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variety of shapes of the probability density curve (see figure 1),
analytical Eractabiiity of many inferential results, and a motiva
tion from a plausible stoch;stic setting of the failure process.
The basic properties of this distribution were studied by
pweedie (1957) and many results have been presented in the literatu

re in the last years. A survey of these results is given by Folks

and chhikara (1978). -

In this paper, we present Bayesian analyses of the inverse

Gaussian model considering one and two sample problems. In section

2, we consider a Bayesian analysis considering a Jeffreys invariant

prior for both parameters U and A and in section 3, we assume A
known. In section 4, we present two examples considering one and.
two samples. In section 5 we consider nonpafametric Bayesian me

thods considering the Gauss Newton appioach and the Newton Raphson

approach.
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2. A BAYESIAN APPROACH CONSIDERING A NONINFORMATIVE PRIOR FOR THE

PARAMETERS

Let X;/Xo,e.en X, be a random sample of size n where X; has an

inverse Gaussian distribution IG(u,A) with density (1).

lihood function for p and A is given by:

n/2 n _
L) =) (1 M,
. : i=1
A n “ nA g A%
. expi- T x, +—-3% I 1l/x.}
. { P A T A

The logarithm of the likelihood is given by:

.

- n
Liu,A) =3 La(d) - § tni2zm) - 3 L tnixy) -
=2 n ’ n
; A -1 _ A 1
. - -i%—- I x, +ny - - T -
gt 2 4.1 Xy

2.1, The Jeffreys Invariant Prior

The 1like

(2)

(3)

The Jeffreys noninformative prior for u and A is given by

w(u,2) = {8et I(u,A)}l/z, where I(u,)A) is the Fisher

information

matrix (see for example Box and Tiao, 1973). Since the second deri °

‘ vatives of the log-likelihood function for u and A are given by

o .
32L/3p2 = - 3lu-'4 I x, + 2nAu-3,
. 1= 1 .

n
32L/022 = = na"%/2  and a%Lpapen = 73 :
- i=

we have:

T x = nu- 0
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ni | 0
I(p,r) =. (4)
0o - n/22%

Thus, the Jeffreys invariant prior for u and A 1s proportio

=1/2

nal to (Au3) where p>0 and A>0.

2.2. Joint Postenion Density for u and A
-1/2

Using the Jeffreys prior density w(u,A) <« (Aus) . ¢ we find
the posterior density for u and A:
| (n-1) /2 ( XH-z n X -1 2 P o1 )
w(u,rx]data) = exp{- I x,+nky -5 I — {5)
DR 2 ge 2 ju1 Xy
where p>0, A>0 and c is given by,
@ ,00 l'n-ﬁ/?. _2 n n
-1 A Au nx A s
c = exp{- =5— I x, + = - £ —=—}didu
A 372 R S T A Y
The marginal postérior density for u is given bj:
® 4 (n=1)/2
w(p|data) = -557 I A (B exp{-Ar}dA
. B : \
=2 n n
where A = ‘I %y - ny L % Daer e
i=1 i=1 *4
That is,
' -2 n n - (n+1) /2
) -3/2 -1.1 1
n{y|data) « u (Hi_ T X, -nu —+ I =) (6)
1=t 2 a1 Xy

wherae u>0. In the log-scale, we have:



-2 n i n -(n+l)/2
u(EIdata) «e E/z I x, - ne E+-]2= L ;1—) (N
i=]1 : _1‘1 i

where -«<f =L{n(y) .,

2,3, Manginal Postenior fox A

The marginal posterior density for A is given by:

x(A|data) = C'I exp{nL, (x) }du . (8
0
n-l D
where Lx(u) =1 {( y&n{r) - 3 1£1 % 7 Ln(y) -
n
A ni
- £ + =)
2u2 gm1 2w

Using the Laplace's method for approximating integrals (see,
Tierney and Kadane, 1986), we find the marginal posterior density
for A, given by:

1/ _ n
‘ z' (n-1}/2 exp{- 5 L i}
7 (A]data) = b L . (9)
. A*3/2 (2 ni
. H exp{—= A*z Eox; - o3
i=1 M
2.2 a2 L, (W)

where x>o,. ﬁ* = (=2n) + Y4n“2° + 24A 1::1 xi)/s, " --1/——5—— e

2 2 1.3
and 4°L, (W)/du” = = {— - =7
e Powt o
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' the Jeffreys noninformative prior for u is proportional to u

3. A BAYESIAN ANALYSIS WITH A KNOWN

The likelihood function for u considering A known is:

A o . nA ‘ -
Llu) = expl- =5 L X3 * 7 (10)
2u° =1 ¥ , '

) Loa ni 2 2
where u>0. Since Z£nl(u) = - —3 Ioxg ¢ L2, we have d"4né(p)/du"=
2u° 1=1 L]
’ n
== 3y I

i=l

x; * nap~3 and E{- a£n(u)/dan’} = a3, Thus,

-3/2
‘

where u>0.

’

3.1, Postenion Density for u

With the Jeffreys noninformative prior for p we find the pos

‘terior density for u (considering A known) :

n (u|data) = u_3/2 expi{- Aﬂ; + %%} 11l)
2u :

where u>0.

In the log-scale, we have:

v

n(f]data) = P expf{- lgz e 2% & me %} ' (12)
where -=<f = £n{u)<=.

3.2. Companison of Two Treatments Considening A, and x, Known

Let xl,xz,...,xn be a random sample of size n a distribution
1
IG(uyrAy) and let Yl'YZ""'Ynz ?e a random sample of size n, of a

Atatribution IG(u.,A~). We assume independence between the two

L



samples.
The Jeffreys invariant prior for ¥y and L) is proportional to
-3/2 -
"1 / .u23/2.
The joint posterior density for u, and Uy is given by:
Alnlx inzy

exp{- > - 71 .
24y 24,

3/2 3/2

wlu;ou,ldata) « uy

(13)
n,A
. exp{ 50 n,\ ~272,
H2

where u1>0 and u2>0.
Consideri:ng the transformation 51 = ul/u2 and Ez = U, (Ja
, coblan = Ez), the marginai. posterior density for El is:
' : - Al (E)) ', ,
w(§, |[data) ="¢ I e 1 dE, . (14)
0 .

where §,>0, c is normalizing constant, L€ (€)= % PR -2tng, - Z—E-z-+ E—-},
2 2

-2= - -1
Bl = Alnlﬁl X + xznzy, 82 = “1*151 + nzxz and n = nl+n2.

The marginal posterior density for 51 - 11‘1/1212 approximated by

the Laplace's method is:

*1/2

- B B
\ 2 1
. u(Elldata) « —3/32%2 exp{- 2.3 + ;—.} {15)

. d LE (€, )
Ak
where El>0, 52 = (= B, + /Bz + BB ) /4, Zz =1/ ——2-— Ez"E;

1 2 2
-=+37

' 2. 2
and d Lzl(iz)/daz == E

N
o

LY
™
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4. EXAMPLES
4.1. An Exampte'with One Sample

In table 1, we have simulated data of an Inverse. Gaussian dis

tribution with parameters u=l and A=5.

TABLE 1 - Generated Data of a IG(u,\} with u=l and A=5 (n=30)

0.26 0.41 0.22 0.69 0.53 0.66
0.56 0.52 0.80 1.00 1.03 0.81
0.79 0.87 0.95 0.97 0.79 0.83
0.83 1.29 1.1 1.43 1.23 1.81
1.73 1.67 1.63 1.23 2.36 2.10

- o 30
From table 1, we have n=30, T x, = 3l.11, x =1.037 ,
1=l
30 2 2 30 1
z X = 40.305, 8°=0.2774 (sample variance) and L s = 39,2645.
i=1 i=l i

The marginal posterior .density for u in the log-scale (from (7)).,is

given by:

n(eldata) « e~5/2(15.55e728 - 30e7% + 19:6322)713+3 (16)

where -=<f = £Zn{u) <=,

The mode of this posterior density is E = 0.0306 (solving the
equation 948.85 e 2% - 900 ™% - 19.63 = 0). Thus, ¥ = et = 1.031,
It is important to observe that the maximum likelihood * estimator
. . ) ). -1 n "
for 4 is given by u = n L Xy = 1.037.

i=l

The marginal posterior density for A (from (9)) is given by:

Y



g*1/2 3145 yni-19.63))

§43/2 15.55 _ 30},

p* q

w(xldata).c (17)

exp{

where A0, j* = (-60A+ /36001 + 746.641}/6 and " =- 305*4 /11,5042
- 93.331 +60M"}. .

In figures 2 and 3 we have the graphs of the posterior densi
ties for £ = Ln(y) and A. The mode of the marginal posterior densi

ty for A is % = 2.70. The maximum likelihood estimator for X is gi

L W | '
venby n/ I (5 - =) = 2,903, ' .
i=l "1 x . ‘
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o D - )
From figures 2 and 3, we can find Bayesint.for the parameters

£ and A. An approximately 0.95 HPD interval for u is given by

(0.861; 1.%+9) and for X is given by (1.5; 5.0).

[y

»

4.2. An Example with Two Samples

-

In table 2, we have the data of two samples generated by using

inverse Gaussian distributions.

. 30 .
From sample 1 in table 2, we have 'n, = 30, s x, = 31.11,
’ i=1

30 4 301

X =1.037, I x =40,305 and I - = 39.264. From sample 2,
1

i=1 "1
30 - = : 30 4

we have n, = 30, I y, =59.68, y=1.99, I y, = 142.34 and

2 aca 1 AR |
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TABLE 2 - Generated Data of IG(u,})

" SAMPLE 1 = ¥y = 1, X, =5, ny = 30

0.26 0.41 0.22 0.69 . 0.53 0.66
0.56 0.52 0.80 1,00 1.03 0.81
0.79 0.87 0.95 0.97 0.79 0.83
0.83 1.29 1.11 1.43 1.23 1.81
1.73 1.67 1.63 l1.23 2,36 2.10

SAMPLE 2 - B, = 2, 1\, =10, n, = 30

0.50 1.20 1.60 2.50 3.30 1.30
2.00 2.58 3.40 0.72 1,30 2.10
2.60 4.20 0.80 1.40 2.20 2.65
0.85 1.55 2.35 2.70 1.00 1.58
2.40 2.80 - ' 1.10 1.60 2.40 3.00

30

501 . 19.47. We also observe that the maximum likelihood  esti
i=1 ¥i 30
mator for 32 is given by x = nz/ (—— - —) = §.83.

i=1 Y1 ¥
Considering A; = 5 and 12 = 10 known, the posterior density

for §;, = ul/u2 approximated by the Laplace's method is (from (15))

given by:
221/2 By By
1r(£1|data) o -—372—,;—*'! exp{- 'T:z + T*} {18)
: 17 &2 " L2 o :

150

“where B, = 155. 5551 + 596.79, az=-1soe1 + 300, 52 = {- (-—I-+300) +

f’ /23744 .4 +9oooor,1+9477451 'Y /4 and Z2==n£2 {331-252 -2325 s

In figure 4, we have the graph of the posterior density for

€. We observe that the mode of this posterior density is given
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by El = 0.52. An HPD interval for §, with probability 0.95 is gi

ven (approximately) by (0.40; 0,70).

.
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5. USE OF NONLINEAR LEAST-SQUARES THEORY

In the above sections, we developed Bayesian parametrical me
thods for the problem of one and two samples. We verified close
agreement between the Bayesian estimators and the maximum likelihood

estimators, using noninformative priors. For exainple, in section 4

(example 4.1), we found -SB = 2,70 (Bayesian estimator) and

"LJ.\
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iMLE = 2,90 (maximgm likelihood estimator). Also, wve found
)13 = 1.031 and );‘MLE = 1,037. We observe that both estimators for
A are not very good in the sense that the data were generated consi
dering A=5 and p=l. We could improve the Bayesian estimators above
considering an informative prior structure for the parameters invol
ved.

As an alternative to the strict Bayesian approach, it may be
"tried the use of nonparametric Bayesian methods. In this direction,
we propose a distribution free nonlinear Bayesian approach that ge
neralizes the linear procedure with prior information that wés pro
posed by Duncan and Horn (1972). The approach combines in a natu
ral way, prior and data 1pformation and it requires only the first
two moments of the distributions of the data and of the parameters
involved. '

Considering a random saéple xl,xz,...,xn of a IG(u,A) distri .
bution and the reparametrization a=A, B=pz, whefe p2 = u/o and

02 -ualk, we have:

E(x|8) = £(8) = § Lo
e . - (19)
var(x|g) = g(8)1_ = %3 I !
. where X' = (xl,xz,...,xn), l; = (1,1,...,1), 8' = (a,B) and_.In is

the (nxn) identity matrix.
We observe that g(g).is an (nxl) vector of twice continuously
differentiable functions in 9, and g(8) is a known function of §.
For the prior structure for gk(a,s), we consider ﬁ(g) = 90

(known) and var(8) = zNL (known) .
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5.1. A Genenal Approach

Under model (19), § is the nonlinear Bayes least-squares eéti
mator for 8 if it minimizes
0 S ~ &
(8,8 ) = i (20)

x-£@) \ 0 E@]Y\x- £@

(see Duncan and Horn, 1972).

We may expand £(8) in a Taylor series about E(i) (the subs
cript i indicating the 1th iteraction), and retain only the , first

’

two terms:
£08) = £(0,4)) + F(84)) (8 = 84y) (23)

where F is the Jacobian.matrix. So, we can rewrite (20) as,

. -1
Q(8,8;) = gy = B (@' V Ky T Fgy¥ . (22)
-1
1 0
" P p ‘ =1 zNL
where X, ' z(i) r VO = - ‘
F(8(g)) -\ o ©E[gte)]

.

and ,x*

Xigy = X+ £085)) + F(84)) 84y~

)

From Lemma 2.4 in Duncan and Horn, 1972, the Quadratfc form

'(22) is minimized by the familiar weighted combination, ~

-
1

Saen) Sl Y TSy % (23)

~ -1 ’ - *
where g(i) = [:Fl (gsi))ﬂg(i))j F (9_(1))5(1) and

& !_:'w
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1 P8 )F(8,4y) =1 F'(8 5, F(8,4y)
cyy = g * (1)7° ~{4) (1) ('
NL Efg(ey] Efg(e)]

Or, we can write,

)6+

+ (1= Cyyl8,

S+ " S

[ - [
R (Z-l . F (g(i))r(g(i))) 1 F'(Qy,)
NL E[g(8)] Ela ()]

The above iterative procedure is known in the literature as
the Gauss-Newton procedure with prior information. By using 'Brunk
(1980), it is not difficult to show that 6(i+1) has the smallest
posterior squared mean in.the class of linear estimators on 521).
Starting with an initial value g(o) =05 the process continues un
til ]|§(1+1) - g(i)ll < €. ' The asymptotic covariance matrix is gl

ven by,

F(BIF(B) -1
——) (24)

E[g(8)]

cov(g);= (ZNL

The first step of (23) gives an approximate solution given by:

N -1, F' (8)F(8,) -1 F'(8,) ) % b e
0 6 +(l x - [
Sl E[g(9)] Efgee] - " °

5.2. Application to the Inverse Gausaian Distaibution

Wwith model (19), let us consider g(g? = (ao,Bo)' = 6, and
cov(e) = diag(o ,o ) where xgr Bo, 02 and cz are known, Also, we
have in our notation, £'{8) = {a/B,...,a/8) and g(8) = a /B =

Expanding g(8) in a first order Taylor series about go and

taking its expectation with respect to the prior distribution, we
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have:
2

‘ - % ' :
Efge)] =1 _ (26)
- "B ’ ‘

from (25), we obtain:

i
nf_x ng
3(1) ‘.'—‘3_2"‘ 1 '707) %
Alaocﬂ APOUB
' (27)
B om D s - —2Ey g
1l o
43 Ao . A{:oo’c
‘n / '
where &) = =y + =+ =3
998 %P0 %%
From (54), we have:
~ -~ 1 1 ., n 2
var (a ) = +— + —)
W’ T E G2
. B o
and " | (28)
» e 1 Ui
var(B;,,) = — (= + ) {
(1) &) 42 ';T
o (o)

Co';asidering B, = §2/S2 and o = (§2/52)§ ;where X is the sam
ple mean and S? is the sample variance, we find (from (27)), a(l) =
= (322/52)3:' and E(l) = %2/s2. That is, the solution is given
by & = (x2/sH)% ana B =x°/s%. :

With the data in table 1, we have ¥ = 1.037 ‘and §2 = 0.2774.
Thus, & = 4.02 and ﬁ = 3,88. Since, A=a and p=a/B, we find A=4.02
(close to the value A=5) and no= 1.0:;;1. Thus, we. see that this es

timator is better than the estimators obtained in section 4. In

iy
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table 3 we have estimateéd values of A for different initial values

oy and Bo‘

TABLE 3 - Estimated Values of A for the Data in Table 1 Using the
Gaugss Newton Approach: '

o§=c;=1,u=1, =5 n=30, p°=5
..Q_Fo Bo . A= ) _ var(a(l))
.02 - 3.88 4,02 0.548
| 4,00 4.08 0.534
4,50 4,36 0.478
5.00 4.68 0.430
6.00 5.45 0.350

5.3, The Newton Rabhbon'Appnaach

As an alternative to the Gauss Newton approach above, we have
the Newton Raphson approach. From (19) and (20), it is not hard to

show that the quadratic form to be minimized is given by:

2 2 :
{a_-a) (8 _-8) 3 n -2
Qla,p) = —2 AL +8 @ ix -9 (29)
- o, og alg=y L+ B

pifferentiating Q(a,B) with respect to a and B, it {ollows

the values of a and B minimizing Q(a,B) are given by the solution

of:
(a_-a) B3 n 2 B2 n
gl(a.B) — =3 L Xy - =3 b xi = 0
o a” i=1 i=1
. (30)
(B_—-B) 2 n n
3 2 28 n
and g,(a,8) = —= -38_ 5 x*+£2 1 x,-35=0
s 2 202 4= 1 @ gm + 2

g
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The Newton-Raphson algorithm can be used'to_solve the

equations and it is given by:

- 1 L (1) (4) L () (1)
Sely TSy TG TR IR F R )

i) (1)

1 (
22 92 )

- ) (1) (4)
Bsny = B) T 5y, (A

4219y .1 & &

(1)

where 9 and géi) are the functions gl(o., g) and g, (a,B) with

(1)

0 © A{é’.A{é), where A{i), A{;) and Aéé) are equal to-
All-fg+§%1glxi_%iglxi |
© P22 =é+%£ 121 xi-"—i—? 121 *1
P12 3%3 121 X f% 121 1

with a and B replaced by ay) and B(i)' respectively.
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above

(31)

(32)

[+ 3

and B replaced by a4, and By, respectively, 810y = M1 .Aéiz-) =

The posterior covariance matrix of a and B may be estimated
1 d

by:
i S : : . !
var(alx) = P :

by

A
var(glx) = =22

~

4,

>

and cav(a,Bla_s) = 12

[~

2

(33)
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where All' A12' Azz_and A2 are given by All' A12' AZZ and Az, with
LY

a and B replaced by & and 8 the solution of (31).

In table 4, we have the estimated values of A for the data in

table 1.

TABLE 4 - Estimated Values of A for the Data in Table 1 Using the
-Newton Raphson Approach ’

2 2

o2=oi=1, w=1l, A=5, n=30, pl=s

. “.o . . Bo . .- A=a Var((l.)

) 4.02 3.88 4.02 0.410
.4.00 4.15 0.380

4.50 4.48 0.330

5.00 4.84 0.300

6.00 5.98 0.250
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