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MSC: We consider a mathematical model with delay for non-Newtonian incompressible fluids in a
primary 35B41 bounded domain. Existence of global weak solutions is proved under suitable regularity on the
76A05

initial data and the forces. Conditions for uniqueness are also given, but in general the results are

ch;g:ary 35Q35 stated in a multi-valued framework. Suitable multi-valued dynamical systems are well-posed,

37130 using basically L*(2)" x L*(=h,0; L*(22)") or C([—h,0]; L*(2)") norms. Then the existence of
pullback attractors is ensured acting on several universes, some of them of fixed bounded sets

Keywords: and others of tempered type, depending on parameters related to an integrability condition of

Ladyzhenskaya model . . : -

Pullback attractors the force and the delay term. Finally, relationships between these families of attractors are also

: provided, improving the characterization of attraction with respect to previous results.
Regularity
Delays

1. Introduction

Ladyzhenskaya proposed several mathematical models for incompressible non-Newtonian fluids, known nowadays as Ladyzhen-
skaya models [1-3] or variants of the Navier—Stokes system or modified Navier—Stokes equations. This kind of equations is useful
to describe the velocity and pressure of incompressible non-Newtonian fluids which are fluids that are not described by the Stokes
law, e.g. see the seminal monograph [4] and the more recent [5].

For incompressible non-Newtonian fluids, the fluid velocity vector field u and the pressure r satisfy the following system

Jdu . .
5 divS(e(u)) + divlu @ u) + Vz = f(r) in @ x (z, ), )
divu =0

where 7 € R, 2 c R" (n € {2,3}) is a bounded domain with regular boundary 042, f is an external force and S : R” - R7” g

sym sym
the stress tensor. In general, the stress tensor S is a nonlinear function that depends on the symmetric gradient of the fluid velocity,
e(n) = %(VuT + Vu), satisfying the p-coercivity and some growth conditions.

Some examples of stress tensors are

Sle) =2vplel"e,  S%(e) = 2vy(1 + [e| e,

S*e) =2vy(1 + |e|?)/%e, or S*i(e)=2v e+S, i=1,273,
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where v, and v, are positive constants (cf. [3,4,6]). We notice that system (1) associated to the stress tensor S* with r = 2, is one
of the models proposed by Ladyzhenskaya in [3]. For the stress tensors S/, i = 1, ..., 6, the fluids are known as power-law fluids.

We will assume that the stress tensor S : R;’;m - R;’;m satisfies

S(0) =0,
(S(A) —S(B)) : (A—B) > v (1+u(Al + [B])"|A - BJ, ©)
IS(A) — SMB)| < ¢;vi (1 + u(Al + [BD)"*|A ~BJ,

for all A, B € ]R;’i »» Where v, and v, are the viscosities (critical physical parameters of the problem), u = (:—f) ﬁ ifp#2and u=0
if p = 2. In the following, positive constants ¢; will depend on the parameters of the model.

We observe that, from (2), it follows the p-coercivity and (p — 1)-growth conditions of S, i.e., there exist positive constants c,, ¢3
such that, for all p > 2 the stress tensor S satisfies

S() : D > ¢,(v|D|* + v, D7), ©)
and for all p > 1 the stress tensor S satisfies
ISD)| < vy (1 + uDP?,

forallD e R';im

System (1) subject to space periodic or Dirichlet boundary conditions, with stress tensor S satisfying (2), has at least a weak
solution when p > 1+ 2n/(n + 2) and weak solutions are unique in the family of weak solutions if p > (n + 2)/2, see [4-6].

Regarding the asymptotic behavior of the solutions associated to system (1), the autonomous case is rather well understood
(attractors, exponential attractors, fractal dimension, perturbed models, etc.). We can mention [5,7-10] among others.

For the non-autonomous case, i.e., the external force f = f(¢) depends on 7, very recently, the authors investigated the existence
of pullback attractors in [11].

In order to have more precise mathematical models, for instance after introducing measure devices or due to viscoelasticity
properties and so on, we may think on constitutive models that incorporate delay effects. Picard [12], at the IV-International
Congress of Mathematicians (Rome, 1908), exposed the importance of considering hereditary effects in physical systems. In the
context of pseudoplastic fluids, as an application, we may cite the paper [13] and the references therein, as an example of chemical
engineering real problem, where the experimental results are better approximated by the inclusion of delays in the model.

On other hand, it is worth to mention that there exist several approaches to deal with dynamical systems associated to PDE
models in fluid mechanics with delay and non-autonomous effects. We have used here that of pullback attractors (e.g. cf. [14-17]).
Inspired by works about the Navier-Stokes equations with delay (among many others, see [15,17,18] and the references cited
therein), we formulate the following problem

3—‘; — divS(e(w)) + divlu @ u) + Vz = £(r) + g(t, u,)
diva =0

in 2 X (z, ). ()]

System (4) is a mathematical model for incompressible non-Newtonian fluids with delay that, unlike system (1), has an additional
term in the external force, which is the delay term g(#,u,), that depends on time and the velocity of the fluid u, defined by
u,(s) = u(t + s) for all s € [-h,0], where 4 > 0. The system is fulfilled with initial and Dirichlet boundary conditions.

The aim of this paper (based on HLLL’s Ph.D. Thesis [19] under the supervision of the other two authors) is two-fold. Firstly
we aim to establish existence results of global weak solutions to system (4) within two different settings of initial conditions and
assumptions on the delay operator. Secondly, the above leads to two natural phase spaces, where we pose respective (multi-valued)
dynamical systems and prove the existence of pullback attractors in each case in several universes. Moreover, relationships between
these families are also established. Results are also new in the autonomous case, leading to global attractors.

Namely, the structure of the paper is the following. In Section 2 the natural operators and functional spaces involved in the
problem are introduced. The assumptions on the delay operator g are also presented at this point, for clarity, although they will
be used in two parts. Actually in Section 3 only assumptions (I)-(III) on g will be used to establish the results in the phase space
C([—h,0]; H) (for short abbreviated to Cy;, where H is detailed below). Firstly, existence of weak solutions, and secondly, the analysis
of their long-time behavior is performed. Several aspects on the biggest admissible tempered parameter for suitable universes,
necessary conditions, relations on chains of attractors and the availability of choice of such values for p > 2 are pointed out here.
Then the analogous structure is developed in Section 4, where the phase space changes to H x L?>(—h,0; H) (for short abbreviated
to H X Lz or just M Z). This more general setting requires g satisfies (I)-(IV) for well-posedness, and a last condition (V) to ensure
the existence of attractors. Section 5 is devoted to compare the previous families of (pullback) attractors and additional results as
better attraction results in the H x Cy-norm.

2. Statement of the problem

Let 2 c R", n = 2,3, be a bounded domain with Lipschitz boundary 9. Given r € R, we consider the following system of partial
differential equations with Dirichlet boundary condition for incompressible non-Newtonian fluids, that we will call Ladyzhenskaya
Model with Delay (LMD),

‘Z—‘t‘ — divS(e(w)) + div(u ® u) + Vz = £(1) + g(t,u,) in QX (z, 00),

2
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divu =0 in 2 X (r, ),
u=0on 902 X (z,),
u(r) =u’ in 2,
u(x,7+s) = ¢(x,s) in Q, s € (=h,0),
where u = (u, ..., u,) is the fluid velocity vector field, = is the pressure, u,(s) = u(t + s) for s € [-h,0], A > 0, f is an external force,
2
g(t,u,) is the delay term (whose assumptions will be specified below), ¢ is the initial condition with memory, and S : R:‘;m - Rfim
is the stress tensor satisfying (2).
For s > 1 and p > 1, let us recall the following spaces
Vi={peCr(2)" : divp =0},
H = closure of V in the L%(2)"-norm,

V, = closure of V in the W LP(Q2)"-norm,
V' = closure of V in the W*2(Q)"-norm.

The scalar product in H and in L2(£2)" will be denoted by (-,-) and the corresponding norm by | - |,. vy (with norm || - ||,) denotes
the topological dual of V,, and (,-) stands for the duality product between these spaces. The scalar product in V* will be denoted
by ((-,-)),. Throughout the text ¢ denotes the conjugate exponent to p.

We recall the Korn inequality. There exists a constant c(q) > 0 such that

1
IVll, < c@llemll, ¥V e W) (@), 1< < co.

For short we denote ¢, = ¢(2) and &, = c(p). We also recall the Poincaré inequality
MIVELIVVE e,

where 4, is the first eigenvalue of the Stokes operator with homogeneous Dirichlet boundary condition.
We introduce some operators, related to the matrix u ® u = (w;u ) and the stress tensor S.
Let B: L®(¢,T; H)N LP(z,T;V,) » Li(z,T; Vp*) be the operator defined by

T n T
/ (B@)®),v(n)d1 = Y} / /!2 u;(x, 1)

ij=1

ou;(x,1)
v;(x, t)dxdt.
ox;

Then, for p > 1+ 2n/(n+2), B is a continuous operator (cf. [8, Lemma 2.8]).
Let T : LP(z,T;V,) - L‘I(T,T;Vp*) be defined by

T T
/ (T, v(0)d1 = / / S(e(w) : e(v)dxdr.
T T Q0

For p > 1 it holds that T is a continuous operator (cf. [8, Lemma 2.8]).
We will consider two types of initial conditions. To this end, we introduce the following spaces. Let us denote by Cj; the Banach
space C([—h,0]; H) with norm [|¢ll¢, = supsei_s o1 [6()]2, by L2, the Hilbert space L*(—h,0; H) with norm

0 1/2
Il =< / |¢<s)|§ds> ,
H —h

and by M?, the Hilbert space H x L%, with norm
v gz = (I3 + ||¢||2L§1>'/2 for (v, ) € M.

In Section 3 we first consider initial condition ¢ € C}; satisfying ¢(0) = u? and we assume that the delay term g : RxCj, — L*(2)"
satisfies the following conditions.

(I) For all ¢ € Cyy, the mapping ¢ +— g(t,&) € L?(22)" is measurable.
(II) For each t € R, g(z,0) = 0.
(III) There exists Ly>0 such that, for all r € R and for any &, € Cy,

lg(t.&) - g, < Lyl —nllc,, -

Observe that conditions (I)-(III) above imply that, given T > 7, u € C([z — h,T]; H), the function g, : [7,T] — L*(2)" defined by
g,() = g(t,u,), for any ¢ € [z, T], is measurable and, in fact, belongs to L®(z, T; L*(2)").

In Section 4 we assume less regularity on the initial data. Actually, we suppose that (u”, ¢) € M12{. In order to do this, in addition
to conditions (I)—(III), we assume that the delay term g : Rx C;; — L*(2)" also satisfies two extra hypotheses, the first one just for
the existence of solutions, the second one for the long-time behavior.

(IV) There exists G, >0 such that, for all = < 1, for any u,v € C([r — h,1]; H),

1 t
/ (s, uy) — gs, vy)l2ds < cé/ [u(s) — v(s)|3ds.
T T—h
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Note that, thanks to (IV), given T > 7, the mapping
G:ueC(r-hTLH) > g, € Lz, T; L*(R)")

has a unique extension to a mapping Q~, which is uniformly continuous from L?*(z — h,T; H) into L?*(z, T; L?(£2)"). From now on, we
will write g(,u,) = G(¢) for each u € L*(z — h,T; H), and thus property (IV) holds for any u, v € L?(z — h,T; H).
Finally the last assumption we will impose for g is the following.

(V) There exists a value n > 0 such that, for all <1, for any u € L*(z — h,t; H),

t t
/eﬂ5|g(s,us)|§ds<C§/ " u(s)|3ds.
T 7—h

Remark 1. It is straightforward to obtain examples of delay operators g, for instance, by using p : R — [0, k] and putting
g(1,&) = &(—p(®)). In this way, g fulfills (I)-(III). Additionally suppose that p € C'(R;[0,]) with p'(t) < p* < 1. Then it is not
difficult to check that g also satisfies (IV) and (V). However, if o’ may attach the value 1, then in general (IV) does not hold (as
an adaptation of p(s) = s easily shows). For several other examples on delay operators, we may refer to [15-18] and the references
therein.

3. Initial conditions in Cy

In this section, we prove the existence of global weak solutions and pullback attractors to (LMD) assuming that
p=21+2n/(n+2),
7 (-
fe Llac(R’ Vﬂ*)’

g : RxCy — L*(Q)" satisfies (I) — (III),
¢ €Cy, ¢p(0)=u0u".

3.1. Existence of weak solutions

We start by introducing the notion of weak solutions to (LMD).

Definition 2. Given an initial condition ¢ € Cy, a weak solution to (LMD) is an element u such that for any 7 >

ue C([rt—hT];H)n L (z,T;V,) with 3_‘; € LY, T, Vp*)’ ©
which satisfies the weak formulation
((;—ltl, v) + (T(u(®)), v) + (Bu(®)), v) = (1), v) + (g, u,), V), ©

forallveV,and ae.t €(7,T), and

u(t +5) = ¢(s) Vs e€[-h,O0].

Remark 3. To be precise, the weak formulation (6) is not exactly equivalent to the (LMD). Actually, the difference is that the
original PDE system (4) contains a pair (u, z) where the pressure r should also be obtained. In order to recover the pressure one
might use results by de Rham or others (e.g., cf. [20-22]) if all is settled in a distributional sense. This would be the case if, for
instance, we consider f € L;’OC(R;(W‘L‘?(Q))”) instead of f € L;’OC(R; Vp*) as we have chosen. Nevertheless, we make this abuse of
notation talking about solutions for (LMD) for this more general setting in Vv, since it is the most usual employed in the related
literature. This observation applies not only to this section but also to the next one.

Notice that any function v in the class (5) can be taken as a test function in the weak formulation (6). In this way, the energy
equality holds true (e.g. cf. [23, Theorem 1.8, page 33] or [5, Lemma 7.3, page 175]).

Lemma 4. Under the assumptions of this section, any weak solution to (LMD) satisfies the energy equality
%%lulé + / Se(w) : e(dx = (f,u) + (g, u)u) ae. 1> @
Q

Concerning the existence of weak solutions to (LMD) we have the following result.

Theorem 5. Suppose p > 1 + 2n/(n + 2). Consider f € L;’OC(R; 49) and g fulfilling (I)-(III). Then, for any ¢ € Cy; there exists at least
one weak solution to (LMD).



H.L. Lépez-Ldzaro et al. Communications in Nonlinear Science and Numerical Simulation 138 (2024) 108204
Proof. Fix T > 7. We employ the Faedo-Galerkin approximations and the compactness method. Consider s > n/2+1 and let {w,}%|
be a set formed by eigenfunctions to the problem

(W, V)5 = A,(W,,v) VveVs,

which is a Hilbert basis of H and orthogonal in V* (cf. [4, Theorem 4.11, page 290]). Notice that, by the choice of s, for all p > 1
we have that V* < V.. Let P" be the orthogonal projector of H onto the linear span of the first m eigenfunctions w;, j = 1,...,m.
Let us define u"(x,1) = Z:":] y"(t)w,, where y(¢) solve the Galerkin system

d m m
E(u 0, w;) +(T@" (), w;) + (B@" (1), w;)
= (£().w;) + (gt u"),w)  for 1<j<m, ®
u”(zt +s) = P"¢(s) Vs € [—h,0].
Observe that this is a system of functional ordinary differential equations in the unknown y™(¢) = (yi", ...»7), which has a

maximal solution defined on an interval [z — h,t,,) with 7 <1,, < T (see for instance [24, Chapter 2]).
We multiply the jth equation of the Galerkin system (8) by i(o; after adding them we arrive at

li|u’"(t)|§ +/ S(e(™)) : e(w™)dx = (£(1),u™) + (g(t,uy"),u"™) a.e.t € (z,1,),
Q

because (B(u"()),u™) = 0 due to the divergence free condition divu™ = 0.
From the coercivity of S (3), the assumptions on g and the Korn and Young inequalities, it follows that

d 2, 26 2, Y2 2
Elu’"(t)lz + 2 [Vu™ |5 + = Vu™||p < cm,||f||Z + 2Lg||u;"||CH a.e. t € (1,1,).
0 0

After integration in time, using the fact that |P"¢(s)|, < |¢(s)], < i$llc, for all s € [-h,0], we deduce that

" 2¢v eV
2V1 2 2V2
" lIZ,, +/ (== IVu" ()15 + == VU™ (s)|12) ds
T CO CO

t
<IglZ, + / (cop BN +2L W22, s Vi € [r,1,).
T

Hence, after the above inequalities and the Gronwall Lemma, in particular by continuation we may consider #,, = T" and the a priori
uniform estimates give that

{u™} is bounded in L®(r — h,T; H) and in L?(z,T;V,). (O]

By using (8) (see also [4, (4.12), page 290]), there follows that {%} is bounded in Li(z, T;(V*)*). Therefore, from the Aubin—
Lions Lemma (e.g. cf. [23, Theorem II.1.4, page 32]), we can extract a subsequence of {u”} (relabeled the same) such that

u” A uin L®(z,T; H),
u” —uin L?(z,T;V,),
u" > uin L3z, T; H),
ou™ Ju a0

A~ Tin L9, T; (V)
o 5 o (@ T;(V°)),

T@™) — X in LY(z,T; Vp*),
gl = Y in L, T; LX(2)").
These convergences allow to pass to the limit in (8) obtaining
oJu
<E’
It is standard to prove that

V) + (X, v) +(Bw),v) =(f,v) + (Y,v) VveV, an

w(r+0)=¢@) 6¢€[-h0]

From (11) and the monotonicity of the operator T we can show that X = T(u) (see for instance [6, Chapitre 2, Théoréme 5.1]).
To finish the proof we show that Y = g(z,u,), by using an energy method. First observe that {u”} is equi-continuous in (V*)* on
[z,T]. Since {u™} is bounded in C([r,T]; H), by the Arzela-Ascoli Theorem, there follows, up to a subsequence, that

u" > u in C([z, TT; (V5)").
This jointly with (10) give us that, if 7,, — 7, then

u”(t,) = u(t) in H. (12)
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Our goal now is to prove that u” — u in C([z,T]; H). By contradiction, if this is not true, then there exist ¢, > 0, ¢, € (z,T] and
subsequences (relabeled the same) {u™}, (7,,},,; C (z,T1] such that 7,, — ¢, and

[u"(t,,) —utp)l, > &. (13)

On the one hand, by (II), (III) and (9) there exists a constant C > 0 such that
t t

/ |(0)|2d0 < liminf/ l2(0. up)3d0 < LIC(t—s) Vs,t €[z, T].
Therefore, by (11) and the energy equality we have that

1 s 1 5 ! .

) [z(0)]; < §|Z(S)|2 + [ (£(r),z(r))ds + C(t - 3),

s

202
Lch
4eyvi Ay

Thus, the maps J,,, J : [7,T] - R defined by

forallr<s<t<T,where5: ,andz=u" orz=u.

10 = R - [ €. epar-
i (14)

I = %m(mi - / I<f<r>, u(r))dr - Ct
are non-increasing and continuous, and satisfy
J, () = J(@) ae te(T).
Let us fix £ > 0. So, by the continuity and non-increasing character of J, there exists z < 7, < t, such that

lim J,,(3) = J (),

0< J(E) = J(ty) < e
Since 1,, — t,, there exists m, such that 7, <1, for all m > m,. Then, we have that

Jm(tm) - "(tO) ‘Im(fs) - J(tO)
In(B) = JE+ [T (E) = T (19)]

<
<
< (@) = T ()| + €

for all m > m,. Therefore we can conclude that limsup J,,(z,,) < J(t)) + €. Since ¢ > 0 is arbitrary, it follows that
m—oo

limsup J,,(t,,) < J(to). (15)

m—co

Moreover, as t,, > f, and

/ " (€(). u" () dr — / (8. u(r)dr,

from (15) we deduce that limsup,,_, , [u”(t,,)|, < [u(ty)|,. This last inequality and (12) imply that u™(z,,) — u(z) strongly in H, which
is a contradiction with (13).

Notice that this also implies that u}’ — u, in Cy; for all ¢ > 7. Hence, since g satisfies (III) we conclude that g(-,u”) — g(-,u.) in
L?(z,T; L*(2)"). By the uniqueness of the limit we identify the weak limit )’ = g(-,u.). Since T was arbitrary, by concatenation we
may obtain a weak solution u to (LMD). [

Let us introduce <DCH (r, ¢) as the set of all weak solutions to (LMD) defined on [z — A, c0) with initial condition ¢ € Cy;.
The following result plays an important role in Section 3.2, about existence of pullback attractors, since it implies that the
multi-valued process in Cy;, constructed through weak solutions, is closed.

Proposition 6. Under the assumptions of Theorem 5, consider = € R, {¢"} C Cy with ¢" — ¢ in Cy, and weak solutions
u" € @c, (v,¢™). Then, {u"} is bounded in C([z — h,T1; H) n L?(z,T;V,) with {%} bounded in L4(z,T;V), and there exists
ue GBCH (z, ¢) such that (up to a subsequence) u™ — u in the sense described in (10).

Proof. It is analogous to that of Theorem 5, so we omit the details. []

Next result provides uniqueness and continuity w.r.t. the initial data. This is straightforward for dimension two, but requires an
extra regularity condition for dimension three.
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Theorem 7. Under the assumptions of Theorem 5, there exist positive constants K;, i = 1,2,3 (only depending on the parameters of the
model) such that for any 1 € R, ¢!, $* € Cy; andu € @, (z, ¢Handve @, (7, ¢?), the following estimates hold,

@ ifn=2
t
v, —wliz, <lo' - ¢z, exp{/r (K + K2|Vu<s>|§)ds} Vi >, (16)

2
(i) if n=3 and u € L%»-3(z,T;V,) for some T > z, then

v, —wliz, <lo' - ¢z, exp{/t(lq + K3||Vu<s>||,f% )ds} vi €[z, T]. a7
T
Proof. Setting w = v —u and using it as a test function in the weak formulation (6), we have
%%lwl% +(T(v) — T(u), w) + (B(v) — B(u),w) = (g(t,v,) — g(t,u,),w) a.e.t>r1.
By using the coercivity of S (3), there follows
%lwl% +2¢,v; le(W)[3 + 2cyv; lle(w)I? < 2/!2 [w|?|Vuldx + 2(g(t,v,) — g(t. u,), W) a.e. t > 7.

Now we split the analysis into two cases.
Case n = 2. Consider ¢, > 0, to be specified later. We use the Ladyzhenskaya inequality to estimate

2 2
/|w| |Vuldx < [wP|Vul,
Q
< Clwl, | Vwl,|Vul,
€1 2, & 21 wwl2
< 7'VW|2 + 2—£[|Vu|2|w|2

By using the Korn inequality and the previous estimate, we have, for any ¢, > 0, that

d, o ,20vid 2 20v;
—Iwl3 (—2_5111_52)|W|2+ P
dt c é

0 0

V4
Vw2

~
c 2ign2 o L 2
<£—|W|2|VU|2 + E—Ig(t,v,) -gtu)l; ae t>r.
1 2

We choose ¢, = 24 and ¢, = 244 integrate from 7 to 1, and use hypothesis (III) to arrive at
0 0

t t
w3 < w3 + K2/ Iw(s)I31Vu(s)[3ds + K| / ||wS||2CHds Vi > T,
T T
LZ 62?2
where K; = —£ and K, = -*—. Therefore, we have that
-2 2V1

1 t
2 1 2012 2 2 2
w2, <lle' - 212, +K2/ ||ws||cH|Vu<s>|2ds+K1/ W, I3, ds Vi> <.
T T

The Gronwall Lemma gives (16).
Case n = 3. Applying the Holder and interpolation inequalities, it follows that

/ w2 Vuldx < Iwll,, [IVull,
Q -1
»3 3
<élwl,” [Vwi? [V,
2p

2 =g
[Vwl; + K3 Vull "~ w3,

< ’

Vi
2
2c0

2p
2p—3)c 203 3/2
where Ky = 22295 ande=(m)/p.
2p 2c2
2pe .21"3 0
Thus we obtain
2p

t 2 t
Wiz, <li¢' = &%Iz, +Ks / IVu(s)ll," [w(s)l3ds + K, / Iw,llg, ds Vi €lznT].

2p

t
Since / IVu(s)ll,”~* ds < oo, the Gronwall Lemma again gives (17). []
T
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Remark 8. In light of Theorem 7, not only continuity w.r.t. initial data but also uniqueness is straightforward in dimension two.
Using item (ii) in the result, a sufficient condition to have both, continuity w.r.t. initial data and uniqueness in three dimensions is
p = 5/2, since then 2p/(2p — 3) < p. Nevertheless, the continuity notion is not essential for the analysis of the long-time behavior
of solutions, which can be carried out even without uniqueness, just using Proposition 6 and multi-valued dynamical systems as is
shown in next paragraph.

3.2. Existence of pullback attractors in Cy

In this section we begin with the analysis of the asymptotic behavior of the weak solutions to (LMD).
To settle properly some well-known concepts, let us recall very briefly some few basic definitions of the abstract theory concerning
long-time dynamics, in particular of pullback attractors.

Definition 9. Given a metric space (X, dy), R‘zj = {(t,7) € R? : t > 7}, and P(X) the class of non-emtpy subsets of X, a multi-valued
process U : Rs X X — P(X) is a family of maps such that U(¢,r) =Idy for any r € R and U(t,7)x C U(t,s)(U(s,7)x) for any r < s <t
and x € X.

This process usually exists through the solution operator to some problem where there is lack of uniqueness, and when the system
of PDE is time-dependent, so both initial and final times are required. If we cannot perform an analysis of stability of equilibria or it is
incomplete, it is still possible to determine interesting bigger (but minimal somehow) objects that attract (and therefore concentrate)
the essential dynamic of all the phase-space X, in the sense of proximity of the trajectories (solutions) for long time toward a
desired object (with nice properties as finite-dimensionality, rate of attractions, compactness or some manifold structure, etcetera).
Concerned with attractors, treated since the second half of twentieth century, but for a generically not autonomous situation, we are
not focused on global attractors but in one of the several available versions of time-dependent attractors, that of pullback dynamics.

Definition 10. Given a universe D C P(X) (to be specified), the minimal pullback D-attractor for a multi-valued process (X, U) is
a time-dependent family A = {A(r) : r € R} C P(X) such that (i) A(¢) is a non-empty compact set of X for any ¢ € R; (ii) it attracts
pullback the dynamics of elements in D, i.e., for any D= {D(7)},cr € D and 1 € R, the following Hausdorff semi-distance in X
limit holds: lim,_, _, distx (U (¢, 7)D(z), A(¢)) = 0; (iii) A is negatively invariant, i.e., A(t) C U(t,7)A(z) for all t > 7; (iv) A is minimal
among all the time-dependent pullback D-attracting families C= {C(1)},cr With closed sections, i.e. A(f) c C(¢) for any 1 € R.

Depending on the structure of the universe D and other conditions, existence results may become simpler or not, and being
furnished with additional minimality and/or invariance properties, comparison relations, dimensionality analysis and so on.
Associated to the concept of pullback attractor there are two inherent concepts: absorption and asymptotic compactness.

Definition 11. A time-dependent family B, c X is pullback D-absorbing if for any D= {D(},cr € D and t € R there exists
7(t, D) < t such that U(r, 7) D(t) C By(t) for any = < z(¢, D). Given a family D = {D(z)},eR, the process U is pullback D-asymptotically
compact if for any ¢ € R, 7, < ¢ with 7, - —c and x, € D(z,), any subset {y,}, with y, € U(t, 7,)x,, for all n, is relatively compact
in X.

For a detailed exposition on several results on the theory of autonomous and non-autonomous attractors for single-valued and
multi-valued processes see, for instance, [25-29] and the references therein.

Now we split our analysis concerning problem (LMD) in two cases, depending on the phase-space where the initial condition
for the problem is taken, according to the previous existence results. Let us start by considering the Banach space Cy;.

Let us define the bi-parametric family U" : Rﬁ X Cy — P(Cy) given by

U@, p={u()uedc, (r,)}.
Next result gives the upper-semicontinuity of the maps U'(7, 7).
Proposition 12. Under the assumptions of Theorem 5, let {¢™} C Cy and ¢ € Cy be such that ¢" — ¢ in Cy, and consider {u™},
where u" € ¢, (7, ¢™). Then, there exist a subsequence of {u™} (relabeled the same) and u € D¢, (.9) such that for any s > ¢

ul —u; strongly in Cy.
Proof. Consider T > r. By Proposition 6 the sequence {u™} is bounded in L®(z,T;H) n L?(r,T; V,) with {%} bounded in
Li(z,T; Vp*) and a subsequence {u™} converges to u € D¢, (7. 9).

Observe that {u™} is equicontinuous in Vp* on [z, T]. Since this sequence is bounded in C([z, T]; H), by the Arzela-Ascoli Theorem,
up to a subsequence, there follows that

u” - u strongly in C([z,T]; Vp"‘).
Hence, one has
u”(s) = u(s) weakly in H, for any s € [z, T].

As in the proof of Theorem 5, with the same arguments and the energy functions J and J,, defined in (14) we can prove that
uf - u,in Cy forall s>z. [
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As a consequence of the previous result, we have the following one.

Corollary 13. Under the assumptions of Theorem 5, U" : Rﬁ X Cy — P(Cy) is an upper-semicontinuous and strict multi-valued process

with closed values.

Next result indicates that the non-autonomous dynamical system is dissipative. For clarity in the exposition, we perform the
analysis for p > 2, since the case p = 2 may be considered more standard (this last case involves additional restriction on the range

of certain parameter 7, see Remark 15 below).

Lemma 14. Suppose that the assumptions of Theorem 5 are fulfilled and consider p > 2. Then, there exist positive constants C, and K,

such that for any n > 0 and ¢ € Cy, any weak solution u € @, (z, $) satisfies for all t > =

t
h h ~
N e s T PR / e NE + KylIE)IIDds

T
and

CZVZ t+1 1+1 a t+1 2
= / IVus)lids < Iu(t)|2+K4/ ||f(s)||*ds+2Lg/ llu,lic, ds

0

Proof. From the energy equality (7) and the coercivity of S (3), we have that

1d

CWT, |l1(f)|2+‘-‘2"1|e(u)|2+02Vz||e(ll)||” (@), ) + (g1, uy), v)

<EOILNVull, + (gt u)lsuly  ae >z

The Korn, Poincaré and Young inequalities and hypothesis (IIT) give

d — 24 eP

< 1RO + 71l + 2m, | Vall} < 2ag O+ —||Vu||5+2Lg||u,||éH ae t>r,
where 7 = 2c2v1/11c0 s M = m and e > 0 is arbitrary.

By choosing & = (p,)'/? there follows
Elu(t)lﬁ +7luly + [ Vull) < K IEOI + 2L lu Iz, ae.1> 7,
A

where K, = Py

We split the analysis into two cases: 0 < n <7 and n > 7.
Case 0 < n < 7. From (20), multiplying by ¢"" and integrating from r to ¢ we arrive at

t t
e"u)l3 < e'”||¢||c +/ P K |E(s)]|7ds + 2Lg/ e”“llusllch ds Vt>rt.
T T
With ¢ > 7, let s € [-h,0] and suppose that 7 + s > 7. Then
t t

N + )5 < TlPIE, + / K, |IE©O)11d6 + 2L, / gz, d6.

If s € [-h,0] is such that 7 + s < 7, trivially
(t=h) 2 ¢ s 2
P + )3 < M + )13 < NGl

Therefore, we deduce from above that

t t
2 h h S h S 2
w2, < T BI2, + e / K IE(s)1Lds +2Lge" / e llu|2, ds V>

T T

The Gronwall Lemma yields

t
—(n— hy(1— —(n— hy(f—
lhullz,, < em™e 2D gIE 4 e / IR IR (s) | 2ds Vi
T

(18)

(19)

(20)

Case 5 > 71. Denote f := n—7 > 0. Let C; be an embedding constant of WOI“’(.Q)” C L2(Q)", i.e., |ul, < C;||Vul|,. By applying the

Young inequality we have that

2p/(p=2)
- r—2)C;
o < 22 pvap + L2
p/2 pyp/ (-2

Choosing 7:7 = ‘3,:; there follows

2. V2 P A
Blul; < 7 IVull} + Cy,
0

(21
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(p_z)cip/(p%)ﬂ

where 6] = Then (20) reduces to

d m A
SO+l + SVl < K IEONL + 2Lgllw, 12, + Cr.

As in the previous case, we conclude that (18) holds.
Finally, (19) follows by integrating (20). []

Remark 15. For the case p = 2, we can assume that ¢, = 1 and v, = 0. Similar computations to those in the previous result lead
to, for some 7 € (0,2v; 4,¢52),

h A ! h
Il l2, < ete 2L g2 +e""j / 2L 1(5)|12ds Ve > 7 and
T
2

v [ R , +1 R 1+1 )
6—2/ [Vu(s)|5ds < [u@®)]; + Z / I£(s)llds + 2Lg[ ||uA,||CHds vt > 1,
0

where f := 2v1/1,c0‘2 - 7.

Next we introduce the tempered universes required to establish suitable asymptotic properties of the process /. Naturally they
will be related to a type of growth that dissipate the initial data, from the previous estimates.

Definition 16 (Universe in Cj;). Given o > 0, we will denote by D (Cy;) the class of all families of nonempty subsets D= {D(t) :
t € R} C P(Cy) such that

lim <e“ sup |IvlI? ):O.
T——00 veD(r) CH

D, (Cy) is inclusion-closed. D (Cy) will denote the class of all families D= {D(t) = D : t € R} with D a fixed nonempty bounded
subset of Cy.

To simplify notation, by estimate (18), here on we introduce the class
0
I ={tel] R;V)): / e |If(s)lIds < o0}

loc
0

and denote o, := 17— 2Lge™.

Remark 17. It is not difficult to deduce that, given L, and h positive, the function 7 - o, = 7 - ZLge”h attaches positive values
if and only if 2L,h < e~!. In such a case, the maximum is attained at 5, = _Tl log(2Lgh) > 0 and its value is oy, = _71(1 +1log(2Lgh)).

Therefore, 2L h < e~! is a necessary condition in the analysis of this section. Its clear meaning as a smallness condition is that either
h or L, must be small enough to compensate each other.

After the above notation, and Lemma 14, we may establish a result ensuring the existence of a pullback absorbing family.
Corollary 18. Under the assumptions of Theorem 5, suppose also that p > 2 and there exists some ¢, = n—ZLge”h > 0 such thatf € ZZ’G".

Then, the family B = {B%CH (1) : t € R} with B%CH )= ECH (O,Rlyuw(t)), where

U,,,CH
t

Ri% H)=1+" / eN=(E) + K,y If )| Dds, 22)

is pullback D,, (Cy)-absorbing for the process U'.

~

Remark 19. Observe that B €D, (Cp).

o',l,C H
Presented separately, just for clarity, the following result is another consequence of Lemma 14. The uniform estimates pullback
starting in any family of the universe shall allow to establish a compactness property later.

Lemma 20. Suppose that the assumptions of Corollary 18 are satisfied. Then, for any t € R and D € D%(CH) there exists
r(ﬁ, t,h) <t—2h—1 such that for any v < r(ﬁ, t,h) and u € D¢, (z, D(1)) it holds

[u(m], <o;(t) Vrelt—2h-1,1],
,
[ vuoids <o vreti-n,
r—1

where
1
o} = 1 +¢Mem D / eI, + Kl o)),
)
D

o= (1200004 K, [ tas)
2 CVy &1 N t—h-2 : '

10
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Now we are ready to prove the asymptotic compactness of V" in C.

Proposition 21. Under the assumptions of Corollary 18, the process U is pullback D, (C 1 )-asymptotically compact.

Proof. By Corollary 18 and Remark 19 it is equivalent to consider just the family §6”,CH. Fix 1, € R, and let {r,,} be a sequence

with 7,, > —oco. Without loss of generality, according to Lemma 20, consider that z,, < T(I/S‘\,,H’CH,to,h) for all m. Then, using the

estimates of Lemma 20, for any sequence of weak solutions u” € D, (rm,B%CH (z,,)), we will check that the sequence {u;:’) } is

relatively compact in Cy.
From Lemma 20 there exist a subsequence (relabeled the same) and an element u such that
w" S win L¥(t — h— 1,t0; H).
u” —win Lty — h— 1,15; V),
ou” Ju . ;
—_— = = Li(ty—h—1,ty; V"),
ot or L 0:Vp)
u" > win Lty — h = 1,15; H),
u"() > u@) in H ae. t € (tg—h—1,1y).
Observe also that u € C([t,—h—1,¢y]; H), and the Arzela-Ascoli Theorem ensures for a subsequence (relabeled the same) that u” — u
in C([ty —h—1,14]; Vp*). So, for any sequence {1,,} € [t, — h — 1,¢,] with 7,, — t*, one has
u”(t,) - u(*) in Vp*.
Moreover, by (III) and Lemma 20, it holds
o 2
/ lg(s, wl5ds < Ly(h+ Do; (o).
tg—h—1
Therefore, there exists & € L?(t, — h — 1,1,; L?(£2)") such that, up to a subsequence,
g(-,u™) — ¢ weakly in L2(ty — h — 1,155 L*(22)").
Observe that, again by (III) and Lemma 20, there follows

t
[ 1rumiar<ca-s),
: 23)

t t
/ &) 2dr < liminf/ lg(r,u")2dr < C(t - 3),
N m=eo s
forall 1 —h—1<s<t<1t, where C = Lép%(to). Then, in a standard way, one can prove that u is a weak solution to

3—‘; —div(S(e(v))) +div(v@ V) + Vz =f(t) + &) in 2 X (tg—h—1,ty),

divv=0 in Qx(ty—h—1,1y),
v=0 onadRx(ty—h-11),
v(ix,tg—h—=1)=u(x,ty—h-1), x€Q.

By the energy equality (7) and (23), we obtain

t
%IZ(t)Iﬁ < %|z(s)|§+ / (). 2(r))ds + C(t - 3),

. ce?
forallto—h—l<s<t<t0,whereC:ﬁ, andz=u"orz=u.
2V1IAM
Then, the maps J,,, J : [ty — h— 1,¢y] > R defined by

I3
10 = S0 - / (" ()dr - Cr
1

o0—h—1

t
J(t) = %lu(r)l% - / 1<f(r>,u(r)>dr—c”r,

are non-increasing and continuous, and satisfy

J, ()= J@) ae te(ty—h—11).
As in the proof of Theorem 5, with the help of the functions J,, and J we conclude that u” — w in C([t,—h, ty]; H). This completes
the proof. [

We are in position to state the result about the existence of minimal pullback attractors for the process V" on Cy.

11
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y = 1- 2Lge’7” > 0 such that f € I.”" and g satisfies (I)-(III). Then,
there exist the minimal pullback Dy (Cy)-attractor Ap . c,) = {Ap.c,)® : t € R} and the minimal pullback D,, (Cyy)-attractor
Ap, ) = (Ap, c,p®  t € R} for the multi-valued process U" : Rj X Cy — P(Cy). The minimal pullback D, (Cy)-attractor
beloflgs to D, (C HS', it is invariant and the following relationships hold

Theorem 22. Suppose that p > 2, there exists some o

Apycy)® € Ap, ;1) Bc, (O,R, (1) ViER, (24)

where R 1o, is given in (22). Furthermore, if f satisfies that

s
sup / IE@)]1%d0 < oo, (25)
s<0 Js—1
then
Apycy® = Ap, p® VIER. 26)

Proof. The existence of pullback attractors for the multi-valued process V" in the universes D, (Cy) and Dy(Cy) follows from [27,
Theorem 3], and the invariance of AD” m as well. The inclusions (24) are given by [27, Theorem 4] (see also [14, Theorem 3.15]).
Finally, under the additional condigion (25), which is equivalent to

s
sup(e“"ﬂ"/ e”ﬂgllf(9)||3d0> < o0,
s<0 —0oo

we see by estimate (22) that for all T € R, U,ST ECH (0, Rl,a,,(’)) is a bounded subset of C;. Hence, (26) follows from [27, Corollary
11. O

Remark 23. If ¢, in the above statement is strictly less than o, , the maximum of 5 - ¢, given in Remark 17, then it is possible
to obtain more families of pullback attractors. Indeed, since o, < o, implies 17" ¢ 17", one may apply directly the same result for
o, € oy, 0,1 Besides that, D, (Cy) C Do,(CH) and there exists the corresponding minimal pullback D%(CH)-attractor, ADHM )
Moreover, from [27, Theorem 4], there follows that, for any ¢ € R, AD,,’](C,.,)(t) C -AD,,“ cp®-

Finally, if f satisfies (25), then, as above, by (26) we get

ADF(CH)(I) = ADU,, (CH)(I) = ADU” (CH)(t) for all r € R.

Remark 24. (i) If p = 2 the results are still valid if there exists # € (0, 2vi 4y 2y such that 7 > 2Lge'7" andf € ZZ’J” . The restrictions on
the parameter 5 are in agreement with the analysis of the two-dimensional Navier-Stokes equations with delays and initial condition
in Cy (cf. [15D).

(ii) A remarkable feature of the case p > 2 in the non-autonomous setting is the following. The well-posedness of the attractor
firstly requires a right universe where the dissipation happens. The upper limitation for # in the case p = 2 is removed when p > 2.
This means that, although the coupling link among f and o, must exist, the case p > 2 allows that if f belongs to IZ’U” for some
n > 0, this value of # can be chosen, no matter how large it be. Recall from Remark 17 that , — oo if A — 0.

4. Initial conditions in M?{

In this section we study the existence of global weak solutions and pullback attractors to (LMD) with less regular initial data
and simpler integrability condition for f. Due to these relaxations, we will impose two additional hypotheses on the delay term g
to make up for this lack of regularity. More precisely, here on we assume that

p=1+2n/(n+2),
q .
felL] ®YV)),
g: RxCy — L*(Q)" satisfies (I) — (V),
W', ¢) € M},
To be precise, the existence and upper-semicontinuity results only require assumptions (I)-(IV), while for the asymptotic behavior
condition (V) will be also imposed.

4.1. Existence of weak solutions

In this paragraph we summarize the results about existence and uniqueness of weak solutions in this new setting, which can be
proved in a similar way when the initial data is more regular (cf. Section 3.1).

12
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Definition 25. Given an initial condition (u?, ¢) € M i[, a weak solution to (LMD) is an element u such that for any T >

ue L*(z—h,T;H)n LP(z,T;V,)n L*(z,T; H) with 3—u€Lq(rT V)

which satisfies the weak formulation (6) for all v € v, and a.e. t € (r,T), and

u(z)=u® and wu(r+s)=¢(s) a.e. s € (=h,0). 27)

Remark 26. A weak solution has a representative in the class u € C([z, T]; H), whereby first part of (27) is meaningful. Further
observe that, if ¢ € C and ¢(0) = u® then u € C([r — h,T]; H).

Theorem 27. Assume that p>1+2n/(n+2), f € L?

e ®: V) and g fulfills (D—(IV). Consider (u*,¢) € M?,. Then there exists at least
one weak solution to (LMD).

Proof. We employ the Faedo—Galerkin approximations and follow analogously as in Theorem 5. Just observe that the proof is even
simpler in this case since it is not necessary the use of the energy method to identify that g(-,u™) converges to g(-,u.). Indeed, by
using the Aubin-Lions Lemma and thanks to hypothesis (IV), this is straightforward. []

Analogously to Section 3.2, let us define @,,> (z.(u", ¢)) as the set of all weak solutions to (LMD) defined (a.e.) on (z — h, %)
H
with initial condition (u”,¢) € M?,.

Remark 28. Observe that the energy equality (7) is also true for weak solutions in this setting.

We also have the following result that will allow to show that the multi-valued processes, defined from weak solutions, are
closed.

Proposition 29. Under the hypotheses of Theorem 27, consider = € R, {(u™™,¢™)} C M, 2 such that (™", ™) — (u°, ) in M3, 2 and
u" e tDMz (z, (™™, ¢™)) for all m. Then, for any T > z, {u"} is bounded in L*(z — h,T; H) N L®(z,T; H) N LP(z,T;V,) with {a“ }
bounded in Li(z,T; V ), and there exists u € @ v (z,(u”, ¢)) such that, up to a subsequence, the following convergences hold

u”" S uin L2t — h,T; H),

u S win L¥(, T H),

2
u" —uin L*(z,T; V), @
M e T 149
Tor T o

Similarly as in Theorem 7 we have the following result.

Theorem 30. Under the hypotheses of Theorem 27, there exist positive constants E,-, i = 1,2,3, (only depending on the parameters of the
model) and C, = max{1, K, } such that for any (v*,¢"), (u",¢?) € M7, any weak solutions v € @ > (z,(v*,¢")) and u € @, (v,(", ¢?))
satisfy the following estimates, " "

@ ifn=2,
t
V() —u®]3 < Cyllv, o) = @, o)1, exp{/ (K, +K2|Vu(s>|§)ds} vt > 1,
H T

2
(i) if n=3 and u € L%»-3(z,T;V,) for some T > z, then

V(D) —u®f; <Gl (v, ") — W, DI,

H

2
Xexp{/ (K, + K IVus)l,7 )d s} vt € [r,T].

T

Again, as pointed out in Remark 8, the above result provides uniqueness of solution for n = 2, and also for n = 3 subject to extra
regularity, and continuity with respect to initial data. Nevertheless we do not require strictly continuity. Indeed in the multi-valued
framework it suffices to have upper-semicontinuity, which holds thanks to Proposition 29.

; 2 a2
4.2. Existence of pullback attractors in My,

In this section we analyze the asymptotic behavior of the weak solutions to (LMD) in the Hilbert space M?J.
Now, we introduce the bi-parametric family of mappings S : R2 x MZ, — P(MZ), given by

St )", ¢) = {(u®),u,()) :ue Dy (z. (0", $)}.

Next result ensures that the process S has closed values.

13
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Proposition 31. Under the hypotheses of Theorem 27, let {(u™™, ™)} C M121 and (u’,¢) € M%l be such that (u™™, ™) — (u’, @) in
M f{ Then, for any sequence {u™} with u" € ®,» (z,(u"", ¢™)), there exist a subsequence (relabeled the same) and u € @ ;> (z,(u’, ¢))
such that forany t > ¢ f "

u™(t) - u(f) strongly in H, (29)
u' —u, strongly in Li,. (30)
Proof. Consider T > 7. Observe that by Proposition 29 the sequence {u”} is bounded in L?(z — h,T; H)n L®(z,T; H)n L’(z,T;V,)
and {%} is bounded in Li(z,T; Vp*). Therefore, there exist a subsequence of {u”} (relabeled the same) and u € L*(z — h, T; H) N

L®(z,T; H)n LP(z,T; V) with ‘z—',’ € Li(t,T, Vp*) such that convergences (28) hold true.
Again by Proposition 29, we have that u € @, (7, (u", ¢)). In particular, by one of the convergences in (28), claim (30) follows

H
straightforward for ¢ € [z, T].

So it remains to prove (29). By the Arzela-Ascoli Theorem there follows, up to a subsequence, that u” — u strongly in C([z, T]; Vp*).
Since {u™} is bounded in C([r,T]; H) we have that

u”(s) = u(s) weakly in H for any s € [7,T].

From the energy equality (7) it holds that
Lol < Loz + [ ds+L [ g0 220 ve<s<i<T
§|Z(I)|2\ §|1(5)|2+ : (£(r), z(r)) S+2_ﬁ : |a( szg)|2 tssstst,

where z = u" or z = u, being 77 = 2¢,v; 4;¢;%.
Thus, let us consider the functions J, J,, : [z,T] — R given by

t t
1,0 = ") -2 / <f<0>,u"’<9>>d0—% / |g@. u)|2d6.

t t
1
() = [P -2 / (€©).ue)do - 1 / 120, uy) 2do.
T T
From above we have that J and J,, are non-increasing and continuous, and
J, )= J@) ae te(r,T),

by (IV) and the convergences in (28).
By the properties of the functions J,, and J, we can deduce, again as in Theorem 5, that (29) holds for all ¢ € [z, T]. Observe
that T > 7 is arbitrary, so the proof is complete. []

From above and Proposition 29 we obtain the following result.
. . . 2 2 25 . .
Corollary 32. Under the hypotheses of Theorem 27, the family of mappings S : R X M — P(Mp,) is an upper-semicontinuous and
strict multi-valued process with closed values.
In order to go further on the analysis of the solutions to (LMD) we require additional estimates and include the final assumption

(V) on g. We perform the main exposition for p > 2. The case p = 2 is similar and will be commented at the end of the paragraph.

Lemma 33. Assume thatp>2,f e quac(]R; Vp*) and g fulfills (I)-(V). Then there exist positive constants C, and 124 such that any weak
solution u € @, > (z, (0", ¢)) satisfies
H

t
)3 < Ge ™ VNt I, + / e (C, + Kyllf9)llE)ds Vi 2z, (31)
H T

here C p, %
where C, = max{1, P }.

Proof. By the energy equality (7), the coercivity of S (3), and the Korn, Young and Poincaré inequalities, we have that

d - ~ 1
SO + Al + n | Vull) < K IE@IE + 7le. u)l, 32)

where 7 = ¢;v; A1¢52, n, = L2 and K, = %
. % 1, plq
We split the analysis into two cases: # € (0,7] and # > 7.

Case 7 € (0,7]. From (32), multiplying by e, integrating from r to 7, and using hypothesis (V), we have for all r > 7

t - t - CcZ
M+ [ IvlRds < Gl o, + [ erRiltoias+ 2 [ e tuoas
T H T T

~ c?
where C, = max{l, 7“ 1.
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Since |u|2 C;|IVul|, (recall that C; denotes an embedding constant introduced in Section 3) there exists C=C P, Cq.Cpm) >0

such that g |u|2 1 ||Vu||$ + C. Therefore, from above we obtain (31).

Case 7 > ii. Denote 0<p:=n-—1. Let 6] be as in (21). Then (32) reduces to
d n AT 1
2710+ aluly + Vel < Gy + KIEONE + 2 g )l

In the same way as the previous case, we recover (31), concluding the proof. []

Remark 34. For the case p = 2, we have that ¢, = 1 and v, = 0. Assume that v, 4,¢; 2> C, and that there exists n € (0,2[v; 4,¢; 2—CgJ)

satisfying hypothesis (V). A similar argument as in Lemma 33 shows that for any u € @,,> (z, (u", ¢))
H

t
I3 < max{1,Cgle V@ P}, +57" / e O]/
H T
where § :=2v ¢ — (1 +2Cy) A7

The previous lemma allows to derive a bound for the solutions in L%.

Lemma 35. Under the assumptions of Lemma 33, given = € R and (u?, ) € M?,, any weak solution u € D, (z,(u’, ¢)) satisfies
H

t
i3, < Chge 2N DI, +he™ / eTNC, + Kyllf0)lIDds Vi >z,
H H

T
where éh,g =(1+ hég)e”".
Proof. From (31) for t + h < t, there follows
1+0
lu( +0)13 < Cee "IN I + / e MHI[C, + Kyl 9)lIi]ds VO € [~h.0].
T
Thus, integrating in 6 between —h and 0, we have that
~ t ~
I}, < hCge™e UM G, +he™ / eTMNC, + Kylif ()l Dds Vi > 7+ h.

T

Now, suppose that 7 < ¢ < 7 + h. Then, splitting

T 1
i, = [ wo)Bas-+ [ ju)ae.
o

first addend is controlled by ||<1b||22 , and second addend is estimated by using (31). Arranging constants, we obtain the inequality

in the statement, which concludes “the proof. []

Now we introduce a tempered universe in M f,, not for a general parameter but for the value  appearing in assumption (V).

Definition 36 (Universe in M2 ) Given n > 0, we will denote by D (M ) the class of all families of nonempty subsets D= {D() :
teR} C P(M ) such that

. nt . 2 =
lim <e sup ”(V’@”M,z,)—

T (v.9)eD(7)

Observe that D (M ) is inclusion-closed. Moreover, we will denote by DF(M ) the class of all families D= {D@#)=D :t €R}
with D a fixed nonempty bounded subset of M, 2.

Lemmas 33 and 35 furnish the existence of pullback absorbing families for the process S.

Corollary 37. Under the assumptions of Lemma 33, if f € I}", then the family §,, w2 = (B () 1t € R} with B o (1) =
— U H U H T H
B M (0, R, (1)) is pullback D,,(Mlzi)—absorbing for the process S, where

t
R =1+ (1 + he'™) / eT1=(C, + Ky lIf(s)I1D)ds.
Remark 38. Observe that B M2 €D (M ).

Lemma 39. Assume that p > 2, g fulfills (I)-(V) and f € I}". Then, for any t € R and DeD (M ) there exists rl(D t,hy<t—h-2
such that for all < rl(D, t,h) and any (0", ¢%) € D(r) and u € @ > (7, (u*, $)) it holds
H

[a(r)|, < o3(t) Vr€[t—h-2,1],

15
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,
[ vuogdo <o vret-n-1.n,
r—1

where

t
03(1) = 1471012 / e(C, + KylIf(9)Dds vt R,

517 12

1
04(1) = ((1 + —)03(t)+K4/ Ifllds) vieR
6V t—h=2

Proof. From Lemma 33, choose 11(5, t) <t — h — 2 such that

Gl NI, <1,
H

for all (u”, ¢*) € D(r), with 7 < 7} (f), ). Thus, we obtain the first estimate.
Now, observe that u € C([t — h — 1,1]; H). Integrating (32) for r € [t — h — 1,7] and using (IIT) we have

r - ]_,2
w [ vaongds < tue- g+ K, [ irontas+ 2 [ iz, as
r=1 r—1 r—1

Therefore, by using the first bound we deduce the second one. []

Proposition 40. Assume that p > 2, g fulfills (I)-(V) and f € I}". Then, for any t € R and Denp (M ), {z,,} with 7,, > —o0, and
u" € @, > (7, D(,,)), the sequence {u;'} is relatively compact in Cyy. In particular, S is pullback D, (M7, 2 )- asymptotically compact.
H

Proof. It suffices to consider the absorbing family B M2 € D,(M;, 2). Fix t € R and {r,,} and {u™} as in the statement. We will
prove that the sequence {u)"} is relatively compact in CH
It follows from Lemma 39 that there exists m(z, h) such that for m > m(t, h)

[u" (M), < 03(t) Vre[t—h—2,1],
/ IVu"()lIPds < 04(t) Vrelt—h—1,1].

Now, the proof is analogous as the one in Proposition 21, replacing ¢; by ¢;. Thus, we conclude that u’ - u, in Cy. O

Theorem 41. Assume that p > 2, g fulfills ()-(V) and f € I}". Then there exist the minimal pullback D F(Mlzi)—attractor ADF( M2y =
H
{ADF(Mz)(t) : t € R} and the minimal pullback Dn(Mil)-attractor Ap w2y = {Ap (Mz)(t) 1 t € R} for the multi-valued process
H Mg My
S : Ry X M3, — P(M2). The minimal pullback D, (M?)-attractor belongs to D, (M?), it is invariant and the following relationships hold

Appz) D € Ap, (20 C By (0.Ry(1) Vi € R, (33)

If f satisfies (25), then ADF(ME,)(’) = ADn(Mf,)(t) foralteR.

Proof. The existence of pullback attractors for S in the universes D, (M, 2y and DF(M ) and the invariance of AD M2) follow
from [27, Theorem 3]. The inclusions (33) are consequence of [27, Theorern 4]. The last statement, of equality of attractors in the
universes Dp(My; 2y and D (M ), is again consequence of [27, Corollary 1] since for each T € R, sup,.; R,() < co when f satisfies

(25. O

Remark 42. If p = 2 the above results are still valid assuming that v, 4,¢; 2> C, and that the value » from hypothesis (V)
satisfies # € (0, 2[v111c‘2 C,D. These restrictions on the coefficients and parameter » are in agreement with the analysis of the
two-dimensional Nav1er—Stokes equations with delays and initial condition in My, 2 (cf. [16]).

Remark 43. The chosen presentation of the above results is according to the standard theory with a multi-valued process well-
established in M121' This has been done just for clarity. The counterpart is that the theses are unpleasantly incomplete, in the sense
that the asymptotic compactness has been really obtained in Cj;, not only in M%I It is possible to reformulate the result, improving
the characteristics of these families, where they are compact and in which stronger sense they are attracting. To make a clear
exposition we postpone it to next section.

5. Improvements and comparison of attractors

In this section we present some improvements on the results obtained previously. Namely, these are two types. On the one hand,
relationships of the constructed attractors in M121 and Cy universes, and on the other hand, with respect to the attractor norm, since
at last it will not only be the M%I—norm but with respect to the Cj;-norm. As consequence, some extra compactness properties arise.

We continue assuming that all the assumptions (I)-(V) for g are satisfied and f € 17",

Existence of attractors in Cj; is consequence of previous results.

16
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Corollary 44. Assume that p > 2, g fulfills (I)-(V) and f € I, and additionally n € 0,2[v; 4,¢y 2 - G,]) if p = 2. Then there exist
pullback attractors for the multi-valued process U" in the universes D,(Cy) and Dy(Cy) and the following relationship holds

Apgcy)® € AD,,(C,,)(’) vVt e R. .
If £ satisfies (25), then Ap(c,,\(t) = Ap, (c,,)( for all 1 € R.

Proof. Suppose p > 2 (the case p = 2 is treated similarly with the usual restriction, we omit it for short). From Lemma 33 we have

that the family B, . = {B, ¢, (®) : t € R} with B, ¢, (1) = B¢, (0, R,(1)), where

t
RA()=1+e™" / e1=N(C, + Ky If(9)1D)ds,
—0
is pullback D, (Cy)-absorbing for the process V. On the other hand, as in Proposition 40, V" is pullback B\,,YCH -asymptotically compact
in Cy. Then, (34) follows by [27, Theorems 3 and 4].
The last statement, of equality of attractors in the universes D;(Cy) and D,(Cy), is again consequence of [27, Corollary 1] since
for each T € R, sup,.; R,() < co when f satisfies (25). [

Remark 45. (i) Oppositely to the assumption about f € I with o, > 0 provided in Theorem 22, the above result does not require
this stronger condition on f. However, this relaxation has the counterpart of g assuming the extra conditions (IV)-(V), and coupled
with f € 17",

(ii) Since 7 is fixed in this context, related to (V), we cannot consider a chain of attractors in the universes D,(Cy) D D,(Cg)
for u > 5, because g does not need to satisfy (V) with such new values .

For convenience, let us introduce the canonical injection j : Cy — M%I given by j(¢) = (¢(0), ¢). Observe that j € L(Cy, Mil)

and ||2 <1+h.
Il ||L,(C”’M5)

Remark 46. Given any element De D,(Cy), then j(ﬁ) € Dn(Mf{).
The injection j allows to establish a natural relation between the basic bricks, i.e., the omega-limit families A, and A¢, (that
H
is the accumulation points of pullback converging sequences in their respective topologies).
Corollary 47. Under the assumptions of Corollary 44, it holds

Ay G(D).0) = j(Ac,, (D.1)) VD € D,(Cy). Vi ER.

Proof. It is a straightforward consequence of Proposition 40, concerning weak solutions to (LMD) regardless of using the processes
S or U, and the injection j : Cyy —» M%. [

A sufficient condition, useful to establish comparison results, is to find a smoothing transformation, throughout solutions to
(LMD), of any family of one universe into an element of a second universe after an elapsed time.

Proposition 48. Assume the hypotheses of Corollary 44. Then, for any D= {D®) :teR} e D,,(M?{), it holds that

(i) D" = {D"(t) : t € R} € D, (M2), where D"(z + h) = S(z + h,7)D(z),

(i) D" = (D" : teR} € D,(Cy), where Dh(z+h) = ”LZS(T + h,7)D(z), being 7 M?, — L2 the projector 2 (u,¢) = ¢ for
(u,¢) € M2,

Proof. Since f € I?", then ff”’ e ||£(s)||2ds — 0 as T — —co. Therefore, the result is consequence of Lemmas 33 and 35, with the

extra restriction given in Remark 42 when p=2. []

Theorem 49. Assume that p > 2, g fulfills (I)-(V) and f € I!", and additionally n € (0, 2[vi Ay 2 (08)) if p = 2. Then, the attractors
Ap,auzy and Ap, 2, ensured by Theorem 41 and Remark 42, attract in H x Cy-norm and their sections are compact in H X Cy.
: H T H

Proof. Consider the space j(Cy) ¢ H x Cy; endowed with norm (|u’|§ + ||¢||2CH)‘/ 2 for any pair (u’,¢) € H x Cy, the (restricted)
process (we do not change the name, since no confusion arises)

S 1 R2xj(Cy) = P(H X Cy)
and the auxiliary universe
D,(M7) nj(Cy) = (D € D,(M7) : D(t) C j(Cpp)).

For such process, the existence of minimal pullback attractor A, 2
n H
H x Cy-norm follows by the previous results.

Jnj(c;y» With compact sections in H x Cy; and attracting w.r.t.
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On the other hand, by comparison (cf. Proposition 48 (i) and [27, Theorem 4]) we have that

Ap, iy = Ap,o,)
This proves the result concerning A, 2.
. Y h . . . . . . Lo
Now we verify the same for A » .. Indeed, since each section A »\(t) is contained in the section A 2 ,(¢), which is
Dp(M2) Dp(M2) Dy (M%)
compact in H x Cy, it suffices to check that ADF( w20 is closed in H X Cy (and not only in M ﬁ{). This can be proved as follows:
H
. . . . . . . 2 . 2 . .
consider {x,} C 'ADF(M,Z,,)(t) with x, —» x in H X Cy. By the continuous injection H X Cy C My, x, — x in M. Since ADF(M;.,)(I) is
; 2
closed in My, then x € ADF(Mé)(t).
Finally, that Apm2,) attracts in H x Cy-norm is consequence of Proposition 40. []
H

Remark 50. (i) Although initially S : ]Rﬁ X M%I - P(M%I) cannot be settled with the metric H x Cy;, the regularity of the solutions
after an elapsed time 4 allows, at last, to consider A HXCyy (ﬁ, t) for any be D,,(M%,) (in the spirit of (X, Y)-attraction). The last
claim proved above means that it holds

——HxCy
U Asxc, (D.0) = Ap,uz)® VIER
ﬁeDF(qu)

(observe this is not only an inclusion but an equality, again by the injection H x Cy; ¢ M %I).
(ii) The attraction w.r.t. H x Cy-norm of the pullback attractors for the universes in M ,ZL, and the property of having compact
sections in H x Cy also hold for similar previous results for Navier—Stokes models with delay (cf. [16,17]).

In the same way as in [17], let us compare the pullback attractors in Cy; and M?{ via the introduced canonical injection j.

Theorem 51. Assume the hypotheses of Theorem 49. Then, the following relationships hold
JApc,H®) C ADF(Mf,)(’) Vi eR, (35)
j(AD”(CH)(t)) = ADW(M?{)U) vVt € R. (36)
If f fulfills (25), then (35) becomes an equality for all t € R.
Proof. Let us start proving (35). Firstly, observe that trivially j(D(Cy)) C Dp(M %1) and for any B C Cy, the canonical injection j
2
satisfies j(ECH) c j(B)M” . Then,
. . [ H
D@ = i(Upep, e, Ac, D) )

i
Cj(UﬁED,,(CH)ACH(D’ l)) = UBEDVI(CH)J.(ACH(D’I))

M2

A H
= UﬁEDn(CH)AMi, (J(D):t) C ADF(M%,)(I)’

where we have used Corollary 47 for the last equality. Thus (35) is proved.
Analogously, it follows the inclusion

J(Ap,ciH®) C ADn(Mlzq)(t) vVt € R.

To obtain the opposite inclusion and conclude (36), consider an arbitrary family D = {D() : 1 € R} € Dﬂ(Mz). Recalling that
Jj € L(Cy, M) satisfies illepyomaz) S A+ m)'/2, we deduce that for r <1 —h
U H

disle (sa. T)D(T),j(AD”(c,,)(T)))
=disty;2 (S@.7+h)(SE +h,1)D®D). J(Ap,c 1)
=dislMlzl (S, 7+ h)(j(ﬂLzS(T +h, T)D(T)))’j(AD”(CH)(t)))
=disty (S(t, 7+ m)j(D"(z + h)), J(AD, @)
=disty2 (j(V@t,z + WDz + b)), J(Ap, )
<A+ Pdiste, (Ut + h)D"(z + h), Ap,c,p®)-
where we have denoted D*(s + h) = 7,2 (S(s + h,5)D(s)) for all s € R. Observe that, by Proposition 48 (ii), Dh e D,(Cy).
H
Since AD.1<CH ) is pullback D, (Cpy)-attracting, from previous inequality we obtain that j(AD”(CH )) is pullback Dﬂ(M%{)-attracting

in D,,(Mil). Thus, being A, w21 the minimal closed family that pullback attracts any family De DW(M%,), we conclude that
n H
AD”(ME)(t) c j(ADn(CH)(t)) for all t € R.
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Finally, the fact that (35) becomes an equality, if f satisfies (25), follows from [27, Corollary 1] since for each T € R,
sup, <1 Ry(f) < co. [

Remark 52. When proving (35), in fact the first inclusion is an equality, namely

M2

. ~ Cy K ~ H
J (Uﬁevn(cmACn(D’ ) > =J(U5€DW(CH)ACII(D’t)> ;

thanks to the relatively compact character in Cy of the set U ﬁED,,(CH)ACH (D, 1), which gives the required opposite inclusion.

Therefore, if we coin a new universe j(Dp(Cy)), we may put JAD ) = Ajopcy) another minimal pullback attractor in M 12L1
6. Conclusions

In this research a version of the Ladyzhenskaya model including delay effects in the force has been studied. Actually two different
frameworks are handled, depending on whether assumptions (I)-(III) are taken for the delay operator or also including (IV)-(V),
namely Cy := C([-h,0]; H) or M?{ := H x L?(—h,0; H) respectively. Existence of (global) weak solutions in both situations
is established. It is not strictly necessary to manage under uniqueness conditions. After that, a dynamical analysis is performed,
obtaining attractors. Our study focuses on non-autonomous terms, and we use pullback attractors for multi-valued processes. Of
course the results also apply to the autonomous case, which would lead to global attractors. Some of main highlights of the work
are the following:

(i) In the context of fluid dynamics flows, this paper extends previous studies on attractors for Navier-Stokes models with delays,
having a unified presentation of different situations, types of results, assumptions and relations among them.

(ii) As a proper non-autonomous approach, in the Cy framework, it is remarked the maximal expected tempered value o, that
can be considered (see Remarks 17, 23 and 24). We emphasize that the case p > 2 plays a crucial role for using any value of
the parameter 7, as large as required, in this non-autonomous framework.

(iii) Finally in Sections 4 and 5 the M121 analysis is performed, obtaining attractors for both phase spaces; some relations among
attractors are established, improving the characterization of attraction with respect to similar previous results.
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