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ABSTRACT
The slN -Onsager algebra has been introduced by Uglov and Ivanov in 1995. In this letter, a FRT presentation of the slN -Onsager algebra is
given, and its current algebra and commutative subalgebra are constructed. Certain quotients of the slN -Onsager algebra are then considered,
which produce “classical” (q = 1) analogs of higher rank extensions of the Askey-Wilson algebra. As examples, the cases N = 3 and N = 4 are
described in detail.
Published under license by AIP Publishing. https://doi.org/10.1063/1.5111292., s

I. INTRODUCTION
Introduced by Onsager in the investigation of the exact solution of the two-dimensional Ising model,31 the infinite dimensional Onsager

algebra is given in terms of generators {An, Gm∣n, m ∈ Z} and relations. Later on, two other presentations of the Onsager algebra were
identified. A second presentation is given in terms of two generators {A0, A1} satisfying the so-called Dolan-Grady relations,12 and more
recently,6 a third presentation is given in terms of elements of the nonstandard classical Yang-Baxter algebra with a certain r-matrix. By
analogy, a q-deformed analog of the Onsager algebra has been introduced in recent years,43,1 that is, isomorphic to a coideal subalgebra of
Uq(ŝl2)2 (see also Ref. 24). It is also conjectured3 to be isomorphic to a quotient of the algebra Aq introduced in Ref. 8 (see also Refs. 4 and 5)
which appears in the framework of the reflection equation algebra.39

Introduced by Zhedanov in Refs. 49 and 50, the so-called Askey-Wilson algebra provides an algebraic scheme for the Askey-Wilson
polynomials and for the q-Racah polynomials in the finite dimensional case. Since its introduction, it has been understood that the Askey-
Wilson algebra is connected to the double affine Hecke algebra of type (C∨1 , C1),21,45,25,22 the theory of Leonard pairs41,30,46 and Uq(sl2).16,48 In
the context of mathematical physics and the theory of quantum integrable systems, it has found fruitful applications. For instance, on the one
hand, the Askey-Wilson algebra provides a powerful tool in the Racah problem for Uq(sl2): given a 3-fold tensor product of irreducible unitary
Uq(sl2) representations V, the intermediate Casimir operators are identified with the basic generators of the Askey-Wilson algebra.16–18,44

Recall that the inner products (overlap coefficients) between the coupled bases of V are the so-called Racah-Wigner coefficients. The Askey-
Wilson algebra allows us to determine the explicit expressions for these coefficients in terms of the Askey-Wilson polynomials.16 On the other
hand, the generators of the Askey-Wilson algebra can be realized as twisted primitive elements of Uq(sl2),49 thus giving one of the simplest
realization of the q-Onsager algebra.1

A well-known presentation of the Askey-Wilson algebra is given in terms of three generators satisfying certain quadratic rela-
tions.49,50 A second presentation of the Askey-Wilson algebra is obtained as a quotient of the tridiagonal algebra (q-Onsager algebra)42,43 by
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certain cubic relations, the so-called Askey-Wilson relations.46 Besides these two presentations, a third one is given in terms of solutions
(called Sklyanin’s operators) of the reflection equation algebra associated with Uq(ŝl2).48,1 At the specialization q = 1, the analog of these three
presentations are known. The corresponding “classical” limit of the Askey-Wilson algebra admits a first presentation that is isomorphic to
sl2 and a second presentation as a quotient of the Onsager algebra31 by the simplest example of the so-called Davies’ relations.12 A third pre-
sentation has been recently identified,7 given by solutions of a nonstandard Yang-Baxter algebra associated with the classical r-matrix of sl2.
Importantly, this latter presentation of the “classical” analog of the Askey-Wilson algebra is derived from the Faddeev-Reshetikhin-Taktadjan
(FRT) presentation of the Onsager algebra; see Ref. 7.

Generalizations of the Askey-Wilson algebra is an active field of investigation. Different approaches have been considered in the liter-
ature. For instance, in Ref. 33, a “higher rank” Askey-Wilson algebra is introduced and studied. In that paper, it is important to stress that
the term “higher rank” refers to the construction of the hidden algebra associated with N-fold tensor products of irreducible representations
of Uq(sl2).51 In Ref. 5, Sec. 2.4, a different approach is considered: “generalized” Askey-Wilson algebras are introduced, characterizing tensor
product evaluation representations of the q-Onsager algebra (that describe certain quotients of a coideal subalgebra of Uq(ŝl2)). Also, let us
mention the nonstandard quantum algebra U′q(son) introduced in Ref. 15 (for a review, see Ref. 23) which can be viewed as a higher rank
extension of the Askey-Wilson algebra associated with the finite Lie algebra son. However, to our knowledge, the construction of extensions
of the Askey-Wilson algebra associated with higher rank affine Lie algebras has not been considered yet in the literature. This problem is
addressed in this letter, in the simplified case of q = 1.

The main results of this letter are the following: for the slN -Onsager algebra introduced in Ref. 47, a FRT presentation is given in Sec. II; see
Definition 2.5. Using this FRT presentation and applying the approach of Ref. 7, we obtain a FRT presentation of a higher rank generalization
of the “classical” analog (q = 1) of the Askey-Wilson algebra (see Definition 3.1, Definition 3.2, and Definition 3.3). For the case N = 3, 4,
another presentation is also given; see Propositions 3.1 and 3.2.

In view of the richness of the Askey-Wilson algebra, there are several motivations for identifying higher rank extensions associated
with higher rank Lie algebras g. For instance, these extensions are expected to provide an algebraic framework for multivariate orthogo-
nal polynomials generalizing the Askey-Wilson ones. Also, the construction of a higher rank Askey-Wilson algebra associated with Uq(g)
should provide a useful tool to derive Racah-Wigner coefficients associated with 3fold tensor products of irreducible unitary Uq(g) repre-
sentations. For g = slN , this problem is recently studied in Refs. 29, 28, and 34. Also, higher rank Askey-Wilson algebras will correspond
to certain quotients of the generalized q−Onsager algebras introduced in Refs. 2 and 52. In this context, they should determine the gen-
erating functions relating higher rank extensions of certain products of q-Pochhammer functions that are known for the Uq(sl2) case; see
Ref. 37.

The text is organized as follows. In Sec. II, the FRT presentation of the affine Lie algebra a(1)N−1 denoted T is first introduced; see Definition
2.2. For the r-matrix associated with a(1)N−1,20 automorphisms of T , denoted θ1, θ2, are given in Proposition 2.1. Then, the FRT presentation
for the fixed point subalgebra of T with respect to the automorphism θ1 is given in Proposition 2.2. It provides an alternative presentation of
the so-called slN -Onsager algebra [with original defining relations (2.26) and (2.27) or equivalently Definition 2.3] introduced by Uglov and
Ivanov in Ref. 47, denoted O(a(1)N−1). The FRT presentation allows us to derive the corresponding current algebra, see Proposition 2.3, and
the explicit elements in a commutative subalgebra of the slN -Onsager algebra, see Proposition 2.4 and (2.44). In Sec. III, certain quotients of
the slN -Onsager algebra are considered. These quotients provide natural extensions of the “classical” limit q = 1 of the Askey-Wilson algebra.
The cases of the sl3 and sl4-Askey-Wilson algebra, denoted, respectively, AW(a(1)2 ) and AW(a(1)3 ), are described in detail: three different
presentations are identified. For generic values of N, the FRT presentation of the slN -Askey-Wilson algebra AW(a(1)N−1) is given, see Definition
3.3. Concluding remarks follow in Sec. IV.

II. THE slN -ONSAGER ALGEBRA REVISITED

In this section, first we recall the defining relations of the affine Lie algebra a(1)N−1 and its presentation within the framework of the classical
Yang-Baxter algebra T . Two automorphisms of T are introduced. Considering the fixed point subalgebra of T with respect to one of these
automorphisms, denoted B, a FRT presentation for the slN -Onsager algebra is obtained. As an application, the corresponding current algebra
and mutually commuting quantities are derived.

A. Classical Yang-Baxter algebra for the affine Lie algebra a(1)N−1

The affine Lie algebra a(1)N−1 is generated by {c, e(n)ij ∣ n ∈ Z, 1 ≤ i, j ≤ N} subject to the defining relations, for n ∈ Z, 1 ≤ i, j ≤ N and 1 ≤ k, l
≤ N,

[e(m)ij , e(n)kl ] = δjke(m+n)
il − δile

(m+n)
kj + m c δm+n0(δilδjk −

1
N
δijδkl), (2.1)

N

∑
i=1

e(n)ii = 0 and [c, e(n)ij ] = 0. (2.2)
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Note that we may introduce the Cartan generators h(n)i defined by

h(n)i = e(n)ii − e(n)i+1 i+1. (2.3)

Thanks to the first relation in (2.2), we can invert the previous relation and express e(n)ii in terms of h(n)i

e(n)ii = −
i−1

∑
j=1

j
N

h(n)j +
N−1

∑
j=i

N − j
N

h(n)j . (2.4)

For any affine Lie algebra, an alternative presentation is given by a classical Yang-Baxter algebra.38 The basic ingredient in this
presentation is the so-called classical r-matrix which is defined as follows:

Definition 2.1. The matrix r(x) ∈ End(CN
⊗CN

) is called a classical r-matrix if it satisfies the skew-symmetric condition r12(x) = −r21(1/x)
and the classical Yang-Baxter equation,

[r13(x1/x3), r23(x2/x3)] = [r13(x1/x3) + r23(x2/x3), r12(x1/x2)], (2.5)

for any x1, x2, x3. Here, r12(x) = r(x) ⊗ I, r23(x) = I⊗ r(x) and so on.

For all nonexceptional affine Lie algebras, the classical r-matrices are obtained in Ref. 20. In particular, for the affine Lie algebra a(1)N−1, the
r-matrix is given by

r(x) =
1 + x
1 − x

(
N

∑
i=1

Eii ⊗ Eii −
1
N
I⊗ I) +

2
1 − x

N

∑
i,j=1
i<j

Eij ⊗ Eji +
2x

1 − x

N

∑
i,j=1
i>j

Eij ⊗ Eji, (2.6)

where {Eij | 1 ≤ i, j ≤ N} denotes the standard basis of End(CN
) given by N × N matrices with components (Eij)kl = δikδjl.

Given the r-matrix r(x), the so-called classical Yang-Baxter algebra T with central extension c is now introduced. Note that this algebra
is a Lie algebra which can be understood as a classical analog of the algebra introduced in Ref. 35.

Definition 2.2. Let r(x) ∈ End(CN
⊗ CN

) be the classical r-matrix defined by (2.6). T is defined as the Lie algebra with generators
{c, e±[ℓ]ij ∣ 1 ≤ i, j ≤ N, ℓ ∈ Z}. Introduce the following elements of End(CN

) ⊗ a(1)N−1:

T+
(x) =

N

∑
i=1

Eii ⊗ e(0)ii + 2 ∑
1≤i<j≤N

Eij ⊗ e(0)ji + 2∑
n≥1

xn
∑

1≤i,j≤N
Eij ⊗ e(n)ji , (2.7)

T−(x) = −
N

∑
i=1

Eii ⊗ e(0)ii − 2 ∑
1≤j<i≤N

Eij ⊗ e(0)ji − 2∑
n≥1

x−n
∑

1≤i,j≤N
Eij ⊗ e(−n)

ji . (2.8)

The defining relations (2.1) and (2.2) are equivalent to

[T±(x), c] = 0, (2.9)

[T±1 (x), T±2 (y)] = [T
±

1 (x) + T±2 (y), r12(x/y)], (2.10)

[T+
1 (x), T−2 (y)] = [T

+
1 (x) + T−2 (y), r12(x/y)] − 2c r′12(x/y)x/y, (2.11)

tr1T±1 (x) = 0, (2.12)

where r′(x) denotes the derivative of r(x) with respect to x.

Example 1. Explicitly, relation (2.7) becomes, for N = 3,

T+
(x) =

⎛
⎜
⎜
⎜
⎝

e(0)11 2e(0)21 2e(0)31

0 e(0)22 2e(0)32

0 0 e(0)33

⎞
⎟
⎟
⎟
⎠

+ 2∑
n≥1

xn
⎛
⎜
⎜
⎜
⎝

e(n)11 e(n)21 e(n)31

e(n)12 e(n)22 e(n)32

e(n)13 e(n)23 e(n)33

⎞
⎟
⎟
⎟
⎠

. (2.13)

Automorphisms of the Lie algebra T are now considered. They play a central role in the construction of fixed point subalgebras of T
that will be discussed in Subsection II B. Note that the proof of the following proposition essentially follows (Ref. 6, Proposition 2.1).
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Proposition 2.1. The map θ1 : End(CN
) ⊗ a(1)N−1 → End(CN

) ⊗ a(1)N−1 such that

T±(x) ↦ U T∓((−1)N
/x)t U, c↦ −c with U =

N

∑
j=1
(−1)jEjj (2.14)

provides an involutive automorphism of a(1)N−1. Here, (.)t stands for the transposition in End(CN
).

For N even, the map θ2 : End(CN
) ⊗ a(1)N−1 → End(CN

) ⊗ a(1)N−1 such that

T±(x) ↦ V(x) T∓(1/x)t V(x)−1
∓ cxV′(x)V(x)−1, c↦ −c (2.15)

with

V(x) =
N
2

∑
j=1
(

1
√

x
Ej, N

2 +j + ϵ
√

xE N
2 +j,j) for ϵ = +1 or ϵ = −1 (2.16)

provides an involutive automorphism of a(1)N−1.

Proof. We show that the images of T±(x) by the automorphism θ1 satisfy relations (2.9)–(2.12) by using that

U1U2r12(x/y) = r12(x/y)U1U2. (2.17)

The involutive property is proven by remarking that U t = U. The proof is similar for θ2. ◽

The action of each automorphism on the generators of a(1)N−1 is now described. From (2.14), the automorphism θ1 is such that

θ1(e(n)ij ) = (−1)Nn+i+j+1e(−n)
ji and θ1(c) = −c. (2.18)

From (2.15), the automorphism θ2 is such that (we recall that N must be even in this case)

θ2(e(n)ij ) =

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

−e(−n)
ı + ᾱi

c
2δijδn0 if 1 ≤ i, j ≤ N/2 or N/2 + 1 ≤ i, j ≤ N

−ϵ e(−n+1)
ı if 1 ≤ i ≤ N/2, N/2 + 1 ≤ j ≤ N

−ϵ e(−n−1)
ı if N/2 + 1 ≤ i ≤ N, 1 ≤ j ≤ N/2,

and θ2(c) = −c, (2.19)

where ı̄ = i + N/2 if 1 ≤ i ≤ N/2, ı̄ = i −N/2 if N/2 + 1 ≤ i ≤ N, ᾱi = 1 if 1 ≤ i ≤ N/2, and ᾱi = −1 if N/2 + 1 ≤ i ≤ N.

B. The slN -Onsager algebra
The slN -Onsager algebra has been introduced in Ref. 47 as one possible higher rank generalization of the Onsager algebra. It is known

that the Onsager algebra31 is isomorphic to the fixed point subalgebra of the affine Lie algebra ŝl2.32,12,36 By analogy, the slN -Onsager algebra
is defined as the fixed point subalgebra of a(1)N−1 under the action of the involutive automorphism θ1 (2.18); see Refs. 47 and 40 for detail.
Therefore, in the text below, the slN -Onsager algebra is denoted O(a(1)N−1). Let us introduce the following generators of the subalgebra of a(1)N−1:

B(n)ij = e(n)ij + (−1)i+j+1+nN e(−n)
ji for 1 ≤ i, j ≤ N, (2.20)

which are left invariant under the automorphism θ1 (2.18).

Definition 2.3. The algebra O(a(1)N−1) is generated by {B(n)ij ∣n ∈ Z} subject to the following relations:

[B(m)ij , B(n)kl ] = δjkB(m+n)
il − δilB

(m+n)
kj + δik(−1)i+j+1+mN B(n−m)

jl − δjl(−1)i+j+1+mN B(n−m)
ki , (2.21)

B(n)ij = (−1)i+j+1+nN B(−n)
ji , (2.22)

N

∑
i=1

B(n)ii = 0. (2.23)
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The original presentation of the slN -Onsager algebra given in Ref. 47 is easily identified. Introduce

A(n)ij = B(n)ij for 1 ≤ i ≠ j ≤ N, (2.24)

G(n)i = B(n)ii − B(n)i+1 i+1 = h(n)i + (−1)nN+1h(−n)
i for 1 ≤ i ≤ N − 1, (2.25)

where h(n)i is defined by (2.3). In terms of the generators {A(n)ij , G(n)ij }, the defining relations (2.21)–(2.23) now read

[A(m)ij , A(n)kl ] = δjkA(m+n)
il − δilA

(m+n)
kj (2.26)

+ δik(−1)i+j+1+mNθ(j < l)A(n−m)
jl + δik(−1)i+l+nNθ(l < j)A(m−n)

lj

+ δjl(−1)k+l+1+nNθ(i < k)A(m−n)
ik + δjl(−1)i+l+mNθ(k < i)A(n−m)

ki

+ δikδjl(−1)i+j+1+nN
j−1

∑
s=i

G(m−n)
s , m ≥ n,

[G(m)i , A(n)kl ] = (δik − δki+1 − δli + δli+1)(A
(m+n)
kl − (−1)mN A(n−m)

kl ), (2.27)

[G(m)i , G(n)j ] = 0.

Here, θ(x) is such that θ(x) = 1 (0) if x is true (false).
It is important to mention that an alternative presentation of the slN -Onsager algebra (equivalently O(a(1)N−1)) for N > 2 is known in

terms of N generators ei, i = 1, . . ., N subject to the relations47

[ei, [ei, ej]] = ej if i, j are adjacent, (2.28)

[ei, ej] = 0 otherwise. (2.29)

In particular, one has the identification

ei = A(0)ii+1 for i = 1, . . . , N − 1, eN = A(−1)
1N . (2.30)

For N = 2, the corresponding presentation of the original Onsager algebra [i.e., O(a(1)1 )] is given in terms of two generators {e0, e1} satisfying
the so-called Dolan-Grady relations.13

C. FRT presentation of O(a(1)N−1)

Following Ref. 6, the algebra O(a(1)N−1) admits an alternative presentation given by a nonstandard classical Yang-Baxter algebra as we now
show. The basic ingredient to construct this presentation is a nonskew symmetric r-matrix which is defined as follows.

Definition 2.4. The matrix r(x, y) ∈ End(CN
⊗CN

) is called a nonstandard classical r-matrix if it is a solution of the nonstandard classical
Yang-Baxter equation,

[r13(x1, x3), r23(x2, x3)] = [r21(x2, x1), r13(x1, x3)] + [r23(x2, x3), r12(x1, x2)], (2.31)

for any x1, x2, x3.

Note that the nonstandard classical Yang-Baxter equation can be understood as a generalization of the classical Yang-Baxter equation
(2.5). If r12(x, y) = r12(x/y) and r12(x, y) = −r21(y, x), the nonstandard classical Yang-Baxter equation reduces to (2.5).

For all nonexceptional affine Lie algebras, given the r-matrix r(x) and the knowledge of automorphisms of T , solutions of the non-
standard classical Yang-Baxter equation are easily constructed. For the affine Lie algebra a(1)N−1 and the automorphism θ1 of Proposition
2.1,

r12(x, y) = r12(x/y) + U1rt1
12((−1)N

/(xy))U−1
1 (2.32)

satisfies (2.31). Explicitly, using (2.6) and (2.14), one gets
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r(x, y) = −(
x + y
x − y

+
xy + (−1)N

(−1)N − xy
)(

N

∑
i=1

Eii ⊗ Eii −
1
N
I⊗ I) −

2y
x − y

N

∑
i,j=1
i<j

Eij ⊗ Eji

−
2x

x − y

N

∑
i,j=1
i>j

Eij ⊗ Eji +
2xy

xy − (−1)N

N

∑
i,j=1
i<j

(−1)i+jEji ⊗ Eji +
2(−1)N

xy − (−1)N

N

∑
i,j=1
i>j

(−1)i+jEji ⊗ Eji. (2.33)

Given the nonstandard r-matrix r(x, y) (2.33), the nonstandard classical Yang-Baxter algebra B associated with a(1)N−1 is now introduced.

Definition 2.5 (see also Ref. 6). B is the Lie algebra with generators {B(n)ji ∣ 1 ≤ i, j ≤ N, n ∈ Z≥0}. Introduce

B(x) = 2 ∑
1≤i<j≤N

Eij ⊗ B(0)ji + 2 ∑
1≤i,j≤N

∑
n≥1

xnEij ⊗ B(n)ji . (2.34)

The defining relations are

[B1(x), B2(y)] = [r21(y, x), B1(x)] + [B2(y), r12(x, y)], (2.35)
tr1B1(x) = 0, (2.36)

with (2.33).

Using the results of Sec. II A, we are now ready to provide the FRT presentation of the slN -Onsager algebra O(a(1)N−1). Note that the
construction presented below can be seen as a classical limit of the presentation of the (quantum) twisted Yangians given in Refs. 26 and 27.

Proposition 2.2. Define the element of End(CN
) ⊗O(a(1)N−1),

B(x) = T+
(x) + θ1(T+

(x)) = T+
(x) + U T−((−1)N

/x)t U−1. (2.37)

Relations (2.26) and (2.27) are equivalent to relations (2.21)–(2.23).

Proof. Using the explicit expressions (2.7) and (2.8) of T±(x), from definition (2.37), one has (2.34) with (2.20). This implies (2.22) as
well as (2.23) using the first equation in (2.2). Then, inserting B(x) given by (2.37) with all the independent generators of O(a(1)N−1) into relation
(2.35) with (2.33), one finds all the commutation relations (2.21). ◽

For N = 2, a current algebra presentation for the Onsager algebra has been derived in Ref. 6. For N > 2, we can use the results of
Subsections II A and II B to derive the current presentation of the slN -Onsager algebra.

Proposition 2.3. The algebra O(a(1)N−1) admits the following current presentation. Define the currents,

Bij(x) =

⎧⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎩

2∑
n≥0

xnB(n)ij , for i > j,

2∑
n≥1

xnB(n)ij , otherwise.
(2.38)

The defining relations for the currents are given by

[Bij(x), Bkl(y)] =
2δjk

x − y
(Bil(x)(xH(k − l) + yH(l − k)) − Bil(y)(yH(i − j) + xH(j − i)))

−
2δil

x − y
(Bkj(x)(xH(k − l) + yH(l − k)) − Bkj(y)(yH(i − j) + xH(j − i)))

−
2δik

xy − (−1)N (Blj(x)(−1)k+l
(xyH(l − k) + (−1)N H(k − l))

−Bjl(y)(−1)i+j
(xyH(j − i) + (−1)N H(i − j)))

+
2δjl

xy − (−1)N (Bik(x)(−1)k+l
(xyH(l − k) + (−1)N H(k − l))

−Bki(y)(−1)i+j
(xyH(j − i) + (−1)N H(i − j))), (2.39)
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where H is the step function: H(i) = 1 if i > 0, H(i) = 1/2 if i = 0, and H(i) = 0 if i < 0.

Proof. By straightforward calculations, one derives the commutation relations between the currents from the nonstandard classical
Yang-Baxter algebra (2.35) with B(x) =∑1≤i ,j≤N Eij ⊗ Bji(x). ◽

D. Commutative subalgebra of O(a(1)N−1)

In the context of integrable systems, the explicit construction of mutually commuting conserved quantities is essential. For models
generated from the Onsager algebra, elements in the commutative subalgebra of the Onsager algebra have been constructed in Refs. 31, 13,
and 12. Recently, it was shown that a generating function for all mutually conserved quantities is easily derived using the FRT presentation of
the Onsager algebra.6 By analogy, a generating function for elements in a commutative subalgebra of O(a(1)N−1) is now given.

Proposition 2.4. Define

M(x) = (x −
(−1)N

x
)

N

∑
i=1

μiEii +
N

∑
i,j=1
i<j

[(κij +
κ∗ij
x
)Eij − (−1)i+j

(κij + (−1)N xκ∗ij)Eji] (2.40)

where μi, κij and κ∗ij are free scalar parameters. Then,

b(x) = trM(x)B(x) (2.41)

satisfies

[b(x) , b(y)] = 0. (2.42)

Proof. In Ref. 6, it is shown that if

[tr1(r12(x, y)M1(x)) , M2(y)] = 0, (2.43)

then (2.42) holds. To show that (2.40) satisfies (2.43), we first compute tr1(r12(x, y)M1(x)). By straightforward calculations, one gets

tr1(r12(x, y)M1(x)) = −(
x + y
x − y

+
xy + (−1)N

(−1)N − xy
)(x −

(−1)N

x
)(

N

∑
i=1

μiEii −
1
N
(

N

∑
i=1

μi)I)

+
N

∑
i<j
((

2(−1)N

(−1)N − xy
)(κij + (−1)N xκ∗ij) + (

2x
y − x

)(κij + κ∗ij /x))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Wij

Eij

+
N

∑
i<j
((

2xy
xy − (−1)N )(−1)i+j

(κij + (−1)Nκ∗ij /x) + (
2y

x − y
)(−1)i+j

(κij + (−1)N xκ∗ij))

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Vij

Eji.

Define

Ui = −(
x + y
x − y

+
xy + (−1)N

(−1)N − xy
)(x −

(−1)N

x
)μi

and introduce the notation

M(y) =
N

∑
i=1
(y −

(−1)N

y
)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Ai

μi Eii +
N

∑
i<j

⎛
⎜
⎜
⎜
⎝

(κij + κ∗ij /y)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

Bij

Eij + (−1)i+j+1
(κij + (−1)N yκ∗ij)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Cij

Eji

⎞
⎟
⎟
⎟
⎠

.

In terms of the functions Ai, Bij, Cij, U i, V ij, W ij, the lhs of (2.43) reads
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[tr1(r12(x, y)M1(x)) , M2(y)] =
N

∑
i<j
((Ui −Uj)Bij + Wij(Aj − Ai))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=0

Eij

+
N

∑
i<j
((Uj −Ui)Cij + Vij(Ai − Aj))
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

=0

Eji

+
N

∑
i<j<k
(VjiBjk − VkjBij + WijCkj −WjkCji)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

Eik

+
N

∑
i<j<k
(VjiCkj − VkjCji + WijBjk −WjkBij)

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
=0

Eik

= 0. ◽

From the previous results, we obtain a generalization of the result of Uglov and Ivanov [Ref. 47, Eq. (10)]. Namely, expanding the
generating function given by b(x) (2.41) in x for (2.40), mutually commuting quantities of the slN−Onsager algebra are derived. For n = 0, 1,
2, . . ., the coefficients of the power series are proportional to

In =
N

∑
i=1
(κij(B(n)ij + (−1)i+j+1B(n)ji ) + κ∗i,j((−1)i+j+N+1B(n−1)

ji + B(n+1)
ij ))

+
N

∑
i=1

μi((−1)N+1B(n+1)
ii + B(n−1)

ii ) for n > 1,

I0 =
N

∑
i<j
(κij(−1)i+j+1B(0)ji + κ∗ij B

(1)
ij ) + (−1)N+1

N

∑
i=1

μiB(1)ii ,

I1 =
N

∑
i<j
(κij(B(1)ij + (−1)i+j+1B(1)ji ) + κ∗ij((−1)i+j+N+1B(0)ji + B(2)ij )) − (−1)N

N

∑
i=1

μiB(2)ii . (2.44)

III. HIGHER RANK “CLASSICAL” ASKEY-WILSON ALGEBRAS
In Ref. 7, certain quotients of the Onsager algebra considered by Davies12 were studied using the framework of the FRT presentation of

the Onsager algebra proposed in Ref. 6. In particular, to each of these quotients, a generalization of the “classical” analog (q = 1) of the Askey-
Wilson algebra49,50 is associated. By analogy, it is clearly expected that certain quotients of the slN -Onsager algebra should lead to classical
analogs of higher rank extensions of the Askey-Wilson algebra. Below, we exploit the FRT presentation of the slN -Onsager algebra discussed
in Sec. II A to derive explicit examples for N = 3 and N = 4. Higher rank extensions of the Askey-Wilson algebra for arbitrary N are briefly
discussed.

A. The sl3-Askey-Wilson algebra AW(a(1)2 )

The starting point is the explicit construction of solutions of the nonstandard Yang-Baxter algebra (2.35) and (2.36) that correspond to
certain quotients of the sl3-Onsager algebra. Besides the defining relations (2.21)–(2.23) for N = 3, we are looking for solutions of (2.35) and
(2.36) of the form (2.34) where certain additional linear relations among the generators {B(n)ji } are assumed. The simplest nontrivial example
that we have found for N = 3 is displayed in the definition below.

Definition 3.1. The sl3-Askey-Wilson algebra, denoted AW(a(1)2 ), is generated by {ei, fi, gj|i = 1, 2, 3, j = 1, 2} subject to the defining
relations (2.35) and (2.36) with

B(x) =
2

α + x − 1/x

⎛
⎜
⎜
⎝

2
3g1 + 1

3g2 f1 − x−1e1 e3 + x−1f3

−xe1 − f1 − 1
3g1 + 1

3g2 f2 − x−1e2

e3 − xf3 −xe2 − f2 − 1
3g1 −

2
3g2

⎞
⎟
⎟
⎠

. (3.1)

Inserting (3.1) into relations (2.35), the defining relations among the generators {ei, fi, gj | i = 1, 2, 3, j = 1, 2} of the sl3-Askey-Wilson
algebra read
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[ei, ej] = ϵijkfk, (3.2)
[ei, fj] = δijgi − ϵijkek, (3.3)
[ei, gj] = αei − 2fi + 3δij(2fi − αei), (3.4)

[fi, fj] = ϵijk(fk − αek), (3.5)
[fi, gj] = −αfi − 2ei + 3δij(αfi + 2ei), (3.6)

[g1, g2] = 0, (3.7)

where ϵijk is the Levi-Civita symbol (Einstein summation is assumed on the index k) and g3 = −g1 − g2.
By analogy with the sl3-Onsager algebra which admits two presentations [see Definition 2.3 and (2.28) and (2.29)], an alternative

presentation for the sl3-Askey-Wilson algebra is now identified.

Proposition 3.1. The sl3-Askey-Wilson algebra AW(a(1)2 ) is isomorphic to the algebra generated by {ē1, ē2, ē3} and subject to the following
relations:

[ēi, [ēi, ēj]] = ēj for 1 ≤ i ≠ j ≤ 3 , (3.8)

[[ēi, ēj], [ēj, ēk]] + [ēi, ēk] + αϵijkēj = 0 for 1 ≤ i ≠ j ≠ k ≤ 3. (3.9)

Proof. Let us denote by AW(a(1)2 ) the algebra with the defining relations (3.8) and (3.9). First, let us show that the map ϕ : AW(a(1)2 ) →

AW(a(1)2 ) defined by ϕ(ēi) = ei is an algebra homomorphism. By using the relations of AW(a(1)2 ), we show that, for 1 ≤ i ≠ j ≤ 3,

[ei, [ei, ej]] = ϵijk[ei, fk] = ϵijk(δikgi − ϵikℓeℓ) = (δjℓ − δiℓδij)eℓ = ej, (3.10)

and, for 1 ≤ i ≠ j ≠ k ≤ 3,

[[ei, ej], [ej, ek]] = ϵijsϵjkℓϵsℓp(fp − αep) = ϵijk(fj − αej) = −[ei, ek] − αϵijkej. (3.11)

Therefore, ϕ is an algebra homomorphism.
Second, let us remark that AW(a(1)2 ) is generated only by {e1, e2, e3}. Indeed, using relations (3.2) and (3.3), we can express the generators

f1, f2, f3, g1 and g2 as follows:

f1 = [e2, e3], f2 = [e3, e1], f3 = [e1, e2], g1 = [e1, [e2, e3]], g2 = [e2, [e3, e1]]. (3.12)

This proves the surjectivity of ϕ.
Finally, we must prove the injectivity of ϕ. Let us define f̄1, f̄2, f̄3, ḡ1 and ḡ2 the elements generated from ē1, ē2, ē3 by analogy with (3.12).

We must prove that {ēi, f̄i, ḡj ∣ i = 1, 2, 3, j = 1, 2} satisfy relations (3.2)–(3.7) if ē1, ē2, ē3 satisfy relations (3.8) and (3.9). Equations (3.2) are
satisfied because of the definition of f̄i. Equations (3.3) for i = j = 1, 2 are satisfied due to the definition of ḡ1 and ḡ2. Then, one gets

[ē3, f̄3] = [ē3, [ē1, ē2]] = [[ē3, ē1], ē2] + [ē1, [ē3, ē2]] = −ḡ1 − ḡ2, (3.13)

using the Jacobi identity. This proves Eq. (3.3) for i = j = 3. By using relation (3.8), we show that

[ē1, f̄2] = [ē1, [ē3, ē1]] = −ē3, (3.14)

which proves Eq. (3.3) for i = 1 and j = 2. The remaining relations (3.3) are proven similarly. Now, using the Jacobi identity and relations (3.8)
and (3.9), one gets

[ē1, ḡ2] = [ē1, [ē2, [ē3, ē1]]] = [[ē1, ē2], [ē3, ē1]] + [ē2, [ē1, [ē3, ē1]]] = −[ē2, ē3] + αē1 − [ē2, ē3] = −2f̄1 + αē1, (3.15)

which proves relations (3.4) for i = 1 and j = 2. All the other relations (3.4)–(3.7) are proven in the same way which concludes the proof. ◽

Remark 1. From Proposition 3.1 and the presentation (2.28) of the sl3−Onsager algebra, the sl3-Askey-Wilson algebra AW(a(1)2 ) is the
quotient of sl3-Onsager algebra by (3.9).
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Remark 2. There exists one more equivalent presentation of the sl3-Askey-Wilson algebra by replacing relations (3.9) by

[ēi, [ēj, [ēk, ēi]]] = αϵijkēi − 2[ēj, ēk] for 1 ≤ i ≠ j ≠ k ≤ 3. (3.16)

B. The sl4-Askey-Wilson algebra AW(a(1)3 )

Following Subsection III A, the simplest nontrivial solution of (2.35) and (2.36) of the form (2.34) for N = 4 is given in the definition
below.

Definition 3.2. The sl4-Askey-Wilson algebra, denoted AW(a(1)3 ), is generated by {ei, fi, gi, hj| i = 1, 2, 3, 4, j = 1, 2, 3} subject to the defining
relations (2.35) with

B(x) =
2

α − x − x−1

⎛
⎜
⎜
⎜
⎜
⎜
⎝

3
4h1 + 1

2h2 + 1
4h3 g1 + x−1e1 f1 + x−1f3 −e4 − x−1g4

−g1 − xe1 − 1
4h1 + 1

2h2 + 1
4h3 g2 + x−1e2 f2 + x−1f4

f1 + xf3 −g2 − xe2 − 1
4h1 −

1
2h2 + 1

4h3 g3 + x−1e3

e4 + xg4 f2 + xf4 −g3 − xe3 − 1
4h1 −

1
2h2 −

3
4h3

⎞
⎟
⎟
⎟
⎟
⎟
⎠

. (3.17)

Inserting (3.17) into relations (2.35), the defining relations among the generators {ei, fi, gi, hj | i = 1, 2, 3, 4, j = 1, 2, 3} of the sl4-Askey-
Wilson algebra read

[ei, ei+1] = fi+2, (3.18)
[ei, ei+2] = 0,
[ei, fj] = δi,jgi+1 − δj,i−1gi−1 − δj,i+1ei−1 + δj,i+2ei+1, (3.19)

[ei, gj] = −δi,jhi + δj,i+1fi − δj,i−1fi−1, (3.20)

[ei,hj] = −δi,j(2αei + 4gi) + (δj,i+1 + δj,i−1)(αei + 2gi), (3.21)

[fi, fi+1] = 0, (3.22)
[fi, fi+2] = −hi − hi+1,

[fi, gj] = −δj,i−1(αei−2 + gi−2) + δj,i−2(αei−1 + gi−1) − δi,jei+1 + δj,i+1ei, (3.23)

[fi,hj] = (δi,j − δj,i−1 + δj,i+1 − δj,i−2)(αfi + 2fi+2), (3.24)

[gi, gi+1] = −αfi − fi+2, (3.25)

[gi, gi+2] = 0,

[gi,hj] = δi,j(4ei + 2αgi) − (δj,i+1 + δj,i−1)(2ei + αgi), (3.26)

[hi,hj] = 0, (3.27)

where all indices should be taken mod(4) and h4 = −h1 − h2 − h3.
Similarly to the case N = 3, an alternative presentation for the sl4-Askey-Wilson algebra can be identified. The proof of the following

proposition essentially follows the same steps as for the case N = 3. For this reason, details are omitted.

Proposition 3.2. The sl4-Askey-Wilson algebra AW(a(1)3 ) is isomorphic to the algebra generated by {ē1, ē2, ē3, ē4} and subject to the
following relations:

[ēi, [ēi, ēi±1]] = ēi±1, (3.28)

[ēi, ēi+2] = 0, (3.29)

[[ēi, ēi+1], [ēi+1, ēi+2]] = 0, (3.30)

[[ēi, ēi+1], [ēi+1, [ēi+2, ēi+3]]] = −αēi+1 − [ēi, [ēi+2, ēi+3]], (3.31)

[[ēi, [ēi+1, ēi+2]], [ēi+3, [ēi, [ēi+1, ēi+2]]]] = −4ēi+3 + 2α[ēi, [ēi+1, ēi+2]], (3.32)

for i = 1, 2, 3, 4 and where all indices should be taken mod(4).
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Remark 3. From Proposition 3.2 and the presentation (2.28) and (2.29) of the sl4−Onsager algebra, the sl4-Askey-Wilson algebra AW(a(1)2 )

is the quotient of sl4-Onsager algebra by relations (3.30)–(3.32).

C. Generalizations
By analogy with the analysis of Subsections III A and III B, we can propose a general form of B(x) that generates the slN -Askey-Wilson

algebra, denoted AW(a(1)N−1).

Definition 3.3. The slN -Askey-Wilson algebra, denoted AW(a(1)N−1), is generated by {ei, fi,j} subject to the defining relations (2.35) with

B(x) =
2

(α + (−1)N+1x − x−1)
(bi,j(x))1≤i,j≤N , (3.33)

where

bi,i(x) =
N−1

∑
l=1

cl
ifl,l−1 with cl

i =
N − l

N
if i ≤ l, cl

i = −
l

N
if i > l, l = 1, . . . , N − 1,

bi,j(x) = (−1)N
(−fi+1,i−1 + x−1ei) for j − i = 1, i < j,

bi,j(x) = (−1)N+1eN + x−1f1,N−1 for (i, j) = (1, N),

bi,j(x) = (−1)Nfj+1,j−1 − xej for i − j = 1, i > j,
bi,j(x) = eN − xf1,N−1 for (i, j) = (N, 1),

bi,j(x) = (−1)(j−i)(N+1)
(fj,i−1 + (−1)j−ix−1fi,j−1), for i < j, i, j not adjacent,

bi,j(x) = (−1)(i−j)N
(fi,j−1 + (−1)(i−j)+N xfj,i−1), for i > j, i, j not adjacent .

Inserting (3.33) into relations (2.35), one can derive generalizations of (3.2)–(3.7) and (3.18)–(3.27) for any N. In particular, one finds

fi,j = [ei, [ei+1, [. . . , [ej−1, ej] . . . ]]]. (3.34)

Note that indices in the multiple commutators should be taken modulo N. Using (3.34), analogs of Propositions 3.1 and 3.2 may be considered
as well.

IV. CONCLUDING REMARKS
In this letter, in a first part, we have obtained a FRT presentation for the slN -Onsager algebra from which the corresponding current

algebra and a generating function for mutually commuting elements have been derived. Thus, besides the two original presentations of the
slN -Onsager algebra given in Ref. 47, this third presentation connects with the realm of Yang-Baxter algebras and related techniques such as
the Bethe ansatz, opening new perspectives in the context of quantum integrable systems. In a second part, we have shown that quotients of
the slN -Onsager algebra lead to higher rank extensions of the classical analog (q = 1) of the Askey-Wilson algebra49,50 following the strategy
recently used in Ref. 7 based on the FRT presentation of the Onsager algebra.31

Although the results are not reported here, let us mention that a similar analysis can be pursued if one considers the second automor-
phism θ2 given in (2.19) instead of θ1. In this case, we have obtained a different type of slN -Onsager algebra. The corresponding current
algebra and mutually commuting elements have been derived. For N = 2, this algebra was introduced and studied in Ref. 9 (see also Ref. 6); it
was called the augmented Onsager algebra as it is a special case of the augmented tridiagonal algebra introduced by Ito and Terwilliger in Ref.
19. Thus, for N > 2, we have obtained a slN -augmented Onsager algebra.

Several open problems may now be considered.
First, in order to complete the picture, one could extend the analysis here presented—that is based on the framework of Ref. 6 specialized

here to the case of a(1)N−1—to the case of any affine Lie algebra. The corresponding FRT presentation would provide a complete description of the
generalized Onsager algebras O(̂g) associated with any affine Lie algebra ĝ.47,11,40 A related issue is the construction of a current presentation
for the q−deformed analog of the generalized Onsager algebras Oq(̂g)2,10 that is still an open problem. The solution would find applications in
the analysis of the thermodynamic limit of open spin chains with higher rank symmetries; see Ref. 14. By analogy with the approach presented
here, following Refs. 48 and 5, the defining relations of the higher rank Askey-Wilson algebras AW(̂g) for q ≠ 1 could also be extracted from
the reflection equation algebra associated with the R-matrix of Uq(̂g).

Second, as mentioned in the Introduction, in the context of the theory of special functions, it is known that the Askey-Wilson alge-
bra provides an algebraic scheme for the classification of all orthogonal polynomials in one variable that enjoy a bispectral property.49,50
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By analogy, an interesting problem would be to characterize the family of multivariate special functions associated with the higher rank
classical Askey-Wilson AW(a(1)N−1) (and its q−analog) and to understand the notion of bispectrality in this context.
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