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Resumo

Neste artigo sdo mostradas estimativas para a bi-Lipschitz G-trivialidade, G é
um dos subgrupos de Mather C ou K, em familias de germes de aplicagoes satis-
fazendo uma condi¢ ao de Lojasiewicz em dois casos, para a classe dos germes quase
homogéneos e tambem no contexto dos germes que sao Newton nao degenerados.
Tambem consideramos a trivialidade bi-Lipschitz em familias de aplicagoes definidas
em variedades analiticas, neste caso sao mostradas estimativas para a bi-Lipschitz Gy -
trivialidade, com G = R,C ou K no caso quase homogéneo, ou em outras palavras,
quando o germede aplicagdo e a variedade sdo quase homogenoes de mesmo tipo.
Estes resultados completam os resultados decritos em [13], [8], [15], [9] and [11]. Na
tltimasecdo sdo apresentadas tabelas com todas as estimativas para a C*-G e bi-
Lipschitz G trivialidade com G =R,Cor Ke ! =0,1,...,00, nos dois casos, 0 quase
homogeneo e o caso Newton nao degenerado.

Abstract

Let G be one of Mather’s groups C or K. In this work we provide estimates for the
bi-Lipschitz G-triviality of a family of map germs satisfying a Lojasiewicz condition
in two cases: for the class of weighted homogeneous map germs and then we go to the
more general setup, in the Newton Polyhedron context, or the class of non-degenerate
map germs with respect to some Newton polyhedra. We also consider the bi-Lipschitz
triviality for families of map germs defined on analytic varieties, and in this case we
give estimates for the bi-Lipschitz Gy -triviality where G = R, C or K in the weighted
homogenous case, or in other words, when the map germ and the analytic variety are
weighted homogeneous. These results complete the results contained in [13], 8], [15],
[9] and [11]. In the last section, we present a table with all estimates for the C*-G
and bi-Lipschitz G triviality, with G = R,C or £ and £ = 0,1, ..., 00, for both cases:
the weighted homogeneous and the Newton non-degenerate case.
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ported by CNPq - Grant 300880/2003-6. The third named author is partially supported by CNPq
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1. INTRODUCTION

A basic problem in Singularity Theory is the local classification of mappings module
diffeomorphisms. However, this problem presents very rigidity. Then seems natural to
investigate classification of mappings by isomorphisms weaker than diffeomorphisms.
In this paper we are interested in the study of mappings up to bi-Lipschitz maps.

A mapping ¢ : U C R™ — RP is called Lipschitz if there exists a constant ¢ > 0
such that

I ¢(z) =) l[<cllz-yl, VzyeU

When n = p and ¢ has a Lipschitz inverse, we say that ¢ is bi-Lipschitz.

Equivalence relations defined in terms of bi-Lipschitz maps are important tools
in the study of equisingularity of mappings and sets from the metric point of view.
Metric classification refers to classification up to bi-Lipschitz maps.

Note that the notion of bi-Lipschitz equivalence is stronger than the topological
equivalence and weaker than any other C*-equivalence, with £ > 1.

We can define Lipschitz versions of the equivalence relations involving the classical
Mather’s groups R,C and K. In fact, two map germs f,g : (R*,0) — (RP,0) are
bi-Lipschitz R-equivalent if there exists a germ of bi-Lipschitz homeomorphism A :
(R™,0) — (R™,0) such that g = f o h™!. Two map germs f and g are bi-Lipschitz
K-equivalent if there exists a pair of bi-Lipschitz homeomorphisms (h, H), with
h: (R*0) — (R*,0), H = (H1,Hs2) : (R* x R",0) — (R™ x RP,0) satisfying the
conditions: Hy; = h, H(R" x {0}) = R" x {0} and H o (Id, f) = (Id,g) o h, where
Id denotes the germ of the identity in R™". When h = Id we call the bi-Lipschitz k-
equivalence by bi-Lipschitz C-equivalence. In this way, the bi-Lipschitz K-equivalence
can be seen as the semi direct product between the bi-Lipschitz R-equivalence and
the bi-Lipschitz C-equivalence.

In this article we are interested in the bi-Lipschitz-G-triviality, with G = C or K, or
in other words, the bi-Lipschitz G-equivalence along of a family of map germs Fj(x)
with Fy(z) = f satisfying a Lojasiewicz condition. The bi-Lipschitz R-triviality
of families of germs was studied recently by Fernandes and Ruas in [8] for the
weighted homogenous case and by Fernandes and Soares Jr. in [9] for the New-
ton non-degenerate case. However, with respect to bi-Lipschitz triviality with respect
to the groups C and K there are no results in the literature.

The main tool to obtain these triviality conditions is an application of a Thom-
Levine type theorem with the construction of controlled vector fields in the presence
of a suitable Lojasiewicz condition. This method is often used to obtain several
triviality conditions and it is based on the fixing of an appropriate filtration in the
space of germs, which depends of the initial germ f, to prove the triviality. If we
consider a deformation F;(z) of f, the general form of the result is given by a filtration
condition involving %’1} and the deformation F'. The triviality is proven by solving
localized equations of type —p%—f = &(f) where p is a control function which depends
of the chosen filtration and £ is a smooth germ of vector field in the G-tangent space
of the germ. If the deformation F' satisfies the filtration condition, we obtain the

appropriate condition for the vector field p~*¢.
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For instance in the C%G-actions, where G is one of the Mather’s groups we see,
among others, the works of Damon [7] and Kuo [10] for the characterization of topo-
logical classification and for the C%-G-triviality of map germs. More recently Abder-
rahmane in [1] studies the C°-R-triviality for function germs which satisfy a non-
degeneracy condition which depends of a convenient Newton filtration. In the case
of the C*triviality for 0 < ¢ < oo, we know the work of Bromberg and Lopes de
Medrano [3] which gives estimates for the C*~R-triviality in families of real functions
germs of class at least C**! in the weighted homogeneous case. Estimates for the
C*-G-triviality, where 0 < £ < oo and G = R, C or K appear in [13] for weighted
homogeneous map germs and in [15] for map germs which satisfy a Newton non-
degeneracy condition.

By now there is a gap in these results, since there is no study of the bi-Lipschitz
case for the groups C and K, which is the main purpose of this article. Here we
complete this gap giving estimates for the bi-Lipschitz-G-triviality, for G = K or C in
both cases, first for the class of weighted homogeneous map germs and then we go to
the more general setup, the Newton Polyhedron context, or in other words, the class
of non-degenerate map germs with respect to some Newton polyhedra.

Concerning the Gy -triviality for families of map germs defined on analytic varieties
V, we see estimates for the C*-Gy-triviality with £ > 1 and G = R, C or K in [11],
but again the bi-Lipschitz case is not treated.

We also consider this case in this article and give estimates for the bi-Lipschitz-Gy -
triviality where G = R,C or K in the weighted homogenous case, that is, when the
map germ and the analytic variety are weighted homogeneous.

Moreover, in the last section of this paper we compare our results with all other
known results which appear as a consequence of the use of the method of construction
of controlled vector fields. We show a table with all known results. As expected we
conclude that the estimates depend only of the control functions obtained in each
case and of the type of equivalence which we are looking.

2. BI-LIPSCHITZ G-TRIVIALITY, G =R,C OR K

We denote by &, the local ring of real analytic function germs f : (R*,0) — R
and its maximal ideal by M,, &,, denotes the &,-module of analytic map germs
f:(R™0) — Rr.

From now on we shall consider map germs in &, , with the additional property that
f(0) =0, these germs are denoted f : (R*,0) — (R, 0)

For any map germ f : (R*,0) — (RP,0) in &, , we call I f the ideal of &£, generated
by the p X p minors of the jacobian matrix of f; by Icf the ideal generated by the
coordinate functions of f, and by Ix f the ideal I f + I f.

Let Ne f(z) = |f(z)|*, Nr f(z) = |df(z)|* = 3_; M}, where M; are the generators
of Inf and N f = N f + Ne f. For G = R,C or K we say that Ng f satisfies a
Lojasiewicz condition if there exist constants ¢ > 0 and a > 0 with Ng f(z) > c|z|®.
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2.1. Weighted Homogeneous Case.

Definition 2.1. A map germ f : (R",0) — (R?,0) in &, is weighted homogeneous
of type (r1,...,rn;ds, ..., dp) withr;, d; € QF, if for all A € R — {0}:

FOB R o ) = (NS T (), « <0 A= Bl

We remember that any weighted homogenous analytic map germ f in &, is always
a polynomial.

In this subsection we shall fix an n-tuple of weights 7 = (r4,...,7,) in such a way
that we can define an appropriate filtration in the ring £, which is suitable for the
weighted homogeneous case.

Definition 2.2, Given7= (11, ..:;7); for any monionial 2* = 27 29% . .. 2>, define
fil=(z®) = Y, auri. We define the T-filtration in &, via the function defined for any
finé&, by

e (1) = nfa {0 (5:2) © 0.

This definition can be extended to &,.s, the ring of s-parameter families of germs
in n-variables, by defining fil-(z*t?) = filz(z).

For any map germ f = (fi,..., f,) in &,p, we call filz(f) = (di,...,d,), where
d; = filz(f;), for each i = 1,...,p. As we are working with a fixed sets of weights
7=(r,...,m,), from now on we shall omit the subindex filr and call filz(f) =fil(f).

Analogously to the previous definitions for the functions Ng f, for any polynomial
map germ f : (R™,0) — (RP,0) we define the weighted homogeneous versions of them.
Call N f =3, ]\/112'“’ , where M| denotes a p X p minor of the jacobian matrix of

A

fwithl ={4,...,5p}and 1 <4 <+ <ip <, by = si with s; = fil(M;) and
I .
= lem {sr}; and Nj f =50 (fi)*%, where §; = tem {1 (ﬁflj()}i])=1"“’p}.
Let a,b € N be prime numbers with ged(a,b) = 1 such that il (N f)* = il (N} f)°.
We call Nt f := (Ny f)* + (Nj f)°.
In analogous way, for any family of polynomial map germs f; : (R*,0) — (R?,0),
t € [0,1], we call Nj fi := >; MZ¥, N§ f, == 30, (f..)? and for the a,b, k; and §;
given before we call

Ni fo = (N fo)* + (N fo)".
Then we have the following theorem:

Theorem 2.3. Let f: (R™,0) — (RP,0) be a weighted homogeneous polynomial map
germ of type (r1,...,Tn;dy,. .., dp) withry < --- <1y, dy < --- < dp, satisfying a
Lojasiewcz condition N§ fi(z) > c|z|®, for constants ¢ and . Then, small deforma-
tions of f defined by fy = f +10, © = (0y,...,0,), with fil (©;) > d, + 1, — 1 are
bi-Lipschitz IC-trivial.

Proof. Let B =lem {fil(f;), 7 =1,...,p} and k = lem{s;}, then we get
B1(NE f,) = 81 (N& £,)* = il (N f,)° = 2ka = 2Bb and
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« ¢ Of 1 Ofe _
N)cfta—tt = ((Ng fo)* + (V¢ ft) I= ot
0
= (N3 £ 0+ (g P =
ot of ot of
= (N3 £)"~ Vg fi St + (NE 0P N £ 5t =
= (N f)* "t dfe(Wr) + (Ng £)°" 30021 Li fuis
r— n w; = 0, ) g I
here W =3, MI% ‘Wi, Wy = p I wia% and { By = ? 1Ngzm(%{—')wlm ef
of;
where Nj;,, is the (p — 1) x (p — 1) minor cofactor of . in the differential df of f

and L; = f?ﬂ’ (—L) with §; = lc’?illefg") = ﬁl‘(afi), fot g =1.. s, p@0 §=1, ;000

Then, NE ;%0 = df,((Ng £)* W) + X0 (N§ f)b lft”' (52) fus.

Dividing the above expression by Ng f, we obtain:

W for L (Ve 0" 1% () s
dft( t R) +Z cJt A;;éfl It .

(Nj fo)* ' W
Ng fi '

and define the vector

Now, first we define the vector field with respect to the group R: £ =

—1¢2B;—1 = h—1 p 28—
call = S NS~ 0" 0w O P <Y
U i=1 N fe NE fe

field with respect to the group C: n(z,y,t) = (m,...,n)(x,y,1).

with 77]'1' =

Now we show that the vector field £ is Lipschitz. In fact observe that
fil (N% fo)*~! Wr) = fil (Ng fi)*~! + il (Wr)
> (a — 1) fil (N& f:)) + min {fil (M%) + fil (W)}
> (a — 1)2k + min {(2k; — 1)l (M;) + fil (Nj;,,) + fil (52);}
> 2ka — 2k + min {2t — 1) il (M) + il (Njs,,) + £i1(©;)}
> 2ka — 2k + min {2k — fil (M) + [l (M]) — fil (o] + £1(©;)}
> 2ka — 2k + min {2k — il (72-) + £il (8;)}
> 2ka — 2k + min {2k — [fil (f;) — r;] + A1(©,)}
> 2ka — 2k + min {2k — d; + r; + fil (©,)}
> 2ka — d, + 1 + fil(O;)

> 2ka + 7,.
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Moreover, fil (Ng f;) = il (N fi)*) = 2ka.

Then, as the filtration of the numerator of ¢ is greater than or equal to fil (Ng fi) +
Ty, it follows by the Lemma 3.2. of [8] that the vector field £ is Lipschitz.

On the other side, for the vector field n we have:

BL((NE f)P £ 71 (L) > (b— 1)2B + (26 — 1) il (fi;) + il (©;)

)

> 2Bb — 2B + 255l (fi) — fil (fis) + iL(©;)

>2Bb—d,+(dp+1n —11) =2Bb+ 71, — 14,

and fil (Ng f;) = il (Ng £:)®) = 2Bb. Therefore we can not apply the Lemma 3.2. of
[8] and we do not know if the vector field # is Lipschitz.

However, we can modify 7 in order to obtain a Lipschitz vector field 7. For this we
use the bump function, as done in the Lemma 4 of [13], which we recover here.
Call “weighted homogeneous standard control”, the function:

pa(z) = 2™ + oo 2l
in such a way that py(z) is weighted homogeneous of type (r1,. .., r,; 2d).

We remark that as d; > d; for alli = 1,...,p, we have that there exists a constant
c such that |fi;(z)|? < cpg,(z) foralli=1,...,p.

Lemma 2.4. ([13]) Let ¢ be such constant, V and U be neighborhoods of the region
1
ly| < cpg, (z) in R* x RP x R —{0,0,t},
1
V={(z,y,t) | [yl <cpj (z), with ¢; >c}

and U is chosen in such a way that U C U C V. Then, there exists a conic bump
function p: R® x R?P x R — R such that Planygpxz_{o0. 5 STROOth and

p(z,y,t) =1, (z,y,t) €U
p(z,y,t) =0, (z,y,t) € V©
0<p(z,9,t) <1, (z,y,t)eV-T
p(0,0,t) =0, Vi

Using the bump function p of Lemma 2.4, we define the vector field

ﬁ(x’ Y, t) = p(xv Y, t)n(T7 Y, t)
As 7 coincides with 7 in a conic neighborhood of the graph of f;, the equation

7]
= afle)+ Gm) o
also holds.
Moreover, we can redefine n such that 7 is zero outside of conic neighborhood of

the graph of f;. With the bump function we can write

N* f,)b-1 ?ﬂj—lei i
(1) Nji = (NE f) Jitz p'!/.
Ny fi
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Then, when we compose 7 o f; we obtain that the filtration of the numerator of
each 7;;(fi;) is greater than or equal to fil (Ng f;) + 7a.

Now we can apply the Lemma 3.2 of [8] to conclude that 7;; is Lipschitz and, hence,
7 is a Lipschitz vector field in a conic neighbourhood of the graph of f;. As 7 = pn
is zero out of conic neighbourhood of the graph of f;, it follows that 7 is a Lipschitz
vector field, well defined in all its domain.

By integrating the vector field £ and 7, we obtain the bi-Lipschitz K-triviality
required and the result follows. O

We also have a version of the Theorem 2.3 with respect to the C group.

Theorem 2.5. Let f: (R",0) — (RP,0) be a weighted homogeneous polynomial map
germ of type (r1,...,7n;dy,...,dp) withry < -+ <1y, dy < -+ < dp, satisfying a
Lojasiewcz condition N} fi(z) > c|z|®, for constants ¢ and . Then, small deforma-
tions of f defined by fr = f +1tO with © = (©4,...,0,) and fil (©;) > d, + 1, — 11
are bi-Lipschitz C-trivial.

Proof. The proof of this result is analogous to the proof of the Theorem 2.3. We shall
show here the main differences, which appear in the Thom-Levine type equation.
As we are considering the group C, we write the following equation:

o Ofe N~ pos (Of:
chﬁ—;fti (E) fei-

) £ pPlidnyr
Dividing the above expression by N¢ f; we obtain: i = Z M.
N fe

ot

= 0,y

Define the vector field n(z,y,t) = (m,. .., x,y,t) with each n; = LA St 1LY
n(@,y,t) = (m, ..., m)(@,y,t) n=y Ni fi

i=1

Now we use the the bump function again to construct the vector field 7(z,y,t) =
p(z,y,t)n(z,y,t) and following the same steps as done in the proof of Theorem 2.3
the result follows. O

i=1

2.2. Newton Non Degenerate Case.

In this subsection we consider a Newton filtration for £, which is determined from
a Newton polyhedron and provide estimates for the bi-Lipschitz-G-triviality, G = C
or K of analytic map germs f : (R",0) — (R?,0) satisfying some non-degeneracy
condition with respect to this filtration.

To construct a Newton polyhedron we fix an n x m matrix A = (al), with i =
Leon,j=1,..,m,a =(al,...,a}) € Q% and m > n, such that the first n columns

of A are (0, ...,0,a’,0,...,0) with a;: >0, forall j=1,..,m

b ])
Definition 2.6. The Newton polyhedron I'(A) is the convex hull in R?. of Supp(A)+
R?, where Supp(A) = {a’, j = 1,...,m}. The Newton diagram of A, denoted I'(A),

+
is the union of the compact faces of I'+(A).
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Now we define the control functions associated to a Newton polyhedron I'; (A).

For any vector a’ of the matrix A and k € R, we denote ka’ = (kai, ka3, ..., kal).
We fix the smallest integer p such that paf is integer for all 7, 7 and for any non-negative
rational number d we define the control function p? : R® — R as:

a

d = 2pa{ 2pa% 2paj @

) pil) = | Do altaddo gt )
J=1

2pa{ 2pa£ L

m .
We remark that the function p(z) = 5 21" a3 2P is a polynomial.
j=1

We call p? control of T'y(dA), where dA denotes the matrix dA = (da?) and denote
by I';(p%), the Newton polyhedron of the matrix dA = (da?), i.e, ['y(p%) = 'y (dA).

o aj 0 a --- ap
Example 2.7. For n = 2, such an A is written as A = 2 3 -
0 a3 a3 -+ aj
1 0 b—1
Ifwefix A= ° |  ®4D% ) with b a positive integer, we obtain p = b(b+1)
0 +—
b1 b+

1
and the control function p of I'y (A) is given as p(z,y) = (.’132b+2 +y? + :1:21’“2112) T

The corresponding Newton polyhedron I'y(p?*(®+1)) has two faces with vertices

We remark that if the matrix A is a n X n diagonal matrix, we recover the weighted
homogeneous case. We remember also that in this case the corresponding New-
ton polyhedron has only one face and the control function is the same given in the
weighted homogeneous subsection.

The main condition to guarantee the bi-Lipshitz triviality in this case is given in
terms of a non-degeneracy condition, called A-isolated, which we describe here.

For any germ g with Taylor series g(z) = ) asz®, if A is a subset of a Newton
polyhedron I'; (A), call ga the germ ga(z) = 3, cp @az®.

Let f : (R*,0) — (R,0) be an analytic function germ written as f(z) = > a,a”,
where 27 denotes the monomial 7 = z]*...z)*. For any fixed germ f, call d the
biggest rational integer such that v = (71,...,7,) € I'+(p?) for all a, # 0.

Definition 2.8 ([1], p. 525). The origin is an A-isolated point of a germ f if for each
compact face A of T'(p?), the equation fa(z) = 0 does not have solution in (R—{0})™.
For a Newton polyhedron I'; (A) and for each w = (wy, ..., w,) € R define:

Definition 2.9. (a) {(w) = min{(w,k) : k € T+(A)}, (w, k) = >0 wik;.
(b) A(w) = {k €T+ (4) : (w,k) = Cw)}.
(c) Two vectors a,a’ € (RL)"™ are equivalent if A(a) = A(a').
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Now we fix a Newton polyhedron I' (A) and for each (n — 1)-dimensional compact
face Ay of I'(A) we denote by v* = (v}, ...,vF), the vector in Z? — {0} with minimum

i} n

length which is associated to Ay i.e, Ay = A(v'“).

Definition 2.10. For an analytic real germ f(xz) = a,a” call
fil(f) := inf{fil(y) / a, #0}, where fil(y)= min {%(v,vk)} ,

M = lem{L(v")}, R = ma,xma,x{e(M) 1,\} and r = mmmln{e(]\/{c) k}

Definition 2.11. For a fized matriz A, a germ f is called A-homogeneous of degree
diffe)= >, ez’

vel(p?)
Definition 2.12. An analytic map germ f : (R*,0) — (RP,0); f = (f1,...,fp) isa
A-homogenous of degree d = (d,...,dy) if each f; is A-homogenous of degree d;.

Now in an analogous way than the weighted homogeneous case, for any polynomial
map germ f : (R™,0) — (RP,0) we define, for some fixed Newton filtration, the
appropriate control functions N f := 3, M7*", N§ f := S°P_, (f;)?% and

Ni f = (Ng f)* + (N f)°,
where k; = ﬁ with s; = fil (M;), k = lem{s;} and a,b € N be prime numbers with
ged(a,b) = 1 such that fil (N f)® = fil (N} f)°.
Then for any family f; : (R*,0) — (RP,0), with ¢ € [0,1], of polynomial map
germs with f,(z) = f(z), we also define N5 f, == 3, M, Ni fi := S0, ()%,
Ng fo = (N fi)® + (N f:)°, such that a, b, kr, 3; are given as before.

Next we show the bi-Lipschitz-G-triviality in the cases: G = C or K, of map germs
with respect to some Newton polyhedron.

Theorem 2.13. Let f : (R",0) — (RP,0) be a polynomial map germ. Suppose
that Njf is A-isolated for some matriz A. If fi = f + t© is a deformation of f,
© = (04,...,0,), with fil(©;) > fil(f,) + R —r, then f; is bi-Lipschitz C-trivial.

Theorem 2.14. Let f : (R",0) — (RP,0) be a polynomial map germ. Suppose
that N¢f is A-isolated for some matrizc A. If fi = f 4+ t© is a deformation of f,
© = (0,...,0,), with fil(©;) > fil(f,) + R —r, then f; is bi-Lipschitz K-trivial.

The numbers R and r cited in the Theorems 2.13 and 2.14 are as in Definition 2.10.

The proofs of these theorems are already equal than the proofs done in the weighted
homogeneous case, the main difference is that here we are working with the Newton
filtration and the controls are that relative to this filtration. Then we can omit them
here.

Remark 2.15. In [15] there are shown estimates for the C*-G-triviality, with G = K
or C and 0 < ¢ < oo in the A-isolated case. However these estimates can be improved
using the bump function, as done before. In the last section of this article we shall
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include these new estimates for all C*-G-trivialities, with G = K or C and 0 < £ < o0,
in a general table with all known estimates.

3. EXAMPLES

Example 3.1. Let f : (R?,0) — (R%,0); f(z,y) = (wy, 2272 — y® + 22722, with
1 b—1
b 0 (b+1)b
0 L 1
1 )b

b > 2 and fix the matrix A =

Since lem{l(v1), l(v2)} = 2b(b+1), fil(zy) = 2b+2, fil(y*®*) = 2b(b+1), fil(x?*~2y?) =
2b(b + 1) and fil(z?**2) = 2b(b + 1), then we obtain R = 2b and r = b.

The 2 x 2 minor of df, M (z,y) = —2((b+1)z**2+by* +bz**~2y?) is A-homogenous
of degree 2b(b + 1), which is the same degree as the second coordinate function of f.
To get the control function Ng f(z,y), we have N f(z,y) = Nr f(z,y) = |[M(z,y)|?
and Nj f(z,y) = zy?C+D) 4 (x2+2 — 25 4 %-242)2+2 therefore we obtain
N,Ef(:c,y) — |]V[(£E,y)|2b+2 + xyZb(b—!—l) + (IL'2b+2 _ y2b + $2b—2y2)2b+2
which is A-isolated.

From the Theorem 2.14 we see that a family f + t© with © = (0;,0,) is bi-
Lipschitz-X-trivial if fil(©;) > 2b(b+ 1) + 2b — b.

It is interesting to compare this bi-Lipschitz K estimate with the C'-K and C°-K
estimates. In fact, by Theorem 3.16 of [15] this family f; is C'-K-trivial if fil(©;) >
2b(b+ 1) + 2b+ 1. An analogous computation shows that this family is C%-K-trivial
if fil(©;) > 2b(b+ 1) + 1.

Example 3.2. Let f : (R2,0) — (R?,0) given by f(z,y) = (zy+2z%y?, 22 4zy—y%)

with ¢ > 3.
Fix A= 2(C(—)i_ L 20c } , then lem {€(v'), £(v?)} = 2¢(c+1), R = 2c? + ¢ and

r = c¢. We have also ¢(a,b) = min{(c+1)((a,b), (2¢—1,1)),¢((a,b), (1,2¢+ 1))} and
fil(f1, f2) = (2c(c + 1), 2¢(c + 1)).

Since fil( f1) = fil( f2), we have Nj f = N f is A-isolated, then we apply the Theorem
2.13 to obtain that

flz,y) = (zy + 2%y + 101 (z,y), 2 + 2y — y* + 101 (2, y))
is bi-Lipschitz-C-trivial if fil(©;)(z,y) > 4¢® + 2c.
Example 3.3. Let f: (R3,0) — (R2,0), f(z,y,2) = (32° + 2¢° + z2*, 25 + y5 + y23).

1825 + 24 127° 423
Then df = 6® 61/° -EII- 23 3yz?

182°23+-6y°24 427, M13 = 54x5y2%+3y25—242°23 and My3 = 36y52%—24xy°23 —4z25.

and its minors are My, = 36z25y° +

Here Nz f is not A-isolated for any matrix A, hence the Theorem 2.13 does not
apply to this example. However we can obtain the estimate for the group K because
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6 0010
Ng f is A-isolated for the matrix A= | 0 6 0 0 1 |. Then we obtain R = 288,
00743

r = 84 and fil(f;) = fil(f2) = 504.
Therefore we conclude that a family
fi(z,y,2) = (32°% + 20° + 22 + 1O (z, ¥, 2), 2% + 3° + y22 + t3°2%O,(z, y, 2))

is bi-Lipschitz-KC-trivial if fil(©;) > 504+ 288 —84 = 708. For instance, if we consider
the monomial y*23, we get the bi-Lipschitz-/C-triviality of the family

fi(z,y,2) = (3% + 2¢° + z2%, 28 + % + y2® + ty*2P).

4. BI-LIPSCHITZ Gy-TRIVIALITY, G =R, C OR K.

In this section we show estimates for the bi-Lipschitz Gy -triviality, where G = R,
C or K of map germs f : (R",0) — (RP,0) defined on a germ of real analytic variety
(V,0). The main difference here is that we fix the groups Gy, which are the respective
sub-groups of G preserving the variety V as described below.

We remark that in this case there is a different approach for each group of interest,
or in other words, to work with the group Ry we need to consider a real analytic
germ of variety (V,0) in (R",0) defined by V = {z € R : g1(z) = --- = gs(z) = 0}
where each g;(z) is a germ of real analytic function for i =1,...,s.

However, when the interest of study is the group Cy, we need to consider the variety
(V,0) as a subset of (RP,0), that is, V = {y € R : g1(y) = --- = ¢s(y) = 0} where
each g;(y) is a germ of real analytic function in &, for alli=1,...,s.

Moreover, the group Ky can be seen as the semi-direct product of the groups R
and Cy and it is not related to the group Ry.

4.1. Bi-Lipschitz Ry -triviality.
Here we consider the real analytic variety (V,0) in the source, or (V,0) C (R",0),
defined by V = {z : gi(z) = -+ = gs(z) = 0} where each g;(z) is a real analytic
function germ, for i =1,...,s.

We denote by 6,, the set of germs of tangent vector fields in (R™,0) and call the
submodule of germs of tangent vector fields to V by 0y = {¢ € 0,, : ¥(I(V)) c I(V)},
where I(V) is the ideal in &, consisting of germs of real analytic functions vanishing

on V.

We are interested in that case that V is defined by weighted homogeneous polyno-
mials g; of type (r1,...,7; ;) for some a;, since in this case we see in [5] or [14] that
we can always choose weighted homogeneous generators for 6. In this case we also
need to consider weighted homogeneous function germ f : (R",0) — (R,0) of type
(r1,...,7mn;d) which are consistent with V. In fact, we say that a function germ f is
consistent with a weighted homogeneous variety V if f is weighted homogeneous of
the same type than V, or in other words, if V' is defined by weighted homogeneous
polynomials g; of type (71, ..., T; a;) for some o, then f is also weighted homogenous
of type (r1,...,m,;d) for some d.



12 J.C.F. COSTA M. J. SAIA C. H. SOARES JUNIOR

We denote by 69, the tangent space of Ry (f) = Mu{v h<j<p+I(V)En {6—2— = 9?,}
In the usual way we extend the filtration to 0y defining fil (8%,-) = —r; for i =
1,...,n so that given y =37 vja%i € Oy then fil(y) = inf;{fil(y;) — r;}
Let V be a weighted homogeneous analytic subvariety of (R",0) and {7y1,...,Ym}

be a system of weighted homogeneous generators of type (ry,...,7,;51,...,Sm) for
6%, withry <--- <r,, r; € Z and each v; = Z;.;l 'yjia%i.

2
We denote Nz, f = (df (1;))* = Yj=, (E?:l 'aQJ';Li'in) -
Then we have the following:

Theorem 4.1. Let f : (R*,0) — (R,0) be a weighted homogeneous function germ
of type (11,...,7mn;d) which is consistent with V. Suppose that Nz, f satisfies a Lo-
jasiewicz condition Ng,, f(z) > c|z|* for some constants ¢ and . Then deformations
filz) = f(z) + tO(z) with fi(®) > d+ r, — 1 are bi-Lipschitz Ry -trivial for all
te[0,1].

Proof. The proof of this Theorem is analogous to the proof of the Theorem 3.1. given
by H. Liu and D. Zhang in [11], where it is given estimates for the C*-Ry-determinacy,
with ¢ > 2, for weighted homogeneous function germs defined on weighted homoge-
neous analytic varieties. This proof is done with the construction of controlled vector
fields in a similar way than the proof of other results which use controlled vector fields.
The difference is that their estimates are given in terms of the C%class of differen-
tiability of such vector fields, while our estimates are given to obtain the Lipschitz
condition for the vector field given in that proof. O

We remark here that the estimate for the C°-Ry-triviality was first showed by
Damon in [6], see also [14]. We do not know by now any estimate for the C1-Ry -
triviality, however it is also possible to show that the estimate given in Theorem 4.1
coincides with the estimate for the C*-Ry-triviality. This is the unique situation, the
Ry-triviality, where we find equal estimates for the C'-triviality and the bi-Lipschitz-
triviality. Our method does not allow us to improve this estimate or to show if there
are germs which are bi-Lipschitz Ry-trivial and are not C'-Ry-trivial. In the last
section of this article we shall give a table with all estimates that we know which are
given in terms of controlled vector fields.

4.2. Bi-Lipschitz Gy-triviality, G = K or C.

To work with the Ky and Cy groups we need to consider an analytic subvariety
(V,0) of (R?,0). The group Ky is the subgroup of K consisting of elements (h, H) € K
such that H(R™ x V') = R™® x V and the group Cy is defined by the pairs (h, H) € Ky,
where h is the identity mapping of R".

In order to state the theorems for these cases we fix V be a germ at 0 of an
analytic subvariety of (RP,0) defined by a weighted homogeneous polynomial g of
type (ws,...wpy; L) and f: (R™,0) — (RP,0) be a weighted homogeneous map germ
of type (r1,..., n;W1,... wp) with 7y < -+ <rpand wy < -+ < wp.
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Here we follow [11] to define N, f = > %, ( . a%%vﬁ) and Ny, f is defined as
the semi direct product Ng, f = Ngf + Ne, f.

Now we give the estimates for the bi-Lipshitz Ky -triviality in the next theorem.

Let f: (R™ 0) — (RP,0) be a weighted homogeneous polynomial map germ of type
(r1,..., Ty w1, ..., wp) with ry < -+ <71y and wy < -+ < wp. Suppose that Gy is a
free £, module and 9, ...,, is a basis for 0y with any 1); is weighted homogeneous
germ of type (ws, ..., wp;d;) with dy < --- < d),.

Theorem 4.2. Suppose that Ny, f satisfies a Lojasiewicz condition Ny, f(z) >
clz|* for some constants ¢ and a. Then deformations f,(xz) = f(z) + tO(z), © =
(©1,...,0y), with fil(©;) > d;+wp~+r,—11 are bi-Lipshitz Ky -trivial for all t € [0, 1].

Proof. The proof of this Theorem is analogous to the proof of the Theorem 4.4. given
by H. Liu and D. Zhang in [11], where there are given estimates for the C*-Ky-
determinacy, with £ > 2, of weighted homogeneous map germs on weighted homoge-
neous analytic varieties, the difference here is that our estimates are given to obtain
the Lipschitz condition for the vector field given in that proof, while they are inter-
ested only in these C*-class of differentiability with £ > 2, of such vector fields. Also
we observe that we are applying the bump function to obtain this estimate. a

It is interesting to remark here that this estimate depends of the weighted degrees
of the generators 1y,...,%, of Oy, while in the estimate given for the Ry-triviality
this does not occurs.

We also have a version of this result for the Cy-triviality. For this we consider the
same notation given before the Theorem 4.2

Theorem 4.3. Suppose that Ne,, f satisfies a Lojasiewicz condition Ng,, f(x) > c|z|*
for some constants ¢ and o.. Then deformations fi(z) = f(z)+tO(z), © = (©4,...,0,),
with fil(©;) > d; + w, + rn — 11 are bi-Lipschitz Cy-trivial for all t € [0, 1].

Proof. The proof of Theorem 4.3 is analogous to the proof of Theorem 4.2, the dif-
ference is that we consider only the vector field associate to the group Cy, as done in
the proof of the Theorem 2.5. Here we are also using the bump function to get this
estimate. O

5. TABLES OF ESTIMATES

In the tables below we show all estimates that we know to compute the C*-G-
triviality with 0 < £ < 0o, the bi-Lipschitz triviality and also the C*-Gy-triviality for
real map germs and G =R, C or K.

5.1. The weighted homogenous case.

Group R Estimate Reference
Ct-R-trivial, £ > 2 fil(©;) > di —ry + lry, + 1 [13]
C'-R-trivial fil(©;) >di—r+r+1 (13]
bi-Lipschitz-R-trivial fil(e;) >d; —r1 + 1, 8]

CO°-R-trivial fil(©;) > d; [13]
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Here f is weighted homogenous of type (71,...,7mn;d1,...,dp) withr) <71y < -+ <1y,

Groups G=Cor K Estimate Reference
Ct-G-trivial, £ > 2 fil(©;) > d, + lry, [13]
C'-G-trivial fil(e;) > d + 7, (13]
bi-Lipschitz-G-trivial fil(©;) > d — 71+ Ty -
CO-G-trivial fil(e;) > dp [13]

Here f is weighted homogenous of type (ry,...,7,;d;,...,dp) withry <7y < -+ <1,
andd1 Sdg <. Sdp

5.2. The Newton non-degenerate case.

Group R Estimate Reference
C*:-R-trivial, £ > 2 fil(€;))>di—r+{R+1 [15]
C'-R-trivial ﬁl(@ )2di—-r+R+1 [15]
bi-Lipschitz-R-trivial fil(©;) >d;—r+R 9]
CO-R-trivial fil(©;) > d [15]
Groups G=Cor K Estimate Reference
C*-G-trivial, £ > 2 ﬁl(@ )= d,+¢R ——
C'-G-trivial fil(e;) > d + R —
bi-Lipschitz-G-trivial fil(e;) > d —r+ R —_—
CP-G-trivial fil(e;) > d .

In this table f : (R",0) — (RP,0) is A-homogenous of degree d = (di,...,d,)
with d; < dp < -+ < dp, R = max; max; {ﬁrvf} 7 = min; min; {ka} and

£(vk) i
M = lem{l(v*)} for a fixed Newton polyhedron I', (A).
We remember here that in [15] there are also shown estimates for the C*-G-triviality
with G =C or K and 0 < ¢ < o0, however these estimates were done without the

use of the bump function, hence they differ from these in this table by adding one in
the filtration of the deformations given above.

5.3. The Gy-triviality.

Group Ry Estimate Reference
Ct-Ry-trivial, £ > 2 fil(®) >d—ry + lr, [11]
C-Ry-trivial fil®)>d—r +r, -
bi-Lipschitz-Ry -trivial (@) >d—r1+m, _
CO-Ry-trivial fil(®) > d 6]
Here f is a weighted homogeneous function germ of type (7,...,7,;d) and V in R®
is defined by weighted homogeneous polynomials g; of type (71,...,7,; D;) for some

D; withr <..- <.
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Groups Gy =Cy or Ky Estimate Reference
C*t-Gy-trivial, £ > 2 fil(6;) 2> di + wp + brp, + 1 [11]
C'-Gy-trivial fil(©;) > d; + w, +71n + 1 —
bi-Lipschitz-Gy-trivial fil(©;) > di + wp + 1 — 1 ——
C’O—gv—trivial ﬁl(@z) >d; + wy ——

Here V is a germ at 0 of an analytic subvariety of (R?,0) defined by a weighted
homogeneous polynomial g of type (wy,...,wp; L) and f : (R™*,0) — (R”,0) is a
weighted homogeneous map germ of type (r1,...,7n; w1, ..., wp) Withry < -+ <'r,
and w; < -+ < w,. In this case, also we suppose that 0y is a free £, module
and y,...4, is a basis for 0y formed by weighted homogeneous germs of type
(wl,...,wp;dl,...,dp) with d1 Sdg S Sdp
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