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Abstract 

Given a simple graph G without loops and a field P of characteristic 

not 2 we construct an exceptional Bernstein algebra F(G) over F and 

show that F( G) is indecomposable if and only if G is connected. The 

duplicate of F(G) is a Bernstein Jordan algebra whose type is deter­

mined by the number of points and lines of G. We comment briefly 

how to extend the theory to the case of multigraphs. 

1 Basic facts on Bernstein algebras ~nd graphs 

A Bernstein algebra over a field F (charF ::/- 2) is a nonassociative commu­
tative algebra over F, endowed with a nonzero homomorphism w: A --+ F 
(called the weight function of A) such that 

(1) 

for all x E A. The ideal N = kerw satisfies the identity (x2) 2 = 0. Such 
algebras always have idempotents of weight 1 and if e is one these elements, 
A decomposes as A = Fe EB U EB Z where 

U = {x EA: w(x) = 0 and 2ex = x} (2) 

and 
Z = {x E A : w(x) = 0 and ex= O} (3) 

1 A.M.S. (1991) mbject classification number: 17092 
2Spomored by CNPq of Brazil, proc. 300645/93-7 and FAPESP proc. 95/525&-7. 
3 Part of this paper was written while this author was visiting the Unil'.'rsity of Oviedo -

Spain. Spo:i110red by FAPESP, proc. 94/2247-0. 
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This direct sum is the Peirce decomposition of A relative to the idempotent 

e. The relations 

U2 ~ Z, U Z ~ U, Z 2 ~ U and U Z 2 = 0 (4) 

hold for every Peirce decomposition or A. The following equalities hold in 

every Bernstein algebra, where u E U and z E Z: 

(5) 

Every idempotent or A has the form e0 = e+u0+ui where uo EU. The Peirce 

decomposi , ''11• relative to e0 is A = Feo €B Uo €B Zo where Uo = { u + 2uuo : u E 

U}, Z 0 = {:: - 2(c0 + u~)z: z E Z}. The mapping u EU t-+ u + 2uuo E Uo 

is clearly liucar anci bijective, the same holds for the mapping z E Z t-+ 

z - 2( u 0 + u~)z E Z0 • Then dim U = dim U0 and dim Z == dim Z0 • The 

ordered pai1 of integers (1 + dim U, dim Z) is an invariant of A, called the 

type of A. In particular, if U2 = 0 then U0 = U so also UJ = 0. Such 

Bernstein algebras are called exceptional. In general, if A == Fe EB U EB Z then 

.42 = Ff' EB U EB U2 so that A = A2 if and only if U2 = z. j"hese are called 

nuclear. An exceptional algebra is never nuclear (unless Z = 0). 

The theory or Bernstein algebras is spread over sev:•ral papers and can 

be found alsfl in the last chapter of [15]. Bernstein algebras were introduced 

independer:1 iy by Ph. Holgate [lOJ and Y. Lyubich [1 I] some 20 years ago, as 

an attrmpt to solve the Bernstein Problem concPrning Populations Genetics, 

stated and partially solved by S. Bernstein in 1923, see [11]. So far, our 

knowledge of cxcPpl.ional algebras is poor and [11 J is still the best referenc1i 

in the subjl'ct. \V1· hope this paper will contribute in some way to a better 

understanding of the subject. On the other hand, concerning graph theory, we 

refer the reader to IIarar_y's classical book [8] among rnany other books. Also 

useful is the J.,Jok j2], of which we have adopted notations and terminology. 

\Ve assu11w that our graphs don't ha·,•c loops. We denote hy 6(u), where u is a 

point ( = ·,-..rtcx) of G, _the degree 0f u, that is, the numher of lines ( = Pdges) 

incident with u. For a graph G = (V(G),X(G)) we denote o(G) = inr{o(u): 

u E l'(G)} and Ll(G) = sup{o(u): u E V(G)}. The line graph of G, denoted 

by L(G), ha.,; X(G) as its set of points. Two points in L(G) arc adjacent in 

case they arn adjac1i11t lines in G . If the lirw rr joins the points a and b, then 

o(o) = '5(u) + o(b) - 2. For a ~iven point fl, 1i denotes the set of points which 

an• adjacc11t. to ,1. \Vii d1•not1! liy I',, I.he graph 

,., a, 
~ 

Ju Sections 2 and 3, all graphs an: simpll'. 111 S1ictio11 .J we state sonw 

results for 1111111 igraphs ( wlwn• two points may !JI' linked hy several lines). 
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2 The Bernstein algebra of a graph 

Let G = (V(G), X(G)) be a finite simple graph, where V(G) is the set of 
points and X(G) is the set of lines of G. We suppose that G hasp points and 

q Jines so that O $ q $ (:), p = jV(G)I and q = IX(G)j. The lines will be 

denoted by, say, o = ab, where a and b are the points linked by o, so that ab = 
ba. Suppose Fis a field of characteristic not 2 and let N = N(G) be the direct 

sum of U and Z, where U (resp. Z) is the F-vector space freely generated by 

V(G) (resp. X(G)). We define in N the following commutative multiplication 

(on the basis of U and Z): for every a= ab E X(G), where a, b E V(G), 

aa = aab = b; other products are zero (6) 

Every x EN has the form x = 2} .. a+ Esllo, where a E V(G), o E X(G), r11 

and sll E F. We have x2 = 2 [E r .. aJ [E silo] = 2 E r 11s0 ao E U and so 
(x2) 2 E U2 = 0 by (6) . Hence N satisfies the identity (x2) 2 = 0. In fact, 

N satisfies the stronger condition (x1x2)(x3x4) = 0, because both x 1x2 and 

x3x-4 are in U and U2 = 0. So N is solvable of index 3. We can embed N in 

an exceptional Bernstein algebra, by taking the linear operator r : N ---+ N 
defined by r(u) = ½u, u E U, and r(z) = 0, z E Z, and defining the form w 

by w(a, a)= o and the product in A= F(G) =Fe N(G) by 

(o, a)({J, b) = (a/j, ab+ r(ab + {Ja)) (7) 

for a,P E F, a,b E N, as in [4, (1)). The Bernstein algebra F(G) just 

defined will be referred as the Bernstein algebra associated to the graph G or 
the Bernstein graph algebra of G. The elements of U (resp. Z) are proper 

vectors of the linear operator Le : N(G) -+ N(G) defined by x i--+ ex, 
corresponding to the proper value½ (resp. 0), where e = (1, 0). The equation 

F(G) = Fee U e Z, where e = (1, 0), is the natural Peirce decomposition of 
F(G) and the following relations hold, as particular cases of (4): 

u2 = o, u z ~ u, z2 = o (8) 

as direct consequences of (6). In particular, (F(G))2 = FeeU. Moreover the 
type of F(G) is (1 + p, q) . The method described above produces exceptional 

Bernstein algebras of type (1 + p, q) for any p and q ::; (;) when G runs over 
the set of all simple graphs with p points. 

We establish some general properties of F( G). The subspace U can be 

decomposed as U = U1cGJ EB U1(G)+l EB··· e UA(G) where U, is the subspace 
generated by the points of degree j, o(G) 5 j 5 A(G). Similarly we have 
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Z = Z1(L(G)) EBZ1(L(G))+1 EB· · •EBZA(L(C)), with ZJ generated by all lines of degree 

j. Hence we have a decomposition which refines the Peirce decomposition: 

F(G) = Fe EB U1(G) EB··· E9 UA(GJ EB Z1(L(G)) EB··· E9 ZA(L(G)) (9) 

which is called the 6-decomposition of F(G). The following proposition is a 

refinement of the inclusion U Z ~ U: 

Proposition 1 Suppose we take integers i and j such that 6(G) $ i $ 6(G) 

and 6(L(G)) $ j $ ~(L(G)). Then: 

(a) If j - i + 2 2: 6(G) then U;ZJ ~ UJ-i+2 

(b) 1/j - i + 2 < 6(G) then U;ZJ = 0 

Proof: It is enough to work with points and lines, which generate U; and 

Z; respectively. In the first case, take a point a E U; and a line a E ZJ. If 

a is not adjacent to a then necessarily aa = 0. If a is adjacent to a then 

a = ab for some point b and aa = aab = b. But the degree of a = ab is 

6(ab) = 6(a) + 6(b) - 2 so that 6(b) = j - i + 2 so aa = b E UJ-i+2• In the 

second case, no point a E U; and no tine a E Z; are adjacent so aa = 0. ■ 

Recall that for an arbitrary commutative algebra A, the set Ann (A) = 
{ a E A : aA = 0} is an ideal of A. 

Proposition 2 For every graph G, Ann (F(G)) = 0. 

Proof: It is well known that, given a Peirce decomposition A = Fe EB U EB Z 

or a general Bernstein algebra then Ann (A) ~ z. In our case, if G has no 

lines then F(G) has type (1 + p, 0) so necessarily Ann (F(G)) = 0. We may 

assume q 2:: 1. Suppose z E Ann (F(G)), say z = 2)0 a where r0 E F and 

a E X(G). Fix one index a, where a= ab. Then 

za = ("obab+ L raa)a = "obb+ [Errcac + L ~c) a= r;rb+ Er.cc= 0, 

a,;,.ii cell' c,tl,;,o. J cell' 

implies Tjji = 0, so z = 0. • 
Proposition 3 With the above notations, the fallowing conditions on F( G) 

are equivalent: 

(a)UZ=U; 

(b} G h'" no isolated points. 
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Proof: Suppose b is an isolated point of G. If UZ = U, then, from (6) 
" b = '.[r;b;,with r; E F, where all b, must be distinct of b, as b is an isolated 

j:l 

point. This equality is a contradiction to the linear independence of the points 
as elements of U. Conversely, if no point is isolated, given b E V(G), there is 
an a E V(G) such that aab = b sob E UZ. As V(G) ~ UZ we have U ~ UZ 
and so U= UZ. ■ 

We recall that in any Bernstein algebra A with Peirce decomposition A = 
Fe@U@Z, the ideal generated by all elements of the form a2 -w(a)a, a EA, 
can be expressed as (UZ + Z2) e Z so it is contained in N = U e Z. This 
ideal is called the Etherington's ideal of A. In our case, we have t.he following 
corollary: 

Corollary For every graph G, the Etherington', ideal of F(G) equal., N = 
U $ Z if and only if G has no isolated poinl3. 

The graph G with p points and no lines yields a Bernstein algebra of 
type (1 + p, 0), that is, the gametic algebra for simple Mendelian inheritance, 
which is the only commutative baric algebra of dimension 1 + p satisfying 
x2 

- w(x)x = 0. Due to this, we shall always assume that G has at least 2 
points and at least one line. 

One of the central questions in the theory of Bernstein algebras is to study 
the nilpotPnr.y of N = ke.rw. For recent results, see (11 and [~] and references 
therein. In our case, N is solvable of index 2 but never nilpotent (unless 
Z = 0) as aab = b, (aab)ub = a and so on, where a, b E V(G) are linked by ab. 
So every graph yields an exceptional Bernstein algebra such that N = kerw 
is solvable but not nilpotent. Another question in the theory of Bernstein 
algebras is to state necessary and sufficient conditions for such algebras being 
train, that is, to satisfy some equation of the form x" + -y1w(x}x"- 1 + • • • + 
'Yn-,w(x}11

-
1x = 0, where 'Ya E F (in particular if w(x) = 0 then x" = 0). 

Recently it has been proved that the only possible train equations satisfied by 
Bernstein algebras have the fatorized form x2(x - l}(x - ½)n-3 for clements 
for weight 1. In our case, F(G) is never train. In fact if we take adjacent 
points a, b then a+ ab E N and its powers are never zero, as (a+ ab)2 = b, 
(a+ ab)3 = a and so on, oscillating between a and b. 

We look more closely to the Peirce decompositions of F(G), corresponding 
to other idempotents of the form e0 = e + u0 , where e = (1, 0) and u0 E U. In 
general, for exceptional algebras we have U0 = U and Z0 = { z - 2uoz : z E Z}. 
In our case U2 = Ul = Z 2 = 0 but in general ZJ will not be 0. In fact, the 
product of two typical elements of Z0 is (z1 - 2Uoz1}(z2 - 2Uoz2) = z1z2 -
2z1(Uoz2) - 2z2(uoz1} + 4(uoz1)(Uoz2). The first summand is Oas well as the 
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fourth, because (u0z1)(Uoz2) E U2 = O. But, in general, (uozi)z2 + (u0z2)z1 ::/-

0. For instance, if b E ii, then (aab}ab =a::/- 0. 

Lemma 1 Let G be any graph with no isolated points and let F(G) = Fe EB 

U EB Z be the natural Pei,:ce decomposition of F(G). If u EU and o(ou) = 0 

for every a E X(G), then u = 0. 
n 

Proof: Denote by a1, .•• , an the points of G so that u = LAia,. Choose any 
i=l 

k E {1, ... , n}. As G has no isolated points, there is a line a1ca; E X(G) (j 

depending on k, j ::/- k). Then atdi u =>.ta,+ >.,a,. and O = aka,(a1ca, u) = 
>.1cak + >.;<{,, so >.; = >.,. = 0 and u = 0. ■ 

Proposition 4 Suppose G has no isolated points. If eo = e + uo i., an idem­

potent of F(G) such that zg = 0 then Uo = 0 (and so eo = e). 

Proof: We have seen above that Z 0 = { z - 2u0z : z E Z} so that zg = 0 

implies (u0zi)z2 +(u0z2)z1 = 0 for all z1, z2 E Z. Then, in particular, (u0o)o = 
0 for all o E X(G) and by Lemma 1, u0 = 0. ■ 

Lemma 2 Let G be a connected graph with at least 3 points. If an ideal I of 

F( G) intersects nontrivially the subspace U then U ~ 1. 

Proof: Choose some nonzero element x EU n I and express_x as x = ..\1a 1 + 
. , . + ..\nan where 01, ... , On are the points or G and ..\1,. , • 1 An E F, with say, 

..\1 =/:- 0. We may suppose also that a2 is adjacent to a1• Then (xa 1a2 )a1a2 = 

..\101 +..\202 E /. Suppose the degree of 01 is at least 2. Then, say, a3 is adjacent 

to 01 so that (>.101 + >.202)0103 = >.103 E / and 03 E 1. Let a1c E V(G) with 

k ¥ 3. As G is connected there is a chain of lines a3a;, , a;, a;, , . .. , a;,.at in 

X(G) such that ( ... ((a3a3a;1 )a;1a,2 } ••• )a;,.at = OA: E /, so V(G} ~ 1 and 

U ~ 1, as desired. Suppose now the degree of a 1 is 1. Then the degree of 02 

must be at least 2 because otherwise P2 would be a connected component of 

G. As G has at least 3 points, then G would be disconnected, a contradiction. 

Then a2 has degree at least 2. Suppose a, is adjacent to a2 , with l-/- l. Then 

xa1a2 = >.102 + >.201 E / and so (xiiia2}a2a, = ..\101 E I. Then a, E / and we 

can repeat the chain argument used above to conclude that any point a1c E / . 

• 
In any exceptional algebra A = Fe EB U EB Z, U is an ideal of A. We have 

a precise description of the baric ideals of F(G), when G is connected. Recall 

that a baric ideal of A is any ideal of A contained in N = U @ Z. 

Theorem 1 Ld G be a simple connected graph. Then: 
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( a) If G ha., at lea8t 3 point.,, the nonzero baric ideals of F( G) are exactly 
the subspaces U ED Z' where Z' is an arbitrary subspace of Z. 

{b} If G = P2 , with poinl.3 a and b, the nonzero baric ideals of F(G) are 
F(a + b), F(a- b), U and N. 

Proof: It is easily seen that U ED Z' is an ideal of F(G) in cases (a) or (b) and 
F(a + b) and F(a - b) are also ideals in case (b). Now to the converse. Take 
initially any nonzero baric ideal I so that I = (In U) EB (In Z). Suppose 
InZ ':/: 0 and choose an element z E InZ with z :/; 0. The element z is a linear 
combination of all lines of G so there is at least one line of the form ab1 in this 
linear combination with nonzero coefficient ,\1• Let bi, "2, ... , bn (n ~ 1) be the 
(distinct) adjacent points to a and c1d1, ••• , c,,.d.n (m ~ 0) the lines which are 
not incident with a. Then z = .\1ab1 + .. . +.\nabn+'Y1Cidi + ... +')'mC,,.d,,,, .>. 1 ':/: 

0, with ,\i, 7; E F. Now za = .\1b1 + ... + .\nbn E In U. By Lemma 2, U ~ l 
and so I= (InU)EB(InZ) = UEB(InZ) = UEBZ'. Suppose now InZ = O; 
then I ~ U and again by Lemma 2, l = U. This finishes the proof of case a). 

In order to complete the case (b), we suppose G has two points a and b so 
that F(G) = FeEBFaEBFb$Fab. Let I be any one dimensional ideal contained 
in Fa EB Fb. Take x = ,\1a + .\2b EI, ,\1 ':/: 0. Then~= .\1b + .\2a E I and 
so .\1x - .\2abx = (,\f - ,\~)a E I. If .\f ':/: ,\~ then a E / so b E I and l = U, 
contradiction. Then Af =,\:,so .\1 = ±~2 and x = ,\1(a ± b). As x runs over 
I, we must always have the same sign ( + or - ) because otherwise dim I = 2. 
Thus finally I= F(a + b) or 1 = F(a - b). ■ 

Corollary 1 For a connected graph G the principal ideal generated by any 
point a is U and the principal ideal generated by any line ab is U ED Fab. 

As a rule the product of two baric ideals in F( G) is not an ideal, according 
to the following corollary 

Corollary 2 For a connected graph G we have equivalence be.tween: 

(a) The product of two arbitrary baric ideals in F(G) is an ideal; 

(b) G is the graph P2, 

Proof: a) ~ b) : If, by contradiction, G has at least 3 points a, b, c and 
lines ab and ac!, then U (u ED~ = Fa EB Fb, which is not an ideal as 
(a+ b)ac = c ~ Fa EB Fb. . 

b) ~a): The set of all nonzero baric ideals is F(a+ b), F(a-b), U and 
N and we see directly that the condition (a) holds. ■ 

7 



Corollary 3 If G is a simple connected graph with p ~ 3 point., and q lines 

then all homomorphic images of F( G) are F( G) iuelf or (trivial} Bernstein 

algebras of type (1, s), for some s, 0 $ s $ q. 

Proof: Follows from Theorem 1. ■ 

Let G be a connected graph with at least 3 points. By Theorem 1, the 

baric ideals of F(G) have the form U EB Z' with Z' any subspace of Z. In 

general, (U EB Z')(U EB Z") s; U and so it will be a nonzero baric ideal if and 

only if (U EB Z')(U EB Z") = U. 

Corollary 4 If Z' + Z" = Z then (U EB Z')(U ED Z") = U. 

Proof: Suppose a E V ( G) and consider any line ab e X ( G). Then ab = z' + z'' 

with z' E Z' and z'' E Z". Now a = abb = bz' + bz" E UZ' + UZ" = 
(U ED Z')(U ED Z") so that V(G) s; (U ED Z')(U EB Z") and this implies U s; 

{U ED Z')(U ED Z") and the equality (U ED Z')(U ED Z") = U. ■ 

The converse of this corollary is not true. Consider the graph P2n: 

112 

and o: = d1a2 + ii2ai + ... + u2n-1d2n E Z. We have for Z' = Fo:, (U ED Z')2 = 
Z'U = U, as it follows from an elementary calculation. 

We recall (see (3], (4] and (51) that a Bernstein algebra .A = Fe ED N is 

decomposable when there exist Bernstein algebras A1 and A2 of dimension 

at least 2 such that A = A 1 V A2• This is equivalent to say that there exist 

nonzero baric ideals 11 and 12 of A such that N = 11 EB / 2• Otherwise, it is 

indecomposable. The following lemma is very natural. 

Lemma 3 Let G be a simple graph with connected component., G1, .•• ,G,:. 

Then F(G) ~ F(G1) V ... V F(G1 ). 

Proof: The proof can be done simply by constructing the multiplication table 

of F(G) and assuming, by induction, that k = 2. We omit the details. ■ 

Theorem 2 The following condition., are equivalent for the simple graph G: 

( a) G is connected 

(b} F(G) is indecomposable 
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Proof: (a) ~ (b) : Suppose G has at least 3 points. The baric ideals of 
F(G), according to Theorem 1, have the form U EB Z' so that it is impossible 
to find two nonzero baric ideals with zero intersection. In the case G = P2, 
the nonzero baric ideals of F(G) are F(a + b), F(a - b), U and N and again 
it is impossible to obtain such a decomposition of N. 

(b) ~ (a) : Call G1, ... , Gn the connected components of G. Then by 
Lemma 3, F(G) = F(G1) V ... V F(Gn)• /'.3 F(G) is indecomposable then 
n = I and G = G1 is connected. ■ 

Corollary 5 Let G = (V(G), X(G)) be a connected graph with p poinu. Then 
F(G) is an indecomposable exceptional Bermtein algebra of type (1 + p, q) 
where p- 1 $ q $ (;) . In particular, F(P,,) has type (1 + p,p -1). 

3 The duplicate of F(G) 
The purpose of this section is to investigate properties of the commutative 
duplicate of F(G), for G a simple graph. It is well known that every com­
mutative baric algebra (A,w) has a commutative duplicate (A0,wD) where 
AD is the symmetric product of the vector space A by itself, endowed with 
the multiplication (x * y)(x' * y') = xy * x'y' for every x,x',11,y' E A. The 
weight function we,: AD --+ F is defined by wr,(x * 11) = w(xy). If e is an 
idempotent of weight 1 in A then e * e is &fl idempotent of weight 1 in AD 
so that AD = F(e * e) fB kerw0 • The following result goes back essentially to 
Etherington [6] . For a proof, see [12]. 

Theorem 3 The algebras AD and A 2 >qAnn(AD) are isomorphic, where >q 
means semidirect product. 

In (13] it was proved effectively that if A2 is a Bernstein algebra of order 
n then AD is a Bernstein algebra of order n + 1. We recall that a Bernstein 
algebra of order n (n ~ 0) is a commutative baric algebra (A, w) such that the 
identity xln+'ZJ = w(x)2" xln+IJ holds, where the plenary powers _xfk) are defined 
by xl1I = x and xlk) = (xlk-t))2 fork :;: 2. In our case, F(G) is exceptional so 
that (F(G))2 has type {1 +p, 0) and so is Bernstein of order 0. Its commutative 
duplicate must be Bernstein of order 1, according to (13). 

We prove, in this Section, that the duplicate of F(G) is, in fact, a Bernstein 
Jordan algebra. Moreover, we determine the type of F(G)D and its absolute 
zero divisors, which, in the majority of cases, form a high dimensional ideal. 
We work initially in the more general setting of algebras satisfying U2 = Z2 = 
0 for some idempotent. 
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Lemma 4 Let A = Fe EB U, EB z. be the Peirce decomposition of a Bernstein 

algebra of type {I+ n, m) relc:ive to an idempotent e such that u: = Z: = 0. 

Consider the commutative duplicate AD = F(e * e) EB kerw0 and the linear 

operator L0 ,: kerw0 --+ kerw0 • Then the proper values of L, •• are ½ and 0 

and the corresponding proper spaces are respectively Fe•U. and H = U,•U,EB 

z. • Z, EB Fe* Ze ED H', where H' is the subspace generated by the elements of 

the form u • z - 2e • uz where u E Ue and z E Ze. 

Proof: According to general properties of duplicates we have AD= A* A= 

F(e • e) ED Fe• Ue ED Fe• Z, EDU,• U, EB Ue • Z, EB Z, • Ze. Consider now the 

following equalities: 

L, •• (e • u) = ½e * u, Lu,(e • z) = 0, L, •• (u * u') = 0, L,.,(z • z') = 0, 

L ••• (u • z - 2e • uz) = (e • e)(u • z) - 2(e • e){e * uz) = e • uz - e • uz = 0. 

l,From this, we see that Fe • U, is the proper subspace of the· proper value ½ 

and H = U,•U,EDZ,•Z,EDFe•Z,EBH' is contained in the proper subspace of 

L, •• relative to the proper value O (that is, is contained in the kernel of L,.,). 

But if we count dimensions, we get 

dim H = dim (Ue • U, ffi Z, • Z, © Fe • Ze © H'} = 

½n(n + 1) + ½m(m + 1) + m +nm=½ ((m + n)2 + n + 3m), 

where dim U, = n and dim Ze = m. As the dimension of AD is equal to 

½(1 + m + n){2 + m + n), we are obliged to conclude that kerw0 = Fe* U, ED 

(U, * U, ffi z. * Z, ffi Fe * z. ffi H') = Fe• U, ffi H. ■ 

We can say something more about these proper subspaces Fe• U, and H 

of the operator Leo,• 

Lemma 5 Under the same conditions of the Lemma ~. H is the annihilator 

of AD andU,•U, = (Fe•U,)2• ·In particular, (AD)2 = Fe•effiFe•U,ffiU,•U,. 

Proof: From the definition of the product in AD and U; = Z: = O, we 

have immediately U, • U, ffi Z, • Z,, ffi Fe • z. ~ Ann (AD) . Moreover if 

a, a' EA, (a •a')(u •z -2e• uz) = (a• a')(u• z) - 2(,.u a'){e • uz) = aa' • uz­

aa' • uz = 0, so that H' ~ Ann (AD), hence H ~ Ann (A 0 ). Conversely, if 

x E Ann (AD) with :r = ..\e • e +ii+ z where ~ E F, ii E Fe• U,, z E H, then 

0 = (e • e)x = ..\(e • e) + fu so that ..\ = 0, u = 0 and x = z E H . Therefore 

Ann(AD) = H. ■ 

Lemma 6 Under the same conditions of the previous lemmas, the kernel of 

w0 is nilpotent of index 2 or 3 according to U, = 0 or U, :/: 0. 



Proof: We have (kerwD) 2 = (Fe•U,$H) 2 = (Fe•U,)2 = U,•U,, according to 
Lemma 5. If U, = 0 we are done. If U, a/: 0 then (kerw0 )

3 = (kerw0 )(U.•Ue) = 
0 as U, • U, is contained in Ann (AD). ■ 

Proposition 5 Under the same conditions of the previous lemmas, AD sat­
isfies the train equation ,:3 

- w0 (x)x2 = 0 and so it is a Bernstein-Jordan 
algebra. Moreover AD is decomposable. 

Proof: For any x = -\e • e + u + z, for,\ E F, u E Fe• Ue and z E H, 
we have x2 = -\2e • e + u2 + ,\u (using the previous lemmas) and so x3 = 
,\

3e • e + -\2u + Au2 = -\z2
• The second statement is a well known result, see 

[14]. The third statement is a particular case of (4, Prop.SJ. ■ 

As a particular case of this proposition, we have 

Corollary 6 Let G be any simple graph with p points and q lines. Then 
F(G) 0 is a decomposable train algebra satisfying x3 -w0 (x)x2 = 0 and of type 
(l+p,½((q+p)2 +p+3q)). In particular, F(G) 0 is a Berrutein .Jordan 
algebra. 

The process of duplication can be iterated, constructing the second dupli­
cate of A, denoted (A 0 )°, and so on. Using (13, Theoreme 2.1], we know that 
the second duplicate of F(G) satisfies the train equation x4 

- w(x)x3 = 0. In 
general, we have 

Corollary 7 For every simple graph G, the k-th iterated duplicate of F(G) 
satisfies the train equation x.t+2 - w(:r)xk+1 = 0. 

4 Complements 

We have assumed in the beginning of the paper that G is a simple graph. But 
the same definition of multiplication in N, as given in (6), applies when G 
is a multigraph. In this case, the number of lines joining two points of G is 
arbitrary. The Bernstein algebra so obtained has type (I + p, q) where now q 
is arbitrary. The previous Theorem 1 is still valid but Theorem 2 is no longer 
valid. The following example illustrates what nappens in this case. Let G be 
the connected multigraph 

and consider the associated simple graph P3 , which is obtained b,v identifica­
tion of all lines joining two given points: 

11 



(!2 

Then F(G) ~ F(P3) EB F(o1 - 02) EB F(a1 - 03) EB F(o4 - as) ~ F(P3) V 

(Fe EB F(a-1 - 02)) V (Fe EB F(a-1 - 03)) V (Fe EB F(a-4 - os)), where the four 

baric algebras on the right are indecomposable, the first one by Theorem 

2 and the remaining 3 as two dimensional algebras. In fact, each of these 

two dimensional algebras is isomorphic to the algebra with basis { e, v} and 

multiplication table e2 = e, ev = v2 = 0. The reader can easily obtain the 

decomposition of any multigraph, proceeding as above. 

Moreover, it is easily seen that two nonisomorphic multigraphs may have 

the same associated Bernstein algebra. Here is an example (due to C. Martinez) 

using two multigraphs each with two connected components: 

01 Q~ 

G1: a,( }a2 a3{ ) .. 
02 ... 
/11 

G2: b1\ ~,~ )., ba 1 
(!t -~. 

/Ja 
Clearly G1 and G2 are not isomorphic. On the other hand, according to 

our comments and denoting bv (X) the vector space generated by X, we have 

F( Gi) = Fe1 EB (a1, ... , a4} EB (01, 03} EB (01 - 02} EB (03 - 04} 

F(G2) = Fe2 EB {b1, ... , b.,) EB ({Ji, {J.,) ED (/Ji - fh) EB (fl1 - /k) 

and the mapping e1 i-+ e2, a; H bi (i = 1, ... , 4), 01 H Pi. 03 H {)4 , o 1 -

02 H /J1 - /h, 03 - o4 i-+ /31 - /J3 is an isomorphism of baric algebras. 

Similarly, the non isomorphic connected multigraphs 

have the same associated Bernstein algebras. The following theorem is valid. 

Theorem 4 If G1 and G2 are multigraphs such that the associated simple 

graphs are isomorphic aT1d IX(G1)I = IX(G2)1, theT1 F(Gi) ~ F(G2). 

The proof of this theorem is clear from the decomposition of F(G), G a 

multigraph, as the join of F(G'), G' the associated simple graph of G, and 

a certain number of trivial Bernstein algebras of dimension 2, as described 

above. 
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