





2 Ferrari, David, André, and Pereira

Both models are applied to a study of the association between daily emergency hos-
pital visits for respiratory diseases and the levels of air pollution in Vitdria, Espfrito
Santo, Brazil. The present work is related to McNeney and Petkau's (1994) paper,
although the emphasis in their paper is a simulation study. Studies of the associa-
tion between air pollution and mortality or hospital admissions have been consid-
ered by various researchers; see Schwartz et. al (1996), Morgan et al. (1998), Saldiva
et al. (1994), Saldiva et al. (1995), Brags et al., (1999, 2001), Lin et al. (1999),
Conceigio et al., (2001), Wong et al. (2001) and references therein. Although the
constant overdispersion model is frequently used, the negative binomial model has
not been considered in environmental studies. A comprehensive text on overdis-
persed regression models may be found in Hinde and Demétrio (1998).

In Section 2 we review the usual Poisson regression model and two alternative
models which are suitable for overdispersed counts: the constant overdispersion and
the negative binomial regression models. Inference on the regression and disper-
gion parameters is discussed. Section 3 is dedicated to model adequacy checking
including residual plots and influence diagnostics. We have noticed that diagnostic
techniques are rarely used in environmental studies. A study of the association
between air pollution and human health is presented in Section 4. We show that
the Poisson regression model is inappropriate for our data. A diagnostic analysis
suggests that both the alternative regression models provide much better fits.

2. Models for overdispersed counts

Let ¥3,%,...,Y, be independent random variables having Poisson distribution
with means p,. . ., ity respectively, and let 21,23, ..., 2, be px 1 vectors of known
constants. The Poisson regression model assumes that

2.1) 9(w) = =z B,

fori = 1,...,n, where 8 = (81,...,8p) is & vector of p unknown parameters and
9(.) is a continuous monotone twice diferentiable link function, The usual Jog-linear
Poisson regression model assumes that g{p;) = log(ys). Here,

2.2) Var(Y:) = pi,

i.e., given the value of the covariates, the mean and the variance of the response
are assumed to be equal. This model belongs to the class of generalized linear
models (McCullagh and Nelder, 1989). Maximum likelihood estimates for the re-
gression parameters can be obtained using the standard iteratively re-weighted
least squares (TRLS) algorithm which is implemented in statistical software such
as S-PLUS (Venables and Ripley, 1999), GLIM 4 (Aitkin, Anderson, Francis and
Hinde, 1989), STATA (Hardin and Hilbe, 2001) and SAS (Pedan, 2001). Model
reductions may be based on changes in the Poisson devience. It is defined as the
difference between the log-likelihood function of the saturated mode] and of the



Overdispersed regression models 3
model under investigation, i.e., Dy = Y1, d? where

@) d=2sgu2) {uog (%) - 6u- ﬁ.-)}m,

i being the maximum Jkelihood estimate of 1. If the model has an intercept, we
have 32 (v; — /i) = 0 and the deviance reduces to Dp = 232, pilog (¥i/fi) -
Under the null hypothesis Hg : Bg41 = fg42 = ... = Bp = 0, the partial deviance,
i.e., the difference between the deviances of model (2.1) and of the restricted model,
has a chi-squared distribution with p — g degrees of freedom asymptotically.

The mean of the response variable and the regression parameters are related
by the link function g(.). There may be more than one link function apparently
appropriate for a particular application. The log link function g(u;) = log s; has an
advantage over other usual link functions since it allows a simple interpretation for
the regression parameters. Let z = (%a1,...,Zap) " be & vector of covariate values.
Now let Zj» = (Zp1y--+3Thj+0C,..-,Znp) . Under a log-linear model, the means of
the response variable given z), and zy are yy = exp(z] ) and = = exp{zjL f),
respectively. Notice that the relative risk is up /us = exp(cf;) and hence ¢f; is
the logarithm of the relative risk when the value of the j-th covariate is increased
by an amount of ¢ units and the others remain unchanged.

A simple extention of the Poisson regression mode! that allows the response
variance to be greater than the respective mean is the constant overdispersion
model which replaces (2.2) by

Var(Y;) = du.

This model belongs to the class of quasi-likelihood models (Wedderburn, 1974).
The idea is to relax the assumption of a particular distribution for the response but
instead consider the following relation between its mean and variance: Var(Y;) =
¢V (13i). For our purposes, V(i) = y. Inferences may be based on the quasi-

likelihood function
vi—t t
QUisy) = Z /. e

which has properties similar to those of a genuine log-likelihood function. Here,
U=(y1’---ayﬂ)T and g = (1, .. 1l"n) . The quasi-score function U(f) = 8Q/88
can be written as U(8) = DTV-1(y ~ u)/, where D = 8u/08T = W1AV1/3X,
V = diag{Vn),.., Vika)}, W =disg{w,....wn}, wi= (s bV ()
and X mannxpmatnx with rows 27 ,...,z,] . The quasi-score function is propor-
tional to the score function for the Poisson regression model and hence the regres-
gion parameter estimates obtained from the quasi-likelihood equations U(8) = 0
coincide with the maximum likelihood estimates for the Poisson regression model.

The information matrix for 8 is I(8) = ~E(@@U(8)/88T) = ¢ 'DTV-'D
and the asymptotic covariance matrix for § is given by

) t=¢(DTVviD)?
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(McCullagh and Nelder, 1989, Chapter 8). It equals the asymptotic covariance
matrix for the Poisson regression model multiplied by the dispersion parameter
¢. It is then clear that if overdispersion is ignored, the variances of the regression
parameter estimators will be underestimated. The usual estimate for ¢ is based
onthePemonresidua]s(seeSectiona)andisgivenby
~ &)

L T

The constant overdispersion regression model with log link function may be
fitted in the S-Plus software using the function glm with the option family =
quasi(link=log, variance=‘‘mu’’}; other choices for the link function are al-
lowed. See Hardin and Hilbe (2001, Chapter 16) and Pedan (2001) for details of
the model fitting using STATA and SAS, respectively.

A quasi-deviance function (without scale factor) may be defined for the con-
stant overdispersion regression model as

D) =261Q00) - Qo) =2 [ e

Notice that D(y;4) does not depend on ¢. It is easy to show that the unscaled
quasi-deviance function above equals the deviance function for the Poisson regres-
sion model.

Now let Hp : fg41 = Bg+2 = ... = Bp = 0 be the null hypothesis of interest
tobetestedagamstatwo—mdedaltemauve A natural statistic for this test is

= (Dp — D,)/{#(p ~ q)} which is compared to the quantiles of a B en—p

distribution Here Dy and Dy denote the unscaled quasi-deviance functions of
the restricted and unrestricted models respectively, and $ in obtained under the
unrestricted model.

The negative binomial distribution is useful for defining another regression
model for overdispersed counts. If Y has a negative hinomial distribution with
parameters ¢ > 0 and k > 0 and probability function

. Tw+k ENY
!Y(lhl‘;k)'- I\(”+1)r(k) (k+[.l) (k+ll) ’ y'_o’l!"'!
where I'(.) is the gamma function, then

E(Y)=p and Var(Y)=pu+ %

Here, a possible motivation for assuming that the observed counts come from
a negative binomial distribution is the following fact: if, conditionally on 8, ¥ ~
Poisson(6) and 8 ~ Gamma(k, A), then the marginal distribution of ¥ is a negative
binomial distribution with E(Y') = & = &/ and Var(Y) = p + p?/k.

The negative binomial regression model sssumes that independent random
variables Y1,...,Y, have negative binomial distribution with means ,..., s
respectively, and a common parameter k, and that the means are related to the
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covariates i, ..., T, through (2.1). For known k, this model belongs to the class
of generalized linear models but not otherwise.
The log-likelihood function for B and k is given by
= k
ki) = 3 {oulogs + klog = G-+ i) og(k + ) + log(s + ) ~ g (&)}
=1 !

The score function U(ﬁ,k) = (Bllaﬂl, .,01/88,,01/0k)T has elements

@4 Evm)r( jir

and
n

25) B = 3 (Wl + ) — (k) g+ ) — £ +logk+1},

where V(i) = i + pi} [k, 24 is the (i,r)-th element of z; and (-} = ['(:}/T(})
represents the digamma function.
It is easy to show that the information matrix for (6, k) is given by

_[X™wx o
1BR=]" g i.,,,,]
where W is defined above and
3 1
(B, k) = E(:/:’(Y.+k))+ap’(k)+_—_.. }
e E{ pit+k k}

Notice that I(8, k) is a block-diagonal matrix and hence § and k are orthogonal
parameters. The asymptotic covariance matrix for the maximum likelihood esti-
mator of 8 is (X TWX)™! either if k is estimated from the data or assumed to be
known.

The block-diagonal form of the information matrix allows the maximum lile-
lihood estimates for 8 and k to be obtained using the Gauss-Seidel approximation
by iterating between the two steps below:

(i) for afixed k, soive (2.4) via an IRLS algorithm (see McCullagh and Nelder,

1989);
(i) for a fixed B, solve (2.5) applying the Newton-Raphson algorithm (see
Rustagi, 1994, for details).
An inijtial value for k is
O — P ﬁ‘(la— cifii) ,

T, 2L —(n-p)
whaeheremmthemmmmhkehhoodemmatefotﬂ obtained from the Poisson
regression model and ¢; = zT(XTWX) 1z;, with W = W(f), is the estimated
asymptotic variance of i = z; /3 The idea comes from the comparison of the
Pearson statistic of the Poisson fit, i.e., X2 = Y0 | (s — B:)?/f: with its expected
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value under the negative binomial model (see Breslow, 1984, for details). An al-
ternative approach for the estimation of k based on the method of moments is
discussed in Breslow (1984). Lawless (1987) show that the method of moments
estimates are more robust than the maximum likelihood estimates although the
latter are more efficient than the former if the negative binomial regression model
is correct. The §-PLUS functions neg.bin(k) and glm.nb found in the library
MASS (Venables and Ripley, 1999) give the maximum likelihood estimates for the
parameters of the negative binomial regression model under known and unknown
k, respectively. See Hardin and Hilbe (2001, Chapter 13) and Pedan {2001) for
details of the model fitting using STATA and SAS.

Model reductions may be based on the partial deviance. Let Ho : g4y =
By42 = ... = fp = 0 be the null hypothesis to be tested against a two-sided
alternative. For known £, the deviance residuals are given by

8) dy=signts— 2 {os g () ~og (52)] + g (‘:‘:z)}z

and the partial deviance equals the likelihood ratio statistic. Under the null hy-
pothesis it has a chi-squared distribution with p ~ ¢ degrees of freedom asymptot-
icaly. If k is unknown, an approximation for the partial deviance is obtained by
estimating & under the unrestricted model.

3. Diagnostics

Diagnostic techniques are of great relevance for detecting regression problems such
as Jack of fit and the presence of outliers and influential observations. Plots of the
Peamnorthedevianceresidualaag)ginstsomeﬁmcﬁonoﬁhedata,suchaat.he
estimated linear predictors f; = z; 5, may be helpful for detecting lack of it or
highlighting outliers. The Pearson residuals are defined as

_vi—

(31) ri= \/ii 1
where ¥; is the estimated variance of ¥;. For the Poisson, the constant overdisper-
sion and the negative hinomial regression models, the Pearson residuals are given
by (3.1) with v; = i, v; = ¢y and v; = g + p2/k, respectively. The deviance
residuals are given by (2.3) and (2.6) for the Poisson and the negative binomi
regression models, respectively. The deviance residuals for the constant overdis-
persion regression model coincide with the corresponding residuals for the Poisson
case multiplied by ¢—'/2. For diagnostics in regression models for count data, see
Cameron and Trivedi (1998, Chapter 5). The use of bivariate smoothing for ex-
amining residual plots in the analysis of the association between air pollution and
respiratory illness is discussed in Schwartz (1994).

Since the distribution of the residuals is not known, half-normal plots with
simulated envelopes are helpful tools for diagnostic purposes (Atkinson, 1985,
Neter et al., 1996, Section 14.6). The idea is to enhance the usual half-normal
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plots by adding a simulated envelope which can be used to decide whether the
observed responses are consistent with the fitted model.
Half-normal plots with simulated envelcpe are constructed as follows:

1. fit the model and generate a sirnulated sample of n independent observa-
tions using the fitted model as if it were the true model;

2. fit the model to the new sample, and calculate the ordered absolute values
of the diagnostic quantity of interest;

3. repeat the steps above 18 times;

4. copsider the n sets of the 19 order statistics; for each set calculate its
mean, minimum and maximum values;

5. plot these values and the ordered diagnostic quantities of the original sam-
ple against the half-normal scores $1((i + n — 1/8)/(2n + 1/2)), where
(.) is the cumulative distribution function of the standard normal distri-
bution.

The minimum and maximum values of the 19 order statistics provide the envelope.
An informal check for overdispersion may be based on & half-normal plot with
simulated envelope of the Pearson or the deviance residuals for the Poisson fit. A
large portion of points falling over the envelope indicates that the variability of
the residuals is greater than expected and hence an overdispersed regression model
may be more appropriate for the data set being analysed.

For the constant overdispersion regression model, no particular distribution
lsassumedﬁotthemponse.msleadstodzﬂiaﬂuesmsteplabove Demétrio and
Hinde (1997) suggest to generate the Y/s as Y; = dsY' where Y, ..., Y;* come from
independent Poisson distributions with means f,. .. , fin. Another a.pproacb is to
generate 8,...,0, asn independent observations, é; having a gamma distribution
with parameters {; = Aji; and A = 1/(¢ — 1), and then ¥3,...,Y, are generated
as independent Poisson variables with means 64, . ..,80,. In both cases, the desired
relation between the mean and the variance of the response variable is satisfied.

A graphical technique for detecting overdispersion is discussed by Lambert
and Roeder (1995) and a formal check is described by Lawless (1987). Assume
that the negative binomial regression model is correct and let § = 1/k. If § = 0,
no overdispersion is present and the data come from a Poisson distribution. The
likelihood ratio statistic of Hp : § = 0 against Hy : § # 0 is w = —2(lp ~ InB),
where Ip and Ixp are the log-likelihood functions of the Poisson and the negative
binomial regression models, respectively. Notice that the value for & in Hp is in the
boundary of the parameter space and hence the usual properties of the likelihood
ratio test are not valid here. Lawless (1987) shows that under the null hypothesis
the cumulative distribution function of w is F,,(z) = 1/2+ P(x3 < z), for 2 > 0,
where X3 represents a random variable having a chi-squared distribution with one
degree of freedom. For other tests for overdispersion, sce Dean (1992).

For the negative binomial regression model, the ith diagonal element h; of
the matrix H = W1/2X(XTWX)~1XTW~1/2 can be viewed as a leverage mea-
sure of the corresponding observation. A plot of hy,...,h, against the fitted
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values fi1,...,fin may be helpful for detecting high leverage observations. Such
observations are potentially influential in the model fit. For log linear models,
by = kp/(k + )z (XTWX)2z;. The Cook distance is a widely used influence
measure (Cook, 1986). In our setting, it is not possible to write it in closed form
but it may be approximated by r} h;/(1~k;)? with r; given in (3.1). Local influence
diagnostics and deviance residual analysis in log-linear negative binomial models
are discussed in Svetliza and Paula (2001).

4. The Vitéria study

Large Brazilian cities, particularly S&o Paulo as the biggest city in South Amer-
ica, have been subject of several epidemiclogical studies to evaluate the associa-
tion between air pollution and human health; see Saldiva et al. (1994), Saldiva
et al. (1995), Braga et al., (1999, 2001), Conceicéio et al., (2001) and references
therein. In this paper our focus is Vitéria city in Eepirito Santo State, Brazil,
which has a population of ebout one million aad four hundred thousand people.
Its industrial activities include a steel plant and the main Brazilian harbour for
" iron ore and mining products exportation in urban area.

Following the HEADLAMP Project recommendations (WHO, 1996a, 1996b),
we performed an epidemiological ecologic study. OQur aim is to evaluate the associ-
ation between air pollution and human health in Vitéria. The particulate material
concentration (PM;¢) is recommended as the pollution indicator. However, we re-
placed it by the daily average concentration of sulfur dioxide (SO;) becanse of
the availability of such informatjon and the strong correlation with existing PMzo
data. The total daily number of visits for respiratory causes in the emergency
room of the unique local public child hospital represents the health indicator and
is the response variable. The epidemiological design also requires the control of
confounding variables, i.e., known or possible rigk factors which may confound the
relationship under analysis. To represent the envircnment the following variables
were included: the temperature, represented by its minimum daily value, and the
relative humidity, by its nearest value at midday. To represent seasonal factors we
indudedyeu,mmthanddaydtheweek.moccuneneeofrespiratotydiseaae
epidemic and the number of emergency hospital visits for non-respiratory discases
were also considered, the latter aiming to control external factors such as strike of
hospital employees.

The study includes daily data from 1993 until 1997. Table 4.1 shows summary
measures of some variables included in our study by year. It is clear that the
average number of visits for respiratory causes and the average concentration of
503 decreased during the period under investigation while the average number of
visits for other causes did not change much.

It is well known that the effact of temperature, humidity and pollution on
health indicators does not necessarily occur on the same day of the event, in this
case, the emergency room visit. A previous analysis of our data indicated that
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models with three day moving aversge for temperature and humidity and seven
day moving average for SO, generally fit best. The moving average for a specific
variable is the average of this variable in the referred day with the values of the
precedent days. For example, a two day moving average is the variable average of
the present and the previous day.

Table 4.1. Yearly number of observations (n), means (standard deviations) of the
nursber of visits for respiratory (RESP) and non-respiratory causes (NRESP),
temperature (T), humidity (H) and SO, concentration.

Yesr ~ RESP NRESP T H 502
¢0) (%) (ug/m®)

1993 5329 132,76 2090 64,84 1560
(n=249) (33,01) (31,28) (3,55) (20,65) (14,78)

1994 5454 126,78 1938 69,36 9,67
(n=192) (24,31) (40,76) (2,73) (747) (12,31)

1995 4434 152,89 21,51 7296 6,97
(n=237) (22,11) (51,33) (3,95) (17,33) (7,74)

1996 39,71 136,96 1935 72,51 4,81
(n=207) (15,50) (33,72) (242) (12,38) (7,30)

1997 37,39 144,00 20,53 92,32 3,36
(n=335) (24,09) (50,02) (2.54) (6,58) (5.44)

Total 4508 139,53 20,41 7598 7,80
(n=1220) (25,65) (43,85) (3,18) (17,35) (10,82)

Figures in the first column of Table 4.1 show that some variables have miss-
ing values and this leads to a much higher number of missing observations after
computing the required moving averages. The final data set consists of 599 obser-
vations.

The model building strategy for the statistical analysis involves the con-
struction of a basic model in which variations due to the confounding variables
are removed. Once the variables most strongly associated with the response are
determined (significance level equal to 5%), the pollutant is added to the model.
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For similar model building strategies, see Conceigiio et al. (2001) and Schwartz et
al. (1996). The statistical analysis that follows was carried out using S-Plus 4.5.

First, let us consider the log-linear Poisson regression model. The basic model
was fitted and significant associations for all the confounding variables were ob-
served (p < 0.001). The inclusion of the pollutant in the basic Poisson model is
significant (p < 0.001). Nevertheless, the residual deviance equals 3,107.0 with 572
degrees of freedom (d.f.) indicating that the Poisson regression model does not
provide a good fit. Moreover, all the points in the half-normal plot of the deviance
residuals (Figure 4.1a) fall over the simulated envelope, leading to the conclusion
that there is a strong evidence of overdispersion.

®)

X 0 0 B W D W
Fited Voluo

Figure 4.1. Half-normal plot of the deviance residuals for the Poisson model (a)
and plot of absolute standardized residuals against the fitted values for the normal

The 25th and 75th percentiles, the average and the standard deviation for
the observed response variable are 30, 59, 47.7 and 28.1 respectively. These fig-
ures suggest that emergency visits for respiratory diseases are not rare events and
that a normal model may be more suitable for our data than the Poisson model.
A normal mode} with independent identically distributed errors including all the
confounding variables and the pollutant was fitted. The plot of the abeclute stan-
dardized residuals against the fitted values (Figure 4.1b) clearly shows that the
vaziability of the residuals is not constant. In fact, the Breusch-Pagan test (Breusch
and Pagan, 1979) rejects the null hypothesis of bomoscedasticity (p < 0.001) and
leads to the conclusion that this model is not appropriate for our data.

Now, we consider the constant overdispersion regression model with log link
function. The basic model was fitted and we found a non significant effect only for
the relative humidity (p = 0.064). The inclusion of the pollutant in the basic model
is significant (p < 0.001), the residual deviance equals 609.2 with 572 d.f. and we
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obtained ¢ = 5.11. Figure 4.2a shows a half-normal plot of the deviance residuals.
It indicates that the constant overdispersion model is much more appropriate than
the Poisson model for our data. The plot of the Pearson residuals against the fitted
values (Figure 4.2b) do not show any outliers or evidence of lack of fit.

Figure 4.2. Half-normal plot of the deviance residuals (a) and plot of the Pearson
residuals against the fitted values (b} for the constant overdispersion model.

We now move to the negative binomial regression model with log link func-
tion and unknown dispersion parameter k. As in the constant overdispersion model,
only the relative humidity was eliminated from the basic modet (p = 0.315). The
inclusion of the pollutant is significant (p < 0.001), the residual deviance equals
663.7 with 572 d.£. and we obtained ¥ = 9.14 with standard error equal to 0.69. The
half-normal plot of the deviance residuals (Figure 4.3a) indicates that the negative
binomial model is much more suitable than the Poisson model. However, a com-
parison between Figures 4.2a and 4.3a indicates that the constant overdispersion
model seems to provide a better fit.

Figure 4.3¢ shows an index plot of Cook’s distance for the negative binomial
fit. We noticed outstanding Cook’s distance for the 372nd and the 595th obser-
vations. For these cases, the Pearson residuals are -2.08 and 3.34 respectively,
indicating that the observed count of visits is much smaller than expected for the
first case and much higher than expected for the second case. Figure 4.3d shows
a plot of h; against the fitted values. We noticed that all the observations with
high leverage (h; > 2.5p/n) correspond to December, 1996. These are the only
cases observed in December in our data set and this is the reason why they are
potentially influential. However, the elimination of all the discrepant observations
does not change the inferential conclusions. Plots of local infiuence, constructed
as suggested by Svetliza and Paula (2001), were omitted here because they do not
show any influential point.
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Figure 4.3. Half-normal plot of the deviance residusls (a), plot of the Pearson
residuals against the fitted values (b), index plot of the Cook distance (c) and plot
of the leverage against the fitted values (d) for the negative binomial model.

Positive association between the response variable and SO4 was observed in
both overdispersed models. This indicates that the higher the concentration of this
pollutant, the higher the expected value for the number of daily emergency hospital
visits for respiratory diseases. The relative risk associated with the pollutant was
estimated for the increase of 1g/m® and also 11.93pg/m?, which corresponds to
the interquartile range (75th-25th percentiles). This last measure was calculated
aimingwrepresenttheratboftheeuq’ectednumbetofdaﬂyvisitsforrespiratory
diseasesinah.ighairpoﬂutiondaycomparedwithadaydbwairpollution.
Tbesemﬂtswemvmsimilarinbothoverdispanedmodela,andmpmsented
in Table 4.2. Notice that an increase in the pollutant concentration from the 25th
to the 75th percentile is associated with an average increase of roughly 11% in the
number of visits for respiratory diseases.
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Table 4.3. Estimated relative risk (RR) associated with the pollutant.

Overdispersion RR(ug/m®) RR(11.93ug/m*)
Models Estimate  CI(95%) Estimate  CI(95%)
Constant 1.009 1.004;1.013 1.108 1.050;1.169!

Negative Binomial  1.009  [1.005;1.013) 1113 [1.065;1.164]

8. Concluding remarks

The constant overdispersion and the negative binomial regression models are more
appropriate than the Poisson and the homoscedastic normal linear regression mod-
els for the analysis of the association between the number of daily emergency hos-
pital visits for respiratory diseases and the levels of air pollution in Vitéria for the
period from 1993 to 1997. There is some evidence that the constant overdispersion
model is the most appropriate among those considered in this paper. Under both
the overdispersed models we found positive association between the number of
daily visits and the concentration of SO2. Qur results are in agreement with the
concept that adequate statistical modelling of daily measures of pollution, weather
and health outcomes represent a powerful tool to detect the adverse effects of air
pollution on human health.
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