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ABSTRACT: A Bayesian analysis of the inverse Gaussian rodel is pr~ 

sented considering Jeffreys invariant priors for the parameters of 

interest. When the posterior densities cannot be obtained expl.!_ 

city, we use the Laplace's method for approximation .of integrals. 

We also consider ·the problem of comparison of two treatments. At 

·the end, we consider nonparametric Bayesian methods considering the . 
Gauss Newton approach and the Newton Raphson approach. 

KEY WORDS: inverse Gaussian distribution, Bayesian methods, Lapl~ 

ce's method, Gauss Newton approach, Newton Raphson approach. 

l. INTRODUCTION 

A versatile survival model but not so well known, is given by 

the Inverse Gaussian Distribution IG(µ,~) with density given by: 

where x>0, A>0 and µ>O. 
3 

Its mean and variance areµ andµ /A, 

(l) 

pectively. This distribution has three desirable features: a · wide 



2 

variety of shapes of the probability density curve (see figure 1), 

analytical tractability of many inferential results, and a motiva 

tion from a plausible stoch~stic setting of the failure process. 

The basic properties of this distribution were studied by 

i'weedie (1957) and many results have been prese~ted in the 1iterat~ 

re in the last years. A survey of these results is given by Folks 
. . 

and Chhikara (1978). 

In this paper, we present Bayesian analyses of the inverse 

Gaussian model considering one and two sample problems. In section 

2, we consider a Bayesian analysis considering a Jeffreys invariant 

prior for both parametersµ and A and in section 3, we assume A 

known. In section 4, we present two examples considering one and . 

two samples. In section 5 we consider nonparametric Bayesian m,2 

thods considering the Gauss Newton approach and the Newton Raphson 

approach. 

0 0.5 1.0 

E(X) 

1.5 20 25 30 ')( 



3 

2. A BAYESIAN APPROACH CONSIDERIN~ A NONINFORMATIVE PRIOR FOR THE 

PARAMETERS 

;et x1 ,x2, ••• ,Xn be a random sample of size n where xi has an 

inverse Gaussian distribution IG(µ,A) with density (1). The like 

lihood function forµ and A is given by: 

). n/2 n x-13/2} • l. (µ _, ).) - <rw> { n 
i•l 

'l'he logarithm of the likelihood is given by: 

3 n 
L(µ,A) • !!2 .tn(A)° - !! .tn(2w) - '7 E tn(xi) -2 · i•l 

(2) 

(3) 

The Jeffreys noninformative prior forµ and . A is given by 

w(µ,A) ~ {det I(µ,A.)} 112 , where I(µ,A) is the Fisher information 

matrix (see for example Box and Ti~o, 1973). Since the second der! 

· vatives of the log-likelihood function for µ and A are. given "by 

a 2L/o 1? • - 3A µ -
4 

n· 
2nAµ- 3, t xi ·+ 

i•l 

a2t.;a A 2 nA-2/2 a 2L/oµ3A -3 n -2 ·- - and - µ t xi - nµ , 
ial 

we have: 



. - f. 
,.-. -. ~ '• -

4 

-C 
0 

I (µ,A) (4) 

n/2A
2 

Thus, the Jeffreys invariant prior forµ ~nd A is proport12 

nal to (AµJ)·l/ 2 ~here µ>0 and A>O. 

3 -1/2 
Using the Jeffreys prior density 11' (µ, A) « ().µ ) . , we find 

the posterior density forµ and 1: 

where µ>O, A>O and c is given by, 

-l 
C . 

a, m l,..1)/2. . 

• J J 31/2 exp{-
0 0 µ 

The marginal posterior density for µ . is given by: 

-2 n n 
where A = l!.......:=. • I xi - nµ -l + l I .l.. 

-z i=l ~ 1 .. 1 xi 

That is, 

whArQ u>O. In the loq-scale, we have:. 

(S) 

• 



where 

The marginal posterior density for A 1s given by: 

w(Aldata) •·c·J• exp{;A(µ)}dµ 

0 

5 

(8) 

Using the Laplace's method for approximating integrals (see, 

Tierney and Kadane, _1986), we find the marginal posterior density 

for A, given by: 

(9) 

where· A>O, 



3. A BAYESIAN ANALYSIS WITH A KNOWN 

The likelihood function forµ considering A known is: 

!(µ) «exp{-. -~- ~ x + .E!.} 
2µ2 i=l i . µ 

where µ>O. Since tnt(µ) a: -

-- 3.Aµ-4 and 

6 

(10) 

· Thus, 

the Jeffreys noninformative prior forµ is proportional to µ- 3/ 2 , 

where µ>O. 

With the Jeff~eys noninformative prior forµ we find . the pos 

terior density forµ (considering X knQwn)1 

(ll) 

where µ>O. 

In the log-scale, we have: 

(12) 

Let x1 ,x2, ••• ,xn be a random .sample of size n1 a distributial 
l 

IG(µ 1 ,x1 ) and let Y1 ,Y2 , ••• ,Yn be a random sample of size n2 of a 
2 . 

~•-~~ibution IG(uft,X~). We assume independence between the two . -
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samples. 

The Jeff~eys invariant prior for u1 and u2 is proportional to 

-3/2 -3/2 
µl •U2 • 

The joint posterior density for µ1 and u2 is given by: 

(13) 

where µ1>0 and u2>o. 

Considering the transformation t 1 • u1/u 2 and t 2 • u2 (J~ 

cobian • t 2), the marginal posterior density for t1 is: 

,r (t1 I data) (14) 

I • 

-2- - -1 
B1 • A1n1t

1 
x + A2n2y, s 2 • n1A1t 1 + n 2A2 and n • n1+n2 • 

The marginal posterior density for t 1 • µ~/~ 2 approximated by 

the Laplace's method is: 

and 

i* - -2 

(15) 
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4. EXAMPLES 

4.1. An Exdmple with One Sdmple 

In table l, we have simulated data of an Inverse . Gaussian di! 

tribution with parameters µ=land A=S. 

. 

TABLE l - GQnerated Data of a IG(µ~A) with µ=1 and A=5 (n=30) 

30 
I 

i=l 

0.26 0.41 0~22 0.69 0.53 

0.56 0.52 0,80 1.00 l.03 

0.79 0.87 0.95 . 0.97 0.79 

0.83 1.29 1.11 1.43 1.23 

l. 73 1.67 l.63 L23 2.36 

30 
From table 1, we have n=30, I · xi= 31.11, 

·1-=l 

0 .'66 

0 .8_1 

0.83 

l.81 

2.10 

X • 1.037 

2 2 
3o l 

xi .. 40.305, S =0.2774 (sample variance) and I - • 39,2645. 
i=l xi 

The marginal post~rior .densi~y forµ in the log-scale (from (7)),is 

given by: 

where-=<(= ln(µ)<=. 
,. 

The mode of this posterior density is ( = 0,0306 (solving the 

-2( -( ,. € 
equation 948.85 e - 900 e - 19.63 = _O). Thus, µ .. e • l.03L. 

It is important to observe · that the maximum likelihood • estimator 

forµ is given by 

The marginal posterior density for A (from (9)) is given by: 



9 

(17) 

"* - 93.33). +60Aµ }. 

In (igures 2 and 3 we have the graphs of the posterior dens! 

ties fort• tn(µ) and>.. The mode of the marginal posterior dens! 

ty f~r). is A• 2.70." The maximum likelihood estimator for). is g! 

ven by 
n · · 1 l 

n/ I (- - -) • 2.903. 
i•l xi i 

·Tt(~/data) 
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FIGURE 2. MARGINAL POSTERIOR FOR ~ 
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14.0 16.0 18.0 

From figures 2 an~ 3, we can find Bayesint.for the parameters 

t and A, An approximately 0,95 HPD interval for µ is given by 

(0.861: l . :V.-0) and for A is given by (1.51 5.0). · 

4. 2. An Example. wi.th Two Samp.tu 

In table 2, we have the data of two samples generated by using 

inverse Gaussian distriputions. 
30 

From sample_ 1 in table 2, we have n1 ·a 30, t xi = 31.ll, 
i=l 

x • l.037, 

we have 

30 
t x2 = 40,305 and 

i•l i 
30 
I . _, 

30 l 
t - • 39,264. 

i•l xi 
From sample 2, 

y • l.99, · 
30 
I y~ .. 142.34 

ial 
and 



TABLE 2 - Generated Data of IG(µ,A) 

. .. · SAMPLE l - µl = l, A = l 
s, nl,.. 30 

0~26 0.41 0.22 0.69 0.53 0.66 

0.56 0.52 0.00 1.00 1.03 0.81 

0.79 0.87 0.95 0.97 0.79 o.83 

0.83 1.29 1.11 1.43 1.23 1.81 

1.73 1.67 · 1.63 1.23 2,36 2.10 
.. . . 

. . . . SAMPLE 2 - P2 = 2, >-2 = 10, n2 • 30 

o.so 1.20 1.60 2.50 3.30 1.30 

2.00 2.58 3.40 o. 72 1.30 2.10 

2.60 4.20 a.so 1.40 2.20 2.65 

a.as 1.55 2.35 2.70 l.00 1.58 

2.40 2.80 1.10 1.60 2.40 3.00 
..... . . ... . . 

30 · 1 
. I -y • 19.47. 
i-=l i 

We also observe that 
30 

ma.tor for Ai is gi~en by A2 • n2/ I 
i•l 

the maximum likelihood 

l l (- - -) • 6.83. 
Yi y 

11 

Considering Al• 5 and l 2 • 10 known, the posterior density 

for t 1 • µ 1/µ 2 approximated by the Laplace's method is (from (15)) 

given by: 

(18) 

where B1 • 155. 55t12 + 596 ". 79, B~ • lSOt11 + 300, t2 • 

In figure 4, we have the graph of the posterior density for 

t1 • We observe that the mode of this posterior density is given 
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by €
1 

= 0.52. An HPD interval for t 1 with probability 0.95 is 91 

ven (approximately) by (0.401 0.70). 

1i ( ~ti data). 
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.. 
5. USE OF NONLINEAR LEAST-SQUARES THEORY 

t60 

. 
In the _above sections, we developed Bayesian parametrical me 

thods for the problem of one and two samples. We verified close 

agreement between the Bayesian estimators and the maximum likelihood 

estimators, using noninformative priors. For example, in section 4 

(example 4.1)# we found . A8 • 2.70 (B~yesian estimator) 

.. 



-
13 

AMLE = 2.90 (maximum likelihood estimator). Also, we found 

JJ.e = 1.031 and~E • 1.037. We observe that both estimators for 

A are not very good in the sense that the data were generated consi 

dering A=S and µ=l. We could improve the Bayesian estimators above 

considering an informative prior structure for the parameters invol 

ved. 

As an alternative to the strict Bayesian approach, it may be 

tried the use of nonparametric Bayesian methods. In this direction, 

we propose a distribution free nonlinear Bayesian approach that g~ 

neralizes the linear procedure with prior information that was pr2 

posed by Duncan and Horn (1972). The approach combines in a natu 

ral way, prior and data information and it requires only the first 

two moments of the. dist_ributions of the data and of the parameters 

involved. 

Considering a random sample x1 ,x2 , ••• ,xn of a 
I . 2 

bution and the reparametrization a•l, 8•p, where 
2 3 .• 

a •µ /l, we have: 

E(Xl8) .. £ <2> a !.,. - - ·i 

2 
var(XI e) • g(!)In 

a I - :l 8 .n 

rG(µ,l) distri . 

p2 • µ/a and 

(19) 

wherex• = cx1 ,x2 , ••• ,Xnl, !~• (l,1, ••• ,1), 8' · • (a,13) and In is 

the (nxn) identity matrix. 

We observe that £(2) is an (nxl) vector of twice continuously 

differentiable functions in!• and g(2) is a known function of. !. 

For the prior structure for ~ •~ca, 8), we consider 

(known) and var"<2> • JNL (known). 
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S.J. A Gene~at App~oach 

Under ~del (19), 3 is the nonlinear Bayes least-squares est! 

mator for~ if it minimizes 

(20) 

(see Duncan and Horn, 1972). 

We may expand£(~) in a Taylor series about ~(i) (the sub~ 

cript i indicating the 1th iteraction), and retain only the , first 

two terms: 

(21) 

where Fis the Jacobian.matrix. So, we can rewrite (20) as, 

(22) 

From Lemma 2.4 in Duncan and Horn, 1972, . the quadrati'c form 

(22) is minimized by the familiar weighted combination, • 

(23) 

where ~ (i) • [F• <i (i)) F (~ (i) >]-l F' (~ (i)) ~~i) and .. 
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Or, we can write, 

The above iterative procedure is known in the literature as 

the Gauss-Newton procedure with prior information. By using Brunk 

(1980), it is not difficult to show that B(i+l) has the smallest 

• 
posterior squared mean in -the class of linear estimators on !{i)" 

Starting with an initial value ~(o) •~,the process continues u~ 

til l l~(i+l) - ~(i)II ~&. · ·The asymptotic covariance matrix is 9! 

v_en by, 

(24) 

The first step of (23) gives an approximate solution given by: 

(25) 

.. 

With mo.del (19) , let us consider E (8) a (a0,a0) I = e and 
-0 

cov(~) 
2 2 

IC diag(aa,oa> where a
0

, 80, 
2 2 a
0 

and 0
8 

are known. Also, we 

have in our notation, !' {~) .. (a/S, ••• ,a/S) and g(~) = a2/83. 

Expanding g(~) in a first order Taylor series about~ and 

taking its expectation with respect to .the prior distribution, we 



,. 
1 
I 

j 

have: 

From (25), we obtain: 

. nx ) ~ " n (1 ao 8(1)·•-:--7+ -~ 
tilaa Af'-o/J.A. 

where Al 
1 n n~o 

"" --n + -2- + 2°"2 
aaaa aaao .aoas 

From (24), we have: 

" l 
(~ ~ -1!.) var(a(l)) = r. 

1 013 ao 

and 

var(a(l)) - 1 ci + 
n8

0 

= Al (12 -r> 
a ao 

Considering ao 
-2 2 -2 2 - : i is = X /S and a .,. (x /S )x where the 

0 

ple mean and s2 is the sample variance, we find (from (27))', 

• (x2/s 2)x an~ ;(l) • x2/s2 • That is, the solution is 

by ~ • ci2;s2)i and B =·i2;s2 • 

16 .. 

(26) 

(27) 

(28) 

sam 

given 

With the data in table 1, we have x = 1.037 'and s2 = 0.2774. 

Th " 4 02 and~• us, a = • ~ 3.88. Since, ).=a and µ=a/13, we find A• 4 .02 · 

(close to the value ).•S) and~• 1.037. Thus, we . see that :this e~ 

timator is better than the estimators obtained in section 4. In 

.. 
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table 3 we have estimated values of). for different initial values 

,· 

TABLE 3 ~ Estimated Values of A for the Data in Table 1 Using the 

Gauss Ne~ton Approach· 

c? • a2 = 1, = 1, ). s, 30, 
2 s µ • n .. p = 

. . . . a . 8 . .. ....... . . . . . . . . . . ' . .. 

" A " 
- a Bo ). = a (1) var_(a(l)) _ 

..... 0 . . . . . . 

4.02 3.88 4.02 0.548 

4.00 4.08 0 .534 

4.50 4 .36 0.478 

5.00 4.68 0.430 

6.00 5.45 0.350 
. . . .. . . . . . . 

5 • .5, The. Ne.wt:on Ra.ph6on A.pp11.oa.ch. 

As an a+ternative to the Gauss Newton approach above, we have 

the Newton Raphson approach. From (19) and (20), it is not hard to 

show that the quadratic form to be minimized is given by: 

2 2 
(a

0
-a) (8

0 
-B) B3 n - 2 

Q(a,B) ... 
c, 2 

+ 2 +-, E (x1 - f> (29) 

a 13 a 1=1 
a 

Differentiating Q(a,B) with respect to a and B, it {ollows 

the values of a .and 8 minimizing Q(a,B) are given by the solution 

of: 

(a
0

-a) B3 n 2 a2 n 
g1 (a,B) .. 

a2 +3 I xi -, I xi• 0 
a i•l a i•l 

a (30) 

. (8
0

-B) 3132 n x2 + 28 
n 

and g 2 (a,B) - c,2 - - I I xi - .!!. - 0 
2a2 1-=l i a i•l 

2 

13 
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The Newton-Raphson algorithm can be used ·to solve the above 

equations and it is given by: 

a (i+l) • a (i) 
1 

-~ (A(i)g(.i) 
11 1 

+· A(i)g(i)) 
12 2 

(31) 

a(i+l) - a<t> 
1 (A (1) g (i) + A (i) {i)) 

- ti2(1) 12 1 22 g2 

where gii) and gli) are the functions 91<~,a> and g2(a,a) with a 

(i) (i} 
and a replaced by a(i) and a(i) raspectively, ti 2 (i) • All .A22 

A(i) A(i) where A(l) A(i) and A(i) · are equal to · 
12 • 12 ' ll ' 12 22 

(32) 

with a and 8 replaced by a(i) and B(i)' respectively. 

The ~sterior covariance matrix of a and 8 may be estimated 

by: 

(33) 

and c~v (a, 13 I x) 

, 
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A ~ A A 

where All' A12 , A22 _and 62 are given by All' A12 , A22 and 62, With 

a And a replaced by a and! the solution of (31). 

In table 4, we have the estimated values of A for the data in 

table l. 

TABLE 4 - Estimated Values of A for the Data in fable l Using the 

•Newton Raphson Approach 

4.02 
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