, 6m1), we find the ML estimate of o2
by the the invariance property of the ML estimators.

For both cases, the asymptotic distribution of the ML estimators is (01 — 0) Y
Ny (0, l";ﬂl), where the (ij)" element of T'py is

© (3nfPw)\ (0Inf2 )
W =nle = [ ( Yo N (T a6
—0 i ]
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fori,j=1,...,p, wherep = 2ifo?isknown and p = 3 if o2 is unknown. This asymptotic
variance is estimated by plugging-in the numerical estimates into Formula (16)

7® = y,.](.z)(é), i=1,...,p. (17)

In our algorithm, we plug-in the ML estimates in formula (16) and then compute the
integral numerically.

The MM estimator
Now we turn our attention to the derivation of the MM estimators. Some simple
calculations yield the first four moments of X, i.e.

a+b bt*—a* 3
= , =—— 4+ 2
"1 > 3 4(b—a)+2( + a)o -
b2+ab+a2+ ) v —a 20° = a?) 2 354
= - o, = o o .
Ha 3 Ha 5(b—a) b—a

Note first that if o2 is unknown, then one can estimate o2 by its MM estimator:

A 5
oﬁlm = mz—m§ —\/;\/Smg —1414—2141‘1l (19)

which exists under the following two conditions:

Cl: 3mj—my—2m; >0
(20)

C2: 6my—6m) — \/5(3m§ — my — 2mj) > 0.

Depending on whether o? is known or not, the MM estimators of (a, b) under the
additive-error model can be summarized as follows

m; — \/3(m2 — m% —02) if o2 is known and m, — m% > o2,
Amm = 4 15 4, 2 4 . 2 . .
my; — 5 \/ 3m5 — mg — 2m] if 0 is unknown and C1 and C2 are satisfied
(21)
and
my + \/3(m2 - m% —0?) if 02 isknownand mjy — m% > o2,
bmm = J15
my + 5 C/3m% —my — Zm‘l1 if o2 is unknown and C1 and C2 are satisfied.
(22)
The technical details of the derivations are deferred to the Appendix. It is worth

mentioning here that if o2 is known then (Gmm, bmm) ' exists whenever m, — m% > o2,

) . . 2 ~AD
Observe also that 6,7, in (19) satisfies my — my > 0.7. R
The following theorem summarizes the limiting distributions of @ .

Theorem 3.1: Under the additive-error model with X = U+ E and E(X®) < oo, the MM
estimator is asymptotically normally distributed. More specifically,
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(1) When o? is known, then émm = (Gmm> I;mm)T exists if my — m% > o2 and

— D @ 0
Vi@ —6) > N (0,93,), ¥ = [;’};) 53)] ,
12 22

where

@ _ 2 a2 2 18 4 ©)
=—(b—a 40 ——0 = s

11 15( ) + + (b—a)z ‘//22

18,

—(b — a)za .

23
@_ L g2 27 >
12 30

(2) When o2 is unknown, then 9mm = (Gmm> l;mm, 8§Im)—r exists if both conditions C1 and
C2 given in (20) are satisfied and \/ﬁ(b\mm —60) N N3(0, \I:ﬁﬁfn), where the entities
of vl are presented in the appendix, see (A7).

Proof: See the Appendix. |

4. Numerical experiments

In this section, numerical experiments on actual and synthetic data have been conducted
to assess our analysis for both estimators. This section is organized into four subsections:
Subsection 4.1 demonstrates the usefulness of our theory to some practical applications in
the field of medical imaging and astronomy. Subsection 4.2 studies the asymptotic dis-
tributions, confidence intervals’ coverages, and the success rates of both estimators for
the symmetric case U ~ [—a, a] when o? is unknown, while Subsection 4.3 is devoted
to asymmetric case U ~ [a, b] when o2 is known and unknown. Moreover, Subsection 4.4
studies the power functions and the p-values for some hypothesis tests.

4.1. Real-life applications:

To corroborate our analytic findings with a set of practical data points, we applied our
methods on real images and we assessed their performances.

Using image processing tools, digitized observations (pixels) from two images were
extracted. The first image appearing in Figure 1 (top-left) represents the image of
Copernicus', a lunar crater, which was captured by Apollo-NASA 12 in 1969. The second
image appearing in Figure 2 (top-left) shows the Zoom-in view of cryo-EM image [16] of
purified inactivated SARS-CoV-2 virus particles for a 62-year-old male who was admitted
to Shenzhen Third People’s Hospital on January 15, 2020. Initially, he was diagnosed with
pneumonia and was further diagnosed as the first official patient with positive COVID-192,

The top-right subfigures in Figures 1 and 2 show the photos of the detected points
obtained from both images using Sobel Edge Detector>. Figures 1 and 2 (bottom) represent
the scatterplots of the digitized observations extracted from Figures 1 (top-right) and 2
(top-right) together with the corresponding histogram for each coordinate. After applying
the ML and MM methods to each coordinate, the estimates of (a, b, %) and their standard
errors (SE) are summarized in Tables 2 and 3. The sample sizes extracted from Figures 1
and 2 are 50,118 and 1676, respectively.
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L 1 L 1 L
200 400 600 800 1000 1200

Figure 1. The top-left figure shows the photo of Copernicus. The top-right figure represents the dig-
itized points obtained from the image by using Sobel Edge Detector. The lower figure represents the
scatterplot of the extracted digitized observations and the corresponding histogram for each coordinate.

Table 2. The ML and the MM estimates of (a, b, &2) and their standard errors (SE) for each coordinate of
Figure 1.

Coordinate  n  am SE, bw SE 82 SEn  dmm SEi, bmm SEy 82, SEs

X (in pixels) 50,118 18 12 1056 1.2 2943 924 200 6.5 1041 79 6427 1973
Y (inpixels) 50,118 206 12 1052 12 3374 102 261 10.7 990 115 15984 2669

It can be clearly seen from Tables 2 and 3 that the MM estimates of o> are much larger
than that of the ML estimates, and as such, ayp tends to overestimate a while i)MM tends
to underestimate b. Overall, the MM tends to return smaller estimates for b—a compared
to the ML estimates. Moreover, the standard errors of the MM estimates are much larger
than that of the ML estimates. Those observations will be demonstrated in our intensive
Monte-Carlo simulations presented in Subsection 4.3.
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Figure 2. The top-left figure shows the photo of purified inactivated SARS-CoV-2 virus particles. The
top-right figure represents the digitized points obtained from the image by using Sobel Edge Detector.
The lower figure represents the scatterplot of the extracted digitized observations and the corresponding
histogram for each coordinate.

Table 3. The ML and the MM estimates of (g, b, o2) and their standard errors (SE) for each coordinate of
Figure 2.

brm Omm

Coordinate  n  Gm  SE;, b SE;. G SEs2  dmm SEipy bmom  SE: 62, SEs

X (in pixels) 1676 96 0.8 186 0.8 42 6.7 29 8.9 183 9.7 83 259
Y (in pixels) 1676 87 0.8 162 0.8 60 8.3 89 9.7 159 10.2 103 232

4.2. Monte-Carlo simulations on [—a, al

The experimental results from the real data confirm our theoretical study but it does not
reveal the whole picture. To get more insight, we ran more numerical experiments using
Monte Carlo simulations. In order to compare between the asymptotic distributions of the
MM and the ML estimators and to assess their performances, Monte-Carlo simulations
were conducted when o2 is unknown.
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Table 4. MSE, coverage percentages for their 95% Cls, success rates (convergence rates), and average
run time (ART) for ML and MM estimates. The data is distributed uniformly on the symmetric line seg-

ment [—1, 1] corrupted by additive error with variance o2 (considered to be unknown in the estimation

process).
MSE(x1072) 95%Covrg(%)  95%Covrg(%) Success(%) ART(x107)

o n émI émm Gl Grmm CATr%ﬂ &ém ém| Amm (AT,%,m ML MM

0.05 50 137.0 4094 935 958 996 993 66 100 52 250 0

250 18.7 674 908 956 831 983 94 100 58 312 0

500 7.2 305 926 9.4 862 979 98 100 62 560 2

750 6.2 209 9338 95.2 88.9 97.7 98 100 65 890 2

1000 44 146 938 978 894 973 98 100 67 1040 5

5000 08 26 943 972 942 974 99 100 86 33,995 23

10,000 0.4 1.8 952 96.5 95.8 97.2 98 100 92 56,679 34

50,000 0.08 04 948 96.1 94.8 96.2 100 100 100 188,620 184

0.1 50 207.0 3636 941 978 874 999 69 100 63 250 0

250 39.1 708 924 970 863  99.1 98 100 78 320 1

500 18.6 338 938 96.1 89.7 99.1 99 100 91 460 2

750 13.8 29.1 93.5 96.4 92.5 98.1 100 100 96 740 2

1000 10.1 207 953 975 944 984 100 100 100 902 2

5000 20 38 945 956 932 954 100 100 100 35352 27

10,000 0.9 2.5 94.4 95.1 94.7 94.4 100 100 100 63,112 45

50,000 0.2 0.5 95.7 95.4 95.2 94.8 100 100 100 212,018 224

0.2 50 508.0 531.0 940 991 856 88 100 100 87 222 1

250 115.9 1501 944 971 906 958 100 100 99 342 1

500 519 599 938 95.7 918 94.8 100 100 100 638 1

750 40.2 480 954 95.2 933 94.7 100 100 100 1140 2

1000 272 334 955 954 947 949 100 100 100 1350 1

5000 54 63 950 954 933 946 100 100 100 43,308 50

10,000 2.8 35 94.8 95.1 93.8 94.8 100 100 100 79,315 63

50,000 0.6 0.7 947 94.4 93.8 93.8 100 100 100 283,015 210

0.4 50 25240 19340 923 960 819 855 100 99 93 205 1

250 608.2 5642 941 949 919 891 100 99 99 205 1

500 283.0 2672 954 95.8 91.6 92.4 100 99 99 534 1

750 189.5 1921 961 964 945 935 100 100 100 777 3

1000 121.9 130.1 957 963 958 942 100 100 100 1014 7

5000 323 318 941 949 941 937 100 100 100 39,366 50

10,000 13.3 144 947 95.2 94.6 93.9 100 100 100 62,543 65

50,000 27 29 945 938 944 945 100 100 100 226,800 240

In our experiments, we set a =1 and we used four values for o, namely,
o = {0.05, 0.1, 0.2, 0.4}. For each o, different sample sizes n have been used, n €
{50, 250, 500, 750, 1000, 5000, 10, 000, 50,000} , and for each (o, n), N = 3000 indepen-
dent trials were generated under the additive-error model. Our results are summarized
in Table 4 and Figure 3.

Table 4 shows the estimated MSE of § = (@,62), the coverage (in percentage) for the
95% confidence interval (CI) of each estimator, the success convergence rates (in per-
centage), and the average run time (ART) for each method. Figure 3 shows the sampling
distributions of each (standardized) estimator of a (left) and & (right). The dashed curves
represent the asymptotic distributions of the ML while the solid curves represent the MM.
The dotted curves stand for the standard normal density function.

Since the estimates may not exist for some trials, we also computed their convergence
rates (success rates). From Equations (7) and (8), one can clearly see that it is not neces-
sarily the case that ‘if 4y, exists, then 6 exists’, so we present the success rates for each
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parameter. As for the ML, both a,,, and 6;1 are estimated jointly so either both exist or
both diverge, and hence, we present the success rate for the parameter vector.
Now we summarize our observations as follows:

e As expected, the estimated MSEs for the ML estimators are smaller than the ones for
the MM estimators for large samples, but this difference decreases as the noise level
increases. In particular, for 0 = 0.4 and #n < 150, the estimated MSEs for the MM
estimators are smaller than the ones for ML estimators.

o All the 95% CI coverages get closer to the nominal level (95%) as n increases. In
particular,

o the coverages under the MM approach are larger than the ones under the ML
approach.

o the coverages for o converge slower to the nominal level than the ones for a.

o asample n > 5000 is required to have at least 90% of coverage. Our other numer-
ical simulations show that the nominal level is attained (with one decimal place
accuracy) when n > 100, 000.

e The existence rates of Gy, are always very high while 62 are suffering from the diver-
gence especially for small . The ML estimates diverge more often for small sample size
and small o.

e The MM approach is faster than the ML one. The iterative ML algorithm takes 2-4
iterations to converge under large o and 7-9 iterations under small o.

4.3. Monte-Carlo simulations on [a, b]

The setting of the experiments here were designed similarly to the symmetric case but with
a = —l and b = 2. We tested two cases:

(i) known o2 (see Table 5 and Figure 4).
(ii) unknown o2 (see Table 6 and Figure 5).

Tables 5 and 6 show the estimated MSE of 8 = (4,b) T and 8 = (&, b,6%)7, respectively,
and both tables present also the coverage rates (in percentage) for the 95% confidence
interval (CI) for each estimator, and the success rates (in percentage) and the average run
time (ART) for each method. Figure 4 shows the sampling distributions of each estimate
of a (left) and b (right) while Figure 5 shows the sampling distributions of (4, lAJ) and 62
(positioned at the rightmost panel.)

(i) Known o2, We use smaller sample sizes in this case than the others because the
standardized versions of the sampling distributions of (a, b) for both approaches are
approaching normal distributions for n & 100, as can be seen in Columns 5-8 of Table 5
and Figure 4. Here, the sample size was set as n € {50, 100, 250, 500, 750, 1000}.

Accordingly, we observe the following noteworthy observations:

e The MSEs for the ML approach are smaller than the ones for the MM one. However, the
difference decreases as n or o increases.

e The coverages of the 95% Cls of (g, b) achieve 95% (with one decimal place accuracy)
when n > 500.
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Table 5. A comparison between the MM and the ML of @ = (a,b) " for data distributed uniformly on
the line segment [—1, 2] corrupted by additive error of known level o-2. The table includes the MSE of
both the ML and the MM estimators, their coverage percentages for their 95% Cls, success (existence)
rates, and their average run time (ART).

Covrg(%) Covrg(%) Success(%) ART(x1079)
P n MSE (x 1075) dm Gmm  bmi bmm Omi Gmm bmm ML MM
0.05 25 1478.0 6853.0 81.3 92.5 81.4 923 99.0 100 100 58 1
50 557.0 3258.0 88.7 93.9 88.4 93.8 99.6 100 100 101 1
100 264.0 1652.0 91.6 94.4 91.1 94.6 100 100 100 233 1
250 96.8 654.4 93.7 95.0 93.4 94.6 100 100 100 248 1
500 46.1 330.1 94.8 94.8 94.5 94.8 100 100 100 483 2
750 31.7 219.5 94.6 94.9 94.4 94.9 100 100 100 726 1
1000 234 165.2 94.6 95.2 94.6 94.8 100 100 100 945 2
5000 47 339 94.9 94.8 94.8 94.7 100 100 100 33,903 47
0.1 25 12,220.0 7001.0 88.1 92.5 88.2 92.2 100 100 100 63 2
50 1017.0 3387.0 91.7 93.8 91.6 93.9 100 100 100 111 2
100 505.0 1708.0 93.2 94.5 93.0 94.5 100 100 100 223 2
250 195.0 670.0 94.5 95.1 94.0 94.5 100 100 100 253 2
500 94.4 3383 95.0 94.9 94.7 94.8 100 100 100 490 2
750 64.4 226.8 94.7 94.9 94.6 94.8 100 100 100 700 2
1000 47.8 169.1 94.7 95.0 94.7 94.9 100 100 100 940 3
5000 35.0 349 94.9 94.9 95.0 94.7 100 100 100 32,651 44
0.2 25 4310.0 7836.0 915 92,6 91.4 92.2 100 100 100 56 1
50 2063.0 3742.0 93.0 93.8 93.5 93.7 100 100 100 97 1
100 1019.0 1901.0 93.8 94.5 94.1 94.4 100 100 100 220 2
250 405.7 743.2 95.1 95.1 94.2 94.4 100 100 100 244 1
500 199.3 375.7 94.9 95.1 94.8 94.9 100 100 100 510 2
750 130.7 252.2 95.0 94.8 94.6 94.7 100 100 100 793 2
1000 100.4 185.2 94.7 95.0 94.6 95.1 100 100 100 991 4
5000 19.9 38.5 95.1 95.1 94.9 95.0 100 100 100 34,137 47
0.4 25 9245.0 10,993.0 93.1 93.0 92.7 92.6 100 100 100 64.9 1
50 4452.0 5271.0 93.8 94.0 93.8 93.7 100 100 100 108 1
100 2223.0 2677.0 94.5 94.5 94.6 94.4 100 100 100 245 2
250 880.0 1042.0 95.0 95.2 94.6 94.5 100 100 100 270 2
500 4419 532.0 95.0 95.0 94.9 95.0 100 100 100 546 2
750 293.1 350.0 95.2 94.9 94.8 94.8 100 100 100 800 3
1000 2242 264.0 94.7 94.9 95.0 94.9 100 100 100 1008 3
5000 43.8 53.0 95.2 95.2 95.2 95.2 100 100 100 34,440 48

e The success rates for the MM are 100%, while the success rates of the ML vary depending
on (n,0). For example, the ML estimates diverge more often when o = 0.05, i.e. its
convergence rate is about 50%.

(ii) Unknown ¢2. Among all the scenarios, this is the most challenging one. In our
experiments, we used the same values of # as the ones considered in the symmetric case.
Our observations for this case are summarized as follows:

e The MSEs for the ML approach are smaller than the ones for the MM one, except when
o = 0.4 and n > 10, 000.

e The coverages of the 95% Cls are equal or greater than 95% (with one decimal place
accuracy) only for n > 50, 000.

e The existence rates of (amm, Z)mm)T are always 100%, but the MM estimates 6§1m diverge
more often for small o, where its divergence rate is ~ 50%. The ML estimates diverge
more often for n < 250 or when o is small o, but those rates decrease as o increases.



18 (&) A A.AL-SHARADQAH AND A.G. PATRIOTA

Table 6. A Comparison between the MM and the ML of = (q, b,o)T for data distributed uniformly
on the line segment [—1, 2] corrupted by additive error of unknown level o. The table includes the MSE
of both the ML and the MM estimators, their coverage percentages for their 95% Cls, success (existence)
rates, and their average run time (ART).

MSE(x 107) 95%Covrg(%) 95%Covrg(%) 95%Covrg(%) Success(%) ART(x1076)

A A A A 2 S A ~ 2
o n Omi Omm mi dmm  bmi bmm Oy Omm  Omi dmm  Opm ML MM

0.05 50 49800 79380 809 995 827 989 100 993 23 100 50 388
250 126.8 14638 925 985 913 954 887 993 65 100 50 537
500 65.4 770.5 913 974 911 955 829 980 93 100 50 949
750 419 5211 922 968 913 947 832 966 98 100 51 1447
1000 31.0 366.2 918 972 928 949 863 964 99 100 53 1830
5000 60.1 64.3 953 965 951 9.0 945 965 100 100 52 50,487 27

__ N W

10,000 3.1 30.4 952 956 942 957 942 962 100 100 62 87,647 45

50,000 0.6 5.6 948 958 946 967 955 969 98 100 69 319,826 233

0.1 50 26270 75854 89.1 994 907 988 100 99.8 27 99 51 310 1
250 2629 13396 914 984 911 96.1 817 998 92 100 55 470 2

500 132.5 694 927 973 924 963 864 983 99 100 59 870 4

750 85.9 467.3 928 976 932 958 883 974 99 100 58 1310 1

1000 64.5 3157 939 977 946 951 895 974 97 100 60 1700 1

5000 12.6 534 95.1 964 949 970 944 979 97 100 72 46,132 48

10,000 6.3 29.3 952 957 946 969 949 97.1 98 100 82 77,565 85

50,000 1.2 79 953 955 946 967 953 975 98 100 97 213346 290

0.2 50 30155 77080 935 995 942 999 948 100 54 100 58 232 2
250 5684 12,8360 925 987 929 977 858 100 99 100 70 408 2

500 297.9 681.0 938 978 938 971 911 994 99 100 77 778 2

750 203.0 465.3 937 972 932 967 914 984 99 100 80 1160 2

1000 1441 357.1 944 970 956 969 918 985 98 100 85 1450 2

5000 29.2 913 945 955 949 9.2 939 964 99 100 98 36,323 56
10,000 143 443 946 951 946 947 946 948 100 100 100 65,285 75

50,000 29 9.4 949 954 948 955 958 956 100 100 100 230,418 324

0.4 50 7080.1 92982 945 988 944 992 827 100 99 99 66 199 1
250 16003  2653.8 941 971 937 989 897 995 99 99 94 361 1

500 797.6 14005 943 960 948 979 93.1 9638 99 100 98 630 1

750 525.2 10190 943 953 939 960 924 952 100 100 929 1096 1

1000 3815 774.5 950 959 948 956 934 954 100 100 100 1096 3

5000 76.4 160.8 948 946 949 952 946 947 100 100 100 31,131 45
10,000 393 75.1 949 949 947 945 942 949 100 100 100 58,828 75
50,000 7.6 0.4 945 954 948 952 946 955 100 100 100 230,046 315

e For finite sample sizes, dmm tends to overestimate a and l;mm tends to underestimate b.
That is, for small #, i)mm — dmm underestimates the interval length b—a.

o The MM is very fast. Also, the number of iterations required to compute the ML
estimates shows the same pattern as the symmetric interval one.

4.4. P-Value and power of tests

We also conducted Monte Carlo simulations to verify if the asymptotic p-values have uni-
form distribution and if the power of test statistics at 5% significance level increases as
the sample size increases. The parameter settings are the same employed in the previous
simulations. For the symmetric case, Figure 6 shows the density estimates of the P-values
computed based on the ML (dashed line) and the MM (solid line) approaches. The P-values
were computed under the null hypothesis Hy : a = 1 by considering the Wald statistics
t; = (& — 1)?/ Varso (2) with its Chi-Squared asymptotic distribution with 1 degree-of-
freedom. As expected, under all studied parameter settings, the density estimates of the
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Figure 6. Density estimates of the P-values computed based on the ML (dashed line) and the MM (solid
line) approaches under Hy : a = 1. The tests have been conducted under the assumption that the noise
level o is unknown.

P-values computed based on the ML and MM approaches are uniformly distributed over
the interval [0, 1] when n > 250. This demonstrates that the tests are reliable for those
sample sizes.

Moreover, we expanded our numerical verification to include a power study as shown
in Figure 7. This figure depicts the rejection rates for the ML (dashed line) and the MM
(solid line) approaches. The statistics were computed under alternative hypotheses, namely,
H, :a = a;, where a; = 0.96,0.97,0.98,0.99,1.01, 1.02, 1.03, 1.04 by considering the null
hypothesis Hy : @ = 1 and the same Wald statistics t; = (a — 1)? /Varso (8) at 5% signifi-
cance level. For most parameters settings, the figure shows that the powers converge to 1
as n increases for both approaches. The only exception occurs when |a; — 1| < 0.01, for
which the alternative hypotheses are very close to the null making it difficult to detect the
effects.. Naturally, the farther a; from 1 is, the larger the power is—even for small sample
sizes. But if the hypothesized value is very close to the true value of a parameter, then the
power of the test is low even with large sample sizes.

Finally it is worth mentioning here that the asymmetrical scenarios with known and
unknown o lead to the same conclusions. For the asymmetric cases only the lower bound
was changed under the alternative hypothesis, while the upper bound was kept fixed and
equal to 2. Their corresponding figures are provided in the supplementary*.

5. Conclusion

In this paper, we study the MM and the ML estimators for the width of a uniform random
variable U when measured with additive errors. We study situations where the support
is either the symmetric interval [—a, a] or asymmetric interval [g, b]. Both MM and ML
estimators for the boundaries are discussed in two cases, namely, when the noise level o2
is known and when it is unknown. While the MM estimators have a closed form, the ML
estimators need an iterative algorithm to solve a system of nonlinear equations. A reliable
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Figure 7. Rejection rates computed for testing Hp : @ = 1 under the alternative hypothesis Hy : a =
ay for each a; € {0.96,0.97,0.98,0.99, 1.01, 1.02, 1.03, 1.04} using the MM (dashed line) and the ML
(solid line) approaches. The tests have been conducted under the assumption that the noise level o
is unknown.
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algorithm to compute the ML estimators is proposed with the aid of the Damped-Newton
algorithm. We also establish sufficient conditions for the existence of the MM estimators
and their asymptotic normality. The simulations showed that, if o is known, the asymptotic
normality is reliable even for small samples sizes, but when o is unknown and large, this
approximation is not good and large samples sizes are needed.

Notes

1. Thisimage resolution of this image was 1264 x 1264 pixels, so we used the scale factor fy = 1000
pixels to normalize the extracted data so that the transformed image stays within a reasonable
numerical range. Note that both the ML and the MM are invariant under scaling.

2. This image resolution of this image was 270 x 270 pixels, so we used the scale factor fo = 100
pixels to normalize the extracted data so that the transformed image stays within a reasonable
numerical range.

3. A technique implemented on Image Processing Toolbox of Matlab.

4. Supplementary Material: The online Supplementary Material includes figures for the density
estimates of the P-values and the rejection rates (powers) corresponding to the ML the MM
approaches when testing Hy : a = —1 versus Hj : a = a;, where U ~ [—1,2]. The settings for
those numerical experiments are the same as the ones implemented here.
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Appendices

Appendix 1

Proof of Theorem 2.1: From the classical Central Limit Theorem (CLT), E(X4) < oo implies that
Jn(my — ,uz)—> N (0, Var(X?)). For the additive-error model, Var(X?) = —|— a?o? + 204,
Now if we define g(x) = m, then g(u2) = a. Accordingly, by Delta method, we obtain

N D . . ~ .
1(amm — a) — N0, \IJ,(,},)n). The asymptotic variance of dmm for each model can be easily
obtained now. Next we consider the case when o2 is unknown. Since the support of U is compact
and the moments of a Gaussian distribution are finite, then assumption E(X®) < 0o, and as such

_ 2 _
n(m—p) 2, N3(0, 1), where IT = [M4 M2 He MZIZM] , (A1)
: ng — Ky
where u = (/Ll, )T andm = (ml, my) . Now using Delta method, one can derive the asymptotic

distribution of 0mm = (@mm> 05> Which depends on the moments of X. The non-central moment
of X can be evaluated accordlng to binomial formula, i.e.

k

=y (f)lE(U"‘hE(Ef).

j=0

For even values of k—j and j, E(U*) = k 7 and EF) =

odd powers for U and E have zero expectatlons Therefore,

W respectively; while all other

e = = (a° +21a*0? 4 105a%0* + 1050°)

(A2)

O = | =

ps = = (a® + 36a°0” + 378a*c* + 1260a*0°° + 9450°%),
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while ; and ju4 are given in (6). Now, recall that émm = (dmms, &r%lm)—r is given in (7) and (8). Also,

define g(m) by
ﬁ /3m3 — my

glm) = mz—\/g,dm% — my .

Clearly g generates the MM of @ under the additive model. Using (6) and (A2), the gradient of g
with respect to m, when evaluated at p, is
15 a*+30? 1
=— £oo2 2.
4a2 | — 2(a JgS(r ) 1

3

sy 08(m)
g =~ 5

m=p

After some algebra, the Delta method yields ﬁ(@mm -0 N N5(0, %)), where Wi —

g (w)7, and the components of \Ilﬁrln)]rl are presented in Theorem 2.1. This completes the

proof of Theorem 2.1. ]

Derivations of (19)-(22). We will first derive the MM estimators for @ = (a,b) ' for the case
where o2 is known. One can now equate the first two sample moments with their corresponding

population moments given in (18) to obtain amm = 2m; — Z;mm and
3my = (b—my)? + 3m% + 302 (A3)
Thus, the MM estimators of 9mm = (dmms, l;mm)T existifo? < my — m% and equal to

mm = my —\/3(my — m? — 02),  bym = my + /3(my — m} — 0?2 (A4)

Now, we will derive the MM estimators when the noise level is unknown. The third moment does
not give us helpful information under the additive-error model. We need the fourth moment, which
is attained after some algebraic manipulations by

1
mi= ¢ ((b— m)* +10m}(b — m)* + 5m})) + 2((b — m)* + 3md)o* + 30*, (A5)

By Equation (A3), we eliminate b from Equation (A5)

Smy = (9(my — mi — 02)* + 30mi(my — m; — o) + 5m})) + 30(my — 0*)o? + 1504,

/10
ozzmz—m%ﬂ: E\/mg—m4+2(m%—m‘f).

There are two possible solutions for 2, but its larger solution when replaced in (A4) would lead

and, therefore,

to complex-valued solutions for a and b. Therefore, the MM estimator of 0’2 is given by the smaller
solution, provided it is positive,

A 10
grflm=mz—m%—wlﬁ\/m%—mzl—i—z(m%—m‘f).

Then, under conditions C1 and C2 in (20), we have the MM estimators

R 15

Amm = M1 — 4/7\‘/m§—m4+2(m%—m‘11)
r i 15 o/ 2 4
bom = my + 5 m5 — my + 2(m5 — my).

This completes the derivations of (19)-(22).
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Proof of Theorem 3.1: We start with Part (i) by deriving the asymptotic variance of Onm =

(Gmm> bmm). Since E(X®) < 00, then ) and 1, must be finite and also E(3(my — m? — 0'2)) = %,
Accordingly, if we define

my — \/(3(m2 — m% —0?)
my +

g(m) = (A6)

(B(my —m? — 02)
wherem = (m, my) ", then one can now easily show that g() = 6 and also its gradient with respect
to m, when evaluated at gt = (i1, o) |, is
3(a+b) -3
Yt 5
Tyl etk 3 |-
m=p

b—a b—a

ag(m)
om’

g =

Since E(X*) < oo, then /n(m — p) N N5(0; IT), where

- [Mz —ui w3 —/mzn].
: MHa — K5

The asymptotic variance can be established by using the Delta method. That is, /71O mm — 0) 2
N>(0; \viﬁﬁn), where \Ilfﬁzn =4Iy (w)) T, and the components of \II

Next we prove Part (ii), let us first define

gy, 2) = (x—ff +\/7fy—x —\/7>T,

where w = 3y> — 2x* — z. Notice that 335 — 2u} — s = (b — a)*/120. After some algebra, this
identity can be employed to show that g(u1, 2, a) = (a, b, )T,
Hence, by the Delta Method, we have that ﬁ(émm —60) B N3(0; \Ill(ﬁzn), where \Ilgzn =

g I (g'( 1)) " whose components are attained after a lengthy algebra and by using the following
higher moments of X = U+ E,

m are presented in (23).

s = b - a® + 25qu +750%a + b),

6(b—a) b—a
M62b7—a7 +302b5—a + 150 “’ +150,

7(b — a) b—a

b9_a9 2b7_a7 4b5—a5 6b3_ 3 s
M8:9(b—a)+40 b—a + 420 b—a + 1400 b—a + 1050°.

Following the same steps of Part (i), one can derive the components of \Ilmm, which are given by

(3)
11

(3)

1
= (37a* + 37ab + 16b%) + x1

1
— (164 + 37ab + 37b%) + x1

2 =5
e _ 2 2 (10,2 2
Vs (b —a)* (19a* + 37ab + 19b°) + x»
315
. (A7)

o= 7 (230 + 44ab +236) + x5
@ = —E(b — a) (196* 4 29ab + 12b%) + x4

1
= 57 (16a° +37ab + 376%) + xs,
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where
4
n=: (88a” + 139ab + 88b%) L§ + 360 (4a” + 7ab + 4b%) Ly + 7200 (a* + ab + b*) L

+ 5400(b — a)*L},
and
2 (b —a)?
315
+ 126000 (a* + ab + b*) L§ + 94500(b — a)*L§ ],

X2 [90 (9a® + 17ab + 9b%) L§ + 945 (27a* + 46ab + 27b%) L§

1
X3 = —5(6(169012 +292ab + 169b*) L3 + 7560(4a’ + 7ab + 4b%)Lg + 151200(a* + ab + b?)L§

+ 113400L§0?),

X4 = —% (72 (9a® + 17ab + 9b®) L§ + 5040 (4a® + 7ab + 4b”) L + 100800 (a* + ab + b*) L§

+ 75600(b — a)*Lgo],
4
== (88a” + 139ab + 88b%) L§ + 360 (4a” + 7ab + 4b%) L§ + 7200 (a* + ab + b%) L

+ 5400(b — a)*L}.

Here Ly = o /(b — a) represents the ratio of the noise level to the length of the line segment. This
completes the proof of Theorem 3.1. |

Appendix 2. Supplementary material to On estimating the boundaries of a
uniform distribution under additive measurement errors

This online supplementary material includes figures for the density for P-values and the rejection
rates for testing the hypothesis Hy : a = —1 versus H; : a = a; for the asymmetric cases. Figures
7 and 9 present the P-values computed under the null hypothesis and Figures Al and 10 depict
the rejection rates computed under the alternative hypothesis. In those cases, the lower bound
was changed under the alternative a; € {—1.04, —1.03, —1.02, —1.01, —0.99, —0.98, —0.97, —0.96},
while the upper bound was kept fixed and equal to 2. The settings for those numerical experiments
are the same as the ones implemented here.

(1) Figure Al shows the density estimates of the P-values computed based on the ML (dashed line)
and the MM (solid line) approaches when o is known.

(2) Figure A2 shows the rejection rates (power of the test) computed based on the ML (dashed line)
and the MM (solid line) approaches when o is known.

(3) Figure A3 shows the density estimates of the P-values computed based on the ML (dashed line)
and the MM (solid line) approaches when o is unknown.

(4) Figure A4 shows the rejection rates (power of the test) computed based on the ML (dashed line)
and the MM (solid line) approaches when o is unknown.
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Figure A1. Density estimates of the P-values computed based on the ML (dashed line) and the MM (solid
line) approaches under Hy : a = 1. The upper bound of the interval was kept fixed and equal to 2. The
tests have been conducted under the assumption that the noise level o is known.
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Figure A2. Rejection rates computed for testing Hp : @ = 1 under the alternative hypothesis Hy : a =
aq using the MM (dashed line) and the ML (solid line) approaches. The lower bound was changed under
thealternativea; € {—1.04, —1.03, —1.02, —1.01, —0.99, —0.98, —0.97, —0.96}, while the upper bound
of the interval was kept fixed and equal to 2. The tests have been conducted under the assumption that
the noise level o is known.
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Figure A3. Density estimates of the P-values computed based on the ML (dashed line) and the MM (solid
line) approaches under Hy : a = —1 while the upper bound of the interval was kept fixed and equal to
2. The tests have been conducted under the assumption that the noise level ¢ is unknown.
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Figure A4. Rejection rates computed for testing Hp : @ = 1 under the alternative hypothesis Hy : a =
aq using the MM (dashed line) and the ML (solid line) approaches. The lower bound was changed under
thealternativea; € {—1.04, —1.03, —1.02, —1.01, —0.99, —0.98, —0.97, —0.96}, while the upper bound
of the interval was kept fixed and equal to 2. The tests have been conducted under the assumption that
the noise level o is unknown.
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