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Introduction 

In (21 the authors constructed the theory ot P-local1zat1a, 

or nilpotent groups and some time later R1benbo1111 in (3) showed 

that 1 t was possible to localize air,y group, However, aa tar · as I 

know, it la not yet known whether the construction made byRibemboim 

yields a theory or P- local1zat1m wltlen restricted to the c;ategory N 

ot all nilpotent group■, Beside■ that, the construction presented in 

[ 3.) seems to be quite abstract, 

These f'acts led us to co1r11sider two problems. 

The first one 1~ to try to exhibit a ■ore explicit 

construction ot the P-local1zat1on ,ot a group G in the category ~ ot 

all groups. As tor this, we were successful only when G is a aem1-

d1rect product ot a t1nite abeliBlrl group A by any group X. It turns 

out that Gp 1a thoroughly detennin1l!d by A, Xp Blrld the action II ot X 

ot A. 

Thia queatlon is analyze1i:l in section 2 Blrld the main 

results are 2,1, 2.5 and 2.10. We 1ahould· also point out that the 

point in the 1-root or the 11a.1n reaul ta of this section 1a 

Proposition 2.2. 

Our second concern ta to build up the theory ot P­

locallzation of a group in the cateaory Cot the groups which are 
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extensions of n1lpotent"groups by finite a~elian groups. 

Our interest 1n th1s question 1s due to the tact that lt 

seems to be useful to extend the theory of P-localization or nil-

potent spaces. 

Likewise, we attempted to follow rather 

technique used in (2), since those methods turned 

closely 

out to 

the 

particularly sul table to develop thei theory ot P-localization or 

nilpotent spaces. 

We devoted section 3 to present our results in this direc 

tion. We would say that the main re!1ults are 3.12 and 3.13, notw1~!:!. 

standing the fact that 3.1, 3.2 and 3.11 play an 1mpor~ant role as 

technical lemmas. 

Finally 1n section 1 we 11ntroduce some basic -results 1n 

order to help the development or the following sections. Neverthelea, 

acme of the results nanely 1.5, l.'11 a¥1 1,,20 are 1ffl)ortent by thermelve~. 

The author is very much indebted to Professor Dac1berg 

Lima Gon~alves, at whose suggest1om1 this work waa developed. 

11. Prel1m1nar1es. 

In this section we introduce some general results on P­

local groups, factoring ot actions 11nd ■ome propositions concerning 

group cohomology. 

Propos1 tion 1.1 - Let E1 , · ••• ,Et,lt be P-local groups, where P is a 

set of. primes. Let £1 1 Hom(Ei'K), 1L•l, ••• ,t. In these cmditiona, if 

£ 1 Hom(E,K) 18 the pull-back of the family (£i)l!i!t' then E 1s 

P-local. 

~ - Straightforward. 

Proposition 1.2 - Let ♦ c Hom(Y ,F), where Y 1s a P-local group and 
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Fis a finite group. Then, (Vy c Y) we have o(t(y)). n c Px. 

(Px • (n IN• I pin-> p IP)• multiplicative set generated by P; 

o( ♦ Cy)) • order ot ♦ Cy)). 

Proof - Let y c Y and suppose that :II q c P• with qloCt(y)). Then 

we may consider z • yk, where o(t(y)) • q.k. It follows that 

o( ♦ (z)) • q. The tact that Y 1a P-local and q c p• enables us to 
qr state that V r > O, 3 zr c Y such that zr • z. Thus, 

r+l 
•<zr)q • tCz)q • 1, 80 o<.cz,.>) • qr+l, Vr>O. •t(z)ll and 

In particular, uh.r) c F: r > o ) is 1nf1n1 te. However 

impossible, since Fla finite. 

thia 1a 

Corollary 1.3 - Under the conditions of' the previous propoattton, 

we have lt(Y)I c Px (ie, tCY) 1a a P-tors1on (f'lnite) ~grcq, of'F). 

Remark 1.4 - According to _propos1t1on (7.1) pg 106 in (4) we have 

that a finite group F 1a P-local <->Fis a P-torsion group. 

The f'ull subcategory or tt,e category ~ of all 

consisting of all nilpotent groups 1a denoted by~-

groups 

The conclusion of propoai 1~ion l. S holds et ther when 

X !. Xp is the P-localizatton on~ or~• 

Proposition l .S - Let X .!. Aut(N) be an action, where X and N are . 
groups with Aut(N) f1n1 te. Then 3 I •p such that the diagram 

1a co111111utative <-> .(x) 1a a P-toraion 

group of Aut(N). 

there exists such a •p• then .(x) C .exp> -
torsion sub-group of' Aut(N), by corollary 1.3. 

sub-

P-

( <-) a) First of all •• all euppoae that X !. Xp P-locaUzea X on 

'• •(X) le P-local (tin,ite) due to remark 1.4. 



4 . 

Then, Aut(N) looking at -;(x) • w(x), 

V x c X, there exists ;P 

auch that •p e0 • •• Therefore, •pe0 • (1;p)e0 • •• 

It's easy to see that •p ta the only one. 

b) X ~ Xp is the P-locallizatton on 11 • 

Ae w(X) le nilpotent (and P-local), the proof 
,· 

tollowa 
the same atepe. 

Now we take A ,J!.. G --!.. X an exact sequence 

where A ta abelian. 

ot groups, 

Let X -!. Aut(A) be the 11ctton detined by 
• g.p.(a).g-l (where ,(g) • x). . .. 

Fix a collection ot prin1ea P, n c ■ and x c X, and 

detine: en(x) • lA + .,(x) + .. ••• + 111(xn-l) c End(A). 

For this endomorphism we have: 

Lemma 1.6 - (~(a).g)n • ~(e(c(g)).a)g"; V g c G, Va c A, V n c ■. 
~ - It's easy by induction on n. 
Propost tlon l. 7 - Let P be a set o:r primes and let A >1!-. G ...!.- X be 
an exact sequence ot groups, where A is abelian and• is the action 
attached to the extension. Fix the conditions: (1) G is P-local; 
(11) Xis P-local; (111) •n(x) c Aut(A), V x c X, V n c P'x. 

Then, it two or (1); (11); (111); hold eo does the third. 
~ - (11) + (111) -> (1). 

Fix n c P'x. Let g, h c G and suppose that gn • h". Then, 
c(g)n • c(h)n -> c(a) • c(h) since X ta P-local. so, I• ~(a).h 
and hn • In• (~(a).hr • ~(en(c(h)).a)hn (Lemma 1.6). Hence, 
t (c(h)).a•O. Soa-Oandg•h., n . 

Likewise, let g c G. 3·x c X such that c(g) • x". (X P-
local). Theretore, c (g) • x" • c (h1

"). • •. a • p.(a) .hn. Take b c A 
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such that a• •n(c(h)).b. Thus g • 111,(en(dh)).b).hn. (a,.(b).h)n due 
to 1.6. So g c G - gn c G 1s bijective. 

(The other impltcationa &re similar). 

Proposition 1.8 - Let P be a set ot primes and let A ,J!. G ..!-. x be 
an exact sequence or groups, where i~ is finite abelian. Then, 
•n<x) c Aut(A),V x c X, ¥ n c p,x, 1~rovlded that either G ta P-local 
or A and X are P-local. 

~- (I) G 1s P-local. 

Fix n c p,x and x c X. Suppose that •n(x).a • 

such that t(g) • x. Then (a,.(a).g)" • a,.(en(x).a)a" • a". 
• a and a• o. Thus •n(x) c Aut(A) since A ta finite. 

(II) A and X are P-local. 

' 

o. Let 8 C G 

So µ(a).a • 

Fix n c p,x and x c x. and suppose •n(x).a • o. Thus. 

(~(x")-lA).a • <•(x)-1A)o8n(x).a • o •Cxn).a •••On the other 
hand, o(•(x)) • m c Px (prop. 1.2) . . . •Cx)•.a • •• Aagcd(m,n)•l, 
it tollowa that •(x).a • •• whenc~ O • •n(x).a • n.a. Thua a• 0 

since A la P-local. Se •n(x) t Aut(A). 

Corollary 1.9 - In the conditions o~ the proposition above (1.8), G 
la P-local <-> A and X are P-local. 

Proor - (<-) A and X P~local -> • (lt) c Aut(A), ¥ n c P'x, ¥ x c x. - n 
Thus G is P-local, by prop. 1.7. 

(->)GP-local -> •n(x) It Aut(A), V n ~ p•ll\ V X It x. In particular, 

•n(l) C Aut(A). So A la P-local. Beaidea, we aet X P-local by 

invoktna prop. 1.7. 
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Next we consider an extension N >,.I!.. G !... X, where N is a 
4--< 
0 

finite group. Let X .!. Aut(N) be the action given .by ll(.(x) .a) • 
• o(x).ll(a).o(z)-l an~ take en(x): N - N defined by •n<x).a • 
• 1 A ( a) ; ( • ( x ) • a) • • • ( • ( x ) n-l • a) • x I X : n 1 _. : 

In this slightly different context we now describe 
properties which are quite e1m1 lar to prop. 1 ._6. 1. 7, 1. 8 and 1. 9. 

Lemma 1.10 - (ll(a).(x))" • ll(on(x).a).o(x)": V x IX: V n I N•: 

Va I A. 

Proof - See prop. 1.6. 

Proposition 1.11 - Let N >.!. G..!... X be a split short exact sequence 
4-< 

Ill 

ot aroups and let.• be the action detined by the epl1tt1ng •· Fix 
the atatemente: 

(1) G ie P-local; (11) Xis P-local: (111) •n<x) 
bijection, V x c X; V n c p,x. 

1• • 

Then, it two ot (1); (11); (111) hold, so does the third. 

Proof - See prop. 1.7. 

Proposition 1.12 - Let N ,._ G .!.. X be a split short exact sequence 
-4-< 

0 

or groups, where N 1a tint te. Th~r1 en(x) is a bijection, v n c P'x, 
V X C X provided that either G 1s P-local or N and X are P-local. 

Proof - It G le P-local, then the proof tollows as (I) prop. 1.8. 
So let•• auppoae that N and X are P-local. Let .(X) .1 Aut(N) 

and lr • N21.~x) •• (x) 1■ • P-tor■Jlon aroup (cor. 1.3) and N 111 a 
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P-torsion group (remark 1.~). Thus~ 1 ■ • P-tors1on aroup. So ~ ia 
P-local (remark 1.4). 

Then taking the aequence N ,J!.. ~ ...!,_ .(x) and 

0 
invoking the first statement ot thi11 propos1t1on we conclude that 
•n(tl: N - N &iven by •n(·d • lN.i(,) · ••• t(,n-l). lN, ••• ,n-1 is 

a bijection, Vt 11: •(X), V n 11: p,x. So, V x 11: X 

that an(x) is a bijection, since an(x) • lN •• (x) 

where,• •Cx) 11: .(x). 

V n i p,x we have 

Corollary l. 13 - Under the condi t1on1 ot the previous 

(1.12), G 1a P-local <-> N and X are P•local. 

Proot - See prop. 1.9. 

( n-1) -• X •6n('I), 

propos1 tion 

Proposition 1.14 - Let N ,J!.. G -!...- X be an exact sequence ot groups. 

Then, G and X P-local •>NP-local. 

f!:22! - It tollows directly trom the detin1tions. 

From now on we recall some concepts concerning group 

cohomology, as well u establish aome results which play an 
important role in f3. 

Let X !.. Aut(A) and X ..!..., Aut(B) be actions, where A 

and Bare abelian. Let also• 11: Homz[X)(A,_B). (le. •<•<x).a) • 

• t(x).a(a)). Thus, 1! t: A >l!.. G ..!,,. X (t 11: H!(X;A)), then 
••t: n >-.!+ Q .!... X where the constniction ot Q ia described aa tol­

lowa: 

Let M • si .. a, H • ((-•<•> ,IL(&)) I N: a a A) (H 4 M) and 
Q. •tH. So we have the c~ tat1ve diagr-
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(1.15) A ,-!._. G 
• C 

X where e(g) • (0,g) .H - • 
!a l• . ii v(b) • (b,l).H 

B ,-..!.... Q ..!... X •( (b,g).H) • c(a) 

Proposition 1.16 - Consider the d1.agr11111 

t: A ,-I!... G 
1£ X - ,. 

al 1 ., 
c: B ,..!.. Q • y -

where A and B are .abelian and the rows are exact. 

If there exists 8 c Homl:G,Q) making the diagram C!)II-

· Conversely, it' a c Homz [X) (A,B) and o • t • y •c, then there 

does exists 8 c Hom(G,Q) making the diagram connutat1ve. 

~ - Straightforward. 

Proposi t1on 1.17 - In the diagram A ,-...e_ G ....!.-. X , the rows 

• 1 ,lJ, l, 
B ~ Q ....!.... y 

are exact, A and B are abelian and , and 8 yield commutativity. 

Then, there exists a cross homomo:rphism oc: X - B such that V 11 G, 

~ - g c G, wl(g) • .Tc(g) • .-,(g) • • •. 31 bg c B such that 

l(a) • v(bg),(g). So we define a-!.. B by 0(1) • b
1

• 

Furthermore, ,i-11 I 1,1.(A) -> bl - bl'. Thia fact enable us 

to define G ..!- B 
•l ,,;, 
x' • 

le such that kc • o, Not it'• easy to see that 

1(1) • vkc(a) ,-r(a) and It 18 a cro■a houuami1a1•. 
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Proposition 1.18 -

·l 
B ,-!.. 

In the co111111utat1ve diegran 

the rows are exact and A 

and B abellan. 

Let X ..!. B be a croaa hananol'J)h1sn. ltn the■e condi Uona the runction 
G..!.. Q given by e(a) • vK1(g).,(g), V g I G is a aroup homomorphism. 

Proof - It follows easily rrom the clefinitiona. 

Lemma 1.19 - Let Q be a P-torsion l\belian group. Then H (Q) . q ia a 
P-torsion abelian aroup, ¥ q > o. (lilere Hq(Q) aeana the homology ot 
the group Q with inteaer coefficients). 

!!!:22! - The assertion is readily checked if Q la a cyclic group.Use 
of Kttnneth Formula shows the assertion to be true tor finite direct 
auma ot cyclic groups, and therefore tor arbitrary finitely gen-
erated abel1an group. Finally, since Hq (q > 0) c0111111utea with 
d1rect 11m1ta and 11m (P-tora1on aro,up) la a P-tora1on group, the -assertion la true tor arbitrary abelian aroupa 

The next theorem la stated. in the category 'II• 

Theorem 1.20 - Consider the commutative diqram 
where X la a nilpotent group, A 1a a P-local 
abelian group and•• •pare action•: 

Then we have Hn (X ;A) -=- H"(X;A). •p p e11 M 
0 

~ - (Induction on c • nil X.) 

It X 1a abelian, we take the following short 
sequences: 

exact 
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e• 
O - Ker(e

0 ) - X ~ e0 (X) - 0 ••• (I) ... 
0 - e

0
(X)--!.. Xp- colker(e

0 ) - 0 ••• (II). 

(I) yields a spectral sequence (Lyndon-Hochschild - Serre) 
where E~•• • Hr(e

0
(X); H8 (~er(e

0
);A)). 

We notice that ker(e
0

) 11cte trivially on A. So we are 
allowed to ■ay that 

Since Hom(P'-toraion,P-local) • 0 • Ext(P'-toreion, P~ 
local) and H

8
(ker(e

0
)) (a> 0) la P'-torsion 

conclude that H8 (ker(e
0

;A»• (0). 

(Lemma 1.19) 

Moreover, e0 (X) acts trivially on Hs(ker(e
0 ):A). 

•o<X) acts trivially on ker~eo>- Thus E~·s •rffr(eo(X);A); 

(0) ; ... 
whence Hr(e

0
(X) ;A) :: Hr(X;A). 

The eame argument l!lhowa 

H:<xp;A)-;-; H:<eo(X) ;A) 
0 

Taking into account that 
e• 

Hn(X·A) ~ H" (X •A) •\•e"• 1•p p• 
.:. o .: en• 

0 

Hn(e
0

(X) ;A) 

us (using (II)) that 

the diagram commutes 

aince 

a• o 

a > O 

,,. 

we have ep 1a an isomorphi1111, ao that the proot la ended it 
C • nil X • 1. 

Now let X c 1~1 with nil X • c > 1 and ■et r • rcx ~ tl). 
Then, the commutative diagram with exact row■ 



r >--X - induces a map or the spectral 
aequences. 

In particular we obtain.the COIMlutative diagram 

E;,s - Hr(X/r: H9 ( r:A)) 

r (e~,e;; )• 

!~•• • Hr((X/r)p: 

where the coefficients are trivial 1n all cases. 

11 

It now follows from the ttrst step that .... 
Hs(rp:A) -:" H9 (r;A), whence (e•~•)• 1 ■ an isoraorph1am. Aleo, it -follows tram the inductive hypothesis that e~• le an isomoprh1sm, 
since Hs(r;A) is P-local. 

ancl we may inter that 

the proot. 

Finally, in order to tiniElh this section, we are going 
to consider the following situation (which will appear again in the 
next . two sections): 

Let X !. Aut(A) be an acU.on, where A is a nnite abelian 
p-group (p • P). 

Let P1 • tq • P': q I l•(X)IJ and set H • 
• <x c X: o(.(x)l c P~>. (eub-group generated by x c X such that 
o(.(x)) c P~). Noticing that H • -X and setting •ff . • 
• •18 : H --+ X !..-Aut(A) ,we aet: . 
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Proposition 1.21 - ,J 1s a •-sub-module of A, VJ~ 1. - .ff 

Proot - It follows, by . induction on J, trom ~he tact that 

•<x).(.(h).a-a) • •(xhx-1).(.(x).a) - .(x).a, together with the 

fact that ff" X (a c ,J-l, h c ff; ,ic c X). . ' 
H 

Next set r • rr where r ia the smallest positive integer~· • I 
H 

• rr+l. such that rr 
•H •H 

.x.i Aut(A/r), Propoai t1on 1.21 enable• us to take where 

ii(x)(a+r> • 11(x}.a+r. Then lt'• pluln that -ij:i • ;18 end we have: 

Lemma 1.22 - •IH ls trivial. 

' Proot - Recall that rj • rJ 
iilH .H 

/ l'r • Thus iiH ill nilpotent. 
•H 

Remembering that A/r la ll tinl te abelian p~group 

invoking the prop. 7, pg. 7, [lJ wei conclude that ii(H) • ;H(H) 

a (tlnlte) p-group. 

and 

ls 

Taking, on the other han(l, h a generator or H, we have 

h C X and o(.{h)) C p~. It . tollcni,a that o(ii(h)) c P~. 

o(.(h)) I o(.(h)). Taking into account that P1 c P', it tollcnira, at 

last, that o(ii(h)) • 1 and therefore M(h) • lA , V h s H 
/r 

Proposition 1.23 - ii(X) le a P-toreaion sub-group ot Aut(A/r). 

!!:22!, - Suppose that i q c P1 with qf(ii(X)f, Thus 3 y c X such that 

o(;(y)) • q. Then we have o(•(y)) •• q1 .m, acd(q,m) • 1 (tor 

o(.(yJ)lo(•(y))). Hence, o(.(y•)) •• q1 and theretore o(;'(ym)).q. · It 

tollawe that •Cy•) , 1A/I'" which cor1tradict• the statement ot the 
preceding le-• (1.22). 
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Corollary 1.24 - 31 action Xp~ Aut(A/r). wlth 

which yields commutativity in the following diqram 

~ - It follows directly from the prop. 1.5 

(Remark: We should point out that this corollary (l.24)hol~• either 

ln the category, or q, just because prop. 1.5 la true in both 

categories.) 

Now consider the commutative diqram A ,.__.!_ 

• j 
B ,.,_!_ 

where the rows are exact and A and B are tinl te abelian p-groupa. 

Propos1t1on 1.25 - In the conditions above, o{rJ I ) c rJ I ,VJ>l 
•1 H ~2 H -A B (In particular o(r(HA)) c r{H8 )). 

Proof' - We argue by induction on j. It's clear tor J • 1. Next, take 
J-1 a c r and x a generator or HA. Thus, o(.1(x)) 
•1tH 

A 
Let's euppoee that o(.2{y(x))) • r.a where r c Px and• c P1 (Bf. Let 

n
1 

• 0(11
1

(x8 ))10(111 (x)) • n. Then. n 1 c P.1 (A)x. Now 0 11 2(y(x8 ))r.-(a) • 
a nl a nl • a(a) and 11 2 Cv{x )) · .o(a) • •<•1(x) .a)• a(1.). It follows that 

a 2{y{x8 )).a(a) • a{a), due to the ~act ~at gcd(r,n1 ) • 1. Aleo, 

gcd(r,a) • l ' .c->ik, & c Z euch that kr +&a• l .•. ■ 2b(x)).a(a)• 
• •2<,(x)r)k~v2(y(x•})'.a(a) • •2(y(x)r)k.a(a). But o(a2(y(xr))• 

• • c P1 {B)• •• •. y (xr) c H8 , whence y(xr)k c H8 • 
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It follows that 0(1,1 (x) .a- a) • • 2 (Y(x)) .o(a) - o(a) • 

• • 2 (,(xr))k.•(a) - •(a) tr~ , alnce •(a)• r:-1 by the 
2IH8 2JH8 

Inductive hypotheaia. Now it's easy to tiniah the proof. 

12. P-Localization ot Semi-Direct Products. 

Throughout this section we just work with the theory ot 

localization in the category~. as developed in (3]. 

Let P be a set or primes. 

Proposition 2.1 - Let N ,,JL.. G . ...!.. .. X be an exact sequence of groups, 

where N la a p-group (p • P'}. Then, e • e
0

o i P-locallzes G, 
~ 

where 

X ~ Xp P-localize■ X. 

~ - Let•• Hom(G,K); KP-local. 

r 
Va• N, r ! 0 auch that aP • 1. 

r 
Thus, ••<•>P • l • X. So••<•>• 1, · since 

Kia P-local and p • P 1 • 

So '31 •• • Hom(X,K) such that t' • • t. 

,· 

Finally, taking into account that K la P-local, we cancluile 

that 31 icHom(Xp,K} such that i' e
0 

• •• .The uniqueness la obvious. 

Next we prove a propos1 tion which plays a t'undamental role 

in the proof ot the main theorems in t'l-iis section. 

Proposition 2.2 - Let X !. Aut(K) and Xp !. Aut(JC) be actione, where 

IC and If are finite group■, It P-lt11cal. Let G • x1. X and G • 14_ Xp• 
• Conaider aleo the co111DUtative diagram 
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I-1· X 

I are defined aa usual, e P-

(/ 
localizes G, N•kera:p• 1&':N- Gp• 

e• is defined by the restriction 

ore, ■ is surjective and ew• e•. 
Let's also suppose that V x IX, 

Va, K we have: 

N----+ 

(1) , ( 1t(x) ,a) • ;( e
0 
(x))., (a) andl ( 11) e ~ .. (x ).a) • .,p( e

0 
(x)) .e • ( a_). 

Under these conditions we claim that !(.(z).a) • "p(z).l(a), V~cXp, 

v a: c Jr. 

~ - e I Hom(G ,ln due to the hypothesis about I. as lf~ll aa e- ls 
P-local by corollary 1.13. So 31 ♦ 1 Hom(Gp,t) auch that te • e 
and it•a plain that c♦ • ♦p and top• o. 

• detlnea • • by restriction. whence we have N..!! K with 

i'~ • •~• and t•e• ••• So t•e • lK. Then we aet the split 
exact sequence B>-N~ If • B • ker ♦'. 

e 
Use the propo:,1 tion 6, pg. 8 • (3) shows -Xp • U<Ip, 

i•O X 
i(Xp,e~(X)>. 

Theretore, it 1 s enough to show that our formula 
v z c <Ip 1 , 1Cxp,e

0
(X))> V 1 ~ o. Ve argue by induction on 1. 

short 

that 

holds 

<Ip,,o(Xp,e
0

(X))> • e
0

(X) and i(•(e
0 (x)).a)•1tp(e

0 (x)).e(a) 
easily. 

tbf ~ kli,, ,1<Xp,eo(X)) • 1i».• ,1<Xp,<Ii,,_,1-1<Xp,eo(X))>). 
Thus, 3 n c p•x auch tha.t ,,_n 1 <Ip, 

11
_ 1 (Xp,e

0
(X))>, lbence 

e(';(z").i) • 1tp(z").i(i) by Inductive hypotheai~. 

Next we take•• o(ii(z")) c P" by prop. 1.2. 



On the other hand• takirig , · . ♦' o •p<zm)o 
... 
e 

T • w(zffl) and o(w(Zm)) t PX by prc,p. 1.2 again. 

-( m)n But,• z • lf -> o(;(zm)) In . •. ;czm) • lr• 
so, •• m ... •p(z )e. lr• Now recalling that B ,__ 

splits we have •p(Zm) .e(i) • b.e(i:l); b c B; •1 t r •. 

Use or the••· •p<zm).i • lr shows that i 1 • a . 

• •. •p(zm).e(i) . · b.e(i). 

we -

• 
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whence 

have 

N ...t_ K 
14--< 

,. 

ApplyinS euccesslvely •p<zm) to the expression above we 

obtain: e(a) • •p(zm)n.e(i) • ((•p<zm)n-l.b) ••• (•p(z~).b).b]e(i) • 
• (i"n(zm).b-l)-1 .e(a), (where i'n(2:m).u • u(•p(zm).u) •• _.(•p(zm,n-i.u)). 

Use or the proposition ll.11 together with the tact that 

Xp and Gp are P-local sho~s that i'n(zm) is bijective, whence b•l. 

So, •p<zm>le(R) • le(X)" Also. gcd(m,n) • 1 -> 3"r,s c z 
auch that rm+ en• 1. Thus, •p(z).e(i) • •p(zn) 8 o.p(zm)r.e(i) • 

• •pCz"} 8 .e('i) • e(w(z") 8 .i) • efi;i(z") 8 oii(zm)r.i) • e(ii(z).'i},VaclC~ 

v s c Ip, ,i (Xp,e
0 (X)). 

Now it's easy to complete the argument. 

Next let X .!. Aut(A} be an action, where A la a tinite 

abelian p-group (pc P). Let P1 • {q c P': qll•(X}I}. 

Taker• r(H) as it was defined just after prop. 1.21. 

Thus, corollary 1.24 yields X ....!..- Aut(A/r). 
8

0 1 ~ 
Xp 

.. 



• 
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Dlyram 2.3 - r 

.. I 
A ► G X 

l 1 II 
:;h►----v•• •-----1;• 

N Gp • ~ Xp ·/ ' 
B 

In the diagram • J.s the natural 

(.·. wt HomztxfA.A/r)). e•(a,x) • (w (a) 1 e
0

(x)) . ·• e• , 

Thus 31 t c H0111{Gp,G') such that re • e•. 
The other functions are defined as usual except 

which is going to be def'ined Just 1!11t'ter the next lemma. 

Lemma 2.4 - efr • o. 

Proof - Let x be a generator of H·and m • o(.(x)) c P~. 
Let b ~ •<x).a-a; a c ·r. 

projection 

Hom(G,G'). 

for e, 

Then. (b.x)m • (em(x) .b,xm) • ((.(x)m-lA) .a,xm). (O,xm) • 
• (O,x)m •• •• e(b,x)m • e(O,x)m -> e(b.x) • e(O,x) for~ is P-local. 
Therefore, e(b) • 1. Now it's plain that e(r) • (1) 

Define e c Hom(A/r,N) such that es• e, Then, Ye• lA/r• 
whence B >---NL A/r splits. '4----< 

e 

Theorem 2. 5 - In the condi t1ons above, e' : G - G • P-localizes G. 



.. 
18 . 

Owing to prop. 2.2 we have t' c Hom(G',Gr)• and then 1t 1 a 

readily checked that••. r-1 

Finally, we analyze the situation in which A is (only) a 

finite abel1an group. 

Let X !. Aut(A) be an action, where A is a finite abelian 

group. 
11 11 t 

It IAI • P1 ... pt , 
t 

c0111ponent and Aut(A) = I Aut(A1 ). 
1•1 

t 
then A• 8 A1• 

1•1 
p1-pr1mary 

Thus, there 1a (uniquel:r detennined) .. 1 :X - Aut(A1 ); 1 • 

• l, ••• ,t. ... 
usual. 

It's well-known that c is the pull-back_or (c 1 ) 1!i!t• 
•1 

Let G - G1 be the projection and tr ~ -Xp 
(1:1>p 

pull-back of the arrows (G1 )p -• Xp; 1 • l, ••• ,t. 

Since (c 1 )po(e1)p• lx, there does exist 
p 

be the 

o c Hom(Xp 1 ?r) such that i 1 o i •(a 1 >p• V 1 (here ; 1 is 

(only one) 

the usual 

projection). 

Likewise, it's plain that 31 t c Hom(G,?r) 

• 1 ot• e1 w1 (e1 :c1 - (G1 )p P-loca11zesG1 ). 

such that 

It follows that cf • e
0

c and te • o e
0

• We recall that 

?r is P-local by prop. 1.1. 

Moreover, 31 t c Hom(Gp,lr) such that • 1 ot ~ (w 1 )p, since 

(c 1 >po ( w 1 >p • 'p, V 1 Un part1c:ular ½ 1a an isomorphism). By 

uniqueness we•ve aot t • te: ct• «p: 

well. (. •. t:' • C l Xp). 

.. 



• 
19 

t 
Finally, let C • ker c.: IJ ker(ci)P; ii': C - I:. N•kerrp: 

1•1 
1,1': N - Gp, e, f ♦ define e: A - N, 1: A - C and i: N - C by 

· restriction. Let B • ker ♦• 

Soon we are going to show that I e• c Hom(C,N) such that 

We are able, at last, to construct the following com-

mutative diagram: 

Diagram 2.6 - K • Ker? 

l 
11 

,, ~c.-,-1•;::~ 
1 p 

c,p I 
B In order to jus~if'y all the indications in the 

we still need two lemmas. 

Lemma 2.7 - ? is a epimorphism. 

t 
Proof - Thia follows from the tact that?• e e1 , where 

i•1 

II i 11:i 

diagram, 

Ai ~ G1 - :x taken in the conjunction 

je1 1 ei (11:1\. ! eo with the cases previously " . 
ker(1: 1 )p ,-!. (Gi)P- Xp analyzed. 

Lenna 2.8 - 'ilx • o. 



• 
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t 
!.!:22! - Since K ••Ki (K1 • ker i 1 ), we Just have to show that 

1•1 
•l1t • o. V 1. 

1 
Thia f'ollowa from the dbgram (v 1 la a apl1tt1na attached 

So we have e• c Hom(C.N) with e•t • e. 

Lemma 2.9 - (1) ?(.(x}.a) • ;(e
0

(x)).?(a} • 

' (11) i(.(x).a) • •p<e
0
(x)).i(a) 

V X C X;'; y • I A. 

Proot - Both statement■ are. readilly checked trom the det1n1t1ona. 

Theorem 2 .10 - In the cond1 tions above• G L 'C' P-localizea G. 

f!:22! - Lett: tr - Gp detined by t(i(c).ii'(z)) • p•e•(c).op(z): 

C C C; • C Xp• 

t c Hom('C',Gp} by prop. 2,2, 110': that it's plain that 

• - .-1 

13 - Throughout this section we only work with the 

localization on the category q, an developed in (2]. 

theory 

Proposition 3.1 - Let A ,.!... G _!... X be an exact sequence ot aroups, 

where A 1a abelian finite and X 111 nilpotent. Let X !. Aut(A) be 

the action attached to the extension and suppose r2 • A • • 
Let also I c Hoa(G 1 K) ,nd B ,-!. IC ..!.. Y be an exact 
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sequence. where Bis finite abelian and Y nilpotent. Then, there 

exist o, Hom(A.B) and Tc Hom(X,Y) which yield commutativity in 
·the diagram A ,..J!.... G~ X 

~ - Let H - ~,~(A)< Y. It follows from r!. A that H C tY,H) • 

So H ~ (Y.H) C: r2Y and then. by induction. H c rkY, v k ~ 2; whence 

H • {ll since Y is nilpotent. This completes the proof 

Proposition 3.2 - V G c I Cl, 3 I U • U(G) ◄ G. U finite abelian with 

G/U nilpotent such that r 2 • U, provided that• is the action at­• 
tached to the extension U >- G -G/U. 

Proof - A >1!-. G 2- X be an extension where A is finite abelian. An 

X is nilpotent. Let o: X - Aut(A) hie the action attached to this 
ext;ension. 'and set r • r: where r 1,s the smallest positive integer 

such that r: • rr+l 
Q • Let U • J&(r) • G. So u ls finite abelian. 

Furthermore. A.Ir >--+ G/U -x is exact and X acts nllpotently on 
A/r, so that c,u is ni?-potent. It's also plain that 2 r., • u. if 

11(gU)u• gug-1• Finally we point out that the uniqueness follows 

in a straightforward way from proposition 3.1. 

Now, let p be a prime and CP be the tull sub-category or 
C or all groups, which are extensions ot X by A, where A is a 
finite abelian p-group. 

Corollary 3.3 - G c !Cpl-> U • U{G) is a finite abelian p-group. 

~ - In fact, U • p.{r) and r 111 a aub-group ot A. 



• 

Corollary 3.4 - G c ICI; G ls nilpotent<-> U • U(G) • (1). 

~ - (->) c I l,il -> 11: 0,u - Aut(U) 1• nilpotent-> u • 
rc+l. (1). (c • nil 11) • • 
U • (l) G .: G /U nilpotent. 
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2 r •. • • .. 

Corollary 3.S - G I I II I . <-> i I?, q priaee, p ~ q, auch that"' l 
G I IC pl n ICql • 

!!:.22! - It f'ollowa rrom cor. 3.3 11nd cor. 3.4. 

ICI provided GI ICI. We now define Gp 1 

Fix t : U ,.I!.. G --!... G /U where 
■ gua-l and G /U •~ (G/U)p 

U • U(G) defined by prop, 3.2i •<&U)u~-, . 
P-loc•Llizea G /U in 11. 

Ve consider 3 caaee: 

Let p be a prime and euppoee firstly G • ICPI. 
l)p&P'. 

II) p I P. 

Then we have: t: u . ,-!!._ 

. ! 
(0) -

G ~ G/U 

l e l 8 0 . 

(G/Ulp = (G/U)p 

We should point out that ••C ■ e: Cp • o. 

Let P1 • (q I P1: qllw(G/U)IJ, H • cxc 0Ju:0(11(x)) P~>, 
r • r(H) and•: G/u - Aut(u/r) as defined juat after theoram 1.20. 
Corollary 1.24 allow• ua to claim 1lliat ii I action •p aakina 
-.itatlve the diqra G/U - Aut(U/r) • 

(G!u)~ p . 

com-



u Taking the natural projection u- / r, 
31 tp such that e~ tp • ••t where 

23 

we have that 

Once more it is shown by 1prop. l. 16 that there ls a com-
mutative diagram t: U ,-..I:!... G -.!..- 0 1u 

•! lei 
I 

J eo 
tp:U /r ,J!.. Gp - ( /U)p 

At this point 1 t' e import1ant to point out that we have 
defined GI U ICPI - Gp I ICI and this deftnitton 

p 

since G I ICPI " ICql -> G c " (cor, 3.S) and then 

3.4). 

ts . "good" 

u • U) (cor. 

In particular, this conet1ructlon extends the one made in 

(2). 

•: Z- - Aut(z/3 e z/5) given by Example 3.6 - Let 

•Cl).a • 2a and •(l).b • 2b. Let G • (z/3 8 z/5), z. • 
Then r 2 

• • Z/3 • Z/5. A, 1thence G I l"I. However G c ICI 
and since U • 11,(A), 1~ follows that G l U ICPI. 

p 
Thie example shows that IC I .. VICPI ~ f. 

p 
So we 111Ust consider 

111 > a· c IC I .. U IC PI • 
p t Now u is no longer a p-grc>up. Nevertheless, U • • u1 111here 

1•1 
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where 
11 1 Ci G ,.___ G _ _...._ .. /U is defined by (I) or 1 t (II))• ,· 

l • l Al so. u • • u 1 and "1 . PO 1•1 
"1 (~ G ~ICp such that ,_____ (G

1 
)p ( /U)p 

<'•i•••··••t•>cp • ((c 1 >p>1 provided that -i' 1• the usual projectio,!l 
and,• 9 Pt• 

1 

D1!1r• 3.7 - C:: u > I' 

·I . C:p: u > I' 

By det1n1t1on, we have that Cp is the pull-back ot the 
arrows ((c: 1 >p> 1 since C:p • Pe<• 

Aa tor G- Gp defined ~Y (I);(II);(III) we have the next 
two propo■1t1~. 
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Proposition 3.8 - els P-surJective. 

!!'.:22! - It follows directly from the definitions. 

e f Corollary 3.9 - G - Gp ::a: K with KP-local. 

Then te • ge -> f • g. 

Proof' - Obvious, 

Proposition 3,10 - GP-local-> e is an Isomorphism, 

~ - We have 3 cases to analyze. The only one which 'ts not 

obvious ls (II) • 

Suppose we have U>---G-

•l u,r--
GP-local-> G/U P-local (cor. 1.9). So a(G/U) ls 

P-toralon sub-group ot Aut(U), since Aut(U) ls C1n1te and G/U 

P-local (cor, 1.3). Therefore H • tl)and r • tll .•. • • lu• 
els an isomorphism. 

Next we consider a commutative diagram 

U(G) G--!..- c;/U 

U(K) 
l· 1, 
IC_!,.. K/V 

a 

. . . 

Let I 8 de tine O t Hom(U. V) induced by (opu•PyO; u ~ U). 
Ve take U • • U(p) and ii, • • V(p); p-priinary de-

compo11itions. 



Proposition 1.25 assures that u(rU(p)) C rV(p)' 

a(U(p)) C V(p). 

since 

Actually, we consider t(p): U(p) >--- G(p) - 01u 

l•lulpl 1 l 
t(p): V(p) ,___ X(p) - K/V 

and then use prop. 1.25 to c(p) • s(p).c and t(P) • w(p)~,: 

We det1ne 1 by restriction, t (p): U(p) - V(p}. whence we 

have olpl 
U(p) - V(p) 

•uc p, 1 1-vCp) and finally 
~ 

;,p> 
U(p) • U(p)/ V(p) /, • V(p) ii - • 'i(p). 

rU(p) rV(p) p: . 

At this point we state a fundamental propoai~ion. 

Proposition 3.11 - a ia a homomorphism ot modules. 

~ - Let•a consider the commutative diagrams. 

where •p and ap are the actions 11·ven. by the extensions 

tp: u ,-.I!.-
11:p 

(1G/U) Gp- p 
I- rp • '-
V ,...:L 

-:- IC . 

'P: I[~_!__ (X/V)p 

• 
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We ought to get that a(l•p<z>.i) • Aphp(z)).o(a). V Zt (G/U\, 
and V i , U. 

Fix z, (G/U)p and i, U. 
0tu nilpotent-> 3 n c P'x such that z" • e

0
(x). Then, 

aC•pCzn}.i) • ii(•p(e
0
(x)).i) • ii<-,,(.x).i) • a(• (x).a)(by definition) 

• Pya(11(x)~• Py(A(y(x)).a(a)) (111 1a a homomorphism of modules). 
• D(y(x)),a(a) • llp(e0 (y(x))).a(a) •• Gp Yp(zn).ii(i) ••• (•). 

On the other hand o(• p(z)) • rn , 

(G/U)p 1a P-local and Aut(tJ) 1a finite. 

X P , (prop. 1.2), 

So, Dp( Yp(z")"').o(i) • 0(1tp(z")m .i) • o(i), V i c tJ • 
• •• Ap(Yp(zm)">la(U). lo(U) 

since 

Still, taking into accoun1~ that in the exact sequence 
V · K K tp: ,.__ Kp - ( /V)p: Kp and ( /V)p are P-local we can state 

that in(Yp(zm)) • lv + a pCrpCzm)) + ••• + Dp(Y p<zm)n-l) c Aut(V). 
V n c p,x and Yp(zm) 11 (K/v)P. 

Thus '¥ 'i c U we have: 

Finally 3r,a c Z such that rm+ an• 1 (gcd(m,n)al} •• •. - -, -, ( ">a ( •,r -, -c· ( n,a -, 0(11p(z).a • a,•p z o •p z .a • o •p z .a • 
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Theorem 3.12 - G,K, ICI; 31,P c Hom(Gp,Kp) yielding commutativity 

1n the diagram: 

t:u ___ _;~----• G 

· I '::n 
':V ► - - - - - - - --

~ 

~ - Tho un1queneae t'ollowe rrc>n1 corollary 3.9: 

For the existence we obe1erve that •~ Yp 'P • y• e~ 'P • 
(definition of ,p> • P,ir• y•, • Py•••Ct) (prop. 1.16) • 

' 
• y• Pye ' 

It follows that T.p'p • i~ tp due to the tact that 

So by propoe1t1on 1.16, 3 , , Hom(Gp,Kp) yieldina com-

autat1v1ty in the ".front face" ot the diagram. 

Thus ,e and ea make cc•mmutative the diagram 

U ,-.!!.... G--!.._ G/ 

P,f>•l -'•ll••c l 80 

V ,...!.._ KP____!.. ( K /V) p 

Use o.t the propositon 1.17 shows 

that •: G/U - V a croa■ 
homomorphism ■uch that 

•* ea(a) • vec(g).,e(a), VI t G. H011~ver, H1((G/U)p;V) ~ Hl(G/U; V) 

(Th. 1.20). 
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So e • e'pe
0 +•~,where •~(x) • v-x.v, v t v. 

Setting •v:(G/U)p - V, •v<z) • v-z.v, it follows that 
· •v o e0 • •~ and therefore e • ep c1 e

0 , where ep • e'p + •v • 
New ell(g) • vePeo .. (g).Te(g) • V8prpe(g).,e(g), \I gt: G. 

Thus defining Ip: Gp - Kp by lp(z) • "; ep 'p(z}.t(z), 
\I z t: Gp• 1t follows from prop. 1,18 that Ip c Hom(Gp• Kp) and 
Ip e • e e. 

Besides, KpBp. YpEp and epii. y; 

Remark: The theorem above shows us that G - Gp ts a functor and e 
is a natural transfonnation or functors. 

Theorem 3.13 - G .!.. GP P-localizes G in C, 

Proof - Let G, Jt c ICI, with K P-loc;al, and I c Hom(G,K). 
OWing to proposition 3.1, there exists a commutative 

diagram 
U(G) • U ,..J!... ·c _t._ G/U 

lD 
U(K) • V ,-!.... 

l. t T 

K ~ K/V 

Now using th. 3.12 we conclude that 31 e P c Hom(Gp,Kp) 
such that Ip e • e 1. 

So it's enough to take i • e-1o Ip 

(prop. 3.10) 

The uniqueness follows tron~ cor. 3.9. 
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