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THE THEORY OF MANIFOLDS 

FROM THE NON-DETERMINISTIC POINT OF VIEW 

by R.G. LINTZ 

Summary 

Using the meth~ of non-deterministic anaylisis it is possible to define in a differ­

entiable manifold a special structure called Gauss structure which allows one to study 

differentiable maps from one manifold into another without the use 0£ local charts. The 

main theorem in this paper shows how it is possible to locally recover the jacobian of such· ·. · 

maps by using the Gauss structures defined in the manifolds in question. 

§I - Introduction 

✓ 1. Vfe start by discussing the general philosophy behind that we call non-deterministic 

mathematics, which for a number 0£ years bas been applied to several questions in math­

ematics and physics. As the subject is not well known we try to render this paper as 

selfsufficient as possible by recalling briefly the basic ideas of non-deterministic analysis 

which we intend to use here. More details can be seen at [1). 

Traditionally the concept of function in mathematics is deterministic, in the sense 

that a function / : X --+ Y is defined at a "sharp" point :r e X and has a "sharp" value 

· f(:r) in Y. On the other hand, in physics somethimes when we want to represerit facts 

~£ the real world we feel the need £or non-deterministic concepts, namely, we would like 

a function whose value is not sharp and which is defined in a space whose points are not 

.localized sharply. In other words· we would like to associate open sets in X to open sets 

in Y, instead of point to point. But it is in mathematics where there are situations when 

the concept of a non-deterministic !unction is interesting. 
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More precisely, thi11 concept waa suggested by the theory or generalized manifolds in 
the sense or Wilder (2) where the concept or deformation retract cannot be used because a 
continuous £unction, in general, cannot map a point z of a 11pace X in another point of 
a space Y if z has a base of neighbourhoods of cardinality smaller than that of J(z). 
Again for examples and remarks one can see (1). 

2. Let us discus., now the concept of derivative. When in the turn of the century M. 
Frechet among other started the vast program of generalizing the concepts of analysis from 
R" to abstract sets il was felt that to talk about continuity in abstract spaces we needed 
the notion of proximity, namely, we Ii.ave to talk about a point close to another point, the 
value of a function to be close to a certain value etc. Certainly the first idea coming to 
our minds is that of introducing a "distance" in abstract space. After the great success 
of such an enterprise the next step was a further generalization leading to the concept of 
topological space. In other words, topology was invented for the purpose of talking about 
continuity in abstract spaces. 

Now what happenned to the concept of derivative? Following the same line of develop­
ment of continuity v.-e would expect that some kind of structure would be finally introduced 
in abstract spaces so that we could speak about derivative of a function in such spaces. 
However, that was not exactly what happened. Indeed, perhaps due to the strong influ­
ence of Leibniz in the creation of Calculus, somehow the idea of linearity became forever 
attached to the concept of derivative. For instance, if we just look to the usual defini­
tion of differentiable manifold we realize that what is really done it is to "glue" Euclidean. 
spaces on the manifold and then to define differentiability of a m~p from one manifold 
into another we have to come down to the attached euclidean spaces (local charts) and 
define differentiability i~ terms of their linear structures. In contrast for continuity we only 
use the euclidean spaces to define the topological structure of the manifolds; after that, 
we do not have to come clown ~o local charts to talk about continuity. If the concept of 
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derivatives were to be used only when some linear structure were available then we should 

not have to worry too much about that dependence, but the trouble is that as soon as we 

connect the concept of derivative with the concept of velocity, which lies at the roots or the 

historical evolution of analysis, we have situations where we need a concept of derivative 

when we do not have a linear structure available. That is the case or a particle describing a 

path which is a continuous curve without tangent in any point, as in Wiener's approach to 

the Brownian motion. The lack of a concept of derivative independent of linear structures 

forced people, in such situations, to look to other approaches to the concept of velocity. 

All this suggests that perhaps we could try to introduce the concept of derivative along 

the same lines as we did for continuity, namely, by defining a certain structure in abstract 

spaces so that it becomes possible to talk about derivatives and in such a way that for the 

cases when a linear structure is available the more abstract structure would in some sense 

lead to the usual concept of derivative. This is exactly one of the important points of the 

program of non-deterministic analy;is and indeed such a structure has been introduced in 

topological spaces with the name of GaUSB structure and after the work of several people 

in that direction it became clear that the basic requirements for a theory of defr.ativcs 

are fulfilled so that we have a reasonable way of talking about derivative, velocity, etc. 

in situations where no linear or even metric structure is available. In particular this is 

appealing to an important branch of topology which is developing very fast these days; 

the theo_ry of generalized manifolds. Indeed, since Wilder published his book in 1949 (see 

(2)) the· subject has attracted the attention of many people. However eventhough from 

the algebraic point of view, Cech homology theory was the right tool to use, the same 

could not be said of topological methods connected with homotopy theory and the general 

theory of continuous deformation. The difficulty relied on the fact that a generalized man­

ifold is in general a Haussdocf space without even having a metric structure. This creates 

an uncomfortable situation con_ce~ng homotopy and its connection with Cech homology 

theory in the sense explained in details at [1]. With the introduction and development of 
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non-deterministic mathematics it became possible an unification between Cech homology 
and the theory 0£ continuous deformation in a sense which provides new tools to handle 

problems impossible to deal with in the classical theory of deformations as can be seen at 

11). Therefore, it becomes possible to extend the methods and scope of Wilder's approach 

to generalized manifolds and the implementation of this program will be developed by us 

in £uture publications. rught now, our aim in this paper is more modest: we only consider 

the investigation of what happens when we frame Gauss structure on usual differentiable 

manifolds. We are going to prove one main theorem which we believe will suggest further 

developments on the use 0£ the methods of non-deterministic mathematics in the theory 

0£ manifolds, which we try to summarize at the end. For other applications 0£ the concept 

of Gauss structure one can see for instance (3). 

§II 
Basic Notions of Non-deterministic Mathematics 

1. A pair is a topological space X together with a family o( collections of open sets -

o( X and will be denoted by (X, 11). So the elements u E II are collections of open sets 
0£ X. 

is 

An-function / from the pair (X,11) in to the pair (Y, v), denoted by 

I: (X,v)-+ (Y,v') 

1) a function 

2) for every a E 11, a £unction 

J.,:v-+v1
, 

/,,: u-+ u' = /.,(a). 
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Let us introduce in II an order relation given by refinements, i.e., tr < 1' or r > tr 

means that T refines " in the sense that every set of T is contained in some set of CT. 

In many previous papers what we call a n-function was called a g-function and 

therefore the reader should be aware of this change in nomenclature when looking to older 

references in the area. 

A n-function / is continuous i£ 

1) tr< T :> f,,(1') > /,,(a), 

2) if BC A, BE,., A Eu and tr< r, then /r(B) C /.(A). 

Later on, when we introduce the concept of derivative of a n-function we shall need 

to consider the set of real numbers R together with a family "R of collections of subsets 

of R which are open intervals or points namely if <TR is a collection of the family IIR 

then-the eleme!1ts of UR are either open sets or "singletons", namely subsets of R with 

only one point. We shall use the notation [R, IIR] and call it a real pair. In the same 

way as we did for n-functions we define a real n-function, as 

) 

given by 

I) a function 

/,, : II--+ IIR 

II)· for each CT E II a function 

/. : a--+ CTR = /,,(CT). 

In previous papers a real n,.-function was called special g-function. 

A real n-function 

/: (X, 11)--+ (R, IIR) 

is continuous if 



1) T > ti ~ /,,(T) > /,,(ti) 

2) if B C A, B E T, A E "• " < T then 

a) /"(B) C /,(A), if /"(B) and /,(A) are both open &ets, or /,(A} is a point. 
b) /"(B) C /,(A), if /"(B) is a singleton and /,(A) is an open set. 

Let , : X -+ Y be an usual continuous function and /: (.X,a,) ...,. (Y,11') a 
continuous n-function. 

We say that /generates, if for any z e X and any neighbourhood V of ;(z), 

there exists " E v and A E " such that :r E A and 
a) /,,(A) c V 

b) tp(z) E /v(A). 

The case when / is a real n-function is defined in the same way and we only remark 
that when /,(A) is a point condition b) above reduces to tp(z} = /,(A). 

The question of deciding when a given n-fuoction generates an usual function was 

studied by A. Jansen in (4) and to state one of bis results needed by us later we recall a 
few more concepts due to him. 

A n-function, real case included, 

/: (X,v)...,. (Y,a,') 

is: 

coflnal, if /.,(v) is cofinal in the set of all open covering of Y, in the sense that if 
r is an arbitrary open coverings of Y, then there is CT E a, such that any element · of 
/.,(t1) is contained in some set of r; 

point-wise coftnal, if for any :r e X and any open covering r of Y, there is 
" e II and A e " such that z E A and /,~A) is contained in some set' of r; 

fully regular, if for any "· T e II and A e "· B e T with .-l n B F e then 
/,(A) n /.,(B) -::/: 8. Here, for the case of a real° n-function, we must add that if /,,(A), 
for instance, is ao open set and /"(B) is a singleton, then /r(B) C /,(A). 
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Theorem 1 (A. Jansen). If /: (X,11) _. (Y,al) is fully regular, pointwise cofinal and 

if Y is regular T1 space, then there exists a unique continuous £unction ¢, : X - Y 

generated by / . 

. Proof: See [4], p.5, Prop.l. 

· Remark: A. Jansen proves the theorem above only for n-functions, but with slight 

modifications his proof remains true £or the case where / is a real n-function. Actually, 

we shall face this situatiQn later on in this paper. 

It is also sometime of interest to consider the inverse problem, i.e., given ; : X-+ Y 

continuous to find a n-function or a real n-function which generates ~- This problem• ·. 

was also studied by A. Jansen in his Ph.D. thesis, referred above, but here we shall be 

interested in a particular situation analysed by V. Buonomano [5], which is the following: 
• let ¢,: X-+ Y be such that the interior of ip(A), denoted by ¢, (A) is not empty for all 

non empty open set, A of X. In this case if II is an arbitracy family of open coverings 

• of X we define for each a E 11, /.,(a) as 

• ) 

/.,(u} = {i, (A); A e u}} 

and 

11' = {f.,(u); u E 11} 

finally for every a E II we define 

/,,:a-+ u' = /.,(a) 

by 

• A E u, f,,(A) = 4i (A). 
( 

In the general case where •IP is an arbitracy continuous function with Y = R (reals) 

we define for any a E II and A E u 

{ 

~ (A), if it is not empty 
/,,(A)= 

{ ,c A)}, if it is one point. 
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In this case we obtain a real n-function. In both cases we say that / is defined 

by the image method. 

It is easy to see that / as defined above generates ,, in the sense establisehd before 

and moreover it is continuous either as a n-function or a real n-function. 

2. Deftnition I. A standard family of coverings, F in a t~pological space X is a 

family of collections a, of subsets of X such that: 

a) Any set A of o E F is the closure of an open set of X. 
• 0 

b) Given o E F and two distinct sets Ai, Ai E o, then A1 n A2 = 9 

c) Any a e F is a covering of X. 

d) Given any point :r EX there is a neighbourhood N of z such that any a 

has only a finite nwnber of sets intersecting N (each o E F is locally finite). 

e) Given any open set O of X there is a covering o e F such that o has a set 

AcO. 

f) Ordered by refinements, F is a directed set. 

Definition Il. We will also call the standard family of coverings F a Gauss structure 

on X. 

Notation: (X,F). If there is a Gauss structure F on .X we call (X, F) a Gauss 

space. 

Proposition I. Each space X satisfying the T3 axiom is a Gauss space. See (6). 

Proposition Il. Each T2 paracompad topological space is a Gauss space. See [6J. 

Corollary: Each differentiable manifold is a Gauss space. 

The reason for above nomenclature is due 'to the fact that a standard family of cov• 

erings is a generalization of a system of Gauss coordinatea on a surface. 
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Definition Ill. Let (X, F) and (Y, F') be two Gauss spaces. A Gauss transformation 

is a £unction G: F - F' compatible with the order of refinement of F and F' i.e., 

a,/3 E F, a< p then G(a) < G(/J). 

Definition IV. A continuous n-function J: (X,v)-+ (Y,v') is called n-differentiable 

relative to the Gauss transfonnation: G : F - F' and the standard family of coverings 

F, F' of X and Y, respectively, if for any µ E v, a E F, A e µ, the number of sets 

of a which intersect A 'is finite and the same for o' = G(o), µ' = /.,(µ), A' = J,.(A); 

we denote these numbers by n( A, o) and n( A', a') respectively. 

Definition V: Let the n-function: / : (X, v) - (Y, v') be n-differentiable relative to 

F, F' and G. We define the n-derivative of / as a real n-iunction, 

DJ: (X,v)-+ [R,vR} 

constructed as indicated below. , 

To construct D f we must have the following: 

a) F: (X, v)-+ (Y,v') a n-differentiable n-function or real n-function. 

b) The Gauss spaces (X,F) and (Y,F'). 

c) The Gauss transformation G: (X,F) - (Y,F'). Then the construction proce­

dure is: 

d) Let n(.-1, a) denote the nwnber of sets of a that intersect the set A, which is 

an element of µ E v. 

e) Let DJ,.(A,o) = ':!~::j>, where /.,(µ) = µ', /,.(A)= A' and G(o) = o'. 

f) Let DJ,.(A) = limoeFD/,.(A,o), Df,.(A) = illlloeFDf,.(A,a), where: limoeF 

is the upper limit over the net F (directed set) and lim..eF = lower limit. 

g) So for each BEµ and µEv we have two real numbers i.e. DJ,.(B) and 

D/,.(B). Let us call !!1.,.(A) the set of all such numbers for B CA, with 
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B e ). and ). > µ, i.e.: 

Pl..,.(A) = {Ql.,.(B), D],.(B): 

B C A, B E >., ). > µ, >., µ E 11} 

h) Finally we define D f 11 ( A) to be the open interval or singleton in R : D f,. (A) = 

(inf DJ (A), sup "'ffl. (A))= AR· If the inf and sup are equal we understand _,. ,. 
the above to be the set consisting of that point. 

i) So for each A E µ we get a point or an interval in R. We denote this collection 

{D /,.(A)} by PR· As µ run11 through II we get a family VR ofsuch collections: 

This gives the required real n-functiom which we call the n-derivative, D f of 

/. We note that by the definition of n-derivative, DJ is always a continuous real 

n-function, eventhough / might not be continuous. 

3. Now we recall some results of V. Buonomano to be used later and for more deitals 

see (5). 

Theorem 2. (V. Buonomano) Let t;, : U -+ R", n ~ 1, U open in R", be a 

continuously differentiable map whose Jacobian matrix has a determinant J., / 0 for 

all z E U. Then there exists a continuous n-function generating r.;,, whose derivative 

generates a real function tt,( z} = I J .( x) I. 
Proof. See (5). 

V. Buonomano proves his theorem using a Gauss structure in R" called canonical 

and defined as follows: define• a covering o 1 of R" by considering all ( n -1 }-hyperplanes, 

z; = 0, ±1, ±2, ... , i = 1, 2, •.. , n, which gives rise to a covering of R" by n-cubes of 

edges 1. Then, for o 1 consider hyperplanes z, = 0, ±½, ±(1 + ½ ), ... , i = 1, 2, ... , n, 

and so on. The family F of all coverings 01, or2, ••• defines the required Gauss structure 



in R". However, the theorem above remains true if we use a Gauss structure, called 

c~mpatible with Jordan measure and defined as follows: 

Definition VI. A Gauss space (X,F) is said to have a Gauss structure F compatible 

with Jordan measure if: 

l) X is an open set or the closure of an open set in R". 

2) For each a E F all A E a have the same Jordan measure. 

3) If llall is the maximum of the diameters of the elements of a, then given e > 0 

there is o E F such that lloll < e. 

From the definition of Gauss space it is easy to show that if F is compatible with · · ·. 

Jordan measure then F has a countable, cofinal set of coverings in F, such that 

Hence we might always assume, without loss of generality, that F is countable with 

Oi <, Oj if i < j. , 

§Ill 

1. In this section we study the main problem of this paper and to clarify our ideas 

we discuss a few preliminary concepts. 

Let Mn, .\f~ be differentiable manifolds of dimension n and let 

be a differentiable map. If x EM.,. is an arbitrary point we can select local charts (U, h) 

and (U',h') at x and tp(x) respectivelyandlooktothemap h'o¢,oh-1 from h(U) 

into h'(U'), both regarded as open subsets of R". Look to the determinant of the 

Jacobian matrix oi the transformation h' o ~ o h-1 at the point h(x) which will give 
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us a certain real nwnber. In this way we can associate to each :r: E U a real number 

by looking to h(z) and then to the determinant of the Jacobian indicated above, thus 

obtaining a real continuous function from U into the reals. 

Let us use the notation 

calling it simply the Jacobian of , relative to the local charts U,U'. 

Now our main problem can be stated as follows: 

Main problem: given a differentiable map 

where M,., M~ are differentiable manifolds of dimension n to find a continuous n­

function 

and convenient Gauss structures in M,. and M~ and Gauss transformations such that: 

i) / generates ,. 

ii) D/ generates a continuous function 1/J: M,. -+ R such that for every :r: EM,. 

there exists local charts (U,h) at z and (U',h') at ip(z) with 

Under restrictive assumptions a solution for this problem was found by R. Mirabal 

(7). We shall give here a solution for this problem without those restrictions by using 

entirely different methods. 

Before going into the proof of the main theorem of this paper, theorem.3 below, we 

shall discuss a few questions concerning the triangulations of a differentiable manifold. 

A triangulation of a n-manifold M,. is a pair (K, t) where K is a locally finite 

simplicial n-complex (not necessarily finite) and t a homeomorphism of K onto M,.. 
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As usual the topology of K is the weak topology and due to locally finite property of K 

~t coincides also with the linear metric topology. 

The triangulation (K,t) of M. is &mootb if M,. is a differentiable manifold and 

· for each n-simplex a of K there is a linear map t : a -+ Rn such that to t-1 1s an 

imbedding in the sense of differentiable maps, namely l =to t-1 has an extension 1 to 

an open set L in Rn containing l( a) such that X : L -+ M,. is a differentiable map 

with rank n at each· point of L, which is also a. homeomorphism. Of course, the pair 

(i(L)J-1) is a local chart of M., i.e., belongs to the atlas defining its differentiable 

structure. 

It is well known that any differentiable manifold has a smooth triangulation and 

moreover according to [9] we can assume that the star of each vertex of this triangulation is 

simplicially isomorphic with a certain decomposition of a n-simplex. Such a. triangulation 

is sometimes called a Brouwer's triangulation .-.nd so, from now on, we always suppose that 

we are dealing with Brouwer's triangulations. 

,' 

2. Theorem 3. The main problem has a solution when 6 is a. local diffeomorphism. 

Proof. Our first step is to define in Mn and M~ suitable Gauss structures F and 

F' and corresponding Gauss transformation G: F-+ F'. Let (K, t) be a triangulation 

(smooth and Brouwer) of Mn and (K', t') a triangulation of .M~. For simplicity we refer 

to the elements of the triangulations of ,\,/n and M~ either as belonging to K, I(' or 

to M., .M~, i.e., when we consider, say, the star St(a) of a vertex a we might consider 

it as a subset of K or of M,. whichever is more convenient and the context will make 
, 

clear which situation we are considering. As both triangulations have at most a countable 

number of vertices we can write them as a1, a2, ... , ai . . . and a~, a;, ... , a~, . . .. Look 

· to a1 and consider the star St(a1) with vertex a1 of K. It is simplicially isomorphic 

with a certain decomposition of a n-simplex .O.n. Due to {10), theorem 1, there is a 

stellar decomposition of A,. which is a subdivision of the previous decomposition of 6.,.. 
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But any stellar subdivision has a subdivision isomorphic with a barycentric subdivision, so 

we can assume that a convenient decomposition of St( a1) is simplically isomorphic with 

some iterated barycentric subdivision of a n-simplex A,. giving rise to a n-complex in 

R" which we shall denote by B,.(a1). As barycentric subdivisions of a simplex provide 

n-simplices of same n-area we finally conclude that by a convenient subdivision the star of 

a1 becomes simplicially isomorphic with a n-complex B,.(a1) all of whose n-simplices 

have equal n-area. Observe that the triangulation K with St(ai) so subdivided is 

no more in general a triangulation of M,., but it is a collection of parts of K which 

qualifies for belonging to a Gauss structure. Let us call 01 the image by t of such 

decomposition of K which is a covering of M,. by closed 'sets. 1n the same way we 

build oi in M~. One point we should be careful is that the B,.{a1 ) and B,.{ai) are 

not necessarily isomorphic because we might need to perform in ~.. different numbers of 

iterated barycentric: subdivisions in each case. Ho-ver by further iterations of' barycentric 

subdivisions in one or the other we can get then to be isomorphic. 1n conclusion we get 

a covering 01 of M,. and another one oi in M~ such that the start St(ai) and 

St(aD are both isomorphic to the same n-complex B,.(a1 ) or B,.(aD of R" having , 

all simplices \\ith same n-area. 

Now let us look to a2 and St(a2 ). If St(a2 ) has no n-simplex in common with 

· St(at) we proceed exactly as before and define 02 as o 1 wit.h St(a2 ) with the covenient 

decomposition and the same for o~, getting 01 < 02 and oi < o2. We shall need later 

on that 01 and 02 do not have common sets, so to avoid this we perform an a~ditional 

barycentric subdivision on all simplices so far obtained and then we shall have o 2 and o2 
as desired. If St( a:z) has n-simplices in common with St( a1 ) then it might happen that 

the convenient decompositions for each of them do not coincide for the comi:n~n simplices. 

But as they are always barycentric subdivisions we can subdivide more one of these stars 

to get subdivisiom which agree on common simplices. Then o 2 will be a-1 after the 

right decompositions £or St(t.11) and St(a2) and additional barycentric subdivisions to 
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ensure that a 1 < 02. We do the same for St(ai) and St(ai}- As we did for a 1 Md 

~~ it might be necessary further subdivisions to get St(a2 ) and St(a2) both isomorphic 

with the same n-complex of R" having all simplices of same n-area and no common 

sets with 01,ai, respectively. 

We can do the same with a3,a~,a4,a~, etc., obtaining two sequences of coverings of · 

M" and M~ 

a~ < ai ... a~ < a~+l < ... 
As barycentric subdivisions give rise to n-simplices of equal n-area we can further 

assume that each n-simplex of Oi+i belongs to a barycentric subdivision of some simplex · 

of oi, namely, everytime we go from one covering to the next we perform barycentric · 

subdivisions even i~ that were not required by the process of building a1, 02,... etc. This 

precaution is necessary to guarantee that both families {a;} and {a:}, i = 1,2, ... , 

define Gauss structures F and F' in Mn and M~, what is now easy to check, because, 

as Ji-+ oo, lla;II-+ 0. 

The Gauss transformation G : F -+ F' is defined by 

Our second step is the definition of 

generating 4,. This is done as follows: first of all we assume without loss of generality that 

Mn and M~ are differentiably imbedded in some euclidean space RP due to classical 

Whitney's imbedding theorem. This will allow us to define a measur~ in Mn and M~ 

•induced by the usual Jordan measure in RP. 

To define 11 and ,I we proceed as follows: as seen above, call an open set A C ~[", 

Jordan-measurable, if it is the image through &0me local chart homeomorphism of an open 
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set in R" which is Jordan-measurable and m(A) is its n-area or its measure in M,.. 

The same holds {or M~. Now let v and v' be the families of all coverings of Mra and 

M~ made up o{ open, Jordan-measurable sets in M. and M~. 

Let u E v and let A E "· As ip is a local diffeomorpbism we can use, in defining 

"' only local charts (U, h) such that ip I U is a diffeomorphism and hence ip{A) is 

also open and Jordan-measurable in M~, due to Brouwer's theorem of invariance of open 

sets and the (act that diffeomorpbisms preserve Jordan measurability. This gives an open 

covering <1
1 = ip( a) E v'. 

Following our standard notations for n-functions define 

by 

Vu E v +-+ f,,(u) = ','(u). 

In the same way we define for each a E v 

/, : u-+ er'= /,,(er) 

by 

VA E er, /.,(A)= 'r'(A) E er'. 

That /: (A:1,., 11)-+ (l\l~, 11') is continuous and generates 4> it is tri',.ial. 

Our final step is to prove that DJ generates a continuous function l1' : lvf,. -+ R 

with the required property. Using A. Jansen's result, quoted in §II, 1, all we have to do 

is to prove that DJ is pointwise cofinal. Let then x E M,. and f an open covering 
0 

of the reals be given. Suppose that S t(a;) is an open star of the tringulation of M,. 

containing x. According to the definition of F, St(a;) is simplicially isomorphic to a 

n-complex B,.(a;) of R" all of whose simplices have the same n-area. Of course, we 

are considering St(a;) with the subdivision induced by a;, as defined before. So there 
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is a map 
0 0 

h : S t(a;) - B,.(a;) 

which is a isomorphism and due to the fact that our original triangulation (K, t) js 
0 

smooth the pair ( S t( ai ), h) is a local . chart. Therefore if we consider the corresponding 
0 

pair ( S t( aD, h') for M~ we have a differentiable map 

Let us now define a n-function 

0 

generating $, as follows: let ii contain all open coverings of Bn(a;) made up of Jordan 

measurab~e sets and as $ is an open map (inqeed a diffeomorphism) by considering the 

images of coverings er E 'ii by $ we get a family ii' of open covering er' == i(u) in 
0 

B,.(a~). So we define 

J !-:, . ,, ..... v' ,, . 

by 

and for each a E 'ii 

by 

f;(A) = i(A), le u. 

This defines a continuous n-function generating ~. as desired. Define now Gauss 
0 0 

structures in Bn(a;) and Bn(aD by using the homeomorphisms h, h' and the corre-

sponding coverings a; E F and ai E F'. More precisely, taking o., with j ~ i we 
0 

look to its restriction to S t(a;) then apply h to get 

0 

oj = h (a; restricted to S t(a;)). 
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Do the same for B11(an. We finally get F and F' and the Gauss transformation 

F:F-+F' 

defined by 

G-(-) _, a; =a;. 

Now as F and F' are compatible with Jordan measure in the sense of definition VI 

we can obtan by V. Buonomano's result (Th.2)t that D/ generates a continuous £unction 

q, and is therefore pointwise cofinal. So, there is a Ev and A E o with h(:z:) E .A and 

D;:,(A) c n e r . . 
But by the definition of /, A = h-1(A) will belong to some u e v and recalling 

the fa.ct that / wa.s define by the image method using 'r' and the definitions of ip and 

/ we get 

Df,(A) = Dl;(A) c DE r 

and as z E A this proves that D f is pointwise cofinal and therefore generates a 

continuous function t/) : M,. -+ R which is such that J; = t/) o h-1 . Therefore calling 
o a 

(U,h) = (S t(ai),h) and (U',h') = (S t(aD,h') we have by Buonomano's result indicated 

above 
• 

v,(.r) = jJuu•1y(x)I 

completing the proof of the theorem. 

Remarks. a) If we analyse the last part of the proof we observe that it fits in a more 

general situation as follows: suppose we give two homeomorphisms 

h1 :X-o.X 

h2 :Y-Y 
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.. 

and a continuous n-£unction 

/: (X,v)-+ (Y,v'). 

Then using h1 and h2 it is easy to build another continuous n-£unction 

1: Ci, ii)-+ (Y,ii') 

where 

_, {-' -, -, h ( ') , '} v= u:u:u= 2 u ,uEv. 

In the same way i£ we have Gauss structures F and F' in X and Y respectively 

we can define Gauss structures F and F' in X and Y as 

also a Gau~ transformation G: F-+ F' induces another one G: F'-+ F' through h1 

and h2• We say that l, F', F' and G are induced by the pair ( h 1 , h2 ). Immediately 

we see that i£ / or D / and moreover if A E u E v, then h1 (A) E u E ii by construction 

and 

l;{h1{A)l = h1{/.(,1)) 

Dl;[h1(A)] = D/.(A), 

what shows that the derivative of n-functions is invariant by homeomorphisms. Actu­

ally in (11] it is shown that derivative of n-functions are invariant by morphisms in the 

category of Gauss spaces, which is a more general situation. 

· b) Another point to notice in the previous proof is that in a certain sense "pointwise 

cofinal" is a local property because all reduces to analyse the situation inside an open set 

without references to the whole space. 
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In the next section, we discuss a series of questions suggested by what we have done &0 

far and which, we believe, are either interesting by themselves or may be taken as starting 

points for future developments in the same line of work. 

§IV 

1. An important consequence from theorem 3, §III it is to open the possibility of an 

intrinsic study of differentiable manifolds without ap~al to local charts. More precisely, 

the theorem just quoted shows that it is possible to find a Gauss structure in Mn which 

reproduces the original differentiable structure in the sense that locally we have the classical 

situation. 

However, we do not need necessarily to restrict ourselves to this case; we might just 

start the study of manifolds directly with n-functions and Gauss structures. More pre­

cisely, instead of looking to the category D of differentiable manifolds and differentiable 

maps, we look at the category P of pairs (M,11), where M is a topological manifold 

with Gauss structure and the morphisms are continuous n-functions. 

From this point of view, our theorem merely states conditins under which objects and 

morphisms of P can be identified with objects and morphisms of D . 

The advantage of starting with P is that most of the concepts defined will be topologi­

cal invariant, and this avoids one of the serious problems with manifolds, namely, everytime 

we define something using local charts it is not usually easy to verify the topological in~i­

ance of the concept introduced. In few words, we have always to worry about local charts 

which were really introduced because we did not have any other means of speaking about 

derivatives. Now that an intrinsic theory of derivatives does exist, it seems to us that the 

natural thing to do is to use Gauss structures instead of local charts. We agree that it is 

perhaps too early to decide which philosophy to adopt, but the idea. of reconstructing all 

20 



0£ differential topology and differential geometry in terms 0£ Gauss structure seems to us 

a £ascinating enterprise. 

Anyway, when we are dealing with differentiable manifold we can always define a 

certain function v,: M,. -+ R as shown before which we could call intrinsic derivative 

of 9. What happens in situations when no differentiable structures is available? 

2. We only sketch here a first attempt concerning the study of this question because 

a deeper analysis of this problem will be published later. ff (X, F) is a Gauss space 

denote by k(a,/3) for a,{3 E F with a < /3, the supremum of the number of sets of 

/3 contained in one set of a. In the same way we define k(a,/3) using the infimum. 

It follows from the definition of Gauss space that for compact spaces these numbers a.re 

always finite. ff k( a, /J) = k( a, /3) finite for any- pair a, fJ E F with a < fJ we say that 

F is equitable and we denote by 1:( a, /3) the common value of jhe numbers above. ff 

(Y, F') is another equitable Gauss space, a Gauss transformation G ; F -+ F' is called 

equitable if 

a< /l, k(a,/l) = k[G(a,G(/l)J. 

Observe that in theorem 3 we used equitable Gauss structure and equitable Gauss 

transformations. 

Definition VII. Let rp : X -+ Y be a continuous open function and suppose (X, F) and 

(Y, F') are equitable Gauss space and G ; F-+ F' is an equitable Gauss transformation. 

We say that 9 is differentiable in the intrinsic sense is D f is pointwise cofinal where f 

is defined by the image method. The function ,;, : X --+ Y generated by D f is called 

the intrinsic derivative of '{', relative to F, F' and G. 

According to this definition we see that theorem 3 just shows that for differentiable 

mappings between differentiable manifolds we can always define intrinsic deti~tives which 

locally reproduce the Jacobian for convenient local charts. But it is interesting to study also 
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more general cases, for instance, the case of open maps and try to find out when intrinsic 

derivatives do exist, etc. In particular it might be interesting to study the relations between · 

intrinsic derh'atives and generalized Jacobians as defined by L. Cesari in (12]. 

Problem I. Let v, : X -+ Y be a continuous open function, with X and Y open 

subsets of R", having an intrinsic derivative. Does it imply that v, is differentiable in 

the usual sense? 

Connected with this question we have the following one: 

Problema n. Let v, : R" -+ R" be a continuous function satisfying the conditions: 

a) If A C R" has non-empty interior and finite Jordan measure than ,p(A) has 

also finite Jordan measure and with non-empty interior. 

b) There exists a continuous functin I/> : R" -+ R such that for any A C R" as in 

a) we have 

1/J(x) = m[<p(A)) 
m(A) 

for some z EA, where m(A) stands for the Jordan measure of A. 

Under these assumptions is it tp differentiable in the usual sense? 

Observe that conditions a) and b) are true if tp is differentiable with 1/, equal to the 

determinant of Jacobian of ,p, so that they are necessary conditions for differentiability. 

The problem is to know if they are sufficient. 

It can be shown that, under conditions of Problem II and considering Gauss struc­

tures and Gauss transformations in R" compatible with Jordan m<!asure in the sense of 

definition VI, the function t/, is the intrinsic derivative of tp in the sense of definition 

VII. Therefore if problem I has positive solution the same is true for problem II. 

3. Let us consider now the case when we are dealing with functins 'i' : X -+ Y 

which are continuous but not necessarily open. If X and Y are compact metric spaces, 
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using results of A. Jansen ([4], p.23, Prop.7), we can build a continuous n-function 

/ : (X, v) -+ (Y, v') generating I(), which is cofinal in the sense that / .,( v) is cofinal in 

the set of all open coverings of Y. Also v is cofinal in the sense of all open coverings 

of X. Suppose that only X is compact and define / as follows: consider the sequence 

1, ½ ... ½n,... and let O'i, i = O, 1, 2, ... , n .•. , be defined as the covering of X · by 

balls with radiua [½( To have all u; non-empty we might assume, for simplicity, that 

diameter of X, diam X, is greater than 1. Define v as the family of all coverings u i, 

which is then cofinal in X . To each O'i define u,, an open collection of sets in Y not 

necessarily a covering as follows: if A E Ui Ev define /,,(A) as an open ball with center 

v,(a}, where a is the center of A, and radius 2r;, where ri is the radius of A. Define 

u, as the set of all /.;gma;(A) for A Eu; and v' as the family of all u~. Then 

F: (X,v)-+ (Y,v') 

is well defined and it can be proved that it is continuous, cofinal and generates r,,. Also 

v is clearly cofinal in X, because X is compact. The proof is the same as the one given 

by A. Jansen if we remember that i;,(X) is compact and all u, are coverings of l()(X) 

eventhough they a.re not necessarily coverings 0£ Y. 

We call / defined as above canonical generator of 'P· 

Definition VIII. Let c;,: X-+ Y be a continuous function, with X and Y compact 

metric spaces, with equitable Gauss structures and Gauss transformations. We say that l{) 

is differentiable in the intrinsic sense if the canonical generator f of ,-,, has a derivative 

D f which is pointwise cofinal. The function v, : X -+ R generated by D f is called the 

intrinsic derivative of 'P, relative to the Gauss structures in question. 

We should remark that even when D f is not pointwise cofinal, i.e., when the intrinsic 

derivative of v, does not exist, it has still interest in many problems. For instance, if X 

is a closed interval in the reals, we can look to r.;, : X - Y as the path, in the classical 

sense of a particle in Y taking t E X as the time. The funny situation is when r;, has no 
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derivative in classical sense in any point t E X. What is then the velocity of the particle 

in question? No answer can be given in the framework of classical mechanics but it might 

be very well that rp has an intrinsic derivative t/, and then why not take y, as its 

velocity! Even when y, does not exist we can take DJ as the velocity of v, which has in 

the case a non-deterministic characteristic as considered in (3). A typical example of this 

case is the Brownian motion. In an unpublished paper on non-deterministic dynamical 

systems this question is treated in all detail. 

4. To prove theorem 3 we defined in M,. particular Gauss structures starting from 

tringulations compatible with the given differentiable structures. But it is p05sible that 

Gauss structures built in other ways, without using triangulations, might give similar 

results. The theorem below is an example of this situation. 

Theorem 4. (R. Mirabal) The main problem of §III has a solution under following 

hypothesis: 

1) M,. and M~ are differentiably imbedded in R' with Gauss structures F and F', ~ 

and a differentiable map VJ: M,. -+ M~ satisfying the conditions: 

1-a) for any a E F all sets of a have the same n-area denoted by m .. and the 

same is true for any a' E F'; 

1-b) the Gauss transformation G: F-+ F' is such that for any a E F, 

m0 = m0 ,, a' = G(a); 

1-c) F and F' are countable and the coverings are totally ordered by refinements, 

· ·r · · h c ' ') 1.e., 1 a > J, t en Oi > a; a; > a; . 

2) For any z EM,. there is a local chart (U,h) at z such that h(z) belongs to the 

closure of an open set JV C h(U) whose Gauss structure induced by h is compatible 

with Jordan measure. Thesamefor M~ and local chart (U',h') at v,(z). Moreover, 
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if G is the Gauss transformation induced by the pair (h,h'), then all sets o in W 

and those of G(o) in W' C h'(U') have all the same n-area. 

3) ,p is a local dift'eomorphism, i.e., J.,,(:r) #: 0, for any :r EM,.. 

Proof: We assume that ip is surjective, this being no restriction at all beca1,1Se rp(M,.) 

is open in M~ due to 3). The construction of J : (M,., v) -+ (M~, v') is exactly the 

same as for theorem 3 and so all reduces to show that DJ is pointwise cofinal, i.e., given 

an arbitrary open covering r of the reals R and any point :r E ;\/,. we must find a 

u Ev and A e u, with x EA and D/,,(A) contained in some open set of r. Suppose 

then that r and z EM,. are given. Select a.local chart at :r, (U,h) such that v, I U 

is a dift'eomorphism and such that the coordinates of h(:r) in Rn are bounded then :r 

runs in U. Thia is easy to have because M,. is locally compact and calling h-1 by 

~ : h(U) -+ U the derivatives 

ah- 1- aifl 
8x; = 8x; 

i = 1, ... ,n 

are supposed to be continuous in h(U), where ~ is differentiable aa a £unction Crom 

h(V) into R". 

Take an arbitrary u E v and an arbitrary B E u with B C U. If for simplicity we 

call 

T(U) = det( a~ I 8ifl) 
OZj oz; 

the area of B which is equal to m(B) in the present case is given by the integral of 

T(U) extended to h(B) and the mean value theorem gives 

m(B) = T(P)m[h(B)] 

with Pe h(B). Looking to B' = f,,(B) = i,,(B) we get in the same way relative to the 

local chart (U', h'), U' = r,,(U), 

m(B') = T'(Q)m[h'(B')], Q E h'(B') 
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where 

T'= 

with t' = h1
-

1 and (¥1, 112, ••• , i,,.) E R". Finally, 

m(B') = T'@). m[h(B')) = T'~) .J::(.P) 
m(B) T(P) m(h(B)) T(P) " 

-where J~P) is the determinant of the Jacobian matrix of the map ho 9 o h-1 = ip -computed in a point P E h(B). This is a well-known result from calculus. Also as 

remarked before we have 

- T'(Q) = 
DJ,,(B) = I)J,,(B) = T(P) .J;(P). 

Now according to our hypothesis when P, P runs in h(U) and Q runs in h'(U') 

the functions T, T' and J; are continuous, bounded and T in particular is always 

greater than a certain positive nwnber. This implies that when B e CT is arbitrarily 

selected for any CT E v such tha~ B C U we have that all nwnbers DJ,,(B) and 

Il.J,,(B) belong to a finite closed interval I of the reals. 

Look now to our given covering r and restrict it to I. As I is compact call 11 the 

Lebesgue number of the restriction of r to I. Again but he continuity of T, T' and 

J; in U it is possible to find a neighbourhood V of z in U such that for all points 

in V and h(V) the possible values taken by T, T' and J belong to intervals in the 

reals whose length is less than 'I· This being so select a CT Ev and .-1 E CT with z E A 

and AC V. As seen above for any f' > u and any BE f' with BC A we have that 

the set of all possible values D/.,(B) and Il.f.,(B) so obtained have diameter less than 

'1 and therefore a.re contained in some set of r. But by definition this set is precisely 

D/,,(A), what proves that DJ is pointwise cofinal. 

Now to prove that D f generates a unique continuous function 1/J : M,. -o R we 

shall use a result of A. Jansen [4) and as Al~ is a regular T1 space we have only to verify 
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that D / is fully regular, namely, that for any A E a e v if A n B f:. 0 · then 

DJ.(A) n D/r(B) j 8. 

Indeed, i£ An B 'F e there is some open set C e "Y e V with ..., > u, T and so 

DJ.,(C), D.1-,(C) will belong to DJ,(A) and to Dfr(B) as follows from the definition 

of derivative of n-function. 

Therefore there exists a unique continuous £unction 1/,: M,.-+ R generated by DJ 

((4), p.5, Prop.I). 

Our final step is to prove that £or each z EM,. we have 

for convenient local charts U, U'. 

Let zeM,. begivenandselectlocalcharts (U,h) at z and {U',h') at i,,(z) . 

satisfying conditions stated in hypothesis 2) o( our theorem. 

The function t/, determines a {unction ;j: h(U) -+ R, given by ;j = tf, o h-1 

and also Juu•v> determines a function J;: h(U)-+ R which is the determinant of the 

Jacobian matrix of at transformation h' o v, o h - 1 = ip. 

Due to a result of V. Buonoma.no (5) i; concides with IJ;I in lV given by the 

. hypothesis 2) and as they a.re both continuous functions defined in h(U) they also ~incide 

in h(z) E W. Therefore looking to t/, and Juu•,;> they also coincide in z, i.e. 

This completes the proof. 

Analysing the Gauss structures defined in Theorem 3 and 4 abo•.-e we are led to the 

definition: 

Definition IX: A Gauss structure F on a differentiable manifold M" is called canonical 

if for each z E M" there is a local chart (U, h) such that for each a E F, the image 

by h 0£ the sets of a contained in U have equal measures as subsets of R". 
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This type of Gauss structure will play a central role in the future development of the 

non-deterministic theory of manifolds. 

§V 

1. In this last paragraph we want to indicate a series of questions which show that 

our approach to manifolds do not finish with the theorems proved in this paper but on the 

contrary it has potentially many possibilities open £or later developments. As a matter of 

fact some of the problems to be discussed below are already under investigation and will 

be published in the near future. 

2. Let us to back to theorem 3 of §III, 2. There we defined particular Gauss structures 

called canonical in the manifolds M and M' and a particular Gauss transformation 

between those structures. Later v.-e used the assumption of differentiability of the map 

tf, : M -+ M' to prove that the derivative D f of / generating 4, is pointwise ·· 

cofinal and therefore produces a function 1/) : M -+ R which ha.s been called the intrinsic 

derivative of 4' relative to the Gauss structures and transformation involved. Now we 

come to the question: suppose that ¢, is open continuous but not necessarily differentiable 

and assume that we can prove that the function / generating tf, in the same way as in 

theorem 3 has a derivative D f which is cofinal relative to the same Gauss structures and 

transformation as in that theorem. In this case we shall have again an intrinsic derivative 

1/), having no connection with Jacobians, because these do not exist now. However, we 

can ask the same question, namely, suppose that in a certain point z 0 E M we have 

1/,{zo) -:/:- 0, is it true that tf, has a local inverse? More precise we ask if there is a 

neighbourhood V(;r0 ) and a neighbourhood W(tf,(z0 ) such that, restricted to these, 

4' has an inverse. In few words we are looking for an extension of the inverse function 
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theorem when no differentiable structure is available. Even more general situations can 
be considered when instead of manifolds we ha.ve more general spaces, but in this case, we 
have to consider deeper results in the theory of Ga.\188 spaces and transformations which 
we do not discuss here. 

3. Consider now the notions of tangent vector and tangent space attached to a. 
differentiable manifold. Let • : R -+ M be a curve in the manifold M and let 8 
be a real differentiable function defined in a neighbourhood of 1/>(to) where t0 E R is 
a given real number. Assuming that we define in M a canonical Gauss structure F 
as considered before we can build a family of coverings V on M by considering the 
open stars of coverings forming the Gauss structure. This family is called associated to 
F and bas been used before in oth_er areas of non-deterministic mathematics. In R we 
consider the family of coverings U associated to the canonical Gauss structure of R as 
considered in §II, 3. Now it can he proved that there are non-deterministic functions / 
and g generating ~ and 8 respectively such that the composite n-function g o f has 
a n-derivative which generates a function 1/J : R _. R with the property that the value 
of tf, at t0 , tf,(t0 ) is equal to the derivative of 8 at ¢(t0 ) in the direction given by 
;. Of course, we have to use particular local charts as in theorem 3 above. After 'I/, is 
defined'when t runs in R or in an interval therein we have for each t the value t/l(t) 
which is equal to the derivative of 8 at ~(t) in the direction given by ,. Therefore 
we have an intrinsic definition of derivative of 8 on M in the direction q,. It can be 
shown as well that when M reduces, say, to the plane we have the usual derivative of 8 
in a certain direction given by 1/J at a certain point. Intuitively speaking, a fellow living 
in M could compute the derivative of 9 in a given direction, once tf, is mown, without 
worrying about the space where M could be eventually embedded- That is indeed the 
old idea of Gauss on his research on the intrinsic study of surfaces. 
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4. Now let u11 talk about geodesics. Let F be a Gauss structure on a manifold M, 

say the canonical GaUSII structure and let a E F. An open a-chain in M is a collection 

C0 of sets }j e o, i E I with I the set of all ordiual number from 1 up to an ordinal 

n (finite or infinite) such that 

{ F;nF;,f-1 

~ nFj = a otherwise. 

1£ F1 n F11 'FI we call C0 a closed a-c:haln. The number n is called the length 

o( Ca, denoted by ICal and if Ca is open F1 and Fn are called its extremities. 

An open a-chain Ca baa minimum length in a if for any other a-chain C~ with 

same extremities we have ICal S IC~I-
H Fi n Fn ,f. 0 we call Ca a closed a-i:hain. The number n is called the length . 

or Ca, denoted by ICol and if Co is open F1 and F. are called its extremities. 

An open a-chain C0 has minimum length in a if for any other a-chain C~ with 

same extremities we have !Cal S IC~I-
An a-geodesic C! is a collection of sets of a such that given any two sets 

Fi, F2 EC[,, Fi f: F2, there is a unique o-chain with minimum length in a having F1 

and F:, as extremities and contained in cg. A closed a-geodesic cg is a collection 

of sets of a such that by deleting any two seta Fi j F2 of C! we get two a-geodesics. 

A geodesic in M is a connected subset E of M such that for every a E F, E 

can be covered by some o-geodesic C[,. 

A n-function 

g: (R,U)-+ (M, V) 

where U is the family of coverings in R associated to the canonical Gauss structure in 

R is called a geodesic in (M, V) if there is a geodesic E in M such that for any 

tTa E U and A. E tTa we have 

g •• (A.) n E ,:/:- t. 
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It can be shown with simple examples that for arbitrary Gauss structure the concept 

of geodesic introduced here does not coincide with the usual one. However, in important 

cases it does. For instance that is the case £or n• with the canonical Gauss structure. 

It bas not yet been studied for what Gauss structure the concept of geodesic introduced 

in here coincides with the usual c-nes. By another side, as can be seen in (11), in some 

applications to physics the interesting situation is exactly that when those two concepts of 

geodesic do not coincide. So there are many variations to the same theme and the question 

is actually deeper than it looks at a first moment. 

Now having tangent vectors and geodesics a reasonable theory of manifolds starting 

with non-deterministic concepts cll.D be developed and some results reproduce classical 

ones but some don't and they give rise to new situations impossible to describe in the 

usual manner. 

We hope that this brief survey of future devdopments might give some confidence 

to the reader that a systematic study of manifolds with the methods of non-deterministic 

ma~hematics might have some relevance to the area. 
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