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Summary. Quasi stationary distributions (qsd) are described as fix points of a trans­

formation T in the space of probability measures. For a given probability measure µ we 

give sufficient conditions for the existence of limn-+oo T" µ and for this limit to be a qsd. 

For the birth and death chain, calling R(61 ) the absorbing time of the chain with starting 

measure 61, that concentrates mass on the state 1, we show that the existence of qsd is 

equivalent to Ee9R( 6d < oo for some positive IJ. Moreover we prove that T"61 converges to 

the minimal qsd. The method is based on the study of the reucwnl process with interarrival 

times distributed as the absorbing time of the chain with initial measure µ. The key tool 

is the fact that the residual time of that renewal process has the same distribution as the 

absorbing time of Tµ. 

Keywords. Quasi stationary distributions. Renewal processes. Residual time. Birth and 

D<'ath process. 
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1. Introduction. 

Let X(t) be a continuous time irreducible Markov chain in {O} U S, where S is a 

<lenumerable set. Let Q be the corresponding transition rates matrix: q(x,y) is the rate 

of jumping from x to y -I x, q( x, x) = - E,# q( x, y) and it is finite. The state O is 

absorbing: q(O, x) = 0, for x E S and all states connect. We assume ERr < oo for all 

x E S, where nr is the time of absorption at O for X"(t), the chain starting at x E S. 

A quasi stationary distrihution ( qscl) I' is a probability measure on S with the property 

that, starting with I' an<l couditioniug that at time t the chain has not been absorbed, the 



distribution is still ,,, i.e. 

(1.1) 
E,esµ(y)P(X•(t) = x) _ 
L,esµ(y)P(X•(t)-/: 0) - ,,(x). 

This implies that if E,es q(y, x) < oo, then any qsd µ satisfies the forward equation 

(1.2) L>(y)( q(y, x) + q(y, O)µ(x)) = 0, for all x E S. 
11ES 

Reciprocally, if I' satisfies (1.2) then I' is qsd (See Lemma 2.3 below). The cxistenC'e of qsd 

for chains with denumerable state space has been established for the branching process in a 

pioneer work by Yaglom (1947), for the asymmetric random walk by Seneta {1966) and for 

the birth and death chain by Good (1968), Kijima (1990) and Ferrari, Martinez and Picco 

(1991). For discrete lime this has been studied by Seneta an<l Vere-Jones (1966) a.n<l for the 

finite state space by Darroch and Seneta (1965). Yaglom and Seneta Vere-Jones compute 

the limit as time t -+ oo, of the transition probability functions given that the chain is 

not absorbed at time t. This has been called Yaglom Limit. Kijima (1990) computed the 

left eigenvector of the transition matrix for the birth and death proC'ess obtaining that a 

sufficient condition for the existf'nce of a qsd is that the birth and death rates at state i 

converge as i -+ oo to constants .X < I'· Ferrari, Martinez and Picco (1991) improved that 

condition by computing explicitely the solutions of (1.2) that were previously described 

formally by Cavender (1978). They found that the necessary and sufficient condition for 

the existence of a q8d in the birth and <leath chain is (1 .3) below. 

The main novelty in this paper is the characterization of qsd's as another limit. Equa­

tion (1.2) can be interpreted by saying that ,, is thf' invariant measure fur the proC'ess on 

S with transition matrix Q" given by 

q,.(x,y) = q(x,y) + q(:r,0)11(y), x,y ES, 

so that a probability measure µ is qsd if and only if 11Q,. = 0. Ilut this suggest the 

· introduction of the transformation T: ,, 1-+ 11, where II is the uuique solution of vQ" = 0. 

Under suitable conditions, if we call l'n = Tn I', then limn-+oo /In is qsd. A natural objcd 

to study in this context is the ahsorhing time R(11), the first time that the chain hits O 

2 



when initially distributed according toµ. One would expect that if R(µn) converges to a 

non degenerate random variable, thenµ" will also converge. We show that R(µn+i) ie the 

residue.I time of the renewal process induced by R(µn) and this allows us to obtain that a 

sufficient condition for R(µn) to converge is that ER(µn) is a non decreasing sequence. 

We were not able to complete this program in general, but it works for the birth and 

death process. We use the method to show in Theorem 1 of Section 4 that a necessary 

and sufficient condition for the existence of a qsd in the birth and death process is that 

(1.3) there exists (J > 0 such that Eern
1 < oo, 

where R 1 is the absorbing time at O of the chain starting at 1. We notice that (1.3) is 

P!ptivalent to l"Xponc-ntial decay of tit(' tail of the- distrihntion of R 1 : 

(1.4) there exist positive constants C1,C2 such that P(R 1 > t) ~ C1e-c,,_ 

This is implied, in the birth and death case, by 

I. qi,i+I l . JN 1m sup -- < , t E , 
i-oo qi.i-1 

for instance, where q;,; is the rate of jump from i to j. But better sufficient conditions 

- with infinitely many q;,;+i/qi,i-l > 1 for c-xarnplf'- can be easily constructed. This result 

was proven by Ferrari, Martinez and Picco (1991) using the discrete chain. 

In contrast with ergodic Markov chains, for which the stationary measure is unique, 

th<'re are in general infinitely many qsd's. This ha.'I been pointed out by Cavender (1978). 

However one of those qsd can be dmrackrized a:; the "minimal'' on<": the one that has 

minimal expected absorbing time at 0. In the case of the random walk the minimal qsd is 

thr Yaglom limit of b,:, for any z in S, whl"re b,: is the measure concentrating on x. Indeed, 

the Yaglom limit computed by Seneta (1966) turns out to be the minimal qsd exibited by 

Cavender (1978). For the birth and death chain we prove, under condition (1.3), that 

if µ 0 = 61, thf'n limn-co l'n is exactly the minimal qsd. This is done in Theorem 2 of 

Scdion 4, where we deal with the birth and deat.h cas<'. In S('ctions 2 and 3 we define 

the tranformation T and introduce the family of renewal processes associated with this 

trai1sformation. 
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2. Dynamical system. 

For any probability measureµ on S define a Markov chain Y,,(t) on S with transition 

rates matrix Q,, with entries 

(2.1) q,,(x,y) = q(x,y) + q(x,0)11(y), x,y ES. 

It is convenient to have a construction of Y,.(t) related to X 1'(t), the absorbing chain with 

initial distribution I'· Let {X1:(t): k = 1,2, ... } be a sequence of independent copies of 

X"(t) with absorbing times t1, = inf{t: X1,(t) = 0}. Define so= 0, s1, = I;~=1 t; fork~ 1 

and 

00 

(2.2) Y,,(t) = LX1:(t-s1:-1)l{t E [s1:-1,s1:)}. 
k=l 

In words, each time that a copy of the chain X"(t) is absorbed, it is substituted immediatly 

by a new copy. It is easy to see that the chain constructed in this way has transitions 

rates given by (2.1). Observe that s1: are the ocurrence times of a renewal process with 

interarrival intervals distributed as R(µ), the absorbing time of the chain with initial 

measureµ. 

If Q,, is ergodic and positive recurrent, then there exists an unique invariant measure, 

1.e. an unique probability measure v satisfying vQ,. = 0. Let T be the transformation 

T: µ 1--+ v. We prove now that the quasi stationary distributions arc the fix points of T. 

Lemma 2.3. A probability measure I' is qsd if alld ollly if ,,Q,, = 0. 

Proof. Ifµ is qsd, 11 satisfies (1.1) which implies immediatly that 11Q,, = 0. Reciprocally, 

if µQ,, = 0 then 

(2.4) 11(x) = L P(Y,.'(t) = x)11(y). 
,es 

To prove that the solutions of this equation are solutions of (1.1) it suffices to show that 

P(YJ(t) = x) = P(X•(t) = x) + P(.Y'(t) = O)µ(x). Now 

(2.5) P(YJ(t) = x) = P(l~r(t) = x,R' > t) + P(l';r(t) = xlR" :5 t)P(R' :5 t) 
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By (2.2) we take care of the first term in the right band side of (2.5): {Y,.'(t) = x,R' > 

t} = {X•(t) = x }. For the second term, observe that the position of the chain Y11(t) at 

the time of absorption of X(t) has distributionµ. Then the strong Markov property gives 

P(Y:(t) = xlR' $ t) = L P(Y:(R') = z)P(Y;(t - R') = x) 

(2.6) 
iES 

= L µ(z)P(l~:(t - R') = x) = µ(x), 
iES 

by (2.4). To concludf' observe that P(R' :5 t) = P(.'P(t) = 0).6 

Now we show that the limit of T" µ is qsd. 

Lemma 2.7. Assume tlrnt I;,q(y,x) < oo for all x. If µ00 = limn-ooT"µ exists for 

someµ and µ 00 is a probability measure, tben /Loo is quasi stationary. 

}~°!, [L1,,.(y)(q(y,x)+q(y,O)µn-1(x)) ] =0 forallxES. 
,es 

Since µ,.(y) $ 1, by dominated convergence we can interchange the limit and the sum to 

obtain that /loo = limn-oo 1-'n satisfit"f! the qsd equation (1.2) ... 

3. The associate renewal processes. 

Let r; be the interarrival times of a renewal process. That is T; are independent and 

id(·ntically distributt>d as a given variable r ~ 0. Let N(t) be the number of renewals up to 

time t and u; = L~:el T1, be the time of the i-th renewal. The distribution of the residual 

tiiUf' Res( r) is given l,y 

P(Res(r) > s) = lim P(uN(l)+I - t > s). ,-00 
Thf' residual of r is a non degenerate random variable if Er < oo which we assume. 

Let R(µ) = inf{t: X"(t) = 0}, hf' the absorbing time at 0 of the chain X(t) when the 

stnrting measure is I'· In the next lemma we show that under reasonable conditions the 

residual time of fl(Jt) has thf' same distribution as R(T11) where Tis the transformation 

introducf'd in Sf'ction 2. 
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Lemma 3.1. If ER(1,) < oo, then R(Tµ) = Rcs(R(µ)) in distribution . 

Proof. By (2.2), the distribution of the residual time Res(R(µ)) is given by 

(3.2) P(Res(R(1,)) < s) = lim '°' P(Y11 (t) = x)P(R"' < s). 
c-00 ~ res 

From ER(µ) < oo we get that Y,,(t) is positive recurrent so Tµ is a probability measure 

and, as t -+ oo, Y11 (t) converges in distribution to T11. We would be done if we were ready 

to assume that for all s > 0 it holds L.res P( R" < s) < oo. In that case, by dominated 

convergence we would have that the right hand side of (3 .2) equals 

L(T11)(x)P(R'~ < s) = P(R(T11) < s) . 
.i:ES 

To prove the lemma without the extra assumption let Y,.(t) be a copy of the chain Y,.(t) 

with initial (stationary) distribution Ti,: P(Y,.(O) = y) = (T1,)(y) . Hence P(Y,.(t) = y) = 

(Tµ)(y) for all t;?: 0 and 

(3.3) P(R(Tµ) < s) = lim '°' P(Y,,(t) = x)P(R"' < s). ,~ooL-J 
res 

From (3.2) and (3.3) we can write 

(3.4) 

IP(Res(R(µ)) < s) - P(R(T11) < s)I 

$ Jim '°' IP(Y11 (t) = x) - P(f',.(t) = x)IP(R"' < s) 
t-oo~ 

rES 

$ lim E'°' ll{Y,,(t) = x} - l{f'µ(t) = x}IP(R"' < s) 
t-oo ~ 

res 
$ lim 2P(Y,.(w) ,f. Y,,(w), for all w $ t) 

1-+oo 

To show the third inequality observe first that the sum in the third line of (3.4) has at 

most two terms. Then the inequality holds by considering any joint realization ( coupling) of 

Y11 (t) and Y11(t) such that they will continue together after meeting. To prove that the last 

line in (3.4) vanishes we consider the following coupling: the two chains are indcp,·ndcnt 

up to the first moment that they meet. Since the chain is positive recurrent, this mrctiug 

occurs in a random time W1 that is finite with probability one. The lemma is proven .• 
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Let JI be a probability measure surh that E[R(l1W < oo for all n. Define 110 = µ 

and Jin = Tnµ. Calling Rn = R(µn) we have under the conditions of Lemma 3.1 that 

Rn+! = Res(Rn) so that by elementary renewal theory, the distributions of Rn and Rn+t 

are linked by the following 

(3.5) 1.
00 I'(Rn > w) 

I'(Rn+I > s) = ER dw. 
• n 

Thr. expr.cted value of R,. is givrn in fnnction of thr moments of Ro by 

(3.6) 

Dy induction this implies that 

(3.7) 

ER;+ 1 /(n + 1)! 
ER,. = ER8 /n! . 

ER::. 
n! 

n+m- 1 

= II ERk, 
k=m 

for II, m 2: 0, where WP. have used the rnnvention n;:,,--;~ ERk = 1. 

Lemma 3.8. If tlirrc exists 6 > 0 sucli tliat Ee8n• < oo and ERn is non decreasing inn, 

tlicu ER,. are uniformly bounded and, as n -+ oo, Rn co11vcrgcs in distribution to R 00 , an 

rxponentially distributed random variahle wit11 mean ER00 = lim,._00 ERn, 

Proof. We have 

(3.9) Ee'II" = ~ 6" ER~_ 
L n! 
n=O 

Call /,., = ER,. mu\ n., = (J" ER0 /11! . Dy (3.6) wr have that I,,. = a
9
n+I and, sincr b,. is 
"n 

non <lrcreasing, a,.+ifa,. 2: an/Rn-I for all n. Hrnce, if for some no, Un 0 2: Rn 0 -J, then 

the sequrnce is non drcwasing for 11 2: n 0 • Out this contradicts the hypothesis I: a,. < oo. 

This implies that a,. must drcrea.,;r. So 

implirs that ER,. convrrgcs t.o a finitr munhcr that we call ER00 • Using (3.7), 

(3.10) 
oo n oo m+n-1 

Er9llm = L (J" E
7
~m = L 8" II ERk. 

n = O ,i = O k=m 
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The convergence radii of the series Ee6 Rm is 1/ ER00 • In fact, as n -+ oc1, the quantities 

cnz:~ ER1-.)1/n converge to ERoo, For any 9 < 1/ ERoo, (3.10) and monotone convergence 

imply that 

which is the moment generating function of an exponential random variable with mean 

ER00 • From this Rn converges to R00 , in distribution. Remark that also the series Ee6n00 

has convergence radious 1/ ER00 • .t, 

In the next result we give a condition for the nun decreasing property of the E Rn. 

Lemma 3.11. Assume tl1at ER~ < oo for all n. Tlien a sufficient condition for ERn to 

be non decreasing in n is tliat 

(3.12) 

where .R.0 is a copy of~ independent of R1 . 

Enn+i 
Proof. Using (3.5) as was used in (3.6) one gets ERn+i = ( 1

) R , from where n+ l E r 

4. Th~ birth and death case. 

In this Section we treat the birth and death process. The state space is { 0} US, where 

S = {1,2, .. . ). The transition matrix has components q0 ,; = 0, for all j, q(i,i) = q;; = -1, 

q(i,j) = q;,;, for i -:f O and q;,; = 0 if Ii - ii > 1. The process evolves according to the 

(backward) equation 

00 

(4.1) v:.;<t> = L q;,1:v1:.;(t), 
i=O 

where p;,;(t) is the probability that the chain starting at i he at j by time t. Recall that 

Ri = R(6;) is the absorbing time at O of the chain starting at state i. The main result of 

this section is the following. 
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4t • 

Theorem 1. A decessary and sufficient condition for the existence of qsd for the birth 

and death process is that there exists (J > 0 such that Ee1n' < oo. 

The condition is necessary. In fact, if there exists a qsd µ, then R(µ) verifies P(R(µ) > 

s + t) = P(R(µ) > s)P(R(µ) > t). So R(µ) is exponentially distributed. Then for 

fJ < 1/ER(µ) we have Ee11l(µ) < oo. Since R1 = R(6i) is stochastically dominated by 

R(µ) we deduce Ee8n' < oo. 

In order to prove the sufficient condition we assume throughout that Ee 11 n' < oo for 

some 8 > 0. We prove in the next Lemma that the distribution of the absorbing time 

determines the initial measure. Let I' be a probability measure on Sand X"(t) be a birth 

and death process with initial measureµ: P(X"(O) = k) = Jt(k). 

Lemma 4.2. The function R: µ,..... R(µ) is one to one: if Jl =/- v then R(µ) =/- R(v). 

Proof. We have 
00 

p\j\t) = Eqt~>Pk,j(t), 
1<=0 

where plj)(t) is then-th derivative of p;,,(t) and ql_1 is the (i, k)-term of the matrix Qn. 

So 

Pl;\o) = qt;
1 = E q;,A:, qA;, ,A:2 • • • q"n-2,1 ql,O · 

l-1 •••••"n-2 

Then P~'.~(O) = q,.,,. _ 1qn-1,n-2 • •. q1,u and ptJ(O) = 0 if k > n. 

The fact that the q;,j arc bounded and that for any i only a finite number of k verify 

that q1i;,; =/- 0, imply that the n-derivative f'(n>(s) :::n P(R(1,) $ t)l1=• exists and is 

given by 
00 

p(nl(,q) = Eµ(k)ptJ(s). 
A:=O 

Since pt~(O) = 0 if le > n .the above sum evaluated at s = 0 only takes into account 

k = 1, ... , n. From ,,tJ(O) = qn,n-1 ... q, ,o > 0 we deduce that ,,(n) is a linear funrtion of 

p( 1 l(0), ... , p(n)(0) ... 
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Corollary 4.3. A probability measure I' is a qsd if and only if tlie absorbing time R(1i) 

is exponentially distributed. 

Proof. We must only show that the condition is sufficient. Let µ 1(x) = P,.(X(t) = 
x)/P,.(X(t)-/:- 0). If R(11) is exponentially distributed, then P(R(1,,) > s) = P(R(µ) > 

t + slR(µ) > t) = P(R(Jt) > s). Hence, by Lemma. 4.2 ,,, = /'·'-

Let /to = 61 , l'n = T"61 and R,. = R(Jt,.). In the next L<'mma. and Corollary Wf' show 

that the sequence Rn rnnv<'rg<'s. Notice that the assumption Ee8R
1 < oo and (3.6) imply 

that ER';: < oo for nil m, n 2: 0. 

Lemma 4.4. Tli<' s<'qucncc ER" is non decreasing iu n. 

Proof. First notice that the birth and death chain satisfies the conditions of Lemma 3.1, 

so R,.+ 1 = Iles( R,. ). Hcn<"e, it suffices to prov<' that (3.12) holds. Sta.rt two indcpendPnt 

Markov chains with matrix Q. One called X 0 (t) with initial distribution µ 0 = .S1 and th~ 

other called X1 ( t) with initial distribution /II. Let lV be the first time that X1 ( t) = Xo(t), 

and Z be tlw placP of this mcf'ling. Notict> that TV < oo with probability one because 

the absorbing timPs of the two chains have finite expectation. Tht>n the left hand side of 

(3.12) rmds: 

In {Z = O} we havr X1(t) > Xo(t) for all t < lV, so R1 > Ro and the expectation in the 

first. t.rrm of (4.5) is stri<-t.ly posit.ivP. Dy t.h<' i;t.rong Markov prnpPrty, t.hc <'XJ><'d.nt.ion in 

the second term of (4.5) can he writtPn 

( 4.6) 

where Rz and iF are two indrpendrnt copies of the absorbing time of X{f) both starting 

at Z. The L<'mnm follows h<'causc ( 4.6) is zero by symmetry .• 

Corollary 4.7. Tlic scqucncf' R,. converges in distribution to a non degenerate random 

variable called R,,,, . Furtl1cn11or<', nilliug F,t"'>(.~) = :i: P(Rn :c:; t)li=•• for all m ~ 1, 

lim Fi"' 1(t) = Fi,m>(t). 
n-oo 



Proof. The first part follows from Lemma 3.8 and the fact that for the birth and death 

process ERn is non decreasing by Lemma 4.4. For the convergence of the derivatives 

observe that 

p(m>(t) = (-ir+i 1- Fn-m(t) 
n ERn-1 , , . ERn-m 1 

so that, by Lemma 3.8 the derivatives also converge.,. 

Lemma 4.8. The limit /too = limn-oo T"61 exists and it is a probability measure. Fur­

thermore, R(µoo) = Roo-

Proof. From Lemma 4.2 we have that the distribution of the absorbing time when starting 

by I' determines univoquely I' througth the derivatives of the distribution function of the 

absorbing time. Since the drrivatives are in fact fnuctions of the mommts of R and all the 

moments converge, this proves that the measures Jt,. converge to a measure /1 00 • To prove 

that µ 00 is a probability, we argue by contradiction. Assume that there exists e > 0 such 

that for any N > 0, I:;f:,, 1 µ 00(i) < 1 - c:. Then for any N and n ~ n(N) sufficiently large 

we have I:;f..1 µn(i) < 1 - ½e- But this implies that ERn = ER(µn) > c:N/2. Since N is 

arbitrarily large, this is in contradiction with ERn :-:,; ER00 < oo. So Jt00 is a probability 

measure. Finally, since I:;.,~1 P(R" < s) < oo, we get Roo = R(µoo)-• 

Proof of Theorem 1. The necessary condition was proven after the statement of the 

theorem. The reciprocal follows from the convergc>nce of µn to a probability measure 

proved in Lemma 4.8 and the fact that this limit is a qsd, property given by Lemma 2.7. 

An alternative proof is that R00 is exponentially distributed and with the same distribution 

as R(µ 00 ). Hence, by Corollay 4.3, ,,00 must be qsd.,. 

Now we show that /loo is the minimal qsd. 

Theorem 2. The limiting measure µ 00 = limn-oo Tnc, is the minimal qsd. 

Proof. Recall that the set of qsd {,,} is ordered by the parameter -y,, = E(R(µ)). Moreover 

Ee'll(µ) = __ 1_ ' 
1-(J-y,, 

which converges for any 6 < 1/-y,,. Let us show that if,,, is a non minimal qsd ( i.e. there 

exists a qsd /t satisfying -y1, < -y1,,) then /lco -:/- ,,'. Take 6 E ( ....!..., ...!.. ) then Ee9ll(µ') = oo and ...,,., ...,,,. 
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Ee1R(,.) < oo. So Ee9R(6d ~ Ee'R(,.) < oo. By the proof of Lemma 3.8, Ee•n<,.00 > < oo, 

so µ 00 f= µ 1
• Hence µ 00 is the minimal qsd i.e. 7,.00 = inf h" : µ is qsd } . Remark that, 

since µ(1) = 1/(1-,.q1,0 ), this implies that µ 00 is characterized as the qsd with the biggest 

µ(l). It 

5. Final remarks. 

One would like to use the approach to show the existence of qsd for chains with rates 

other than nearest neighbor unidimensional. The condition }:, q(y, x) < co is necessary 

for the statement of the forward equation (1.2) nncl to prove that limn-+oo Tnµ must be 

qsd in Lemma 2.7. Th<' nearest neighbor one dimensional property of the birth and death 

chain is used in two key places: (a) in the proof of the monotonicity of the ERn in equation 

(3.12). This property may very well be quite general, but in order to use the symmetry 

as in (4.6) we need that two independent copies of the chain necessary cross; (b} in the 

reconstruction of 11,. from Rn in Lemma 4.2, but we believe that this is just a technical 

constraint. 

We conclude by posing a couple of (natural) open problems. Assume that R,. is non 

decreasing and ronvrrgcs to R00 • Tlwn, is it true that 

(5.1) P(Ro > t + s) _. P(R > s)? 
P(Ro > t) 

00 

In other words, the existence of the limit of the Rn is sufficient to guarantee the existence 

of the Yaglom limit of the chain, when starting at a single state? This should be true in 

vi<!w of the fact that for the random walk it holds and also because both sides of (5.1) 

depend on the tail of the distribution of R 1 • 

From the results of Sencta (1966) and Cavender (1978) mentioned at the end of the 

introduction and Lemma 4.10, we get that for the random walk 

Namely, the Ynglom limit nncl the limit defined in Section 2, both starting from a m<>nsnre 

concentrating on a single state, are the same and equal to the minimal measure. Under 

which conditions this is true for Markov chains satisfying (1.3)? 
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