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ABSTRACT

We verify numerically the theoretical stress singularities for two viscoelastic models that occur at sharp corners. The models considered are
the Giesekus and Phan-Thien-Tanner (PTT), both of which are shear thinning and are able to capture realistic polymer behaviors. The theo-
retical asymptotic behavior of these two models at sharp corners has previously been found to involve an integrable solvent and polymer elas-
tic stress singularity, along with narrow elastic stress boundary layers at the walls of the corner. We demonstrate here the validity of these
theoretical results through numerical simulation of the classical contraction flow and analyzing the 270° corner. Numerical results are pre-
sented, verifying both the solvent and polymer stress singularities, as well as the dominant terms in the constitutive equations supporting the
elastic boundary layer structures. For comparison at Weissenberg order one, we consider both the Cartesian stress formulation and the alter-
native natural stress formulation of the viscoelastic constitutive equations. Numerically, it is shown that the natural stress formulation gives
increased accuracy and convergence behavior at the stress singularity and, moreover, encounters no upper Weissenberg number limitation in
the global flow simulation for sufficiently large solvent viscosity fraction. The numerical simulations with the Cartesian stress formulation
cannot reach such high Weissenberg numbers and run into convergence failure associated with the so-called high Weissenberg number
problem.

© 2022 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license (http://
creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0125940

I. INTRODUCTION

The construction of approximate solutions through asymp-
totic techniques is widely adopted in fluid mechanics, for example,
van Dyke (1964), Lagerstrom (1988), Ockendon and Ockendon

corners, where both stress singularities and boundary layers are
encountered.

A variety of fluid flow problems include sharp corners at the
boundaries of the flow domain. Examples of such cases include flows

(1995), and Schlichting and Gersten (2000). It is particularly useful
in identifying and quantifying singular behavior, such as boundary
layers and stress singularities. In a mathematical context, asymp-
totic analysis is a powerful technique, often providing accurate
approximate solutions where numerical schemes can encounter
difficulty or even fail. Here, we consider such a situation that arises
for viscoelastic fluids in a contraction domain that possesses sharp

around forward- or backward-facing steps (Demuren and Wilson,
19945 Wang, 1994), cavity flows (both over and inside) (Gatski and
Grosch, 1985), and flows in expanding or contracting channels (Fearn
et al., 1990; Shapira et al., 1990; Battaglia et al, 1997; Alleborn et al,
1997; and Drikakis, 1997). These situations have received much atten-
tion for Newtonian fluids, where the sharp change in the slope of the
boundary at the corner causes singularities in both the vorticity
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and stress. The identification of the singularity goes back to the work
of Dean and Montagnon (1949) and Moffatt (1964). For Newtonian
fluids, these corner singularities not only dominate the flow behavior
near the corner, but also can extend to the entire domain, where
reversed flow regions and flow separation can occur. Such sharp cor-
ner singularities can also create serious numerical difficulties in accu-
rately resolving the flow field around the corner. Convergence of
numerical schemes is often suppressed, unless specialized techniques,
such as mesh refinement or singular elements, are used. Moreover,
these difficulties may affect the accuracy of the overall numerical simu-
lation in the whole computational domain. The approach of incorpo-
rating the stress singularity within an analytical expansion (Phillips,
1989) or numerical scheme (Holstein and Paddon, 1981; Floryan and
Czechowski, 1995; Hawa et al., 2002; Egger et al., 2014; and Deliceoglu
et al., 2019) for Newtonian fluids has been particularly successful.

The flow of viscoelastic fluids in such flow geometries though has
posed far more problems. So much so that the contraction flow prob-
lem became a benchmark problem for the testing of numerical
schemes (Hassager, 1988) back in 1987. A comprehensive discussion
and reference for early work can be found in Owens and Phillips
(2002), while the more recent literature can be found in Niethammer
et al. (2018), Alves et al. (2021), Afonso et al. (2011), Fernandes et al.
(2017), and Davoodi ef al. (2022). The source of the difficulties can be
apportioned to (1) a lack of knowledge of the stress singularity at sharp
corners, and (2) the more challenging mathematical nature of the vis-
coelastic constitutive equations.

First, in regard to the stress singularity, it has only been relatively
recently, since the work of Hinch (1993) and subsequent authors
(Renardy, 1995, 1997; Rallison and Hinch, 2004; and Evans, 2005a;
2005b; 2008a; 2008b; 2010a; 2010b), that the asymptotic behavior has
been determined for the UCM model, Oldroyd-B, PTT, and Giesekus.
These models all share the common feature of narrow stress boundary
layers at the walls, upstream and downstream of the singularity, which
is a feature that Newtonian fluids do not possess. The Newtonian
asymptotic stress behavior is uniformly valid around a sharp corner, a
far simpler structure than the three-region asymptotic structure of the
viscoelastic models. Second, the viscoelastic constitutive equations
when coupled with the momentum equation give a mixed elliptic-hy-
perbolic system of equations (Joseph, 1990; Owens and Phillips, 2002;
and Gerritsma and Phillips, 2001; 2008). This hyperbolic aspect of the
viscoelastic equations ensures that the effect of any degradation in the
numerical solution does not remain local, unlike Newtonian fluids
(Renardy, 1989). This accounts for the immense difficulty that early
approaches encountered. The problems of the stress singularity and
narrow stress boundary layers are exacerbated as the relaxation time
(elastic memory) in the viscoelastic models increases. This is notori-
ously referred to as the high Weissenberg number problem (HWNP)
(Joseph et al, 1985; Keunings, 1986; and Renardy, 2000a) and has
been a major stumbling block in computational rheology for several
decades (see, e.g., the reviews Keunings, 2000; Keunings and Euler,
2001; Walters and Webster, 2003; and Owens and Phillips, 2002). It
refers to the inability of numerical schemes to resolve the stress singu-
larities and boundary layers, causing computations to break down at
relatively low Weissenberg numbers. The observed critical
Weissenberg number at which convergence fails varies with both the
numerical method, and geometry and rheological model. However, a
significant step forward was made through the stabilization approach

ARTICLE scitation.org/journal/phf

of Fattal and Kupferman (2004), who suggested that the HWNP was
primarily a numerical issue of stiffness in capturing steep spatial gra-
dients and their subsequent convection. The numerical consequence
of inaccurately approximating transported stress profiles is the local
multiplicative growth of the errors, resulting in a numerical blowup
(Fattal and Kupferman, 2005). The approach to alleviate this numeri-
cal stiffness was to introduce the matrix logarithm of the stress (Fattal
and Kupferman, 2004). Further discussion on this approach and sub-
sequently other stabilization approaches can be found in Afonso ef al.
(2011; 2012) and Niethammer ef al. (2018). However, this approach
does not totally resolve the HWNP issue, and in order to make further
progress, the stress singularity and boundary layers need to be ade-
quately addressed by any numerical scheme.

In this current work, we consider two realistic viscoelastic models
of Giesekus (1982) and Phan-Thien-Tanner (PTT) (1977), which cap-
ture the shear thinning behavior and non-zero normal stress differ-
ences of many common polymeric fluids (Renardy, 2000b). The stress
singularity and boundary layer structures have been theoretically
determined for these models in Renardy (1997), Hagen and Renardy
(1997), and Evans (2010a; 2010b). We consider these two models
together, since their constitutive equations differ by the presence of a
term quadratic in the elastic stress [when the PTT model is considered
in its “simplified” form of upper convected derivative and linear stress
function (Poole ef al, 2019)]. However, the difference in this term
leads to both different stress singularities and boundary layer struc-
tures for the two models. We also remark that these viscoelastic mod-
els are currently used in complex computational modeling (e.g.,
Minaeian et al., 2022; Bayat et al., 2022; Jeyasountharan et al., 2022;
and Magbool ef al., 2022) evidencing the need of further study in the
context of comparisons between theoretical and numerical results.

The goal of the work is to verify whether the theoretical stress
singularity and boundary layer structures of the Giesekus and PTT
models can be captured numerically in full numerical simulations.
This would then confirm that the theoretical results are borne out
in practical simulations and are the relevant structures to address
in future work. We contrast two formulations of the constitutive
equations. One in which the stress tensor is expressed in a fixed
basis, which we term the Cartesian stress formulation (CSF), and
another in a basis aligned with the velocity flow field, termed the
natural stress formulation (NSF). We demonstrate that the NSF
more accurately captures both the stress singularity and boundary
layer structures, and moreover is not subject to a limiting
Weissenberg number (for sufficiently large values of the solvent
viscosity fraction). In addition, we have included a study concern-
ing the dominance analysis of the constitutive equations around
the reentrant corner. This investigation leverages further interpre-
tations and constructions of data-driven methods (Callaham ef al.,
2021) for viscoelastic models in complex flows.

We remark that because the stresses and deformation rates at a
reentrant corner are infinite, the local Weissenberg number at the cor-
ner should also be viewed as infinite (Renardy, 2000a), regardless of
the value of the global Weissenberg number. This consequently justi-
fies performing simulations at order one Weissenberg numbers, where
the main features of interest will still be manifest. The layout of the
paper is as follows: in Secs. IT and II], we summarize the models and
asymptotic results, and then, in Sec. I'V, we present the numerical sim-
ulations confirming the theoretical asymptotic behaviors.
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Il. GOVERNING EQUATIONS

The dimensional governing equations in the present work are the
mass and momentum equations given, respectively, by

ov
V-v=0, <8t+v Vv)z—Vp+V~1:, (2.1)
where v is the fluid velocity, p is the pressure, p is the density, and 7 is
the extra-stress tensor. The extra-stress is written as the sum of
Newtonian solvent and elastic (polymer) contributions in the form

T =2nD+ 7, (2.2)

where 1), is the solvent viscosity, D =1 (Vv + (Vv)") is the rate-
of-strain tensor, and t” the elastic extra-stress. As constitutive
equations for the elastic extra-stress, we adopt the PTT (the affine
and linear stress function versions) and Giesekus models in the
form

o+ 2 (¥P + £g(rf’)> =2,D, (2.3)
My
where /,, is the relaxation time, T is the upper-convected derivative of
the elastic extra-stress, 1], is the polymeric viscosity, and x is a model
dependent parameter [often termed e for PTT and influences the elon-
gational behavior (Phan-Thien and Tanner, 1977), while it is termed
the mobility factor o for Giesekus] controlling the influence of the qua-
dratic stress terms

o(th) = { (tr ti’)rp PTT, (2.4)

()7, Giesekus.

We non-dimensionalize using a characteristic length L and flow speed
U as follows:

MU . p_ MU

ik T
L P I )

L
x=ILx", u=Uu", t=—t", p=

)
(2.5)

with 1y =5, + 1, being the total viscosity, which give (upon
dropping “s) the dimensionless governing equations

V-v=0, (2.6)

Re<%+V-vV) =-Vp+pViv+V.T, (27

TP+Wi<’Y‘P+ (lfﬁ) g(TP)) _21-8D, (29
{tr(Tp)TP7 PTT,
(T%) =

(2.9)
(), Giesekus,

with dimensionless parameters of the Reynolds number Re = pUL/
1o» the Weissenberg number Wi = 1,U/L (the dimensionless relaxa-
tion time), and retardation parameter § = 1,/n, € [0,1] (a dimen-
sionless retardation time or solvent viscosity fraction, so that

1,/Mo = 1 — P). Explicitly, the upper-convected stress derivative is
defined as

v T’

= T — (T T — T () (2.10)

ot

scitation.org/journal/phf

The system of Eqs. (2.6)—(2.8) is considered here for planar flows,
for which there are two notable representations of the constitutive
equations (2.8), when expressed in component form (see, e.g., Evans
and Oishi, 2017; Evans et al. 2019b; 2019a; 2020). The first and most
common gives the Cartesian stress formulation (CSF), where the elas-
tic extra-stress tensor is expressed with respect to the usual fixed
Cartesian orthonormal basis, so that the Cartesian stress components
for (2.8) satisfy

aT?, oTh, oT?, p Ou _, Ou
W{ ot T T _Z(T“8_+T128)

K p B % _
1— ﬁ)gll] + Tll 2(1 ﬂ) Ox =0, (211)
8T{’2+08T{’2_@ pop Ou
t 8)/ 8)(3 11 22 ay
ou Ov
“'(1 ﬁ)glz] + T —(1-p) <a7+$) =0, (2.12)
oTh, ang o1, p 00, Ov
[ ot i ay - (Tzza 1 5
v
where
(T, + )T, PTT,
g1 =
( ) (le) , Giesekus,
)T1?,, PIT,
g = ( 11)1 22) 12 (2.14)
(T8, 4 T%,) TV, Giesekus,
(Th + T5,) T3, PTT,
82 =

(sz) + (ng) ,  Giesekus.

An alternative stress formulation introduces the conformation tensor
A through the transformation

(2.15)

so that (2.8) becomes

Wid+(A—T) +rg(A—1) =0, (2.16)

The conformation tensor may then be decomposed using the velocity
field and an orthogonal vector to express the elastic part of the extra-
stress as

A =i 4 u(vw" +wvl) + vww! (2.17)
with
v =(u, U)T, w = %(fu, u)T.
I\

This is referred to as the natural stress formulation (NSF) and results
in the components of (2.17) in (2.16) satisfying
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oz 20| 2p ( du 8v>
Wi TV e T Ve~ Mar) AV
1
+ /1——2 —‘,—Kg;' :0’ (2.18)
vl
. _8/1 v v u
Wi 5+(V'V)N+ (A_W> (ug—v5> +vV.-w
+u+rg =0, (2.19)
|ov 2v 0| ( v 6u>
el . 2 Z_p=
Wi 8t+(v Vv — ‘ |8t +2u U ”at
+ (v—1Iv[’) +xg, =0, (2.20)
where
1
(A\VI -2+ >( —2> PTT,
\E Iv|
g = ) ,
< VP ) |V|2+ﬁ, Giesekus
&= (A\VI -2+ ) (2.21)
Iv[?
(/UVI2 -2+ #) (v—1|v]*), PTT,
\'
gV - 2\2 1 2
(v—1vP) W+u2|V| , Giesekus

and

1 N v Ou ou
V'W_\vr‘{(” )<8x+8)+4 ax]'

It is notable that the coupling of the terms in the upper convective
derivative part (square brackets) of the CSF equations (2.11)-(2.13)
takes place through the spatial velocity gradients. In the equivalent
terms in the NSF equations (2.18)-(2.20), the coupling takes place
through the temporal velocity gradients. This emphasizes that the two
formulations are significantly different and that the upper convected

derivative of the natural stress variables achieves significant decoupling
for steady flows.

Ill. REVISITING THE ASYMPTOTIC RESULTS

In this section, we present a summary of the asymptotic results
for the reentrant corner viscoelastic flows of the PTT and Giesekus
models (Renardy, 1997; Evans, 2010a; 2010b). They are presented for
the specific case of the 270° corner angle, which arises in the contrac-
tion geometry shown in Fig. 1(a). The numerical simulations pre-
sented later in Sec. IV are obtained for the specific benchmark
contraction case of 4:1.

The key feature of the asymptotic stress behaviors at a reentrant
corner for both PTT and Giesekus models is that the Newtonian solvent
stress dominates the elastic polymer stress. The velocity field is thus
Newtonian in character and allows the classical works of Dean and
Montagnon (1949) and Moffatt (1964) to be used to construct its behav-
ior local to the reentrant corner. Consequently, away from the walls, but
close to the corner, in a region we shall call the core region (Hinch,
1993), we can write the stream function and pressure, respectively, as

B

lﬁ:COr”“fo(()), chom n 1((;1_’_1)](0( )+f///( ))

(3.1)

where n=0.5445 and (r, ) are the polar coordinates centered at the
reentrant corner and

70) = %cos ((n+1)0) + ?Sin ((n+1)0)

0 0
D
+cos((n—1)0) + C—Osin ((n—1)0), (3.2)
0
with
A B D
20202030, 2=05430---, —=-03738---, (3.3)
Co Co Co

and C, is a constant, which is determined by the properties of the flow
away from the reentrant corner. In these expressions, we have used the
numerical value of the first eigenvalue that controls the dominant
behavior in the separable solution (3.1). This flow field gives the order

}
1
3L r : :

: Do\i\}nstream
tIL Core | .- boundary
........................................... P —— il l‘\\ .

& »
L
- 40L a 40L g .~ Upstream
*" boundary layer
(a) (b)

FIG. 1. (a) Contraction geometry and (b) zoomed-in corner region.
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TABLE I. Asymptotic behavior of flow properties as r — 0.

Vv B.L.
Model v (andp) TP  thickness 1 I v
PTT F0.545 04555 ,—03286 L1518 ,—14176 ,—0.1268 ,1.1638
Giesekus 0545 ;04555 ,—02796 12278 ,—13686  ,00 13686

of magnitude estimates determined in Evans (2010a; 2010b) and sum-
marized in Table I for the main flow variables of velocity, velocity gradi-
ent (and pressure), elastic (polymer) stress, and natural stress variables.

The interesting features of the viscoelastic models are that the
results in Table I for the elastic stresses do not hold uniformly around
the corner. Rather, close to the walls viscometric elastic stresses dominate
that are appropriate to shearing behavior. Consequently, stress boundary
layers arise that reconcile the two behaviors. These stress boundary layers
are the same that occur in the high Weissenberg limit discussed in
Hagen and Renardy (1997), which appear to manifest themselves at
stress singularities even in Weissenberg order one flows. The asymptotic
estimates of the boundary layer (B.L.) widths are given in Table I. Figure
2 illustrates these boundary layer widths for the PTT and Giesekus mod-
els, along with three selected streamlines that pass close to the singularity.
The PTT model is noted to have a slightly wider boundary layer than the
Giesekus model, since its radial exponent for the B.L. thickness is smaller
than that for Giesekus. A similar behavior in boundary layer thickness is
seen in the stick-slip problem (Evans et al., 2017).

The actual boundary layer equations for both models and formu-
lations are now recorded below. These sets of equations assume a set
of local Cartesian axes, orientated with x along the solid boundary and
ynormal into the fluid.

Boundary layer equations for PTT-CSF are as follows:

oTt oTt u u K 2
Tt Y [ fp iy | tas +—(T{’1) =0,
Ox dy Ox dy) (1-=p)
(3.4)
%r ] I, 711518 wuauun P’i‘T ' 0 I: 711518 P’II‘T
0.04 - 309 =122 nanan Giesekus 0 = 112278 mmmm Giesekus |
Downstream
boundary layer
002 | § — 10265 il
Core region ¥ "y =107
% = 10735
0 =
- Upstream
I boundary layer i
-0.04 | i
o om 0 002 o0

FIG. 2. A plot of selected streamlines using (3.1) near the singularity, along with the
boundary layer curves for all two models at both the upstream and downstream
boundary layers.
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ort, ot, ov,, ., 0u K opop  (1—B)ou
u Ox to ay T T 2za_y+ﬁ T = Wi 8—)/’
(3.5)

aTzz aTs, p OV, Ov K » p

“ox Ty A\ Teg, T Teg | taT il
:2(1 _.ﬁ)@. (3.6)

Wi 0Oy
Boundary layer equations for PTT-NSF are as follows:
(v.V)1 4 2u 6(1/”) + X2, 3.7)
Wi
1
v.V)u+v A /”)+—/1 W =0, (3.8)
- 42 e

(v.V)szrWi/lu (v—u?)=0. (3.9)

Boundary layer equations for Giesekus—CSF are as follows:

P P
uaTH +UaT11 _ 2<T au+ T au) +( K (T{;l)Z _ 07

0x Oy Yox ' 2oy 1-p)

(3.10)
ort, ot, ov,, ., 0u K pop  (1—p)0u
u Ox +v 3y T T 22@"‘@ 2T = Wi 8—}/’

(3.11)

ang aTs, p 00, Ov
“ox Uy A\ Teg, T oy,
K P )2 (lfﬁ)2>_(1*ﬂ)
+(1—ﬁ) ((T“) AT wi?
_(A=p)ov
=2 3 (3.12)

We remark that Egs. (3.11) and (3.12) are more commonly writ-

ten using 75, = T3, + (1 ﬂ and then take the more compact form

anz oT, v —p Ou ’
6x tv ay Tox 11T 228_y+(1 B) T, Th =0, (3.13)
oTh,  9Th, o8 v K 2
—2( 1% 7 T
uax+ ay (228+128>+( _ﬂ)(ll)
1—
:(Wif)u — K). (3.14)
Boundary layer equations for Giesekus—NSF are as follows:
(1/u) K 2o
(v.V)i+2u oy + ﬁz u* =0, (3.15)
0(1/u) K 2
v.V)u+v o + ﬁi,uu =0, (3.16)
(v.V)v+ L <,u2 — M) u* =0. (3.17)
Wi K

In both models, the elastic stresses of the CSF and NSF are linked in
the boundary layers through the equations
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T, = (l\xflﬁ) Xuz, Ty, = (l\zllﬁ) (}'uv + I’L))

(1-p) 2 v v
TZZZT ),U +2‘u;+§—1 .

i

(3.18)

A convenient summary of the terms that dominate in both the
core and boundary layer regions, for both models and both formula-
tions, is given in Table II. These are the leading-order terms that hold
in the respective regions and it should be noted that not all terms in
the quadratic stress expressions and the rate-of-strain term are present,
as recorded in the explicit boundary layer Egs. (3.4)-(3.17). The sub-
script on the upper convected derivative refers to the appropriate com-
ponent and explicitly given in Eqs. (3.4)-(3.6) or (3.10)-(3.12).
Moreover, it is noted for the Giesekus model that the constant terms
in (3.12) arise from the leading order behavior T%, ~ —(1 — )/Wi in
the linear and quadratic stress terms. Purely for convenience, we
absorb the additional constant term from the linear stress component
into the g,, quadratic stress term for the purposes of Table II. Such
behavior of the T,, component in the boundary layer is peculiar to the
Giesekus model and does not occur for PTT. These results hold for
small or order one Reynolds number, order one (or large)
Weissenberg numbers and 0 < f§ < 1. We would expect these results
to breakdown as the solvent viscosity vanishes. The case =0 thus
needs separate consideration and for which currently no complete
asymptotic results are known (Evans and Sibley, 2008; 2009).

IV. UNSTEADY PLANAR 4:1 CONTRACTION FLOW

We now use the full numerical simulation of the mass and
momentum conservation equations (2.6) and (2.7) in combination
with the constitutive equations for CSF Egs. (2.11)-(2.13) or NSF Egs.
(2.18)~(2.20). The numerical methodology for solving the set of equa-
tions is based on our previous work (Evans ef al., 2019b; 2019a; 2020).
In summary, a Cartesian non-uniform mesh is employed to discretize

TABLE II. Boundary layer equations according to the stress formulation, viscoelastic
model, and regions.

Formulation Downstream and upstream BL Core

CSF Y
WI[TPH +1'Tcﬁg11] =0

ARTICLE scitation.org/journal/phf

FIG. 3. Contraction geometry and zoomed-in interest regions.

the domain of the contraction flow geometry, with a more refined mesh
close to the corners, as described in Fig. 3. The equations are discretized
using finite-difference approximations, while a projection scheme is
employed in order to uncouple the velocity and pressure fields in Egs.
(2.6) and (2.7). Explicit time discretizations are used for solving the con-
stitutive equations of CSF and NSF, while the convective terms presented
in these equations are approximated by an upwind methodology.

In the simulations, we have fixed some parameters as xk = 0.25
and Re = 1072, The other parameters 3 and Wi vary, as described in
this section. Two different mesh sizes were used: M1 and M2 with the
minimum size and channel lengths given in Table II1.

A. Numerical verification: Corner vortex analysis
and Couette correction

Preliminary to investigating the asymptotic behaviors at the
sharp corners, it is necessary to confirm first that we have complete
attached flow at such corners. The asymptotic results presented in Sec.
11T are premised on the absence of a separating streamline at the reen-

v v trant corner, either due to the presence of a lip vortex or the extension
TPy, + 5 o] = 2(1 — P —
W1['£ 12+ 155812] = 2(1 = B)Da =0 of the salient corner vortex. This is confirmed for both models in Figs.
Wi[T?,, + ﬁ 22| =2(1 — B)Dy 4 and 5, for a range of Weissenberg values with f = 1/2 and 1/9, and
fixed k = 0.25. No presence of lip vortices was detected (in keeping
T TP PTT with the numerical results for 4:1 contractions in Alves ef al. (2003;
- (Tp )z TP TP - e ) 2004), and it is clear that the larger value § = 1/2 confines the salient
o s (Th)* + a- /j) (k=1) Giesekus corner vortex more than the traditional benchmark value of f = 1/9.
Wi K Further, it is noteworthy that our simulations have no upper
NSE Wi[(v- V)2 +2uV W]+ kg =0 (v-V)A=0 Weissenberg limit in the NSF formulation for either f value. However,
) ) the restriction of the salient corner vortex and time required to reach
Wil(v - V)p+vV-wl +1g =0 (v-V)u=0 steady-state makes the = 1/2 solvent viscosity fraction case
0 PTT .
if(v - = ’ . = TABLE lIl. Meshes details.
Wi[(v - V)] + kg, { V%, Giesekus (v-Vr=0
IVPE(v—vP), PTT Mesh A = A Channel lengths
21412 2
G g AV~ () k=1, M1 3.5% 103 40L x 100L
W +——||v|, Giesekus .
K M2 1x10™ 40L x 40L
Phys. Fluids 34, 113106 (2022); doi: 10.1063/5.0125940 34, 113106-6
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TABLE IV. Benchmark results for the linear PTT with k = 0.25 and 8 = % and mesh

o)

FIG. 4. Comparison of the vortex size

using B =1 (first column) and =1}
(second column) and mesh M; for the
PTT model and CSF. (a) Wi = 0.5; (b)

Wi=05 () Wi=2 (d Wi=2 (e)
Wi = 10; (f) Wi = 10.

M1.

TABLE V. Estimates of the vortex size X and the Couette correction C for both vis-

Xz C coelastic models and formulations using the mesh M, and 8 = %
Xr Xz (Alvesetal., C C (Alves et al., i
Wi (CSF) (NSF)  2003) (CSF)  (NSF) 2003) PTT Giesekus
0 14922 14922  1.5002 03753 0.3753 0.3741 Wi CSF NSF CSF NSF
1
0.5 1.4922 1.5060 0.1696 0.1672 Xp C Xp c Xp C Xp C
1 1.5309 1.5420 0.0980 0.0951
2 1.6112 1.6390 0.0284 0.0261 1 1.5059 0.2306 1.5059 0.2282 1.5059 0.2668 1.5059 0.2646
10 21799 - 2.1310 —0.1543 —0.1113 10 1.5682 0.2305 1.5682 0.2285 - -- -+ 1.6330 0.3275
50 2.7240 14173 2.4930 —0.1653 —1.0352 —0.1444 100 1.5059 0.2662 - -- -+ 1.5059 0.3493
100 2.7240 1.4921 2.570 —0.1168 —0.7405 —0.0917 1000 1.5059 0.3599 ... -+ 1.5059 0.3641
1000 1.4543 —0.1847 10000 1.5059 0.3640 --- -+ 1.5059 0.3648
Phys. Fluids 34, 113106 (2022); doi: 10.1063/5.0125940 34, 113106-7
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| | FIG. 5. Streamlines for the planar contrac-

tion flow using the PTT (first column) and
Giesekus (second column) viscoelastic
models and the NSF with mesh M, and
B=1% (@ Wi=1 (b) Wi=1 (c)
Wi = 10; (d) Wi = 10; (e) Wi = 100; (f)
Wi=100; (g) Wi=1000; (h) Wi

A — 1000; (i) Wi = 10000; (j) Wi = 10000.

(e) Wi =100 (f) Wi =100

4 4

(i) Wi = 10000 (j) Wi = 10000
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optimum to investigate the reentrant corner behavior and which we This breakdown signifies the classical HWNP, which all numerical
exclusively use in Secs. [V B and IV C. schemes using the CSF have historically encountered.

Our first simulation results are listed in Table IV and compare Focusing upon f§ = 1/2, Table V gives the vortex size and Couette
against the benchmark data of Alves ef al (2003) for linear PTT (no correction for both PTT and Giesekus. The CSF and NSF results are
benchmark data being available for the Giesekus model). Recorded are comparable for Weissenberg numbers for which both schemes con-
the size of the corner vortex Xy and the Couette correction coefficient verged. However, an upper Weissenberg limit was encountered in the
C for the pressure, both of which are defined in Alves ef al. (2003). For CSF, which the NSF did not encounter for either model. In fact on the
consistency, we use the same minimum mesh spacing as in the bench- finest mesh M, relatively low Weissenberg numbers only were obtain-
mark case (Alves et al, 2003), this relatively coarse mesh being able with the CSF, with the Giesekus model being more restrictive.
denoted as M,, with the same model parameter values f = 1/9 and Figure 6 records the behavior of the velocity components, pres-
K = 0.25. The CSF simulation results are in good agreement with the sure, and Cartesian extra-stress components with radial distance from
benchmark data for Weissenberg values up to 100, the simulations the reentrant corner along the ray 6 = 7/2. In each plot, the two cases
then ceasing to converge at higher Weissenberg numbers. f =1/9 and f§ = 1/2 are presented for comparison, and this is done
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FIG. 6. Comparison of the slopes using § =1 and § = 2—) and mesh M for PTT along the ray 6 = 7/2. (a) u and v velocity components with Wi = 0.5; (b) u and v velocity
components with Wi = 2; (c) u and v velocity components with Wi = 10; (d) pressure p with Wi = 0.5; (e) pressure p with Wi = 2; (f) pressure p with Wi = 10; (g) elastic
extra-stress components with Wi = 0.5; (h) elastic extra-stress components with Wi = 2; (i) elastic extra-stress components with Wi = 10.
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for three selected order one Weissenberg numbers with x = 0.25 kept
fixed. The theoretical value of the radial exponent for these variables is
stated in each plot. The velocity components are a reasonable fit over
the range of Weissenberg numbers, as are the Cartesian stress compo-
nents (although these appear deteriorate as Weissenberg increases).
However, the pressure behaviors do not capture the expected theoreti-
cal asymptotics.

B. Numerical verification: Sharp corner asymptotics
for Wi = O(1)

In this section, we present results for the parameter case Wi = 1,
p=1/2,k =0.25 for both models. Figures 7-9 give the limiting
behaviors of the velocity, pressure, Cartesian and natural stress com-
ponents at the reentrant corner. Shown are the radial behaviors along
selected fixed angles, uniformly spaced by 7/4 around the 37/2 cor-
ner, together with the theoretical slopes of the variables from Table .
Figure 7 confirms the asymptotic Newtonian behavior of the velocity
field for both CSF and NSF, with the NSF giving better convergence
behavior. Less convincing is the pressure behavior, which we note is
better for NSF, but still seems to require a far finer mesh for confirma-
tion. Figure 8 gives the Cartesian stress components using the CSF,
with the results indicating slower convergence and loss of resolution at
the end points, than compared to the natural stress components in
Fig. 9. Notable for the CSF in Fig. 8 is that the convergence rates to the
limiting behaviors vary significantly with the angle of approach, with
both models generally behaving similarly apart from the T, compo-
nent along the downstream ray 0 = /4. It is also noteworthy that the
convergence of the natural stress components is significantly less
affected by the ray angle of approach and showing good convergence
properties uniformly around the reentrant corner.

Next, we examine the dominant terms in the constitutive equa-
tions close to the reentrant corner. To enable this, we record in Table
VI the radial sizes of the component terms occurring in both the CSF
and NSF constitutive equations. These may be deduced directly from
Table I and help order the sizes of terms in the constitutive equations in
the asymptotic limit r — 0 as the radial distance from the corner

TABLE VI. Asymptotic sizes of the terms in the steady CSF and NSF equations.

CSF Y ope(™)  T/Wi o 21— B)D/Wi
PTT 07841 06572 03286 04555
Giesekus 07351 05592 02796 04555

1 1
NSF (2.18)  v-Vi  2uV-w &g & (/1 - W)
PTT 18743 16713 17462 14176
Giesekus 18241 15445 16482 —1.3686
NSF (2.19)  v-Vu vV -w w8 U
PTT 05823 03807 04554 01268
Giesekus 04555 01759 02796 /0

: 2

NSF (2.20) v-Vv Wigv ﬁ(v — v
PTT ,0.7083 £0.7604 £1.089
Giesekus 09131 £1.089 £1.089
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vanishes. First, we discuss the CSF for both models and present in Fig.
10, for each component equation in (2.11)-(2.13) the term whose mod-
ulus is a maximum. Table VI records the asymptotic sizes
(with respect to the radial distance from the corner) of the terms in
the CSF equations, which should hold in the core region near the
corner but away from the walls. The plots do confirm the domi-
nance of the upper convected derivative of stress for each compo-
nent. However, Table VI indicates that the quadratic stress terms
followed by the rate-of-strain terms are not that much smaller, and
their appearance in Fig. 10 is not surprising. To see the relative
ordering of the terms, we plot in Fig. 11 the modulus of the indi-
vidual groups of terms in the constitutive equations along a given
streamline that passes close to the reentrant corner (and shown in
the plots in Fig. 10). The orientation of the polar coordinates is
such that 0 =0 is the downstream wall and 0 = 37/2 ~ 4.7 is the
upstream wall. The intention is to determine whether the theoreti-
cal asymptotic balances summarized in Table II hold for the
boundary layers at the walls and the core region away from the
walls. Figure 11 gives the sizes of the groups of terms in
(2.11)-(2.13), plotted by component for the CSF. Away from the
walls, it is clear that the upper convective derivative dominates in
the 11- and 12-component equations, but that the quadratic stress
terms are comparable in the 22-component equation. Near the
upstream wall (0 ~ 4.7), the linear stress terms do appear smaller
than the quadratic stress terms in the 11- and 12-component equa-
tions, and remain so along the rest of the streamline. The 22-
component equation suggests near the upstream wall the linear
stress term is comparable with the quadratic stress term, which is
consistent with the balance for this component in the Giesekus
equation [see Table IT and Eq. (3.12)]. Figure 12 gives the behavior
of the terms along the same streamline but now parameterized
with the radial distance from the corner and starting from near the
upstream wall. It confirms and reinforces the previous remarks.
Figures 13-16 repeat the previous CSF analysis but for NSE. The
color map in Fig. 13 shows the dominant terms in the component
equations (2.18)—(2.20). The convective term of the NS variable 4 does
dominate for both models in a region close to the corner. However, the
quadratic stress terms appear to intrude very close to the corner, and
this is confirmed when we follow the sizes of terms along the specified
streamline close to the corner in Figs. 14 for PTT and 15 for Giesekus.
In these two figures, results using the full numerical simulation code
are denoted by “Full.” For comparison, we solve the NSF equations
along the theoretical streamline given in (3.1) and present the same
groups of terms in the plots denoted “Simplified” as a consistency
check. Table VI gives the asymptotic sizes of the respective terms, and
although the convective terms of the natural stresses dominate, it is
seen that the quadratic stress terms are only slightly smaller. This would
suggest that a much finer mesh is needed before the convective NS
terms clearly dominate. It is clear that the streamline plots for PTT are
supporting that the first three terms in the 4 and u NS equations and
the first two terms in the v NS equation in Table VT are balancing, with
notably the terms (1 — 1/|v|*), u and (v — |v|*) being consistently
smaller. We note that this is also the expected balance in the wall
boundary layers as recorded in Table II. A similar behavior is seen in Fig.
15 for the Giesekus model, with notably the ( — [v|*) term now no lon-
ger being small and consistent with the predicted balance in Table VI
(again also being the boundary layer balance in Table II). Nevertheless,
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despite the unclear dominance of all the convective NS variables at the 13(d) and confirmed by Figs. 15(c) and 16(d). We note though that
reentrant corner, their behavior is still sufficiently close to the required the behavior along the theoretical streamline in Fig. 15(d) would

theoretical asymptotic behaviors as evidenced by the NS variables in suggest the convected u term should dominate strongly, yet its real
Fig. 9. Noticeably in Fig. 9, the u variable has more difficulty con- behavior in Fig. 15(c) appears subdued. In a similar way of Fig. 12,
verging for the Giesekus model, which may be understandable we have described the behavior of the terms along the same
given the lack of dominance of its convective derivative in Figs. streamline in Fig. 16 in order to further clear the above discussion.
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C. Numerical study at high Weissenberg numbers

In this section, we explore the effect of increasing the
Weissenberg number for both models. The parameter values f = 1/2,
K = 0.25 are kept fixed, while the Weissenberg number is increased
from unity to 10*. The NSF was used exclusively for the simulations,
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FIG. 13. Dominant terms using the NSF
with Wi = 1. (a) PTT: 4 component; (b)
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ponent; (d) Giesekus: u component; ()
PTT: v component; (f) Giesekus: v
component.
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due to the CSF breaking down for Weissenberg around 10?. Behavior
of the velocity components and pressure are given in Fig. 17 and con-
firm the Newtonian velocity field over the range of Weissenberg num-
bers. However, the pressure behavior is not confirmed. Convergence
for the natural stress variables is confirmed in Fig. 18 over the range of
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FIG. 19. Profile of the dominant terms in the constitutive equations (NSF) along the streamline 3.6 x 10~° for the PTT viscoelastic model and Wi = 100, 1000, 10 000. (a) A
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Weissenberg numbers, and it is evident that convergence to the limit-
ing behavior slows as the Weissenberg number increases.

Figures 19 and 20 show the behavior of the groups of terms in
the NSF equations for large Weissenberg numbers. The balances in
Table 11 again hold along the chosen streamline i = 3.6 x 107> pass-
ing close to the reentrant corner. It is clear that the sizes of the terms
grow extremely large at the walls, where there is now theoretically the
occurrence of high Weissenberg boundary layers (Hagen and
Renardy, 1997) that are present along all the walls of the domain.

The thicknesses of these boundary layers are Wi~'/> for PTT and
slightly thinner Wi~!/2 for Giesekus. It is noticeable for both models
that the behavior along the streamline is very different for Wi = 10°
and Wi = 10* from Wi = 10%, where the terms involving V - w now
dominate the quadratic stress in the / and y component equations.
This is a direct consequence of the Weissenberg number being high.
The transition to this behavior occurs between 10* and 10°. Figure 21
illustrates that the dominance of the convected natural stress variables
is more evident than the Wi = 1 case, where small regions near the
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FIG. 20. Profile of the dominant terms in the constitutive equations (NSF) along the streamline 3.6 x 107> for the Giesekus viscoelastic model and Wi = 100, 1000, 10 000.
(@) 4 component and Wi = 100; (b) A component and Wi = 1000; (c) A component and Wi = 10 000; (d) x component and Wi = 100; (e) i« component and Wi = 1000; (f)
1 component and Wi = 10 000; (g) » component and Wi = 100; (h) ~ component and Wi = 1000; (i) ~ component and Wi = 10 000.

corner in the Giesekus case [panels (d) and (f) in Fig. 21] have started

to emerge.

V. DISCUSSION

The focus of this work was to verify the theoretical asymptotics
for the PTT and Giesekus models at reentrant corners. This was inves-
tigated here for the 270° corner that arises in the benchmark 4:1 con-
traction problem. The two models both contain quadratic stress terms
that give them quite different behavior as compared to the Oldroyd-B

model. While all three models share a similar asymptotic structure at a

reentrant corner, their stress and boundary layer behaviors are very
different. The key behavior for the PTT and Giesekus models is the

dominance of the solvent stress over the polymer stress in contrast to
Oldroyd-B, with thicker wall boundary layers. These features make the
simulation of such models more attainable than Oldroyd-B.

The numerical simulation results of Sec. IV do verify the pre-
dicted theoretical behavior for the velocity and stress fields, which has
been demonstrated over a large range of Weissenberg numbers.
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FIG. 21. Dominant terms using the NSF
with Wi = 1000. (a) PTT: 2 component;
(b) Giesekus: A component; (c) PTT: u
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(e) PTT: v component; (f) Giesekus: v
component.
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Not only has the theoretical stress and velocity gradient singularities of ~ reentrant corner remains sharp with the full corner angle producing a

Table T been confirmed, the boundary layer balances of Table II are consistent stress singularity. This was one of the motivating reasons
also seen to hold. Care was taken to ensure that a separating streamline for choosing f = 1/2 rather than the benchmark value of f =1/9.
was not present at the reentrant corner that may occur due to a lip For the parameter values considered here of solvent viscosity fraction
vortex or extension of the salient corner vortex. This ensures that the f = 1/2 and the model-specific quadratic stress parameter x = 0.25,
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FIG. 22. Slopes for the pressure in a reduced geometry of the 4:1 contraction flow (8L x 8L). Simulation parameters: Re = 0.01, We = 1, f = 0.5, k = 0.25. The coarse

and refined meshes have as Ay, = A,

'min 3

neither PTT nor Giesekus appears to form a lip vortex at the reentrant
corner. This is noteworthy, as such a structure is present in the
Oldroyd-B model and grows with the Weissenberg number (Alves
et al, 2003), which would make the corner singularity verification
more difficult.

In the derivation of the theoretical asymptotic results in Evans
(2010a; 2010b), an artificial small parameter € based on the length
scale was used as the asymptotic expansion parameter and order the
sizes of terms. An estimate for its value can be deduced from Fig. 9 at
around 1072 (as an upper bound) for Wi = 1, which is the length
scale on which the NSF asymptotics begin to appear. We remark that
far smaller length scales are required for all components of the CSF to
capture their asymptotics, as seen in Fig. 8, where convergence of
some components at some angles has yet to attain their limiting
behaviors. Further, the boundary layer thicknesses would be at most
3.5 % 107 for PTT and 2 x 10~* for Giesekus using Table I, which
are quite narrow to resolve, even for the finest mesh M2 used here.
The color maps Figs. 10 and 13 seem to confirm this.

The simulations for PTT and Giesekus did not encounter an
upper Weissenberg number value using the NSF equations. In contrast,
the CSF equations broke down at Weissenberg around 10% as found
also in Alves ef al. (2003). It appears that the NSF is not only advanta-
geous over the CSF near-stress singularities but also for global simula-
tion of these models. Future work will examine the properties of the
NSF and compare with the log conformation approach for the CSF.

One aspect of the numerical results that need improving is the
pressure variable. While the velocity field behaviors are acceptable,
accurate computations of the pressure variable seem more difficult to
obtain as evidenced in Figs. 6, 7, and 17, and moreover suffer with
increasing Weissenberg number. This may be due to the numerical
treatment of the momentum equation as a diffusion equation.
Certainly as the solvent fraction f§ reduces and/or the Weissenberg
number increases, a different approach to the projection scheme for
the velocity and pressure may be required. One feature we noted was
that the pressure slopes improved dramatically for the NSF when trun-
cated channel lengths (8L x 8L) were used, as can be seen in Fig. 22.
According to this figure, it is possible to see a better pressure

5x 10~ and 1 x 10~*, respectively. (a) PTT: (b) Giesekus.

convergence of the numerical scheme as compared with CSF for both
fluid models. Therefore, high-order projection schemes for viscoelastic
fluid flows could be considered for future work.
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