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A B S T R A C T

We consider a mathematical model with delay for non-Newtonian incompressible fluids in a
bounded domain. Existence of global weak solutions is proved under suitable regularity on the
initial data and the forces. Conditions for uniqueness are also given, but in general the results are
stated in a multi-valued framework. Suitable multi-valued dynamical systems are well-posed,
using basically 𝐿2(𝛺)𝑛 × 𝐿2(−ℎ, 0;𝐿2(𝛺)𝑛) or 𝐶([−ℎ, 0];𝐿2(𝛺)𝑛) norms. Then the existence of
pullback attractors is ensured acting on several universes, some of them of fixed bounded sets
and others of tempered type, depending on parameters related to an integrability condition of
the force and the delay term. Finally, relationships between these families of attractors are also
provided, improving the characterization of attraction with respect to previous results.

. Introduction

Ladyzhenskaya proposed several mathematical models for incompressible non-Newtonian fluids, known nowadays as Ladyzhen-
kaya models [1–3] or variants of the Navier–Stokes system or modified Navier–Stokes equations. This kind of equations is useful
o describe the velocity and pressure of incompressible non-Newtonian fluids which are fluids that are not described by the Stokes
aw, e.g. see the seminal monograph [4] and the more recent [5].

For incompressible non-Newtonian fluids, the fluid velocity vector field 𝐮 and the pressure 𝜋 satisfy the following system
𝜕𝐮
𝜕𝑡

− divS(𝐞(𝐮)) + div(𝐮⊗ 𝐮) + ∇𝜋 = 𝐟 (𝑡)
div𝐮 = 0

in 𝛺 × (𝜏,∞), (1)

here 𝜏 ∈ R, 𝛺 ⊂ R𝑛 (𝑛 ∈ {2, 3}) is a bounded domain with regular boundary 𝜕𝛺, 𝐟 is an external force and S ∶ R𝑛2
𝑠𝑦𝑚 → R𝑛2

𝑠𝑦𝑚 is
he stress tensor. In general, the stress tensor S is a nonlinear function that depends on the symmetric gradient of the fluid velocity,
(𝐮) = 1

2

(

∇𝐮⊤ + ∇𝐮
)

, satisfying the 𝑝-coercivity and some growth conditions.
Some examples of stress tensors are

S1(𝐞) = 2𝜈0|𝐞|𝑟𝐞, S2(𝐞) = 2𝜈0(1 + |𝐞|𝑟)𝐞,

S3(𝐞) = 2𝜈0(1 + |𝐞|2)𝑟∕2𝐞, or S3+𝑖(𝐞) = 2𝜈∞𝐞 + S𝑖, 𝑖 = 1, 2, 3,
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where 𝜈0 and 𝜈∞ are positive constants (cf. [3,4,6]). We notice that system (1) associated to the stress tensor S4 with 𝑟 = 2, is one
of the models proposed by Ladyzhenskaya in [3]. For the stress tensors S𝑖, 𝑖 = 1,… , 6, the fluids are known as power-law fluids.

We will assume that the stress tensor S ∶ R𝑛2
𝑠𝑦𝑚 → R𝑛2

𝑠𝑦𝑚 satisfies

S(𝟎) = 𝟎,
(

S(𝐀) − S(𝐁)
)

∶ (𝐀 − 𝐁) ⩾ 𝜈1
(

1 + 𝜇(|𝐀| + |𝐁|)
)𝑝−2

|𝐀 − 𝐁|2, (2)

|S(𝐀) − S(𝐁)| ⩽ 𝑐1𝜈1
(

1 + 𝜇(|𝐀| + |𝐁|)
)𝑝−2

|𝐀 − 𝐁|,

or all 𝐀, 𝐁 ∈ R𝑛2
𝑠𝑦𝑚, where 𝜈1 and 𝜈2 are the viscosities (critical physical parameters of the problem), 𝜇 =

( 𝜈2
𝜈1

)
1

𝑝−2 if 𝑝 ≠ 2 and 𝜇 = 0
if 𝑝 = 2. In the following, positive constants 𝑐𝑖 will depend on the parameters of the model.

We observe that, from (2), it follows the 𝑝-coercivity and (𝑝− 1)-growth conditions of S, i.e., there exist positive constants 𝑐2, 𝑐3
such that, for all 𝑝 ⩾ 2 the stress tensor S satisfies

S(𝐃) ∶ 𝐃 ⩾ 𝑐2(𝜈1|𝐃|2 + 𝜈2|𝐃|𝑝), (3)

and for all 𝑝 > 1 the stress tensor S satisfies

|S(𝐃)| ⩽ 𝑐3𝜈1(1 + 𝜇|𝐃|)𝑝−1,

or all 𝐃 ∈ R𝑛2
𝑠𝑦𝑚.

System (1) subject to space periodic or Dirichlet boundary conditions, with stress tensor S satisfying (2), has at least a weak
olution when 𝑝 ⩾ 1 + 2𝑛∕(𝑛 + 2) and weak solutions are unique in the family of weak solutions if 𝑝 ⩾ (𝑛 + 2)∕2, see [4–6].

Regarding the asymptotic behavior of the solutions associated to system (1), the autonomous case is rather well understood
attractors, exponential attractors, fractal dimension, perturbed models, etc.). We can mention [5,7–10] among others.

For the non-autonomous case, i.e., the external force 𝐟 = 𝐟 (𝑡) depends on 𝑡, very recently, the authors investigated the existence
f pullback attractors in [11].

In order to have more precise mathematical models, for instance after introducing measure devices or due to viscoelasticity
roperties and so on, we may think on constitutive models that incorporate delay effects. Picard [12], at the IV-International
ongress of Mathematicians (Rome, 1908), exposed the importance of considering hereditary effects in physical systems. In the
ontext of pseudoplastic fluids, as an application, we may cite the paper [13] and the references therein, as an example of chemical
ngineering real problem, where the experimental results are better approximated by the inclusion of delays in the model.

On other hand, it is worth to mention that there exist several approaches to deal with dynamical systems associated to PDE
odels in fluid mechanics with delay and non-autonomous effects. We have used here that of pullback attractors (e.g. cf. [14–17]).

nspired by works about the Navier–Stokes equations with delay (among many others, see [15,17,18] and the references cited
herein), we formulate the following problem

𝜕𝐮
𝜕𝑡

− divS(𝐞(𝐮)) + div(𝐮⊗ 𝐮) + ∇𝜋 = 𝐟 (𝑡) + 𝐠(𝑡,𝐮𝑡)
div𝐮 = 0

in 𝛺 × (𝜏,∞). (4)

System (4) is a mathematical model for incompressible non-Newtonian fluids with delay that, unlike system (1), has an additional
term in the external force, which is the delay term 𝐠(𝑡,𝐮𝑡), that depends on time and the velocity of the fluid 𝐮𝑡 defined by
𝐮𝑡(𝑠) = 𝐮(𝑡 + 𝑠) for all 𝑠 ∈ [−ℎ, 0], where ℎ > 0. The system is fulfilled with initial and Dirichlet boundary conditions.

The aim of this paper (based on HLLL’s Ph.D. Thesis [19] under the supervision of the other two authors) is two-fold. Firstly
we aim to establish existence results of global weak solutions to system (4) within two different settings of initial conditions and
assumptions on the delay operator. Secondly, the above leads to two natural phase spaces, where we pose respective (multi-valued)
dynamical systems and prove the existence of pullback attractors in each case in several universes. Moreover, relationships between
these families are also established. Results are also new in the autonomous case, leading to global attractors.

Namely, the structure of the paper is the following. In Section 2 the natural operators and functional spaces involved in the
problem are introduced. The assumptions on the delay operator 𝐠 are also presented at this point, for clarity, although they will
be used in two parts. Actually in Section 3 only assumptions (I)–(III) on 𝐠 will be used to establish the results in the phase space
𝐶([−ℎ, 0];𝐻) (for short abbreviated to 𝐶𝐻 , where 𝐻 is detailed below). Firstly, existence of weak solutions, and secondly, the analysis
of their long-time behavior is performed. Several aspects on the biggest admissible tempered parameter for suitable universes,
necessary conditions, relations on chains of attractors and the availability of choice of such values for 𝑝 > 2 are pointed out here.
Then the analogous structure is developed in Section 4, where the phase space changes to 𝐻 × 𝐿2(−ℎ, 0;𝐻) (for short abbreviated
to 𝐻 ×𝐿2

𝐻 or just 𝑀2
𝐻 ). This more general setting requires 𝐠 satisfies (I)–(IV) for well-posedness, and a last condition (V) to ensure

the existence of attractors. Section 5 is devoted to compare the previous families of (pullback) attractors and additional results as
better attraction results in the 𝐻 × 𝐶𝐻 -norm.

2. Statement of the problem

Let 𝛺 ⊂ R𝑛, 𝑛 = 2, 3, be a bounded domain with Lipschitz boundary 𝜕𝛺. Given 𝜏 ∈ R, we consider the following system of partial
differential equations with Dirichlet boundary condition for incompressible non-Newtonian fluids, that we will call Ladyzhenskaya
Model with Delay (LMD),

𝜕𝐮 − divS(𝐞(𝐮)) + div(𝐮⊗ 𝐮) + ∇𝜋 = 𝐟 (𝑡) + 𝐠(𝑡,𝐮 ) in 𝛺 × (𝜏,∞),
2

𝜕𝑡 𝑡
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div𝐮 = 0 in 𝛺 × (𝜏,∞),

𝐮 = 0 on 𝜕𝛺 × (𝜏,∞),

𝐮(𝜏) = 𝐮𝜏 in 𝛺,

𝐮(𝑥, 𝜏 + 𝑠) = 𝜙(𝑥, 𝑠) in 𝛺, 𝑠 ∈ (−ℎ, 0),

where 𝐮 = (𝑢1,… , 𝑢𝑛) is the fluid velocity vector field, 𝜋 is the pressure, 𝐮𝑡(𝑠) = 𝐮(𝑡 + 𝑠) for 𝑠 ∈ [−ℎ, 0], ℎ > 0, 𝐟 is an external force,
𝐠(𝑡,𝐮𝑡) is the delay term (whose assumptions will be specified below), 𝜙 is the initial condition with memory, and S ∶ R𝑛2

𝑠𝑦𝑚 → R𝑛2
𝑠𝑦𝑚

s the stress tensor satisfying (2).
For 𝑠 ⩾ 1 and 𝑝 > 1, let us recall the following spaces

 ∶= {𝜑 ∈ 𝐶∞
𝑐 (𝛺)𝑛 ∶ div𝜑 = 0},

𝐻 = closure of  in the 𝐿2(𝛺)𝑛-norm,
𝑉𝑝 = closure of  in the 𝑊 1,𝑝(𝛺)𝑛-norm,
𝑉 𝑠 = closure of  in the 𝑊 𝑠,2(𝛺)𝑛-norm.

he scalar product in 𝐻 and in 𝐿2(𝛺)𝑛 will be denoted by (⋅, ⋅) and the corresponding norm by | ⋅ |2. 𝑉 ∗
𝑝 (with norm ‖ ⋅ ‖∗) denotes

he topological dual of 𝑉𝑝, and ⟨⋅, ⋅⟩ stands for the duality product between these spaces. The scalar product in 𝑉 𝑠 will be denoted
by ((⋅, ⋅))𝑠. Throughout the text 𝑞 denotes the conjugate exponent to 𝑝.

We recall the Korn inequality. There exists a constant 𝑐(𝑞) > 0 such that

‖∇𝐯‖𝑞 ⩽ 𝑐(𝑞)‖𝐞(𝐯)‖𝑞 ∀𝐯 ∈ 𝑊 1,𝑞
0 (𝛺)𝑛, 1 < 𝑞 < ∞.

For short we denote 𝑐0 = 𝑐(2) and 𝑐0 = 𝑐(𝑝). We also recall the Poincaré inequality

𝜆1|𝐯|22 ⩽ |∇𝐯|22 ∀𝐯 ∈ 𝑉2,

where 𝜆1 is the first eigenvalue of the Stokes operator with homogeneous Dirichlet boundary condition.
We introduce some operators, related to the matrix 𝐮⊗ 𝐮 = (𝑢𝑖𝑢𝑗 ) and the stress tensor S.
Let 𝐵 ∶ 𝐿∞(𝜏, 𝑇 ;𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) → 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗

𝑝 ) be the operator defined by

∫

𝑇

𝜏
⟨𝐵(𝐮)(𝑡), 𝐯(𝑡)⟩𝑑𝑡 =

𝑛
∑

𝑖,𝑗=1
∫

𝑇

𝜏 ∫𝛺
𝑢𝑗 (𝑥, 𝑡)

𝜕𝑢𝑖(𝑥, 𝑡)
𝜕𝑥𝑗

𝑣𝑖(𝑥, 𝑡)𝑑𝑥𝑑𝑡.

Then, for 𝑝 ⩾ 1 + 2𝑛∕(𝑛 + 2), 𝐵 is a continuous operator (cf. [8, Lemma 2.8]).
Let T ∶ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) → 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗

𝑝 ) be defined by

∫

𝑇

𝜏
⟨T(𝐮)(𝑡), 𝐯(𝑡)⟩𝑑𝑡 = ∫

𝑇

𝜏 ∫𝛺
S(𝐞(𝐮)) ∶ 𝐞(𝐯)𝑑𝑥𝑑𝑡.

For 𝑝 > 1 it holds that T is a continuous operator (cf. [8, Lemma 2.8]).
We will consider two types of initial conditions. To this end, we introduce the following spaces. Let us denote by 𝐶𝐻 the Banach

space 𝐶([−ℎ, 0];𝐻) with norm ‖𝜙‖𝐶𝐻
= sup𝑠∈[−ℎ,0] |𝜙(𝑠)|2, by 𝐿2

𝐻 the Hilbert space 𝐿2(−ℎ, 0;𝐻) with norm

‖𝜙‖𝐿2
𝐻

=

(

∫

0

−ℎ
|𝜙(𝑠)|22𝑑𝑠

)1∕2

,

and by 𝑀2
𝐻 the Hilbert space 𝐻 × 𝐿2

𝐻 with norm

‖(𝐯, 𝜙)‖𝑀2
𝐻

= (|𝐯|22 + ‖𝜙‖2
𝐿2
𝐻
)1∕2 for (𝐯, 𝜙) ∈ 𝑀2

𝐻 .

In Section 3 we first consider initial condition 𝜙 ∈ 𝐶𝐻 satisfying 𝜙(0) = 𝐮𝜏 and we assume that the delay term 𝐠 ∶ R×𝐶𝐻 → 𝐿2(𝛺)𝑛
satisfies the following conditions.

(I) For all 𝜉 ∈ 𝐶𝐻 , the mapping 𝑡 ↦ 𝐠(𝑡, 𝜉) ∈ 𝐿2(𝛺)𝑛 is measurable.
(II) For each 𝑡 ∈ R, 𝐠(𝑡, 𝟎) = 𝟎.
(III) There exists 𝐿𝐠 > 0 such that, for all 𝑡 ∈ R and for any 𝜉, 𝜂 ∈ 𝐶𝐻 ,

|𝐠(𝑡, 𝜉) − 𝐠(𝑡, 𝜂)|2 ⩽ 𝐿𝐠‖𝜉 − 𝜂‖𝐶𝐻
.

Observe that conditions (I)–(III) above imply that, given 𝑇 > 𝜏, 𝐮 ∈ 𝐶([𝜏 − ℎ, 𝑇 ];𝐻), the function 𝐠𝐮 ∶ [𝜏, 𝑇 ] → 𝐿2(𝛺)𝑛 defined by
𝐠𝐮(𝑡) = 𝐠(𝑡,𝐮𝑡), for any 𝑡 ∈ [𝜏, 𝑇 ], is measurable and, in fact, belongs to 𝐿∞(𝜏, 𝑇 ;𝐿2(𝛺)𝑛).

In Section 4 we assume less regularity on the initial data. Actually, we suppose that (𝐮𝜏 , 𝜙) ∈ 𝑀2
𝐻 . In order to do this, in addition

to conditions (I)–(III), we assume that the delay term 𝐠 ∶ R×𝐶𝐻 → 𝐿2(𝛺)𝑛 also satisfies two extra hypotheses, the first one just for
the existence of solutions, the second one for the long-time behavior.

(IV) There exists 𝐶𝐠 > 0 such that, for all 𝜏 ⩽ 𝑡, for any 𝐮, 𝐯 ∈ 𝐶([𝜏 − ℎ, 𝑡];𝐻),
𝑡
|𝐠(𝑠,𝐮𝑠) − 𝐠(𝑠, 𝐯𝑠)|2𝑑𝑠 ⩽ 𝐶2

𝑡
|𝐮(𝑠) − 𝐯(𝑠)|2𝑑𝑠.
3

∫𝜏 2 𝐠 ∫𝜏−ℎ 2
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Note that, thanks to (IV), given 𝑇 > 𝜏, the mapping

 ∶ 𝐮 ∈ 𝐶([𝜏 − ℎ, 𝑇 ];𝐻) → 𝐠𝐮 ∈ 𝐿2(𝜏, 𝑇 ;𝐿2(𝛺)𝑛)

has a unique extension to a mapping ̃, which is uniformly continuous from 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻) into 𝐿2(𝜏, 𝑇 ;𝐿2(𝛺)𝑛). From now on, we
will write 𝐠(𝑡,𝐮𝑡) = ̃(𝑡) for each 𝐮 ∈ 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻), and thus property (IV) holds for any 𝐮, 𝐯 ∈ 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻).

Finally the last assumption we will impose for 𝐠 is the following.

(V) There exists a value 𝜂 > 0 such that, for all 𝜏 ≤ 𝑡, for any 𝐮 ∈ 𝐿2(𝜏 − ℎ, 𝑡;𝐻),

∫

𝑡

𝜏
𝑒𝜂𝑠|𝐠(𝑠,𝐮𝑠)|22𝑑𝑠 ⩽ 𝐶2

𝐠 ∫

𝑡

𝜏−ℎ
𝑒𝜂𝑠|𝐮(𝑠)|22𝑑𝑠.

Remark 1. It is straightforward to obtain examples of delay operators 𝐠, for instance, by using 𝜌 ∶ R → [0, ℎ] and putting
𝐠(𝑡, 𝜉) ∶= 𝜉(−𝜌(𝑡)). In this way, 𝐠 fulfills (I)–(III). Additionally suppose that 𝜌 ∈ 𝐶1(R; [0, ℎ]) with 𝜌′(𝑡) ≤ 𝜌∗ < 1. Then it is not
difficult to check that 𝐠 also satisfies (IV) and (V). However, if 𝜌′ may attach the value 1, then in general (IV) does not hold (as
an adaptation of 𝜌(𝑠) = 𝑠 easily shows). For several other examples on delay operators, we may refer to [15–18] and the references
therein.

3. Initial conditions in 𝑪𝑯

In this section, we prove the existence of global weak solutions and pullback attractors to (LMD) assuming that

𝑝 ⩾ 1 + 2𝑛∕(𝑛 + 2),

𝐟 ∈ 𝐿𝑞
𝑙𝑜𝑐(R;𝑉

∗
𝑝 ),

𝐠 ∶ R × 𝐶𝐻 → 𝐿2(𝛺)𝑛 satisfies (𝐈) − (𝐈𝐈𝐈),
𝜙 ∈ 𝐶𝐻 , 𝜙(0) = 𝐮𝜏 .

3.1. Existence of weak solutions

We start by introducing the notion of weak solutions to (LMD).

Definition 2. Given an initial condition 𝜙 ∈ 𝐶𝐻 , a weak solution to (LMD) is an element 𝐮 such that for any 𝑇 > 𝜏

𝐮 ∈ 𝐶([𝜏 − ℎ, 𝑇 ];𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) with 𝜕𝐮
𝜕𝑡

∈ 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ), (5)

which satisfies the weak formulation

⟨

𝜕𝐮
𝜕𝑡

, 𝐯⟩ + ⟨T(𝐮(𝑡)), 𝐯⟩ + ⟨𝐵(𝐮(𝑡)), 𝐯⟩ = ⟨𝐟 (𝑡), 𝐯⟩ + (𝐠(𝑡,𝐮𝑡), 𝐯), (6)

for all 𝐯 ∈ 𝑉𝑝 and 𝑎.𝑒. 𝑡 ∈ (𝜏, 𝑇 ), and

𝐮(𝜏 + 𝑠) = 𝜙(𝑠) ∀𝑠 ∈ [−ℎ, 0].

Remark 3. To be precise, the weak formulation (6) is not exactly equivalent to the (LMD). Actually, the difference is that the
original PDE system (4) contains a pair (𝐮, 𝜋) where the pressure 𝜋 should also be obtained. In order to recover the pressure one
might use results by de Rham or others (e.g., cf. [20–22]) if all is settled in a distributional sense. This would be the case if, for
instance, we consider 𝐟 ∈ 𝐿𝑞

𝑙𝑜𝑐 (R; (𝑊
−1,𝑞(𝛺))𝑛) instead of 𝐟 ∈ 𝐿𝑞

𝑙𝑜𝑐 (R;𝑉
∗
𝑝 ) as we have chosen. Nevertheless, we make this abuse of

notation talking about solutions for (LMD) for this more general setting in 𝑉 ∗
𝑝 since it is the most usual employed in the related

literature. This observation applies not only to this section but also to the next one.

Notice that any function 𝐯 in the class (5) can be taken as a test function in the weak formulation (6). In this way, the energy
equality holds true (e.g. cf. [23, Theorem 1.8, page 33] or [5, Lemma 7.3, page 175]).

Lemma 4. Under the assumptions of this section, any weak solution to (LMD) satisfies the energy equality

1
2
𝑑
𝑑𝑡

|𝐮|22 + ∫𝛺
S(𝐞(𝐮)) ∶ 𝐞(𝐮)𝑑𝑥 = ⟨𝐟 ,𝐮⟩ + (𝐠(𝑡,𝐮𝑡),𝐮) 𝑎.𝑒. 𝑡 > 𝜏. (7)

Concerning the existence of weak solutions to (LMD) we have the following result.

Theorem 5. Suppose 𝑝 ≥ 1 + 2𝑛∕(𝑛 + 2). Consider 𝐟 ∈ 𝐿𝑞
𝑙𝑜𝑐 (R;𝑉

∗
𝑝 ) and 𝐠 fulfilling (I)–(III). Then, for any 𝜙 ∈ 𝐶𝐻 there exists at least

one weak solution to (LMD).
4
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w
w

L

Proof. Fix 𝑇 > 𝜏. We employ the Faedo–Galerkin approximations and the compactness method. Consider 𝑠 > 𝑛∕2+1 and let {𝐰𝑟}∞𝑟=1
e a set formed by eigenfunctions to the problem

((𝐰𝑟, 𝐯))𝑠 = 𝜆𝑟(𝐰𝑟, 𝐯) ∀𝐯 ∈ 𝑉 𝑠,

hich is a Hilbert basis of 𝐻 and orthogonal in 𝑉 𝑠 (cf. [4, Theorem 4.11, page 290]). Notice that, by the choice of 𝑠, for all 𝑝 > 1
e have that 𝑉 𝑠 ↪ 𝑉𝑝. Let 𝑃𝑚 be the orthogonal projector of 𝐻 onto the linear span of the first 𝑚 eigenfunctions 𝐰𝑗 , 𝑗 = 1,… , 𝑚.

Let us define 𝐮𝑚(𝑥, 𝑡) =
∑𝑚

𝑟=1 𝛾
𝑚
𝑟 (𝑡)𝐰𝑟, where 𝛾𝑚𝑟 (𝑡) solve the Galerkin system

⎧

⎪

⎪

⎨

⎪

⎪

⎩

𝑑
𝑑𝑡

(𝐮𝑚(𝑡),𝐰𝑗 ) + ⟨T(𝐮𝑚(𝑡)),𝐰𝑗⟩ + ⟨𝐵(𝐮𝑚(𝑡)),𝐰𝑗⟩

= ⟨𝐟 (𝑡),𝐰𝑗⟩ + (𝐠(𝑡,𝐮𝑚𝑡 ),𝐰𝑗 ) for 1 ⩽ 𝑗 ⩽ 𝑚,

𝐮𝑚(𝜏 + 𝑠) = 𝑃𝑚𝜙(𝑠) ∀𝑠 ∈ [−ℎ, 0].

(8)

Observe that this is a system of functional ordinary differential equations in the unknown 𝛾𝑚(𝑡) = (𝛾𝑚1 ,… , 𝛾𝑚𝑚 ), which has a
maximal solution defined on an interval [𝜏 − ℎ, 𝑡𝑚) with 𝜏 < 𝑡𝑚 ⩽ 𝑇 (see for instance [24, Chapter 2]).

We multiply the 𝑗th equation of the Galerkin system (8) by 𝛾𝑚𝑗 (𝑡); after adding them we arrive at

1
2
𝑑
𝑑𝑡

|𝐮𝑚(𝑡)|22 + ∫𝛺
S(𝐞(𝐮𝑚)) ∶ 𝐞(𝐮𝑚)𝑑𝑥 = ⟨𝐟 (𝑡),𝐮𝑚⟩ + (𝐠(𝑡,𝐮𝑚𝑡 ),𝐮

𝑚) 𝑎.𝑒. 𝑡 ∈ (𝜏, 𝑡𝑚),

because ⟨𝐵(𝐮𝑚(𝑡)),𝐮𝑚⟩ = 0 due to the divergence free condition div𝐮𝑚 = 0.
From the coercivity of S (3), the assumptions on 𝐠 and the Korn and Young inequalities, it follows that

𝑑
𝑑𝑡

|𝐮𝑚(𝑡)|22 +
2𝑐2𝜈1
𝑐20

|∇𝐮𝑚|22 +
𝑐2𝜈2
𝑐𝑝0

‖∇𝐮𝑚‖𝑝𝑝 ⩽ 𝑐𝜈2 ,𝑝‖𝐟‖
𝑞
∗ + 2𝐿𝐠‖𝐮𝑚𝑡 ‖

2
𝐶𝐻

𝑎.𝑒. 𝑡 ∈ (𝜏, 𝑡𝑚).

After integration in time, using the fact that |𝑃𝑚𝜙(𝑠)|2 ⩽ |𝜙(𝑠)|2 ⩽ ‖𝜙‖𝐶𝐻
for all 𝑠 ∈ [−ℎ, 0], we deduce that

‖𝐮𝑚𝑡 ‖
2
𝐶𝐻

+ ∫

𝑡

𝜏

( 2𝑐2𝜈1
𝑐20

|∇𝐮𝑚(𝑠)|22 +
𝑐2𝜈2
𝑐𝑝0

‖∇𝐮𝑚(𝑠)‖𝑝𝑝
)

𝑑𝑠

≤‖𝜙‖2𝐶𝐻
+ ∫

𝑡

𝜏

(

𝑐𝜈2 ,𝑝‖𝐟 (𝑠)‖
𝑞
∗ + 2𝐿𝑔‖𝐮𝑚𝑠 ‖

2
𝐶𝐻

)

𝑑𝑠 ∀𝑡 ∈ [𝜏, 𝑡𝑚).

Hence, after the above inequalities and the Gronwall Lemma, in particular by continuation we may consider 𝑡𝑚 = 𝑇 and the a priori
uniform estimates give that

{𝐮𝑚} is bounded in 𝐿∞(𝜏 − ℎ, 𝑇 ;𝐻) and in 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝). (9)

By using (8) (see also [4, (4.12), page 290]), there follows that { 𝜕𝐮𝑚
𝜕𝑡 } is bounded in 𝐿𝑞(𝜏, 𝑇 ; (𝑉 𝑠)∗). Therefore, from the Aubin–

ions Lemma (e.g. cf. [23, Theorem II.1.4, page 32]), we can extract a subsequence of {𝐮𝑚} (relabeled the same) such that

𝐮𝑚
∗
⇀ 𝐮 in 𝐿∞(𝜏, 𝑇 ;𝐻),

𝐮𝑚 ⇀ 𝐮 in 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝),

𝐮𝑚 → 𝐮 in 𝐿2(𝜏, 𝑇 ;𝐻),
𝜕𝐮𝑚
𝜕𝑡

⇀
𝜕𝐮
𝜕𝑡

in 𝐿𝑞(𝜏, 𝑇 ; (𝑉 𝑠)∗),

T(𝐮𝑚) ⇀  in 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ),

𝐠(⋅,𝐮𝑚⋅ )
∗
⇀  in 𝐿∞(𝜏, 𝑇 ;𝐿2(𝛺)𝑛).

(10)

These convergences allow to pass to the limit in (8) obtaining

⟨

𝜕𝐮
𝜕𝑡

, 𝐯⟩ + ⟨ , 𝐯⟩ + ⟨𝐵(𝐮), 𝐯⟩ = ⟨𝐟 , 𝐯⟩ + ( , 𝐯) ∀𝐯 ∈ 𝑉𝑝. (11)

It is standard to prove that

𝐮(𝜏 + 𝜃) = 𝜙(𝜃) 𝜃 ∈ [−ℎ, 0].

From (11) and the monotonicity of the operator T we can show that  = T(𝐮) (see for instance [6, Chapitre 2, Théorème 5.1]).
To finish the proof we show that  = 𝐠(𝑡,𝐮𝑡), by using an energy method. First observe that {𝐮𝑚} is equi-continuous in (𝑉 𝑠)∗ on

[𝜏, 𝑇 ]. Since {𝐮𝑚} is bounded in 𝐶([𝜏, 𝑇 ];𝐻), by the Arzelà-Ascoli Theorem, there follows, up to a subsequence, that

𝐮𝑚 → 𝐮 in 𝐶([𝜏, 𝑇 ]; (𝑉 𝑠)∗).

This jointly with (10) give us that, if 𝑡𝑚 → 𝑡, then

𝐮𝑚(𝑡 ) ⇀ 𝐮(𝑡) in 𝐻. (12)
5

𝑚
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e

Our goal now is to prove that 𝐮𝑚 → 𝐮 in 𝐶([𝜏, 𝑇 ];𝐻). By contradiction, if this is not true, then there exist 𝜀0 > 0, 𝑡0 ∈ (𝜏, 𝑇 ] and
ubsequences (relabeled the same) {𝐮𝑚}, {𝑡𝑚}𝑚≥1 ⊂ (𝜏, 𝑇 ] such that 𝑡𝑚 → 𝑡0 and

|𝐮𝑚(𝑡𝑚) − 𝐮(𝑡0)|2 ⩾ 𝜀0. (13)

On the one hand, by (II), (III) and (9) there exists a constant 𝐶 > 0 such that

∫

𝑡

𝑠
|(𝜃)|22𝑑𝜃 ⩽ lim inf

𝑚→∞ ∫

𝑡

𝑠
|𝐠(𝜃,𝐮𝑚𝜃 )|

2
2𝑑𝜃 ⩽ 𝐿2

𝐠𝐶(𝑡 − 𝑠) ∀𝑠, 𝑡 ∈ [𝜏, 𝑇 ].

herefore, by (11) and the energy equality we have that

1
2
|𝐳(𝑡)|22 ⩽

1
2
|𝐳(𝑠)|22 + ∫

𝑡

𝑠
⟨𝐟 (𝑟), 𝐳(𝑟)⟩𝑑𝑠 + 𝐶̃(𝑡 − 𝑠),

for all 𝜏 ⩽ 𝑠 ⩽ 𝑡 ⩽ 𝑇 , where 𝐶 =
𝐿2
𝐠𝐶𝑐20

4𝑐2𝜈1𝜆1
, and 𝐳 = 𝐮𝑚 or 𝐳 = 𝐮.

Thus, the maps 𝐽𝑚, 𝐽 ∶ [𝜏, 𝑇 ] → R defined by

𝐽𝑚(𝑡) =
1
2
|𝐮𝑚(𝑡)|22 − ∫

𝑡

𝜏
⟨𝐟 (𝑟),𝐮𝑚(𝑟)⟩𝑑𝑟 − 𝐶𝑡,

𝐽 (𝑡) = 1
2
|𝐮(𝑡)|22 − ∫

𝑡

𝜏
⟨𝐟 (𝑟),𝐮(𝑟)⟩𝑑𝑟 − 𝐶𝑡

(14)

are non-increasing and continuous, and satisfy

𝐽𝑚(𝑡) → 𝐽 (𝑡) 𝑎.𝑒. 𝑡 ∈ (𝜏, 𝑇 ).

Let us fix 𝜀 > 0. So, by the continuity and non-increasing character of 𝐽 , there exists 𝜏 < 𝑡𝜀 < 𝑡0 such that

lim
𝑚→∞

𝐽𝑚(𝑡𝜀) = 𝐽 (𝑡𝜀),

0 ⩽ 𝐽 (𝑡𝜀) − 𝐽 (𝑡0) ⩽ 𝜀.

Since 𝑡𝑚 → 𝑡0, there exists 𝑚𝜀 such that 𝑡𝜀 < 𝑡𝑚 for all 𝑚 ⩾ 𝑚𝜀. Then, we have that

𝐽𝑚(𝑡𝑚) − 𝐽 (𝑡0) ⩽ 𝐽𝑚(𝑡𝜀) − 𝐽 (𝑡0)

⩽ |𝐽𝑚(𝑡𝜀) − 𝐽 (𝑡𝜀)| + |𝐽 (𝑡𝜀) − 𝐽 (𝑡0)|

⩽ |𝐽𝑚(𝑡𝜀) − 𝐽 (𝑡𝜀)| + 𝜀

for all 𝑚 ⩾ 𝑚𝜀. Therefore we can conclude that lim sup
𝑚→∞

𝐽𝑚(𝑡𝑚) ⩽ 𝐽 (𝑡0) + 𝜀. Since 𝜀 > 0 is arbitrary, it follows that

lim sup
𝑚→∞

𝐽𝑚(𝑡𝑚) ⩽ 𝐽 (𝑡0). (15)

Moreover, as 𝑡𝑚 → 𝑡0 and

∫

𝑡𝑚

𝜏
⟨𝐟 (𝑟),𝐮𝑚(𝑟)⟩𝑑𝑟 → ∫

𝑡0

𝜏
⟨𝐟 (𝑟),𝐮(𝑟)⟩𝑑𝑟,

from (15) we deduce that lim sup𝑚→∞ |𝐮𝑚(𝑡𝑚)|2 ⩽ |𝐮(𝑡0)|2. This last inequality and (12) imply that 𝐮𝑚(𝑡𝑚) → 𝐮(𝑡0) strongly in 𝐻 , which
is a contradiction with (13).

Notice that this also implies that 𝐮𝑚𝑡 → 𝐮𝑡 in 𝐶𝐻 for all 𝑡 ⩾ 𝜏. Hence, since 𝐠 satisfies (III) we conclude that 𝐠(⋅,𝐮𝑚⋅ ) → 𝐠(⋅,𝐮⋅) in
𝐿2(𝜏, 𝑇 ;𝐿2(𝛺)𝑛). By the uniqueness of the limit we identify the weak limit  = 𝐠(⋅,𝐮⋅). Since 𝑇 was arbitrary, by concatenation we
may obtain a weak solution 𝐮 to (LMD). □

Let us introduce 𝛷𝐶𝐻
(𝜏, 𝜙) as the set of all weak solutions to (LMD) defined on [𝜏 − ℎ,∞) with initial condition 𝜙 ∈ 𝐶𝐻 .

The following result plays an important role in Section 3.2, about existence of pullback attractors, since it implies that the
multi-valued process in 𝐶𝐻 , constructed through weak solutions, is closed.

Proposition 6. Under the assumptions of Theorem 5, consider 𝜏 ∈ R, {𝜙𝑚} ⊂ 𝐶𝐻 with 𝜙𝑚 → 𝜙 in 𝐶𝐻 , and weak solutions
𝐮𝑚 ∈ 𝛷𝐶𝐻

(𝜏, 𝜙𝑚). Then, {𝐮𝑚} is bounded in 𝐶([𝜏 − ℎ, 𝑇 ];𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) with
{ 𝜕𝐮𝑚

𝜕𝑡

}

bounded in 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ), and there exists

𝐮 ∈ 𝛷𝐶𝐻
(𝜏, 𝜙) such that (up to a subsequence) 𝐮𝑚 → 𝐮 in the sense described in (10).

Proof. It is analogous to that of Theorem 5, so we omit the details. □

Next result provides uniqueness and continuity w.r.t. the initial data. This is straightforward for dimension two, but requires an
xtra regularity condition for dimension three.
6
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Theorem 7. Under the assumptions of Theorem 5, there exist positive constants 𝐾𝑖, 𝑖 = 1, 2, 3 (only depending on the parameters of the
model) such that for any 𝜏 ∈ R, 𝜙1, 𝜙2 ∈ 𝐶𝐻 and 𝐮 ∈ 𝛷𝐶𝐻

(𝜏, 𝜙1) and 𝐯 ∈ 𝛷𝐶𝐻
(𝜏, 𝜙2), the following estimates hold,

(i) if 𝑛 = 2,

‖𝐯𝑡 − 𝐮𝑡‖2𝐶𝐻
⩽ ‖𝜙1 − 𝜙2

‖

2
𝐶𝐻

exp
{

∫

𝑡

𝜏

(

𝐾1 +𝐾2|∇𝐮(𝑠)|22
)

𝑑𝑠
}

∀𝑡 ≥ 𝜏, (16)

(ii) if 𝑛 = 3 and 𝐮 ∈ 𝐿
2𝑝

2𝑝−3 (𝜏, 𝑇 ;𝑉𝑝) for some 𝑇 > 𝜏, then

‖𝐯𝑡 − 𝐮𝑡‖2𝐶𝐻
⩽ ‖𝜙1 − 𝜙2

‖

2
𝐶𝐻

exp
{

∫

𝑡

𝜏

(

𝐾1 +𝐾3‖∇𝐮(𝑠)‖
2𝑝

2𝑝−3
𝑝

)

𝑑𝑠
}

∀𝑡 ∈ [𝜏, 𝑇 ]. (17)

Proof. Setting 𝐰 = 𝐯 − 𝐮 and using it as a test function in the weak formulation (6), we have

1
2
𝑑
𝑑𝑡

|𝐰|22 + ⟨T(𝐯) − T(𝐮),𝐰⟩ + ⟨𝐵(𝐯) − 𝐵(𝐮),𝐰⟩ = (𝐠(𝑡, 𝐯𝑡) − 𝐠(𝑡,𝐮𝑡),𝐰) 𝑎.𝑒. 𝑡 > 𝜏.

By using the coercivity of S (3), there follows

𝑑
𝑑𝑡

|𝐰|22 + 2𝑐2𝜈1|𝐞(𝐰)|22 + 2𝑐2𝜈2‖𝐞(𝐰)‖𝑝𝑝 ⩽ 2∫𝛺
|𝐰|2|∇𝐮|𝑑𝑥 + 2(𝐠(𝑡, 𝐯𝑡) − 𝐠(𝑡,𝐮𝑡),𝐰) 𝑎.𝑒. 𝑡 > 𝜏.

Now we split the analysis into two cases.
Case 𝑛 = 2. Consider 𝜀1 > 0, to be specified later. We use the Ladyzhenskaya inequality to estimate

∫𝛺
|𝐰|2|∇𝐮|𝑑𝑥 ⩽ ‖𝐰‖24|∇𝐮|2

⩽ 𝑐|𝐰|2|∇𝐰|2|∇𝐮|2

⩽
𝜀1
2
|∇𝐰|22 +

𝑐2

2𝜀1
|∇𝐮|22|𝐰|

2
2.

By using the Korn inequality and the previous estimate, we have, for any 𝜀2 > 0, that

𝑑
𝑑𝑡

|𝐰|22 +
(2𝑐2𝜈1𝜆1

𝑐20
− 𝜀1𝜆1 − 𝜀2

)

|𝐰|22 +
2𝑐2𝜈2
𝑐𝑝0

‖∇𝐰‖𝑝𝑝

⩽ 𝑐2

𝜀1
|𝐰|22|∇𝐮|

2
2 +

1
𝜀2

|𝐠(𝑡, 𝐯𝑡) − 𝐠(𝑡,𝐮𝑡)|22 𝑎.𝑒. 𝑡 > 𝜏.

We choose 𝜀1 =
𝑐2𝜈1
𝑐20

and 𝜀2 =
𝑐2𝜈1𝜆1
𝑐20

, integrate from 𝜏 to 𝑡, and use hypothesis (III) to arrive at

|𝐰(𝑡)|22 ⩽ |𝐰(𝜏)|22 +𝐾2 ∫

𝑡

𝜏
|𝐰(𝑠)|22|∇𝐮(𝑠)|

2
2𝑑𝑠 +𝐾1 ∫

𝑡

𝜏
‖𝐰𝑠‖

2
𝐶𝐻

𝑑𝑠 ∀𝑡 ≥ 𝜏,

where 𝐾1 =
𝐿2
𝐠

𝜀2
and 𝐾2 =

𝑐20 𝑐
2

𝑐2𝜈1
. Therefore, we have that

‖𝐰𝑡‖
2
𝐶𝐻

⩽ ‖𝜙1 − 𝜙2
‖

2
𝐶𝐻

+𝐾2 ∫

𝑡

𝜏
‖𝐰𝑠‖

2
𝐶𝐻

|∇𝐮(𝑠)|22𝑑𝑠 +𝐾1 ∫

𝑡

𝜏
‖𝐰𝑠‖

2
𝐶𝐻

𝑑𝑠 ∀𝑡 ≥ 𝜏.

he Gronwall Lemma gives (16).
Case 𝑛 = 3. Applying the Hölder and interpolation inequalities, it follows that

∫𝛺
|𝐰|2|∇𝐮|𝑑𝑥 ⩽ ‖𝐰‖22𝑝

𝑝−1

‖∇𝐮‖𝑝

⩽ 𝑐|𝐰|
2𝑝−3
𝑝

2 |∇𝐰|
3
𝑝
2 ‖∇𝐮‖𝑝

⩽
𝜈1
2𝑐20

|∇𝐰|22 +𝐾3‖∇𝐮‖
2𝑝

2𝑝−3
𝑝 |𝐰|22,

where 𝐾3 =
(2𝑝−3)𝑐

2𝑝
2𝑝−3

2𝑝𝜀
2𝑝

2𝑝−3
and 𝜀 =

( 𝑝𝜈1
2𝑐20

)3∕2𝑝.

Thus we obtain

‖𝐰𝑡‖
2
𝐶𝐻

⩽ ‖𝜙1 − 𝜙2
‖

2
𝐶𝐻

+𝐾3 ∫

𝑡

𝜏
‖∇𝐮(𝑠)‖

2𝑝
2𝑝−3
𝑝 |𝐰(𝑠)|22𝑑𝑠 +𝐾1 ∫

𝑡

𝜏
‖𝐰𝑠‖

2
𝐶𝐻

𝑑𝑠 ∀𝑡 ∈ [𝜏, 𝑇 ].

Since
𝑡
‖∇𝐮(𝑠)‖

2𝑝
2𝑝−3
𝑝 𝑑𝑠 < ∞, the Gronwall Lemma again gives (17). □
7

∫𝜏
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Remark 8. In light of Theorem 7, not only continuity w.r.t. initial data but also uniqueness is straightforward in dimension two.
Using item (ii) in the result, a sufficient condition to have both, continuity w.r.t. initial data and uniqueness in three dimensions is
𝑝 ⩾ 5∕2, since then 2𝑝∕(2𝑝 − 3) ≤ 𝑝. Nevertheless, the continuity notion is not essential for the analysis of the long-time behavior
of solutions, which can be carried out even without uniqueness, just using Proposition 6 and multi-valued dynamical systems as is
shown in next paragraph.

3.2. Existence of pullback attractors in 𝐶𝐻

In this section we begin with the analysis of the asymptotic behavior of the weak solutions to (LMD).
To settle properly some well-known concepts, let us recall very briefly some few basic definitions of the abstract theory concerning

ong-time dynamics, in particular of pullback attractors.

efinition 9. Given a metric space (𝑋, 𝑑𝑋 ), R2
𝑑 = {(𝑡, 𝜏) ∈ R2 ∶ 𝑡 ≥ 𝜏}, and (𝑋) the class of non-emtpy subsets of 𝑋, a multi-valued

rocess 𝑈 ∶ R2
𝑑 ×𝑋 → (𝑋) is a family of maps such that 𝑈 (𝑡, 𝑡) = Id𝑋 for any 𝑡 ∈ R and 𝑈 (𝑡, 𝜏)𝑥 ⊂ 𝑈 (𝑡, 𝑠)(𝑈 (𝑠, 𝜏)𝑥) for any 𝜏 ≤ 𝑠 ≤ 𝑡

and 𝑥 ∈ 𝑋.

This process usually exists through the solution operator to some problem where there is lack of uniqueness, and when the system
of PDE is time-dependent, so both initial and final times are required. If we cannot perform an analysis of stability of equilibria or it is
incomplete, it is still possible to determine interesting bigger (but minimal somehow) objects that attract (and therefore concentrate)
the essential dynamic of all the phase-space 𝑋, in the sense of proximity of the trajectories (solutions) for long time toward a
desired object (with nice properties as finite-dimensionality, rate of attractions, compactness or some manifold structure, etcetera).
Concerned with attractors, treated since the second half of twentieth century, but for a generically not autonomous situation, we are
not focused on global attractors but in one of the several available versions of time-dependent attractors, that of pullback dynamics.

Definition 10. Given a universe  ⊂ (𝑋) (to be specified), the minimal pullback -attractor for a multi-valued process (𝑋,𝑈 ) is
a time-dependent family 𝐴 = {𝐴(𝑡) ∶ 𝑡 ∈ R} ⊂ (𝑋) such that (i) 𝐴(𝑡) is a non-empty compact set of 𝑋 for any 𝑡 ∈ R; (ii) it attracts
pullback the dynamics of elements in , i.e., for any 𝐷̂ = {𝐷(𝜏)}𝜏∈R ∈  and 𝑡 ∈ R, the following Hausdorff semi-distance in 𝑋
limit holds: lim𝜏→−∞ dist𝑋 (𝑈 (𝑡, 𝜏)𝐷(𝜏), 𝐴(𝑡)) = 0; (iii) 𝐴 is negatively invariant, i.e., 𝐴(𝑡) ⊂ 𝑈 (𝑡, 𝜏)𝐴(𝜏) for all 𝑡 ≥ 𝜏; (iv) 𝐴 is minimal
mong all the time-dependent pullback -attracting families 𝐶 = {𝐶(𝑡)}𝑡∈R with closed sections, i.e. 𝐴(𝑡) ⊂ 𝐶(𝑡) for any 𝑡 ∈ R.

Depending on the structure of the universe  and other conditions, existence results may become simpler or not, and being
urnished with additional minimality and/or invariance properties, comparison relations, dimensionality analysis and so on.
ssociated to the concept of pullback attractor there are two inherent concepts: absorption and asymptotic compactness.

efinition 11. A time-dependent family 𝐵0 ⊂ 𝑋 is pullback -absorbing if for any 𝐷̂ = {𝐷(𝑡)}𝑡∈R ∈  and 𝑡 ∈ R there exists
(𝑡, 𝐷̂) < 𝑡 such that 𝑈 (𝑡, 𝜏)𝐷(𝑡) ⊂ 𝐵0(𝑡) for any 𝜏 ≤ 𝜏(𝑡, 𝐷̂). Given a family 𝐷̃ = {𝐷̃(𝑡)}𝑡∈R, the process 𝑈 is pullback 𝐷̃-asymptotically
ompact if for any 𝑡 ∈ R, 𝜏𝑛 ≤ 𝑡 with 𝜏𝑛 → −∞ and 𝑥𝑛 ∈ 𝐷̃(𝜏𝑛), any subset {𝑦𝑛}, with 𝑦𝑛 ∈ 𝑈 (𝑡, 𝜏𝑛)𝑥𝑛 for all 𝑛, is relatively compact

in 𝑋.

For a detailed exposition on several results on the theory of autonomous and non-autonomous attractors for single-valued and
multi-valued processes see, for instance, [25–29] and the references therein.

Now we split our analysis concerning problem (LMD) in two cases, depending on the phase-space where the initial condition
for the problem is taken, according to the previous existence results. Let us start by considering the Banach space 𝐶𝐻 .

Let us define the bi-parametric family  ∶ R2
𝑑 × 𝐶𝐻 → (𝐶𝐻 ) given by

 (𝑡, 𝜏)𝜙 =
{

𝐮𝑡(⋅) ∶ 𝐮 ∈ 𝛷𝐶𝐻
(𝜏, 𝜙)

}

.

Next result gives the upper-semicontinuity of the maps  (𝑡, 𝜏).

Proposition 12. Under the assumptions of Theorem 5, let {𝜙𝑚} ⊂ 𝐶𝐻 and 𝜙 ∈ 𝐶𝐻 be such that 𝜙𝑚 → 𝜙 in 𝐶𝐻 , and consider {𝐮𝑚},
where 𝐮𝑚 ∈ 𝛷𝐶𝐻

(𝜏, 𝜙𝑚). Then, there exist a subsequence of {𝐮𝑚} (relabeled the same) and 𝐮 ∈ 𝛷𝐶𝐻
(𝜏, 𝜙) such that for any 𝑠 ≥ 𝜏

𝐮𝑚𝑠 → 𝐮𝑠 strongly in 𝐶𝐻 .

Proof. Consider 𝑇 > 𝜏. By Proposition 6 the sequence {𝐮𝑚} is bounded in 𝐿∞(𝜏, 𝑇 ;𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) with { 𝜕𝐮𝑚
𝜕𝑡 } bounded in

𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ) and a subsequence {𝐮𝑚} converges to 𝐮 ∈ 𝛷𝐶𝐻

(𝜏, 𝜙).
Observe that {𝐮𝑚} is equicontinuous in 𝑉 ∗

𝑝 on [𝜏, 𝑇 ]. Since this sequence is bounded in 𝐶([𝜏, 𝑇 ];𝐻), by the Arzelà-Ascoli Theorem,
up to a subsequence, there follows that

𝐮𝑚 → 𝐮 strongly in 𝐶([𝜏, 𝑇 ];𝑉 ∗
𝑝 ).

Hence, one has

𝐮𝑚(𝑠) ⇀ 𝐮(𝑠) weakly in 𝐻, for any 𝑠 ∈ [𝜏, 𝑇 ].

As in the proof of Theorem 5, with the same arguments and the energy functions 𝐽 and 𝐽𝑚 defined in (14) we can prove that
𝑚 → 𝐮 in 𝐶 for all 𝑠 ⩾ 𝜏. □
8

𝑠 𝑠 𝐻
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As a consequence of the previous result, we have the following one.

orollary 13. Under the assumptions of Theorem 5,  ∶ R2
𝑑 × 𝐶𝐻 → (𝐶𝐻 ) is an upper-semicontinuous and strict multi-valued process

with closed values.

Next result indicates that the non-autonomous dynamical system is dissipative. For clarity in the exposition, we perform the
analysis for 𝑝 > 2, since the case 𝑝 = 2 may be considered more standard (this last case involves additional restriction on the range
of certain parameter 𝜂, see Remark 15 below).

Lemma 14. Suppose that the assumptions of Theorem 5 are fulfilled and consider 𝑝 > 2. Then, there exist positive constants 𝐶1 and 𝐾4
such that for any 𝜂 > 0 and 𝜙 ∈ 𝐶𝐻 , any weak solution 𝐮 ∈ 𝛷𝐶𝐻

(𝜏, 𝜙) satisfies for all 𝑡 ⩾ 𝜏

‖𝐮𝑡‖2𝐶𝐻
⩽ 𝑒𝜂ℎ𝑒−(𝜂−2𝐿𝐠𝑒𝜂ℎ)(𝑡−𝜏)

‖𝜙‖2𝐶𝐻
+ 𝑒𝜂ℎ ∫

𝑡

𝜏
𝑒−(𝜂−2𝐿𝐠𝑒𝜂ℎ)(𝑡−𝑠)(𝐶1 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠 (18)

nd
𝑐2𝜈2
𝑐𝑝0 ∫

𝑡+1

𝑡
‖∇𝐮(𝑠)‖𝑝𝑝𝑑𝑠 ⩽ |𝐮(𝑡)|22 +𝐾4 ∫

𝑡+1

𝑡
‖𝐟 (𝑠)‖𝑞∗𝑑𝑠 + 2𝐿𝐠 ∫

𝑡+1

𝑡
‖𝐮𝑠‖2𝐶𝐻

𝑑𝑠. (19)

Proof. From the energy equality (7) and the coercivity of S (3), we have that
1
2
𝑑
𝑑𝑡

|𝐮(𝑡)|22 + 𝑐2𝜈1|𝐞(𝐮)|22 + 𝑐2𝜈2‖𝐞(𝐮)‖𝑝𝑝 ⩽ ⟨𝐟 (𝑡),𝐮⟩ + (𝐠(𝑡,𝐮𝑡),𝐮)

⩽ ‖𝐟 (𝑡)‖∗‖∇𝐮‖𝑝 + |𝐠(𝑡,𝐮𝑡)|2|𝐮|2 𝑎.𝑒. 𝑡 > 𝜏.

The Korn, Poincaré and Young inequalities and hypothesis (III) give
𝑑
𝑑𝑡

|𝐮(𝑡)|22 + 𝜂|𝐮|22 + 2𝜂2‖∇𝐮‖𝑝𝑝 ⩽
2𝑞
𝜀𝑞𝑞

‖𝐟 (𝑡)‖𝑞∗ +
𝜀𝑝

𝑝
‖∇𝐮‖𝑝𝑝 + 2𝐿𝐠‖𝐮𝑡‖2𝐶𝐻

𝑎.𝑒. 𝑡 > 𝜏,

where 𝜂 = 2𝑐2𝜈1𝜆1𝑐−20 , 𝜂2 =
𝑐2𝜈2
𝑐𝑝0

and 𝜀 > 0 is arbitrary.
By choosing 𝜀 = (𝑝𝜂2)1∕𝑝 there follows

𝑑
𝑑𝑡

|𝐮(𝑡)|22 + 𝜂|𝐮|22 + 𝜂2‖∇𝐮‖𝑝𝑝 ⩽ 𝐾4‖𝐟 (𝑡)‖
𝑞
∗ + 2𝐿𝐠‖𝐮𝑡‖2𝐶𝐻

𝑎.𝑒. 𝑡 > 𝜏, (20)

where 𝐾4 =
2𝑞

(𝑝𝜂2)𝑞∕𝑝𝑞
.

We split the analysis into two cases: 0 < 𝜂 ⩽ 𝜂 and 𝜂 > 𝜂.
Case 0 < 𝜂 ⩽ 𝜂. From (20), multiplying by 𝑒𝜂𝑡 and integrating from 𝜏 to 𝑡 we arrive at

𝑒𝜂𝑡|𝐮(𝑡)|22 ⩽ 𝑒𝜂𝜏‖𝜙‖2𝐶𝐻
+ ∫

𝑡

𝜏
𝑒𝜂𝑠𝐾4‖𝐟 (𝑠)‖

𝑞
∗𝑑𝑠 + 2𝐿𝐠 ∫

𝑡

𝜏
𝑒𝜂𝑠‖𝐮𝑠‖2𝐶𝐻

𝑑𝑠 ∀𝑡 ≥ 𝜏.

With 𝑡 ⩾ 𝜏, let 𝑠 ∈ [−ℎ, 0] and suppose that 𝑡 + 𝑠 ⩾ 𝜏. Then

𝑒𝜂(𝑡+𝑠)|𝐮(𝑡 + 𝑠)|22 ⩽ 𝑒𝜂𝜏‖𝜙‖2𝐶𝐻
+ ∫

𝑡

𝜏
𝑒𝜂𝜃𝐾4‖𝐟 (𝜃)‖

𝑞
∗𝑑𝜃 + 2𝐿𝐠 ∫

𝑡

𝜏
𝑒𝜂𝜃‖𝐮𝜃‖2𝐶𝐻

𝑑𝜃.

If 𝑠 ∈ [−ℎ, 0] is such that 𝑡 + 𝑠 ⩽ 𝜏, trivially

𝑒𝜂(𝑡−ℎ)|𝐮(𝑡 + 𝑠)|22 ⩽ 𝑒𝜂(𝑡+𝑠)|𝐮(𝑡 + 𝑠)|22 ⩽ 𝑒𝜂𝜏‖𝜙‖2𝐶𝐻
.

Therefore, we deduce from above that

𝑒𝜂𝑡‖𝐮𝑡‖2𝐶𝐻
⩽ 𝑒𝜂𝜏𝑒𝜂ℎ‖𝜙‖2𝐶𝐻

+ 𝑒𝜂ℎ ∫

𝑡

𝜏
𝑒𝜂𝑠𝐾4‖𝐟 (𝑠)‖

𝑞
∗𝑑𝑠 + 2𝐿𝐠𝑒

𝜂ℎ
∫

𝑡

𝜏
𝑒𝜂𝑠‖𝐮𝑠‖2𝐶𝐻

𝑑𝑠 ∀𝑡 ⩾ 𝜏.

The Gronwall Lemma yields

‖𝐮𝑡‖2𝐶𝐻
⩽ 𝑒𝜂ℎ𝑒−(𝜂−2𝐿𝐠𝑒𝜂ℎ)(𝑡−𝜏)

‖𝜙‖2𝐶𝐻
+ 𝑒𝜂ℎ ∫

𝑡

𝜏
𝑒−(𝜂−2𝐿𝐠𝑒𝜂ℎ)(𝑡−𝑠)𝐾4‖𝐟 (𝑠)‖

𝑞
∗𝑑𝑠 ∀𝑡 ≥ 𝜏.

Case 𝜂 > 𝜂. Denote 𝛽 ∶= 𝜂 − 𝜂 > 0. Let 𝐶𝐼 be an embedding constant of 𝑊 1,𝑝
0 (𝛺)𝑛 ⊂ 𝐿2(𝛺)𝑛, i.e., |𝐮|2 ≤ 𝐶𝐼‖∇𝐮‖𝑝. By applying the

oung inequality we have that

|𝐮|22 ≤
𝛾𝑝∕2

𝑝∕2
‖∇𝐮‖𝑝𝑝 +

(𝑝 − 2)𝐶2𝑝∕(𝑝−2)
𝐼

𝑝𝛾𝑝∕(𝑝−2)
.

Choosing 𝛾𝑝∕2

𝑝∕2 = 𝑐2𝜈2
2𝑐𝑝0𝛽

there follows

𝛽|𝐮|22 ≤
𝑐2𝜈2

𝑝 ‖∇𝐮‖𝑝𝑝 + 𝐶1, (21)
9

2𝑐0
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where 𝐶1 =
(𝑝−2)𝐶2𝑝∕(𝑝−2)

𝐼 𝛽
𝑝𝛾𝑝∕(𝑝−2)

. Then (20) reduces to

𝑑
𝑑𝑡

|𝐮(𝑡)|22 + 𝜂|𝐮|22 +
𝜂2
2
‖∇𝐮‖𝑝𝑝 ⩽ 𝐾4‖𝐟 (𝑡)‖

𝑞
∗ + 2𝐿𝐠‖𝐮𝑡‖2𝐶𝐻

+ 𝐶1.

As in the previous case, we conclude that (18) holds.
Finally, (19) follows by integrating (20). □

Remark 15. For the case 𝑝 = 2, we can assume that 𝑐2 = 1 and 𝜈2 = 0. Similar computations to those in the previous result lead
o, for some 𝜂 ∈ (0, 2𝜈1𝜆1𝑐−20 ),

‖𝐮𝑡‖2𝐶𝐻
⩽ 𝑒𝜂ℎ𝑒−(𝜂−2𝐿𝐠𝑒𝜂ℎ)(𝑡−𝜏)

‖𝜙‖2𝐶𝐻
+ 𝑒𝜂ℎ

𝜆1
𝛽 ∫

𝑡

𝜏
𝑒−(𝜂−2𝐿𝐠𝑒𝜂ℎ)(𝑡−𝑠)

‖𝐟 (𝑠)‖2∗𝑑𝑠 ∀𝑡 ≥ 𝜏 and

𝜈1
𝑐20

∫

𝑡+1

𝑡
|∇𝐮(𝑠)|22𝑑𝑠 ⩽ |𝐮(𝑡)|22 +

𝑐20
𝜈1 ∫

𝑡+1

𝑡
‖𝐟 (𝑠)‖2∗𝑑𝑠 + 2𝐿𝐠 ∫

𝑡+1

𝑡
‖𝐮𝑠‖2𝐶𝐻

𝑑𝑠 ∀𝑡 ≥ 𝜏,

where 𝛽 ∶= 2𝜈1𝜆1𝑐−20 − 𝜂.

Next we introduce the tempered universes required to establish suitable asymptotic properties of the process  . Naturally they
ill be related to a type of growth that dissipate the initial data, from the previous estimates.

efinition 16 (Universe in 𝐶𝐻 ). Given 𝜎 > 0, we will denote by 𝜎 (𝐶𝐻 ) the class of all families of nonempty subsets 𝐷̂ = {𝐷(𝑡) ∶
𝑡 ∈ R} ⊂ (𝐶𝐻 ) such that

lim
𝜏→−∞

(

𝑒𝜎𝜏 sup
𝐯∈𝐷(𝜏)

‖𝐯‖2𝐶𝐻

)

= 0.

𝜎 (𝐶𝐻 ) is inclusion-closed. 𝐹 (𝐶𝐻 ) will denote the class of all families 𝐷̂ = {𝐷(𝑡) = 𝐷 ∶ 𝑡 ∈ R} with 𝐷 a fixed nonempty bounded
subset of 𝐶𝐻 .

To simplify notation, by estimate (18), here on we introduce the class

𝑞,𝜎
∗ = {𝐟 ∈ 𝐿𝑞

𝑙𝑜𝑐(R;𝑉
∗
𝑝 ) ∶ ∫

0

−∞
𝑒𝜎𝑠‖𝐟 (𝑠)‖𝑞∗𝑑𝑠 < ∞}

and denote 𝜎𝜂 ∶= 𝜂 − 2𝐿𝐠𝑒𝜂ℎ.

Remark 17. It is not difficult to deduce that, given 𝐿𝐠 and ℎ positive, the function 𝜂 ↦ 𝜎𝜂 = 𝜂 − 2𝐿𝐠𝑒𝜂ℎ attaches positive values
if and only if 2𝐿𝐠ℎ < 𝑒−1. In such a case, the maximum is attained at 𝜂∗ = −1

ℎ log(2𝐿𝐠ℎ) > 0 and its value is 𝜎𝜂∗ = −1
ℎ (1 + log(2𝐿𝐠ℎ)).

Therefore, 2𝐿𝐠ℎ < 𝑒−1 is a necessary condition in the analysis of this section. Its clear meaning as a smallness condition is that either
ℎ or 𝐿𝐠 must be small enough to compensate each other.

After the above notation, and Lemma 14, we may establish a result ensuring the existence of a pullback absorbing family.

Corollary 18. Under the assumptions of Theorem 5, suppose also that 𝑝 > 2 and there exists some 𝜎𝜂 = 𝜂−2𝐿𝐠𝑒𝜂ℎ > 0 such that 𝐟 ∈ 𝑞,𝜎𝜂
∗ .

Then, the family 𝐵𝜎𝜂 ,𝐶𝐻
= {𝐵𝜎𝜂 ,𝐶𝐻

(𝑡) ∶ 𝑡 ∈ R} with 𝐵𝜎𝜂 ,𝐶𝐻
(𝑡) = 𝐵𝐶𝐻

(0,1,𝜎𝜂 (𝑡)), where

2
1,𝜎𝜂

(𝑡) = 1 + 𝑒𝜂ℎ ∫

𝑡

−∞
𝑒−𝜎𝜂 (𝑡−𝑠)(𝐶1 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠, (22)

is pullback 𝜎𝜂 (𝐶𝐻 )-absorbing for the process  .

Remark 19. Observe that 𝐵𝜎𝜂 ,𝐶𝐻
∈ 𝜎𝜂 (𝐶𝐻 ).

Presented separately, just for clarity, the following result is another consequence of Lemma 14. The uniform estimates pullback
starting in any family of the universe shall allow to establish a compactness property later.

Lemma 20. Suppose that the assumptions of Corollary 18 are satisfied. Then, for any 𝑡 ∈ R and 𝐷̂ ∈ 𝜎𝜂 (𝐶𝐻 ) there exists
𝜏(𝐷̂, 𝑡, ℎ) < 𝑡 − 2ℎ − 1 such that for any 𝜏 ≤ 𝜏(𝐷̂, 𝑡, ℎ) and 𝐮 ∈ 𝛷𝐶𝐻

(𝜏,𝐷(𝜏)) it holds

|𝐮(𝑟)|2 ⩽ 𝜚1(𝑡) ∀𝑟 ∈ [𝑡 − 2ℎ − 1, 𝑡],

∫

𝑟

𝑟−1
‖∇𝐮(𝑠)‖𝑝𝑝𝑑𝑠 ⩽ 𝜚2(𝑡) ∀𝑟 ∈ [𝑡 − ℎ, 𝑡],

where

𝜚21(𝑡) = 1 + 𝑒𝜂ℎ𝑒𝜎𝜂 (ℎ+1) ∫

𝑡

−∞
𝑒−𝜎𝜂 (𝑡−𝑠)(𝐶1 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠,

𝜚2(𝑡) =
𝑐𝑝0 (

(

1 + 2𝐿𝐠
)

𝜚2(𝑡) +𝐾4

𝑡
‖𝐟 (𝑠)‖𝑞∗𝑑𝑠

)

.

10

𝑐2𝜈2 1 ∫𝑡−ℎ−2
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Now we are ready to prove the asymptotic compactness of  in 𝐶𝐻 .

roposition 21. Under the assumptions of Corollary 18, the process  is pullback 𝜎𝜂 (𝐶𝐻 )-asymptotically compact.

roof. By Corollary 18 and Remark 19 it is equivalent to consider just the family 𝐵𝜎𝜂 ,𝐶𝐻
. Fix 𝑡0 ∈ R, and let {𝜏𝑚} be a sequence

with 𝜏𝑚 → −∞. Without loss of generality, according to Lemma 20, consider that 𝜏𝑚 ≤ 𝜏(𝐵𝜎𝜂 ,𝐶𝐻
, 𝑡0, ℎ) for all 𝑚. Then, using the

estimates of Lemma 20, for any sequence of weak solutions 𝐮𝑚 ∈ 𝛷𝐶𝐻
(𝜏𝑚, 𝐵𝜎𝜂 ,𝐶𝐻

(𝜏𝑚)), we will check that the sequence {𝐮𝑚𝑡0} is
relatively compact in 𝐶𝐻 .

From Lemma 20 there exist a subsequence (relabeled the same) and an element 𝐮 such that

𝐮𝑚
∗
⇀ 𝐮 in 𝐿∞(𝑡0 − ℎ − 1, 𝑡0;𝐻),

𝐮𝑚 ⇀ 𝐮 in 𝐿𝑝(𝑡0 − ℎ − 1, 𝑡0;𝑉𝑝),
𝜕𝐮𝑚
𝜕𝑡

⇀
𝜕𝐮
𝜕𝑡

in 𝐿𝑞(𝑡0 − ℎ − 1, 𝑡0;𝑉 ∗
𝑝 ),

𝐮𝑚 → 𝐮 in 𝐿2(𝑡0 − ℎ − 1, 𝑡0;𝐻),

𝐮𝑚(𝑡) → 𝐮(𝑡) in 𝐻 𝑎.𝑒. 𝑡 ∈ (𝑡0 − ℎ − 1, 𝑡0).

Observe also that 𝐮 ∈ 𝐶([𝑡0−ℎ−1, 𝑡0];𝐻), and the Arzelà-Ascoli Theorem ensures for a subsequence (relabeled the same) that 𝐮𝑚 → 𝐮
in 𝐶([𝑡0 − ℎ − 1, 𝑡0];𝑉 ∗

𝑝 ). So, for any sequence {𝑡𝑚} ∈ [𝑡0 − ℎ − 1, 𝑡0] with 𝑡𝑚 → 𝑡∗, one has

𝐮𝑚(𝑡𝑚) → 𝐮(𝑡∗) in 𝑉 ∗
𝑝 .

Moreover, by (III) and Lemma 20, it holds

∫

𝑡0

𝑡0−ℎ−1
|𝐠(𝑠,𝐮𝑚𝑠 )|

2
2𝑑𝑠 ⩽ 𝐿2

𝐠(ℎ + 1)𝜚21(𝑡0).

Therefore, there exists 𝜉 ∈ 𝐿2(𝑡0 − ℎ − 1, 𝑡0;𝐿2(𝛺)𝑛) such that, up to a subsequence,

𝐠(⋅,𝐮𝑚⋅ ) ⇀ 𝜉 weakly in 𝐿2(𝑡0 − ℎ − 1, 𝑡0;𝐿2(𝛺)𝑛).

Observe that, again by (III) and Lemma 20, there follows

∫

𝑡

𝑠
|𝐠(𝑟,𝐮𝑚𝑟 )|

2
2𝑑𝑟 ⩽ 𝐶(𝑡 − 𝑠),

∫

𝑡

𝑠
|𝜉(𝑟)|22𝑑𝑟 ⩽ lim inf

𝑚→∞ ∫

𝑡

𝑠
|𝐠(𝑟,𝐮𝑚𝑟 )|

2
2𝑑𝑟 ⩽ 𝐶(𝑡 − 𝑠),

(23)

for all 𝑡0 − ℎ − 1 ⩽ 𝑠 ⩽ 𝑡 ⩽ 𝑡0, where 𝐶 = 𝐿2
𝐠𝜚

2
1(𝑡0). Then, in a standard way, one can prove that 𝐮 is a weak solution to

𝜕𝐯
𝜕𝑡

− div(S(𝐞(𝐯))) + div(𝐯⊗ 𝐯) + ∇𝜋 = 𝐟 (𝑡) + 𝜉(𝑡) in 𝛺 × (𝑡0 − ℎ − 1, 𝑡0),
div𝐯 = 0 in 𝛺 × (𝑡0 − ℎ − 1, 𝑡0),
𝐯 = 0 on 𝜕𝛺 × (𝑡0 − ℎ − 1, 𝑡0),
𝐯(𝑥, 𝑡0 − ℎ − 1) = 𝐮(𝑥, 𝑡0 − ℎ − 1), 𝑥 ∈ 𝛺.

By the energy equality (7) and (23), we obtain

1
2
|𝐳(𝑡)|22 ⩽

1
2
|𝐳(𝑠)|22 + ∫

𝑡

𝑠
⟨𝐟 (𝑟), 𝐳(𝑟)⟩𝑑𝑠 + 𝐶̃(𝑡 − 𝑠),

for all 𝑡0 − ℎ − 1 ⩽ 𝑠 ⩽ 𝑡 ⩽ 𝑡0, where 𝐶̃ =
𝐶𝑐20

4𝑐2𝜈1𝜆1
, and 𝐳 = 𝐮𝑚 or 𝐳 = 𝐮.

Then, the maps 𝐽𝑚, 𝐽 ∶ [𝑡0 − ℎ − 1, 𝑡0] → R defined by

𝐽𝑚(𝑡) =
1
2
|𝐮𝑚(𝑡)|22 − ∫

𝑡

𝑡0−ℎ−1
⟨𝐟 (𝑟),𝐮𝑚(𝑟)⟩𝑑𝑟 − 𝐶̃𝑡

𝐽 (𝑡) = 1
2
|𝐮(𝑡)|22 − ∫

𝑡

𝑡0−ℎ−1
⟨𝐟 (𝑟),𝐮(𝑟)⟩𝑑𝑟 − 𝐶̃𝑡,

are non-increasing and continuous, and satisfy

𝐽𝑚(𝑡) → 𝐽 (𝑡) 𝑎.𝑒. 𝑡 ∈ (𝑡0 − ℎ − 1, 𝑡0).

As in the proof of Theorem 5, with the help of the functions 𝐽𝑚 and 𝐽 we conclude that 𝐮𝑚 → 𝐮 in 𝐶([𝑡0−ℎ, 𝑡0];𝐻). This completes
the proof. □
11

We are in position to state the result about the existence of minimal pullback attractors for the process  on 𝐶𝐻 .
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Theorem 22. Suppose that 𝑝 > 2, there exists some 𝜎𝜂 = 𝜂 − 2𝐿𝐠𝑒𝜂ℎ > 0 such that 𝐟 ∈ 𝑞,𝜎𝜂
∗ and 𝐠 satisfies (I)–(III). Then,

here exist the minimal pullback 𝐹 (𝐶𝐻 )-attractor 𝐹 (𝐶𝐻 ) = {𝐹 (𝐶𝐻 )(𝑡) ∶ 𝑡 ∈ R} and the minimal pullback 𝜎𝜂 (𝐶𝐻 )-attractor
𝜎𝜂 (𝐶𝐻 ) = {𝜎𝜂 (𝐶𝐻 )(𝑡) ∶ 𝑡 ∈ R} for the multi-valued process  ∶ R2

𝑑 × 𝐶𝐻 → (𝐶𝐻 ). The minimal pullback 𝜎𝜂 (𝐶𝐻 )-attractor
elongs to 𝜎𝜂 (𝐶𝐻 ), it is invariant and the following relationships hold

𝐹 (𝐶𝐻 )(𝑡) ⊂ 𝜎𝜂 (𝐶𝐻 )(𝑡) ⊂ 𝐵𝐶𝐻
(0,1,𝜎𝜂 (𝑡)) ∀𝑡 ∈ R, (24)

where 1,𝜎𝜂 is given in (22). Furthermore, if 𝐟 satisfies that

sup
𝑠≤0 ∫

𝑠

𝑠−1
‖𝐟 (𝜃)‖𝑞∗𝑑𝜃 < ∞, (25)

hen

𝐹 (𝐶𝐻 )(𝑡) = 𝜎𝜂 (𝐶𝐻 )(𝑡) ∀𝑡 ∈ R. (26)

roof. The existence of pullback attractors for the multi-valued process  in the universes 𝜎𝜂 (𝐶𝐻 ) and 𝐹 (𝐶𝐻 ) follows from [27,
heorem 3], and the invariance of 𝜎𝜂 (𝐶𝐻 )

as well. The inclusions (24) are given by [27, Theorem 4] (see also [14, Theorem 3.15]).
Finally, under the additional condition (25), which is equivalent to

sup
𝑠⩽0

(

𝑒−𝜎𝜂𝑠 ∫

𝑠

−∞
𝑒𝜎𝜂𝜃‖𝐟 (𝜃)‖𝑞∗𝑑𝜃

)

< ∞,

e see by estimate (22) that for all 𝑇 ∈ R, ⋃𝑡⩽𝑇 𝐵𝐶𝐻
(0,1,𝜎𝜂 (𝑡)) is a bounded subset of 𝐶𝐻 . Hence, (26) follows from [27, Corollary

1]. □

Remark 23. If 𝜎𝜂 in the above statement is strictly less than 𝜎𝜂∗ , the maximum of 𝜂 ↦ 𝜎𝜂 given in Remark 17, then it is possible
o obtain more families of pullback attractors. Indeed, since 𝜎𝜂 ≤ 𝜎𝜇 implies 𝐼𝑞,𝜎𝜂∗ ⊂ 𝐼

𝑞,𝜎𝜇
∗ , one may apply directly the same result for

𝜇 ∈ [𝜎𝜂 , 𝜎𝜂∗ ]. Besides that, 𝜎𝜂 (𝐶𝐻 ) ⊂ 𝜎𝜇 (𝐶𝐻 ) and there exists the corresponding minimal pullback 𝜎𝜇 (𝐶𝐻 )-attractor, 𝜎𝜇 (𝐶𝐻 ).
oreover, from [27, Theorem 4], there follows that, for any 𝑡 ∈ R, 𝜎𝜂 (𝐶𝐻 )(𝑡) ⊂ 𝜎𝜇 (𝐶𝐻 )(𝑡).

Finally, if 𝐟 satisfies (25), then, as above, by (26) we get

𝐹 (𝐶𝐻 )(𝑡) = 𝜎𝜂 (𝐶𝐻 )(𝑡) = 𝜎𝜇 (𝐶𝐻 )(𝑡) for all 𝑡 ∈ R.

emark 24. (i) If 𝑝 = 2 the results are still valid if there exists 𝜂 ∈ (0, 2𝜈1𝜆1𝑐−20 ) such that 𝜂 > 2𝐿𝐠𝑒𝜂ℎ and 𝐟 ∈ 𝑞,𝜎𝜂
∗ . The restrictions on

he parameter 𝜂 are in agreement with the analysis of the two-dimensional Navier–Stokes equations with delays and initial condition
n 𝐶𝐻 (cf. [15]).

(ii) A remarkable feature of the case 𝑝 > 2 in the non-autonomous setting is the following. The well-posedness of the attractor
irstly requires a right universe where the dissipation happens. The upper limitation for 𝜂 in the case 𝑝 = 2 is removed when 𝑝 > 2.
his means that, although the coupling link among 𝐟 and 𝜎𝜂 must exist, the case 𝑝 > 2 allows that if 𝐟 belongs to 𝐼

𝑞,𝜎𝜂
∗ for some

> 0, this value of 𝜂 can be chosen, no matter how large it be. Recall from Remark 17 that 𝜂∗ → ∞ if ℎ → 0.

. Initial conditions in 𝑴𝟐
𝑯

In this section we study the existence of global weak solutions and pullback attractors to (LMD) with less regular initial data
nd simpler integrability condition for 𝐟 . Due to these relaxations, we will impose two additional hypotheses on the delay term 𝐠
o make up for this lack of regularity. More precisely, here on we assume that

𝑝 ⩾ 1 + 2𝑛∕(𝑛 + 2),

𝐟 ∈ 𝐿𝑞
𝑙𝑜𝑐 (R;𝑉

∗
𝑝 ),

𝐠 ∶ R × 𝐶𝐻 → 𝐿2(𝛺)𝑛 satisfies (𝐈) − (𝐕),
(𝐮𝜏 , 𝜙) ∈ 𝑀2

𝐻 .

o be precise, the existence and upper-semicontinuity results only require assumptions (I)–(IV), while for the asymptotic behavior
ondition (V) will be also imposed.

.1. Existence of weak solutions

In this paragraph we summarize the results about existence and uniqueness of weak solutions in this new setting, which can be
12

roved in a similar way when the initial data is more regular (cf. Section 3.1).
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Definition 25. Given an initial condition (𝐮𝜏 , 𝜙) ∈ 𝑀2
𝐻 , a weak solution to (LMD) is an element 𝐮 such that for any 𝑇 > 𝜏

𝐮 ∈ 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) ∩ 𝐿∞(𝜏, 𝑇 ;𝐻) with 𝜕𝐮
𝜕𝑡

∈ 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ),

which satisfies the weak formulation (6) for all 𝐯 ∈ 𝑉𝑝 and 𝑎.𝑒. 𝑡 ∈ (𝜏, 𝑇 ), and

𝐮(𝜏) = 𝐮𝜏 and 𝐮(𝜏 + 𝑠) = 𝜙(𝑠) 𝑎.𝑒. 𝑠 ∈ (−ℎ, 0). (27)

Remark 26. A weak solution has a representative in the class 𝐮 ∈ 𝐶([𝜏, 𝑇 ];𝐻), whereby first part of (27) is meaningful. Further
observe that, if 𝜙 ∈ 𝐶𝐻 and 𝜙(0) = 𝐮𝜏 then 𝐮 ∈ 𝐶([𝜏 − ℎ, 𝑇 ];𝐻).

Theorem 27. Assume that 𝑝 ≥ 1 + 2𝑛∕(𝑛 + 2), 𝐟 ∈ 𝐿𝑞
𝑙𝑜𝑐 (R;𝑉

∗
𝑝 ) and 𝐠 fulfills (I)–(IV). Consider (𝐮𝜏 , 𝜙) ∈ 𝑀2

𝐻 . Then there exists at least
one weak solution to (LMD).

Proof. We employ the Faedo–Galerkin approximations and follow analogously as in Theorem 5. Just observe that the proof is even
simpler in this case since it is not necessary the use of the energy method to identify that 𝐠(⋅,𝐮𝑚⋅ ) converges to 𝐠(⋅,𝐮⋅). Indeed, by
using the Aubin–Lions Lemma and thanks to hypothesis (IV), this is straightforward. □

Analogously to Section 3.2, let us define 𝛷𝑀2
𝐻
(𝜏, (𝐮𝜏 , 𝜙)) as the set of all weak solutions to (LMD) defined (𝑎.𝑒.) on (𝜏 − ℎ,∞)

with initial condition (𝐮𝜏 , 𝜙) ∈ 𝑀2
𝐻 .

Remark 28. Observe that the energy equality (7) is also true for weak solutions in this setting.

We also have the following result that will allow to show that the multi-valued processes, defined from weak solutions, are
closed.

Proposition 29. Under the hypotheses of Theorem 27, consider 𝜏 ∈ R, {(𝐮𝜏,𝑚, 𝜙𝑚)} ⊂ 𝑀2
𝐻 such that (𝐮𝜏,𝑚, 𝜙𝑚) → (𝐮𝜏 , 𝜙) in 𝑀2

𝐻 and
𝐮𝑚 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏,𝑚, 𝜙𝑚)) for all 𝑚. Then, for any 𝑇 > 𝜏, {𝐮𝑚} is bounded in 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻) ∩ 𝐿∞(𝜏, 𝑇 ;𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) with

{ 𝜕𝐮𝑚
𝜕𝑡

}

bounded in 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ), and there exists 𝐮 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏 , 𝜙)) such that, up to a subsequence, the following convergences hold

𝐮𝑚 → 𝐮 in 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻),

𝐮𝑚
∗
⇀ 𝐮 in 𝐿∞(𝜏, 𝑇 ;𝐻),

𝐮𝑚 ⇀ 𝐮 in 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝),
𝜕𝐮𝑚
𝜕𝑡

⇀
𝜕𝐮
𝜕𝑡

in 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ).

(28)

Similarly as in Theorem 7 we have the following result.

Theorem 30. Under the hypotheses of Theorem 27, there exist positive constants 𝐾𝑖, 𝑖 = 1, 2, 3, (only depending on the parameters of the
odel) and 𝐶𝐠 = max{1, 𝐾1} such that for any (𝐯𝜏 , 𝜙1), (𝐮𝜏 , 𝜙2) ∈ 𝑀2

𝐻 , any weak solutions 𝐯 ∈ 𝛷𝑀2
𝐻
(𝜏, (𝐯𝜏 , 𝜙1)) and 𝐮 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏 , 𝜙2))

atisfy the following estimates,

(i) if 𝑛 = 2,

|𝐯(𝑡) − 𝐮(𝑡)|22 ⩽ 𝐶𝐠‖(𝐯𝜏 , 𝜙1) − (𝐮𝜏 , 𝜙2)‖2
𝑀2

𝐻
exp

{

∫

𝑡

𝜏

(

𝐾1 +𝐾2|∇𝐮(𝑠)|22
)

𝑑𝑠
}

∀𝑡 ≥ 𝜏,

(ii) if 𝑛 = 3 and 𝐮 ∈ 𝐿
2𝑝

2𝑝−3 (𝜏, 𝑇 ;𝑉𝑝) for some 𝑇 > 𝜏, then

|𝐯(𝑡) − 𝐮(𝑡)|22 ⩽𝐶𝐠‖(𝐯𝜏 , 𝜙1) − (𝐮𝜏 , 𝜙2)‖2
𝑀2

𝐻

× exp
{

∫

𝑡

𝜏

(

𝐾1 +𝐾3‖∇𝐮(𝑠)‖
2𝑝

2𝑝−3
𝑝

)

𝑑𝑠
}

∀𝑡 ∈ [𝜏, 𝑇 ].

Again, as pointed out in Remark 8, the above result provides uniqueness of solution for 𝑛 = 2, and also for 𝑛 = 3 subject to extra
regularity, and continuity with respect to initial data. Nevertheless we do not require strictly continuity. Indeed in the multi-valued
framework it suffices to have upper-semicontinuity, which holds thanks to Proposition 29.

4.2. Existence of pullback attractors in 𝑀2
𝐻

In this section we analyze the asymptotic behavior of the weak solutions to (LMD) in the Hilbert space 𝑀2
𝐻 .

Now, we introduce the bi-parametric family of mappings  ∶ R2
𝑑 ×𝑀2

𝐻 → (𝑀2
𝐻 ), given by

(𝑡, 𝜏)(𝐮𝜏 , 𝜙) =
{(

𝐮(𝑡),𝐮𝑡(⋅)
)

∶ 𝐮 ∈ 𝛷𝑀2
𝐻
(𝜏, (𝐮𝜏 , 𝜙))

}

.

13

Next result ensures that the process  has closed values.
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Proposition 31. Under the hypotheses of Theorem 27, let {(𝐮𝜏,𝑚, 𝜙𝑚)} ⊂ 𝑀2
𝐻 and (𝐮𝜏 , 𝜙) ∈ 𝑀2

𝐻 be such that (𝐮𝜏,𝑚, 𝜙𝑚) → (𝐮𝜏 , 𝜙) in
2
𝐻 . Then, for any sequence {𝐮𝑚} with 𝐮𝑚 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏,𝑚, 𝜙𝑚)), there exist a subsequence (relabeled the same) and 𝐮 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏 , 𝜙))

uch that for any 𝑡 ⩾ 𝜏

𝐮𝑚(𝑡) → 𝐮(𝑡) strongly in 𝐻 , (29)

𝐮𝑚𝑡 → 𝐮𝑡 strongly in 𝐿2
𝐻 . (30)

roof. Consider 𝑇 > 𝜏. Observe that by Proposition 29 the sequence {𝐮𝑚} is bounded in 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻) ∩𝐿∞(𝜏, 𝑇 ;𝐻) ∩𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝)
nd { 𝜕𝐮𝑚

𝜕𝑡 } is bounded in 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗
𝑝 ). Therefore, there exist a subsequence of {𝐮𝑚} (relabeled the same) and 𝐮 ∈ 𝐿2(𝜏 − ℎ, 𝑇 ;𝐻) ∩

𝐿∞(𝜏, 𝑇 ;𝐻) ∩ 𝐿𝑝(𝜏, 𝑇 ;𝑉𝑝) with 𝜕𝐮
𝜕𝑡 ∈ 𝐿𝑞(𝜏, 𝑇 ;𝑉 ∗

𝑝 ) such that convergences (28) hold true.
Again by Proposition 29, we have that 𝐮 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏 , 𝜙)). In particular, by one of the convergences in (28), claim (30) follows

straightforward for 𝑡 ∈ [𝜏, 𝑇 ].
So it remains to prove (29). By the Arzelà-Ascoli Theorem there follows, up to a subsequence, that 𝐮𝑚 → 𝐮 strongly in 𝐶([𝜏, 𝑇 ];𝑉 ∗

𝑝 ).
Since {𝐮𝑚} is bounded in 𝐶([𝜏, 𝑇 ];𝐻) we have that

𝐮𝑚(𝑠) ⇀ 𝐮(𝑠) weakly in 𝐻 for any 𝑠 ∈ [𝜏, 𝑇 ].

From the energy equality (7) it holds that

1
2
|𝐳(𝑡)|22 ⩽

1
2
|𝐳(𝑠)|22 + ∫

𝑡

𝑠
⟨𝐟 (𝑟), 𝐳(𝑟)⟩𝑑𝑠 + 1

2𝜂 ∫

𝑡

𝑠
|𝐠(𝜃, 𝐳𝜃)|22𝑑𝜃 ∀𝜏 ⩽ 𝑠 ⩽ 𝑡 ⩽ 𝑇 ,

where 𝐳 = 𝐮𝑚 or 𝐳 = 𝐮, being 𝜂 = 2𝑐2𝜈1𝜆1𝑐−20 .
Thus, let us consider the functions 𝐽 , 𝐽𝑚 ∶ [𝜏, 𝑇 ] → R given by

𝐽𝑚(𝑡) = |𝐮𝑚(𝑡)|2 − 2∫

𝑡

𝜏
⟨𝐟 (𝜃),𝐮𝑚(𝜃)⟩𝑑𝜃 − 1

𝜂 ∫

𝑡

𝜏
|𝐠(𝜃,𝐮𝑚𝜃 )|

2
2𝑑𝜃,

𝐽 (𝑡) = |𝐮(𝑡)|2 − 2∫

𝑡

𝜏
⟨𝐟 (𝜃),𝐮(𝜃)⟩𝑑𝜃 − 1

𝜂 ∫

𝑡

𝜏
|𝐠(𝜃,𝐮𝜃)|22𝑑𝜃.

From above we have that 𝐽 and 𝐽𝑚 are non-increasing and continuous, and

𝐽𝑚(𝑡) → 𝐽 (𝑡) 𝑎.𝑒. 𝑡 ∈ (𝜏, 𝑇 ),

by (IV) and the convergences in (28).
By the properties of the functions 𝐽𝑚 and 𝐽 , we can deduce, again as in Theorem 5, that (29) holds for all 𝑡 ∈ [𝜏, 𝑇 ]. Observe

hat 𝑇 > 𝜏 is arbitrary, so the proof is complete. □

From above and Proposition 29 we obtain the following result.

orollary 32. Under the hypotheses of Theorem 27, the family of mappings  ∶ R2
𝑑 × 𝑀2

𝐻 → (𝑀2
𝐻 ) is an upper-semicontinuous and

trict multi-valued process with closed values.

In order to go further on the analysis of the solutions to (LMD) we require additional estimates and include the final assumption
V) on 𝐠. We perform the main exposition for 𝑝 > 2. The case 𝑝 = 2 is similar and will be commented at the end of the paragraph.

emma 33. Assume that 𝑝 > 2, 𝐟 ∈ 𝐿𝑞
𝑙𝑜𝑐(R;𝑉

∗
𝑝 ) and 𝐠 fulfills (I)–(V). Then there exist positive constants 𝐶𝜂 and 𝐾4 such that any weak

olution 𝐮 ∈ 𝛷𝑀2
𝐻
(𝜏, (𝐮𝜏 , 𝜙)) satisfies

|𝐮(𝑡)|22 ⩽ 𝐶𝐠𝑒
−𝜂(𝑡−𝜏)

‖(𝐮𝜏 , 𝜙)‖2
𝑀2

𝐻
+ ∫

𝑡

𝜏
𝑒−𝜂(𝑡−𝑠)

(

𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖
𝑞
∗
)

𝑑𝑠 ∀𝑡 ⩾ 𝜏, (31)

where 𝐶𝐠 = max{1,
𝐶2
𝐠 𝑐

2
0

𝑐2𝜈1𝜆1
}.

Proof. By the energy equality (7), the coercivity of S (3), and the Korn, Young and Poincaré inequalities, we have that
𝑑
𝑑𝑡

|𝐮(𝑡)|22 + 𝜂̃|𝐮|22 + 𝜂2‖∇𝐮‖𝑝𝑝 ⩽ 𝐾4‖𝐟 (𝑡)‖
𝑞
∗ +

1
𝜂̃
|𝐠(𝑡,𝐮𝑡)|22, (32)

where 𝜂̃ = 𝑐2𝜈1𝜆1𝑐−20 , 𝜂2 =
𝑐2𝜈2
𝑐𝑝0

and 𝐾4 =
2𝑞

𝜂𝑞∕𝑝2 𝑝𝑞𝑞
.

We split the analysis into two cases: 𝜂 ∈ (0, 𝜂̃] and 𝜂 > 𝜂̃.
Case 𝜂 ∈ (0, 𝜂̃]. From (32), multiplying by 𝑒𝜂𝑡, integrating from 𝜏 to 𝑡, and using hypothesis (V), we have for all 𝑡 ≥ 𝜏

𝑒𝜂𝑡|𝐮(𝑡)|22 + 𝜂2 ∫

𝑡

𝜏
𝑒𝜂𝑠‖∇𝐮‖𝑝𝑝𝑑𝑠 ⩽ 𝐶𝐠𝑒

𝜂𝜏
‖(𝐮𝜏 , 𝜙)‖2

𝑀2
𝐻
+ ∫

𝑡

𝜏
𝑒𝜂𝑠𝐾4‖𝐟 (𝑠)‖

𝑞
∗𝑑𝑠 +

𝐶2
𝐠

𝜂̃ ∫

𝑡

𝜏
𝑒𝜂𝑠|𝐮(𝑠)|22𝑑𝑠,

here 𝐶 = max{1,
𝐶2
𝐠 }.
14
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I

P

Since |𝐮|2 ⩽ 𝐶𝐼‖∇𝐮‖𝑝 (recall that 𝐶𝐼 denotes an embedding constant introduced in Section 3) there exists 𝐶 = 𝐶(𝑝, 𝐶𝐠, 𝐶𝐼 , 𝜂2) > 0

such that
𝐶2
𝐠
𝜂̃ |𝐮|22 ⩽

𝜂2
2 ‖∇𝐮‖

𝑝
𝑝 + 𝐶. Therefore, from above we obtain (31).

Case 𝜂 > 𝜂̃. Denote 0 < 𝛽 ∶= 𝜂 − 𝜂̃. Let 𝐶1 be as in (21). Then (32) reduces to
𝑑
𝑑𝑡

|𝐮(𝑡)|22 + 𝜂|𝐮|22 +
𝜂2
2
‖∇𝐮‖𝑝𝑝 ⩽ 𝐶1 +𝐾4‖𝐟 (𝑡)‖

𝑞
∗ +

1
𝜂̃
|𝐠(𝑡,𝐮𝑡)|22.

n the same way as the previous case, we recover (31), concluding the proof. □

Remark 34. For the case 𝑝 = 2, we have that 𝑐2 = 1 and 𝜈2 = 0. Assume that 𝜈1𝜆1𝑐−20 > 𝐶𝐠 and that there exists 𝜂 ∈ (0, 2[𝜈1𝜆1𝑐−20 −𝐶𝐠])
satisfying hypothesis (V). A similar argument as in Lemma 33 shows that for any 𝐮 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏 , 𝜙))

|𝐮(𝑡)|22 ⩽ max{1, 𝐶2
𝐠}𝑒

−𝜂(𝑡−𝜏)
‖(𝐮𝜏 , 𝜙)‖2

𝑀2
𝐻
+ 𝛽−1 ∫

𝑡

𝜏
𝑒−𝜂(𝑡−𝑠)‖𝐟 (𝑠)‖2∗𝑑𝑠,

where 𝛽 ∶= 2𝜈1𝑐−20 − (𝜂 + 2𝐶𝐠)𝜆−11 .

The previous lemma allows to derive a bound for the solutions in 𝐿2
𝐻 .

Lemma 35. Under the assumptions of Lemma 33, given 𝜏 ∈ R and (𝐮𝜏 , 𝜙) ∈ 𝑀2
𝐻 , any weak solution 𝐮 ∈ 𝛷𝑀2

𝐻
(𝜏, (𝐮𝜏 , 𝜙)) satisfies

‖𝐮𝑡‖2𝐿2
𝐻

⩽ 𝐶ℎ,𝐠𝑒
−𝜂(𝑡−𝜏)

‖(𝐮𝜏 , 𝜙)‖2
𝑀2

𝐻
+ ℎ𝑒𝜂ℎ ∫

𝑡

𝜏
𝑒−𝜂(𝑡−𝑠)(𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠 ∀𝑡 ≥ 𝜏,

where 𝐶ℎ,𝐠 = (1 + ℎ𝐶𝐠)𝑒𝜂ℎ.

roof. From (31) for 𝜏 + ℎ ⩽ 𝑡, there follows

|𝐮(𝑡 + 𝜃)|22 ⩽ 𝐶𝐠𝑒
−𝜂(𝑡+𝜃−𝜏)

‖(𝐮𝜏 , 𝜙)‖2
𝑀2

𝐻
+ ∫

𝑡+𝜃

𝜏
𝑒−𝜂(𝑡+𝜃−𝑠)

[

𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖
𝑞
∗
]

𝑑𝑠 ∀𝜃 ∈ [−ℎ, 0].

Thus, integrating in 𝜃 between −ℎ and 0, we have that

‖𝐮𝑡‖2𝐿2
𝐻

⩽ ℎ𝐶𝐠𝑒
𝜂ℎ𝑒−𝜂(𝑡−𝜏)‖(𝐮𝜏 , 𝜙)‖2

𝑀2
𝐻
+ ℎ𝑒𝜂ℎ ∫

𝑡

𝜏
𝑒−𝜂(𝑡−𝑠)(𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠 ∀𝑡 ⩾ 𝜏 + ℎ.

Now, suppose that 𝜏 ⩽ 𝑡 ⩽ 𝜏 + ℎ. Then, splitting

‖𝐮𝑡‖2𝐿2
𝐻

= ∫

𝜏

𝑡−ℎ
|𝐮(𝜃)|22𝑑𝜃 + ∫

𝑡

𝜏
|𝐮(𝜃)|22𝑑𝜃,

first addend is controlled by ‖𝜙‖2
𝐿2
𝐻

, and second addend is estimated by using (31). Arranging constants, we obtain the inequality
in the statement, which concludes the proof. □

Now we introduce a tempered universe in 𝑀2
𝐻 , not for a general parameter but for the value 𝜂 appearing in assumption (V).

Definition 36 (Universe in 𝑀2
𝐻 ). Given 𝜂 > 0, we will denote by 𝜂(𝑀2

𝐻 ) the class of all families of nonempty subsets 𝐷̂ = {𝐷(𝑡) ∶
𝑡 ∈ R} ⊂ (𝑀2

𝐻 ) such that

lim
𝜏→−∞

(

𝑒𝜂𝜏 sup
(𝐯,𝜙)∈𝐷(𝜏)

‖(𝐯, 𝜙)‖2
𝑀2

𝐻

)

= 0.

Observe that 𝜂(𝑀2
𝐻 ) is inclusion-closed. Moreover, we will denote by 𝐹 (𝑀2

𝐻 ) the class of all families 𝐷̂ = {𝐷(𝑡) = 𝐷 ∶ 𝑡 ∈ R}
with 𝐷 a fixed nonempty bounded subset of 𝑀2

𝐻 .

Lemmas 33 and 35 furnish the existence of pullback absorbing families for the process .

Corollary 37. Under the assumptions of Lemma 33, if 𝐟 ∈ 𝐼𝑞,𝜂∗ , then the family 𝐵𝜂,𝑀2
𝐻

= {𝐵𝜂,𝑀2
𝐻
(𝑡) ∶ 𝑡 ∈ R} with 𝐵𝜂,𝑀2

𝐻
(𝑡) =

𝐵𝑀2
𝐻
(0,2(𝑡)) is pullback 𝜂(𝑀2

𝐻 )-absorbing for the process , where

2
2(𝑡) = 1 + (1 + ℎ𝑒𝜂ℎ)∫

𝑡

−∞
𝑒−𝜂(𝑡−𝑠)(𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠.

Remark 38. Observe that 𝐵𝜂,𝑀2
𝐻

∈ 𝐷𝜂(𝑀2
𝐻 ).

Lemma 39. Assume that 𝑝 > 2, 𝐠 fulfills (I)–(V) and 𝐟 ∈ 𝐼𝑞,𝜂∗ . Then, for any 𝑡 ∈ R and 𝐷̂ ∈ 𝜂(𝑀2
𝐻 ) there exists 𝜏1(𝐷̂, 𝑡, ℎ) < 𝑡 − ℎ − 2

such that for all 𝜏 ⩽ 𝜏1(𝐷̂, 𝑡, ℎ) and any (𝐮𝜏 , 𝜙𝜏 ) ∈ 𝐷(𝜏) and 𝐮 ∈ 𝛷𝑀2
𝐻
(𝜏, (𝐮𝜏 , 𝜙)) it holds

|𝐮(𝑟)| ⩽ 𝜚 (𝑡) ∀𝑟 ∈ [𝑡 − ℎ − 2, 𝑡],
15
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T

P

p

∫

𝑟

𝑟−1
‖∇𝐮(𝜃)‖𝑝𝑝𝑑𝜃 ⩽ 𝜚4(𝑡) ∀𝑟 ∈ [𝑡 − ℎ − 1, 𝑡],

where

𝜚23(𝑡) = 1 + 𝑒−𝜂(𝑡−ℎ−2) ∫

𝑡

−∞
𝑒𝜂𝑠(𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠 ∀𝑡 ∈ R,

𝜚4(𝑡) =
𝑐𝑝0
𝑐2𝜈2

(

(1 +
𝐿2
𝐠

𝜂̃
)𝜚23(𝑡) +𝐾4 ∫

𝑡

𝑡−ℎ−2
‖𝐟 (𝑠)‖𝑞∗𝑑𝑠

)

∀𝑡 ∈ R.

Proof. From Lemma 33, choose 𝜏1(𝐷̂, 𝑡) < 𝑡 − ℎ − 2 such that

𝐶𝐠𝑒
𝜂(𝑡−𝜏)

‖(𝐮𝜏 , 𝜙𝜏 )‖2
𝑀2

𝐻
< 1,

for all (𝐮𝜏 , 𝜙𝜏 ) ∈ 𝐷(𝜏), with 𝜏 ⩽ 𝜏1(𝐷̂, 𝑡). Thus, we obtain the first estimate.
Now, observe that 𝐮 ∈ 𝐶([𝑡 − ℎ − 1, 𝑡];𝐻). Integrating (32) for 𝑟 ∈ [𝑡 − ℎ − 1, 𝑡] and using (III) we have

𝜂2 ∫

𝑟

𝑟−1
‖∇𝐮(𝑠)‖𝑝𝑝𝑑𝑠 ⩽ |𝐮(𝑟 − 1)|22 +𝐾4 ∫

𝑟

𝑟−1
‖𝐟 (𝑠)‖𝑞∗𝑑𝑠 +

𝐿2
𝐠

𝜂̃ ∫

𝑟

𝑟−1
‖𝐮𝑠‖2𝐶𝐻

𝑑𝑠.

herefore, by using the first bound we deduce the second one. □

roposition 40. Assume that 𝑝 > 2, 𝐠 fulfills (I)–(V) and 𝐟 ∈ 𝐼𝑞,𝜂∗ . Then, for any 𝑡 ∈ R and 𝐷̂ ∈ 𝜂(𝑀2
𝐻 ), {𝜏𝑚} with 𝜏𝑚 → −∞, and

𝐮𝑚 ∈ 𝛷𝑀2
𝐻
(𝜏𝑚, 𝐷(𝜏𝑚)), the sequence {𝐮𝑚𝑡 } is relatively compact in 𝐶𝐻 . In particular,  is pullback 𝜂(𝑀2

𝐻 )-asymptotically compact.

Proof. It suffices to consider the absorbing family 𝐵𝜂,𝑀2
𝐻

∈ 𝜂(𝑀2
𝐻 ). Fix 𝑡 ∈ R and {𝜏𝑚} and {𝐮𝑚} as in the statement. We will

rove that the sequence {𝐮𝑚𝑡 } is relatively compact in 𝐶𝐻 .
It follows from Lemma 39 that there exists 𝑚(𝑡, ℎ) such that for 𝑚 ⩾ 𝑚(𝑡, ℎ)

|𝐮𝑚(𝑟)|2 ⩽ 𝜚3(𝑡) ∀𝑟 ∈ [𝑡 − ℎ − 2, 𝑡],

∫

𝑟

𝑟−1
‖∇𝐮𝑚(𝑠)‖𝑝𝑝𝑑𝑠 ⩽ 𝜚4(𝑡) ∀𝑟 ∈ [𝑡 − ℎ − 1, 𝑡].

Now, the proof is analogous as the one in Proposition 21, replacing 𝜚1 by 𝜚3. Thus, we conclude that 𝐮𝑚𝑡 → 𝐮𝑡 in 𝐶𝐻 . □

Theorem 41. Assume that 𝑝 > 2, 𝐠 fulfills (I)–(V) and 𝐟 ∈ 𝐼𝑞,𝜂∗ . Then there exist the minimal pullback 𝐹 (𝑀2
𝐻 )-attractor 𝐹 (𝑀2

𝐻 ) =
{𝐹 (𝑀2

𝐻 )(𝑡) ∶ 𝑡 ∈ R} and the minimal pullback 𝜂(𝑀2
𝐻 )-attractor 𝜂 (𝑀2

𝐻 ) = {𝜂 (𝑀2
𝐻 )(𝑡) ∶ 𝑡 ∈ R} for the multi-valued process

 ∶ R2
𝑑 ×𝑀2

𝐻 → (𝑀2
𝐻 ). The minimal pullback 𝜂(𝑀2

𝐻 )-attractor belongs to 𝜂(𝑀2
𝐻 ), it is invariant and the following relationships hold

𝐹 (𝑀2
𝐻 )(𝑡) ⊂ 𝜂 (𝑀2

𝐻 )(𝑡) ⊂ 𝐵𝑀2
𝐻
(0,2(𝑡)) ∀𝑡 ∈ R. (33)

If 𝐟 satisfies (25), then 𝐹 (𝑀2
𝐻 )(𝑡) = 𝜂 (𝑀2

𝐻 )(𝑡) for all 𝑡 ∈ R.

Proof. The existence of pullback attractors for  in the universes 𝜂(𝑀2
𝐻 ) and 𝐹 (𝑀2

𝐻 ) and the invariance of 𝜂 (𝑀2
𝐻 ) follow

from [27, Theorem 3]. The inclusions (33) are consequence of [27, Theorem 4]. The last statement, of equality of attractors in the
universes 𝐹 (𝑀2

𝐻 ) and 𝜂(𝑀2
𝐻 ), is again consequence of [27, Corollary 1] since for each 𝑇 ∈ R, sup𝑡≤𝑇 2(𝑡) < ∞ when 𝐟 satisfies

(25). □

Remark 42. If 𝑝 = 2 the above results are still valid assuming that 𝜈1𝜆1𝑐−20 > 𝐶𝐠 and that the value 𝜂 from hypothesis (V)
satisfies 𝜂 ∈ (0, 2[𝜈1𝜆1𝑐−20 − 𝐶𝐠]). These restrictions on the coefficients and parameter 𝜂 are in agreement with the analysis of the
two-dimensional Navier–Stokes equations with delays and initial condition in 𝑀2

𝐻 (cf. [16]).

Remark 43. The chosen presentation of the above results is according to the standard theory with a multi-valued process well-
established in 𝑀2

𝐻 . This has been done just for clarity. The counterpart is that the theses are unpleasantly incomplete, in the sense
that the asymptotic compactness has been really obtained in 𝐶𝐻 , not only in 𝑀2

𝐻 . It is possible to reformulate the result, improving
the characteristics of these families, where they are compact and in which stronger sense they are attracting. To make a clear
exposition we postpone it to next section.

5. Improvements and comparison of attractors

In this section we present some improvements on the results obtained previously. Namely, these are two types. On the one hand,
relationships of the constructed attractors in 𝑀2

𝐻 and 𝐶𝐻 universes, and on the other hand, with respect to the attractor norm, since
at last it will not only be the 𝑀2

𝐻 -norm but with respect to the 𝐶𝐻 -norm. As consequence, some extra compactness properties arise.
We continue assuming that all the assumptions (I)–(V) for 𝐠 are satisfied and 𝐟 ∈ 𝐼𝑞,𝜂∗ .
16

Existence of attractors in 𝐶𝐻 is consequence of previous results.
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Corollary 44. Assume that 𝑝 ≥ 2, 𝐠 fulfills (I)–(V) and 𝐟 ∈ 𝐼𝑞,𝜂∗ , and additionally 𝜂 ∈ (0, 2[𝜈1𝜆1𝑐−20 − 𝐶𝐠]) if 𝑝 = 2. Then there exist
ullback attractors for the multi-valued process  in the universes 𝜂(𝐶𝐻 ) and 𝐹 (𝐶𝐻 ) and the following relationship holds

𝐹 (𝐶𝐻 )(𝑡) ⊂ 𝜂 (𝐶𝐻 )(𝑡) ∀𝑡 ∈ R. (34)

f 𝐟 satisfies (25), then 𝐹 (𝐶𝐻 )(𝑡) = 𝜂 (𝐶𝐻 )(𝑡) for all 𝑡 ∈ R.

roof. Suppose 𝑝 > 2 (the case 𝑝 = 2 is treated similarly with the usual restriction, we omit it for short). From Lemma 33 we have
hat the family 𝐵𝜂,𝐶𝐻

= {𝐵𝜂,𝐶𝐻
(𝑡) ∶ 𝑡 ∈ R} with 𝐵𝜂,𝐶𝐻

(𝑡) = 𝐵𝐶𝐻
(0, ̃2(𝑡)), where

̃2
2(𝑡) = 1 + 𝑒𝜂ℎ ∫

𝑡

−∞
𝑒−𝜂(𝑡−𝑠)(𝐶𝜂 +𝐾4‖𝐟 (𝑠)‖

𝑞
∗)𝑑𝑠,

is pullback 𝜂(𝐶𝐻 )-absorbing for the process  . On the other hand, as in Proposition 40,  is pullback 𝐵𝜂,𝐶𝐻
-asymptotically compact

in 𝐶𝐻 . Then, (34) follows by [27, Theorems 3 and 4].
The last statement, of equality of attractors in the universes 𝐹 (𝐶𝐻 ) and 𝜂(𝐶𝐻 ), is again consequence of [27, Corollary 1] since

for each 𝑇 ∈ R, sup𝑡≤𝑇 ̃2(𝑡) < ∞ when 𝐟 satisfies (25). □

Remark 45. (i) Oppositely to the assumption about 𝐟 ∈ 𝐼
𝑞,𝜎𝜂
∗ with 𝜎𝜂 > 0 provided in Theorem 22, the above result does not require

this stronger condition on 𝐟 . However, this relaxation has the counterpart of 𝐠 assuming the extra conditions (IV)–(V), and coupled
with 𝐟 ∈ 𝐼𝑞,𝜂∗ .

(ii) Since 𝜂 is fixed in this context, related to (V), we cannot consider a chain of attractors in the universes 𝜇(𝐶𝐻 ) ⊃ 𝜂(𝐶𝐻 )
for 𝜇 ≥ 𝜂, because 𝐠 does not need to satisfy (V) with such new values 𝜇.

For convenience, let us introduce the canonical injection 𝑗 ∶ 𝐶𝐻 → 𝑀2
𝐻 given by 𝑗(𝜙) = (𝜙(0), 𝜙). Observe that 𝑗 ∈ (𝐶𝐻 ,𝑀2

𝐻 )
and ‖𝑗‖2

(𝐶𝐻 ,𝑀2
𝐻 )

≤ 1 + ℎ.

emark 46. Given any element 𝐷̂ ∈ 𝜂(𝐶𝐻 ), then 𝑗(𝐷̂) ∈ 𝜂(𝑀2
𝐻 ).

The injection 𝑗 allows to establish a natural relation between the basic bricks, i.e., the omega-limit families 𝛬𝑀2
𝐻

and 𝛬𝐶𝐻
(that

is the accumulation points of pullback converging sequences in their respective topologies).

Corollary 47. Under the assumptions of Corollary 44, it holds

𝛬𝑀2
𝐻
(𝑗(𝐷̂), 𝑡) = 𝑗(𝛬𝐶𝐻

(𝐷̂, 𝑡)) ∀𝐷̂ ∈ 𝜂(𝐶𝐻 ), ∀𝑡 ∈ R.

Proof. It is a straightforward consequence of Proposition 40, concerning weak solutions to (LMD) regardless of using the processes
 or  , and the injection 𝑗 ∶ 𝐶𝐻 → 𝑀2

𝐻 . □

A sufficient condition, useful to establish comparison results, is to find a smoothing transformation, throughout solutions to
(LMD), of any family of one universe into an element of a second universe after an elapsed time.

Proposition 48. Assume the hypotheses of Corollary 44. Then, for any 𝐷̂ = {𝐷(𝑡) ∶ 𝑡 ∈ R} ∈ 𝜂(𝑀2
𝐻 ), it holds that

(i) 𝐷̂ℎ = {𝐷ℎ(𝑡) ∶ 𝑡 ∈ R} ∈ 𝜂(𝑀2
𝐻 ), where 𝐷ℎ(𝜏 + ℎ) = (𝜏 + ℎ, 𝜏)𝐷(𝜏),

(ii) 𝐷̃ℎ = {𝐷̃ℎ(𝑡) ∶ 𝑡 ∈ R} ∈ 𝜂(𝐶𝐻 ), where 𝐷̃ℎ(𝜏 + ℎ) = 𝜋𝐿2
𝐻
(𝜏 + ℎ, 𝜏)𝐷(𝜏), being 𝜋𝐿2

𝐻
∶ 𝑀2

𝐻 → 𝐿2
𝐻 the projector 𝜋𝐿2

𝐻
(𝐮, 𝜙) = 𝜙 for

𝐮, 𝜙) ∈ 𝑀2
𝐻 .

roof. Since 𝐟 ∈ 𝐼𝑞,𝜂∗ , then ∫ 𝜏+ℎ
𝜏 𝑒𝜂𝑠‖𝐟 (𝑠)‖𝑞∗𝑑𝑠 → 0 as 𝜏 → −∞. Therefore, the result is consequence of Lemmas 33 and 35, with the

xtra restriction given in Remark 42 when 𝑝 = 2. □

heorem 49. Assume that 𝑝 ≥ 2, 𝐠 fulfills (I)–(V) and 𝐟 ∈ 𝐼𝑞,𝜂∗ , and additionally 𝜂 ∈ (0, 2[𝜈1𝜆1𝑐−20 − 𝐶𝐠]) if 𝑝 = 2. Then, the attractors
𝐹 (𝑀2

𝐻 ) and 𝜂 (𝑀2
𝐻 ), ensured by Theorem 41 and Remark 42, attract in 𝐻 × 𝐶𝐻 -norm and their sections are compact in 𝐻 × 𝐶𝐻 .

roof. Consider the space 𝑗(𝐶𝐻 ) ⊂ 𝐻 × 𝐶𝐻 endowed with norm (|𝐮𝜏 |22 + ‖𝜙‖2𝐶𝐻
)1∕2 for any pair (𝐮𝜏 , 𝜙) ∈ 𝐻 × 𝐶𝐻 , the (restricted)

rocess (we do not change the name, since no confusion arises)

 ∶ R2
𝑑 × 𝑗(𝐶𝐻 ) → (𝐻 × 𝐶𝐻 )

nd the auxiliary universe

𝜂(𝑀2
𝐻 ) ∩ 𝑗(𝐶𝐻 ) = {𝐷̂ ∈ 𝜂(𝑀2

𝐻 ) ∶ 𝐷(𝑡) ⊂ 𝑗(𝐶𝐻 )}.

or such process, the existence of minimal pullback attractor 𝜂 (𝑀2
𝐻 )∩𝑗(𝐶𝐻 ), with compact sections in 𝐻 ×𝐶𝐻 and attracting w.r.t.
17

× 𝐶𝐻 -norm follows by the previous results.
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On the other hand, by comparison (cf. Proposition 48 (i) and [27, Theorem 4]) we have that

𝜂 (𝑀2
𝐻 )∩𝑗(𝐶𝐻 ) = 𝜂 (𝑀2

𝐻 ).

his proves the result concerning 𝜂 (𝑀2
𝐻 ).

Now we verify the same for 𝐹 (𝑀2
𝐻 ). Indeed, since each section 𝐹 (𝑀2

𝐻 )(𝑡) is contained in the section 𝜂 (𝑀2
𝐻 )(𝑡), which is

compact in 𝐻 × 𝐶𝐻 , it suffices to check that 𝐹 (𝑀2
𝐻 )(𝑡) is closed in 𝐻 × 𝐶𝐻 (and not only in 𝑀2

𝐻 ). This can be proved as follows:
consider {𝑥𝑛} ⊂ 𝐹 (𝑀2

𝐻 )(𝑡) with 𝑥𝑛 → 𝑥 in 𝐻 ×𝐶𝐻 . By the continuous injection 𝐻 ×𝐶𝐻 ⊂ 𝑀2
𝐻 , 𝑥𝑛 → 𝑥 in 𝑀2

𝐻 . Since 𝐹 (𝑀2
𝐻 )(𝑡) is

losed in 𝑀2
𝐻 , then 𝑥 ∈ 𝐹 (𝑀2

𝐻 )(𝑡).
Finally, that 𝐹 (𝑀2

𝐻 ) attracts in 𝐻 × 𝐶𝐻 -norm is consequence of Proposition 40. □

emark 50. (i) Although initially  ∶ R2
𝑑 ×𝑀2

𝐻 → (𝑀2
𝐻 ) cannot be settled with the metric 𝐻 ×𝐶𝐻 , the regularity of the solutions

fter an elapsed time ℎ allows, at last, to consider 𝛬𝐻×𝐶𝐻
(𝐷̂, 𝑡) for any 𝐷̂ ∈ 𝜂(𝑀2

𝐻 ) (in the spirit of (𝑋, 𝑌 )-attraction). The last
claim proved above means that it holds

⋃

𝐷̂∈𝐹 (𝑀2
𝐻 )

𝛬𝐻×𝐶𝐻
(𝐷̂, 𝑡)

𝐻×𝐶𝐻
= 𝐹 (𝑀2

𝐻 )(𝑡) ∀𝑡 ∈ R,

observe this is not only an inclusion but an equality, again by the injection 𝐻 × 𝐶𝐻 ⊂ 𝑀2
𝐻 ).

(ii) The attraction w.r.t. 𝐻 × 𝐶𝐻 -norm of the pullback attractors for the universes in 𝑀2
𝐻 and the property of having compact

ections in 𝐻 × 𝐶𝐻 also hold for similar previous results for Navier–Stokes models with delay (cf. [16,17]).

In the same way as in [17], let us compare the pullback attractors in 𝐶𝐻 and 𝑀2
𝐻 via the introduced canonical injection 𝑗.

heorem 51. Assume the hypotheses of Theorem 49. Then, the following relationships hold

𝑗(𝐹 (𝐶𝐻 )(𝑡)) ⊂ 𝐹 (𝑀2
𝐻 )(𝑡) ∀𝑡 ∈ R, (35)

𝑗(𝜂 (𝐶𝐻 )(𝑡)) = 𝜂 (𝑀2
𝐻 )(𝑡) ∀𝑡 ∈ R. (36)

f 𝐟 fulfills (25), then (35) becomes an equality for all 𝑡 ∈ R.

roof. Let us start proving (35). Firstly, observe that trivially 𝑗(𝐹 (𝐶𝐻 )) ⊂ 𝐹 (𝑀2
𝐻 ) and for any 𝐵 ⊂ 𝐶𝐻 , the canonical injection 𝑗

atisfies 𝑗(𝐵
𝐶𝐻 ) ⊂ 𝑗(𝐵)

𝑀2
𝐻 . Then,

𝑗(𝐹 (𝐶𝐻 )(𝑡)) = 𝑗
(

∪𝐷̂∈𝜂 (𝐶𝐻 )𝛬𝐶𝐻
(𝐷̂, 𝑡)

𝐶𝐻)

⊂ 𝑗(∪𝐷̂∈𝜂 (𝐶𝐻 )𝛬𝐶𝐻
(𝐷̂, 𝑡))

𝑀2
𝐻

= ∪𝐷̂∈𝜂 (𝐶𝐻 )𝑗(𝛬𝐶𝐻
(𝐷̂, 𝑡))

𝑀2
𝐻

= ∪𝐷̂∈𝜂 (𝐶𝐻 )𝛬𝑀2
𝐻
(𝑗(𝐷̂), 𝑡)

𝑀2
𝐻

⊂ 𝐹 (𝑀2
𝐻 )(𝑡),

where we have used Corollary 47 for the last equality. Thus (35) is proved.
Analogously, it follows the inclusion

𝑗(𝜂 (𝐶𝐻 )(𝑡)) ⊂ 𝜂 (𝑀2
𝐻 )(𝑡) ∀𝑡 ∈ R.

To obtain the opposite inclusion and conclude (36), consider an arbitrary family 𝐷̂ = {𝐷(𝑡) ∶ 𝑡 ∈ R} ∈ 𝜂(𝑀2
𝐻 ). Recalling that

𝑗 ∈ (𝐶𝐻 ,𝑀2
𝐻 ) satisfies ‖𝑗‖(𝐶𝐻 ,𝑀2

𝐻 ) ⩽ (1 + ℎ)1∕2, we deduce that for 𝜏 ⩽ 𝑡 − ℎ

𝑑𝑖𝑠𝑡𝑀2
𝐻

(

(𝑡, 𝜏)𝐷(𝜏), 𝑗(𝜂 (𝐶𝐻 )(𝑡))
)

=𝑑𝑖𝑠𝑡𝑀2
𝐻

(

(𝑡, 𝜏 + ℎ)
(

(𝜏 + ℎ, 𝜏)𝐷(𝜏)
)

, 𝑗(𝜂 (𝐶𝐻 )(𝑡))
)

=𝑑𝑖𝑠𝑡𝑀2
𝐻

(

(𝑡, 𝜏 + ℎ)
(

𝑗(𝜋𝐿2
𝐻
(𝜏 + ℎ, 𝜏)𝐷(𝜏))

)

, 𝑗(𝜂 (𝐶𝐻 )(𝑡))
)

=𝑑𝑖𝑠𝑡𝑀2
𝐻

(

(𝑡, 𝜏 + ℎ)𝑗(𝐷̃ℎ(𝜏 + ℎ)), 𝑗(𝜂 (𝐶𝐻 )(𝑡))
)

=𝑑𝑖𝑠𝑡𝑀2
𝐻

(

𝑗
(

 (𝑡, 𝜏 + ℎ)𝐷̃ℎ(𝜏 + ℎ)
)

, 𝑗(𝜂 (𝐶𝐻 )(𝑡))
)

⩽(1 + ℎ)1∕2𝑑𝑖𝑠𝑡𝐶𝐻

(

 (𝑡, 𝜏 + ℎ)𝐷̃ℎ(𝜏 + ℎ),𝜂 (𝐶𝐻 )(𝑡)
)

,

where we have denoted 𝐷̃ℎ(𝑠 + ℎ) = 𝜋𝐿2
𝐻
((𝑠 + ℎ, 𝑠)𝐷(𝑠)) for all 𝑠 ∈ R. Observe that, by Proposition 48 (ii), 𝐷̃ℎ ∈ 𝜂(𝐶𝐻 ).

Since 𝜂 (𝐶𝐻 ) is pullback 𝜂(𝐶𝐻 )-attracting, from previous inequality we obtain that 𝑗(𝜂 (𝐶𝐻 )) is pullback 𝜂(𝑀2
𝐻 )-attracting

in 𝜂(𝑀2
𝐻 ). Thus, being 𝜂 (𝑀2

𝐻 )(𝑡) the minimal closed family that pullback attracts any family 𝐷̂ ∈ 𝜂(𝑀2
𝐻 ), we conclude that

 (𝑡) ⊂ 𝑗
(

 (𝑡)
)

for all 𝑡 ∈ R.
18

𝜂 (𝑀2
𝐻 ) 𝜂 (𝐶𝐻 )
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Finally, the fact that (35) becomes an equality, if 𝐟 satisfies (25), follows from [27, Corollary 1] since for each 𝑇 ∈ R,
sup𝑡≤𝑇 2(𝑡) < ∞. □

Remark 52. When proving (35), in fact the first inclusion is an equality, namely

𝑗
(

∪𝐷̂∈𝜂 (𝐶𝐻 )𝛬𝐶𝐻
(𝐷̂, 𝑡)

𝐶𝐻
)

= 𝑗(∪𝐷̂∈𝜂 (𝐶𝐻 )𝛬𝐶𝐻
(𝐷̂, 𝑡))

𝑀2
𝐻
,

thanks to the relatively compact character in 𝐶𝐻 of the set ∪𝐷̂∈𝜂 (𝐶𝐻 )𝛬𝐶𝐻
(𝐷̂, 𝑡), which gives the required opposite inclusion.

Therefore, if we coin a new universe 𝑗(𝐹 (𝐶𝐻 )), we may put 𝑗(𝐹 (𝐶𝐻 )) = 𝑗(𝐹 (𝐶𝐻 )), another minimal pullback attractor in 𝑀2
𝐻 .

6. Conclusions

In this research a version of the Ladyzhenskaya model including delay effects in the force has been studied. Actually two different
frameworks are handled, depending on whether assumptions (𝐈)-(𝐈𝐈𝐈) are taken for the delay operator or also including (𝐈𝐕)-(𝐕),
amely 𝐶𝐻 ∶= 𝐶([−ℎ, 0];𝐻) or 𝑀2

𝐻 ∶= 𝐻 × 𝐿2(−ℎ, 0;𝐻) respectively. Existence of (global) weak solutions in both situations
is established. It is not strictly necessary to manage under uniqueness conditions. After that, a dynamical analysis is performed,
obtaining attractors. Our study focuses on non-autonomous terms, and we use pullback attractors for multi-valued processes. Of
course the results also apply to the autonomous case, which would lead to global attractors. Some of main highlights of the work
are the following:

(i) In the context of fluid dynamics flows, this paper extends previous studies on attractors for Navier–Stokes models with delays,
having a unified presentation of different situations, types of results, assumptions and relations among them.

(ii) As a proper non-autonomous approach, in the 𝐶𝐻 framework, it is remarked the maximal expected tempered value 𝜎𝜂∗ that
can be considered (see Remarks 17, 23 and 24). We emphasize that the case 𝑝 > 2 plays a crucial role for using any value of
the parameter 𝜂, as large as required, in this non-autonomous framework.

(iii) Finally in Sections 4 and 5 the 𝑀2
𝐻 analysis is performed, obtaining attractors for both phase spaces; some relations among

attractors are established, improving the characterization of attraction with respect to similar previous results.
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