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Introduction1

This work is a part of [7].
We will consider neutral functional differential equations (NFDE) of the form

4-V{xt) = F(xt) (1.1)
dt

where T> and F are given continuosly Frechet-differentiable functionals from the space C with values 
in a given Banach space A', C being the space of all continuous functions 9 : [—r*. 0] —* A' with 
norm IMU = sup{|v?(0)| : — r<0<O},r>Oa given constant (the delay) and xt the map 
r, : [—r,0) —» A” defined by xt(6) = x(t •+ 0), —r < 0 < 0.

Under appropriate hypotheses on the functionals T> and F, one can prove that, for each 9 in C, 
there exists a unique continuous solution x : (—oo,+oo) —» A' of equation (1.1) such that x0 = 9 
and V(xt) = V(p) -i- /0f F(xt)ds for any real number t.

The flow is the family {5(0}reR of operators S(t) : C —* C defined by S(t)<p = xt, 9 in C. The 
flow is a group of transformations with the following properties, for all t and s in (—00.00): (i) 5(1) 
is continuously Frechet-differentiable on C; (ii) $(0«S(s) = S(i + s); (iii) S(-t) = 5(<)“l* (iv) for 
each 9 in C, the map t S(t)p is continuous, that is, the flow is strongly continuous with respect 
to t.

A point c in A' (identified with the constant function (p(0) = c) is fixed under the flow if and 
only if F(c) = 0. Such a point is said to be hyperbolic if the spectrum a(T(t)) is disjoint from the 
unit circle 51 = [v € C : |u| = 1}. for t ^ 0, where {T(*)},6r is the flow of the linearized equations 
at c, given by:

d
-rDyt = Lyt (1.2)dt
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where D = I^fc), L = F'(c) are the Frechet derivatives at c.
It is known (cf. [3], [4]) that, when X = Cn, for almost all t in R: a(r(f)\{0} = eIA\{0) 

where A is the set of all characteristic roots A in C, that is A(A) : A' —* A' is not injective, where 
A(A)q = A£>[eA- 7] — L{ex- g], q in A'. The set etA is in fact the set of all eigenvalues of T(t).

When c is hyperbolic then the phase space can be written as the direct sum C = Cu © Ca 
of closed invariant subspaces characterized by Cu = {y> G C : T(t)<p —♦ 0 as / —► —00} and 
C3 = G C : T(t)y —♦ 0 as t —► -foo}. In this case, there is a neighbourhood V of c in C such 
that the sets

= {y? € V : «S(t)<^> tends in V to c as t goes to — 00} 

said W* = {<p € V : S(t)ip tends in V to c as t goes to + c»}

are differentiable manifolds tangent at c to Cu and C3 respectively. Wu is the unstable manifold and 
W* is the stable manifold of c. There exists a homeomorphism h : C —» C, h — I bounded, h(c) = c. 
such that for each r > 0 the above neighbourhood V can be chosen in order to T{t)h<p = hS(t)<{ 
for all t in [—r, r] and all </? in V, that is, h is a conjugation between the flows.

It is relevant to search subsets of C which are invariant under the flow. The most important arc 
the Sobolev spaces Wl,p = {1^ 6 C : ip(0) = y?(0) 4- fo ^p[^)doy in Lp([—r, 0), A')) with the norrr 
\M\w* p = (M0)\> + ||vHIJ)1/p if 1 < p < 00 and = sup{|v?(0)|, ||^|U}.

It is also interesting to argue in the opposite direction: to allow the initial function to be 
discontinuous. Relevant phase-spaces are: (i) the space of functions with bounded variation or 
[—r, 0); (ii) the space Q+ of regulated right-continuous functions on [—r,0[ with finite left-hand side 
limits on ] — r, 0) with the sup-norm; (iii) the space Lv = Z.p([—r,0], A), 1 < p < oc.

The above mencioned results are extended in [1] for the phase space Q+.

We will do here the extension for initial functions in Lv\ the phase space being X x Lr. Although 
our functionals V and F are not defined on Lp< the compositions t ►-> V(xt) and t *-♦ F(xt) belong 
to X) for each x in L^flR, A'). W'e will prove that, for each (£,9) in X x Lp, there exist:

a unique function x in /^(IR, A') such that xo = y and ^(xt) — £ + fo F(x$) ds for almost all t ii 
IR. The flow is defined by «S(f)(f,s?) = ({ + fo F(xt) ds,xt) and {5(/)}i€F ]S a group of strongly 
continuous Hadamard-differentiable maps of X x Lp. which is stronglv-continuous in t if 1 < p < 00 
This result and the above results about conjugation of flows are found in [7].

We work here with the equation (2.1) of §2 but the results can be extended to more genera 
equations (see [7]).

The space X in Theorems 2.1 and 2.2 can be any Banach space.
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- The Fundamental Theory

Ve state the fundamental theorems on the solutions of the NFDE

■^E{x(t)yx(t - r)) = f(x(t)yx(t - r)) + £ a(6)g(x(t -f 9)) dO
(2.1).

mere E and / are continuously Frechet-differentiable maps from X x X into X, X is the n- 
imensional Euclidean space IRn or Cn, g : X -+ X is also continuously Frechet-differentiable and 
i is an integrable map from [-r, 0] into the space £(A') of continuous linear operators from X into 
tself.

We fix p, 1 < p < oo, and look for solutions of (2.1) in X).

We assume that:

.Hi) The derivatives DE = [ %DI = [|£ J and D9 are all bounded on their domains.if Sf
H2) There exist injective continuous linear operators L0 and Lr from X into itself and a real 

constant c, 0 < c < 1, such that

dEdE
li7 “ Z°d^Po,Pr^ -c and "7 “ Ir^r(Po’Pr)|1 - c

for all (po»Pr) 6 A'x A', where / is the identity.

H3) ||a||p. < oo, where ± = 1.

We observe that if x belongs to Lj)oc( 1R,A'), then the maps t V{xt) = £(x(f),x(f - r)) and 
F(xt) = f{x{t),x(t - r)) + J2r a(0)g(x(t + 9))d6 also belong to A').

We say that x in /.^(IR. A') is a solution of (2.1) if there exists a constant vector ( in X such 
hat the relation

V(xt) = £ + / F(z,)ds 
Jo

(2.2)

lolds ,, for t in (-00.00): in this case. « is also a solution of the integral equation (2.2).
We denote by LP the Banach space Lp([-r,0]. A') with the J™.

L lhert exists a unique solution x in !’“(R..Y) of equation Theorem 2.1 For each (<,<^) e A * ... .
,» oj such that x0 = Moreover, if l < P < °°■ ^ ~ *' € L> 'S COnl,"UOUS- Th,S
o,ap , not continuous lohen p = oo although for each t in (-00.00). the map «,„) - x, € L* »
continuous.



-406-

Proof. Given (£,9) € A x Lv, we consider the map T from Lp([0,T], A') into itself defined by

r[y)(t) = m - ^[V(yt) - £ - F(y,)ds)
Jo

for t in [O.T], (2.3]a.e.

where we put yo = 9-
For sufficiently small T > 0. independent of T is a contraction, uniformly in (£,9). The

fixed point x of T is the solution defined on [0,T].
We use an induction argument to obtain the solution on [0,oo).
Analogously, the solution on [—T — r, — r] is the fixed point of the map T defined by

.%](* - r) = y(t - r) - Lr[D{yt) - { - f F(ya) ds]
Jo

for t in [—T, 0]a.e.

where again we put j/o = 9.
Again, by induction, we get the solution on (—00,00).
Since the map t xt 6 Lp is continuous when 1 < p < 00 and not continuous when p = 00 

the rest of the proof is a consequence of the continuity of each contraction with respect to (£,9, y] 
and the independence on (£,9) of the contraction constant.

The flow corresponding to equation (2.2) is the family {5(f)}t€F of operators 5,/) from A' x 
onto itself defined by

= ( F{xa)ds,xt)
Jo

where x = x(£,y>) is the solution of equation (2.2) through (£,9)-
By Theorem 2.1, the flow is a group of homeomorphisms under composition which is strongl} 

continuous when 1 < p < oc.
The next theorem is proved in (7).

Theorem 2.2 Suppose that E,f and g arc twice continuously Frechct-differentiable with

||£>W£||,||Z)'2>/|| and ||D'J>S||

bounded on their domains. The following statements are true:

(i) For any t in (—oc.oc). 5(0 is strongly-continuous H-differentiable at any point ((,9) am 
/)5(0({»9)(^(* A9) = (A( + /o \l{s)z3ds.zt) where z is the solution of the linearized equa 
Hon around the solution 5(0(£>9)

A0(t)z(i) + Ar(t)z(1 - r) = A{ + J' M{s)z, ds (2-4a.e. for i in (-00.oc)
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“( ) *(*(' + ))’ B,(i) = - r)) and Mi) = f (.«),*(« - r)) «... for t in
(-00,00), z = 0,r.

( J Suppose 2 < p < oo and a is essentially bounded. If E is linear then S(t) is continuously- 
Freehet-differentiable (class C') for any l in IR. Conversely, when p is not oo, if either the 
operator T or the operator F given in the proof of Theorem 2.1 is Frechet-differentiable at 
some point (£,ip,y) in its domain, then E is linear.

3 The linear flow

If E,f and g are linear, the equation (2.2) can be written as

Dyt = i + / Ly3 ds 
Jo

a.e. for t in (—00,00) (3.1)

where
Dyt = A0y(t) + Ary[t - r),

Lyt = B0y(t) 4- Bry(t - r) + f°r B(9)y(s + 0) dO , 

a.e. for t 6 (—00,00). The functions AQ, Ar, B0, Br are in £(A'), B is in Lp'([—r, 0],£(A')) and 
the hypothesis (H2) becomes: A0 and Ar are invertible in C{X). In this case, the flow of equation 
(3.1). denoted by {r(f)}t€R, is a group of linear isomorphisms on A’ x Lp.

We will need also the non-homogeneous equation

= £ + / By, ds + Q[t)
Jt0

(3.2)a.e. for t in (-co, 00)Dy(

where Q is in A), t0 € HI.
The existence and uniqueness of solution y in Z‘“(R, X) for equation (3.2) with initial conditions 

be proved with the same arguments used in Theorem 2.1. If 1 < p < oo, the solution 
depends continuously on ( in X.f in i„, to in IR and <2|(«.*j in IP(M,A'), for each compact 
interval [a, b] containing to. and the solution y(io,(.V>,Q) can be decomposed as y,(lo,(.V>,Q) = 
^T[t-to)U,V>) + X(t.io)Q\M- where x2 is the projection ({,¥>) -> and A'(Mo) is a continuous 
linear operator from ip((<o, t], A') into Lp (if t < to we interchange the order in [(„, (]).

Let {T°(f)}t€R be the flow of the difference equation

Dyt = 0

yt0 = ip can

(3.3)
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The flow {T°(f)}t€R is the ^-projection of the restriction to {0} x Lp of the flow corresponding to ] 
equation (3.1) with L = 0.

The main purpose of this section is to describe the spectra of T°(t) and T(t). Define H(A) = 
A0 + Are~Xr and A(A) = XH(X) - B0 - £re“Ar - f?r B(0)exe d0, for A in C.

J

Theorem 3.1 (i) For 1 < p < oo, the infinitesimal generator of the group {T°(f)}ieR is given by 
G°p = <p, V{G°) = {p G W1,p : D(p) = 0} where W1,p = {p G Lv : p G Lp}.

(ii) The spectrum of G° consists only on eigenvalues and A G a(G°) if and only if det H{A) = 0. 
(Hi) If p — 2, i/ien <7(T°(<)) = eter(G°).

J

Proof. The proof is due to D. Henry [5].
(i) Let <p be in V(G°). Then, putting xt — T°(t)p and yt = T°(t)G°p = G°T°(t)p = jjT°(t)<p = 

£xt we have xt = <p + Jo J/a ds so that, a.e. for 0 in [—r, 0], x(t-\-9) = ^(0) -f /J+fl y(s) ds. Hence, for 
each 6 in [—r,0] for which this last relation holds, the right-hand side is an absolutely continuous , 
function of t in IR and so is x with x = p. Then p = Xo is in H/1,p, p = y0 = G°p and Dp = 0

i
because when the solution is continuous, the equation is satisfied for all t in IR. ^

Conversely, if p is in VK1,P, Dp = 0, then, putting xt = T°(t)p, yt = T°H)p and z(t) = ^ 
x(t) — v?(0) — /o y(s) ds, we have z0 = 0 and D(zt) = 0 a.e. for t in IR. By uniqueness, z = 0. so x 
is absolutely continuous and x — y and then p is in V(G°) and G°p — p.

(ii) For a given w in Lp and A in C, the solution p of G°p — Xp = p is given by p(0) = 1 
eAfy(0) + f-r exi*~uty(u) du. This solution p is in Z>(G°) if and only if Dp = H{X)p(0) -f i 
Ar f^r e~xir+u)i/>(u) du is equal to zero. This last condition determines v?(0) uniquely if and only 
if det H(X) ^ 0. From this we conclude that <r(G°) = {A G C : detH(X) = 0} and contains only 
eigenvalues.

(iii) It is easy to see that, for A such that Re A > a and det//(A) ^ 0. there exists a constant 
cQ such that ||(A - G'°)“1|U(L3) < c£>||//(A)‘1||iC(A').

A theorem of Gearhart and Herbst [6] says: eXt is in o-(T°(f)) if and only if either there exists 
an integer k such that A + is in o(G°) or for any integer k, A -f ^ is not in a(G°) but 
(A + 2zik _ (50)"1 is not uniformly bounded as k —* ±oc.

If we have this last possibility then dist (<7(G°), {A + : k integer)) = 0. In fact, detH(X)
analytic almost periodic function of A, and this implies that H(A)-1 is uniformly bounded 

in any set {A G C : o < Re A < 8, dist (<7(G°). A) > 6} for a < 6 > 0 (see [3]). Therefore,:
eA‘ G e^00) and the proof is complete. ,

I

is an
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lo Remark 3.1 We have taken p = 2 in Theorem 3.1 (Hi) because the Theorem of Gearhart and

Hilbert spaces and no comparable resultHerbst applies to strongly continuous semigroups defined on
is known for semigroups on Banach spaces.

Remark 3.2 Theorem 3.1 has been proved in [5] when X is any Hilbert space and D has the special

OO 0

= *(<)+£ Akx{t - rk) + / A(B)x(t + 6) dB
k=\ J~r

where A*. and A(B) are compact operators. The possibility r = +oo was also allowed.

In the lfollowing, we use the identification T°(t) : Lp -> Lp = {0} x Lp.

form

Dxt =
1

Lemma 3.2 For 1 < p < oo, the map T(t) — T°(t)Tr-2 is compact.

Proof. The proof follows by observing that T(<) — T°(t)tt2 = where K°(t) is the

above operator K(t, 0) corresponding to equation (3.2) with L = 0 and Q(t) = 7rjT(i)({,i^), jtj 
being the projection (£,V>) *-> The map Q is a compact linear map from X x Lp into

the space of continuous functions from [0,f] (or [/, 0] if t < 0) to X with the uniform norm, by the 
Arzela-Ascoli theorem.

)

Theorem 3.3 (i) For 1 < p < oo, the infinitesimal generator of the group {T(t)}t€f is given by

<?({,¥>) = (Lv*9), V(G) = {({,*>) € X x W1,p :!; = D<p).
(ii) The spectrum of G consists only on eigenvalues and X £ v[G) if and only i/det A(A) = 0. 
(Hi) Ifp = 2, then a(T{t)) = eto<c>. a. e. fort in (-00,00).

Proof. The proof of (i) and (ii) follows the same steps of the proof of (i) and (ii) of Theorem 3.1.
(iii) Let Z = (ReA : A € cr(G°)}. let (£,7) be an open bounded interval disjoint from the 

closure Z. Let U = {u € C : e0t < |ti| < e*}. Since for all t we have

eftPic {ueC-.M^c'^zeZ} (3.4)

conclude that V is disjoint from <7(T°(f)). Also <7(T°(<)7r2) — «7(T°(i))Uusing Theorem 3.1 (iii). we 
{0} and V is disjoint from a(T°(t)ir2). By Lemma 3.2 and a result of Gohberg and Krein stated 
in [3] Lemma 4.2. it follows that U C p(T(<)) or V C c“'G>. where p(T(0) » ‘he set of all normal 
points (regular points or isolated eigenvalues with finite multiplicities) of T(t).
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Since eta^ is countable, U must be disjoint from the essential spectrum ae(T(t)), the comple­
ment of p(T(t)), which implies that ac(T(<)) is contained in the set {u € C : |u| = e^, f £ Z).

From [4], the inclusion (3.4) is, in fact, an equality holding for almost all t in (-00,00), so that 
ae(T(t)) is contained in a.e. for t in (—00,00) and, since C eia^ we conclude the
proof.
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