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Abstract

The electrostatic geodesic mode oscillations are investigated in rotating large
aspect ratio tokamak plasmas with circular isothermal magnetic surfaces.
The analysis is carried out within the magnetohydrodynamic model including
heat flux to compensate for the non-adiabatic pressure distribution along the
magnetic surfaces in plasmas with poloidal rotation. Instead of two standard
geodesic modes, three geodesic continua are found. The two higher branches
of the geodesic modes have a small frequency up-shift from ordinary geodesic
acoustic and sonic modes due to rotation. The lower geodesic continuum is a
new zonal flow mode (geodesic Doppler mode) in plasmas with mainly poloidal
rotation. Limits to standard geodesic modes are found. Bifurcation of Alfvén
continuum by geodesic modes at the rational surfaces is also discussed. Due to
that, the frequency of combined geodesic continuum extends from the poloidal
rotation frequency to the ion-sound band that can have an important role in
suppressing plasma turbulence.

1. Introduction

In the past decade, geodesic acoustic modes (GAMs) discovered in a theoretical
magnetohydrodynamic (MHD) analysis [1] have attracted considerable interest due to their
relevant role in the H-mode and transport barrier (TB) formation to suppress plasma turbulence.
The existence of GAMs with M = 1, N = 0 poloidal/toroidal mode numbers was already
experimentally confirmed [2-5]. Indeed, many theoretical and numerical investigations are
currently being pursued to further understand the characteristics and effects of GAMs and the
mode is the subject of active investigations in theory and simulations [6—12]. The formation
of the H-mode and TB usually occurs during neutral beam (NB) or ion cyclotron resonance
heating (ICRH), which are accompanied by poloidal and (or) toroidal rotation of the plasma
column [3-5]. In a non-rotating plasma, the GAM frequency is wé AM = (T +1/q*) where
w? = yP/(pR}), g = rh;/hgRy is the safety factor, P is the plasma pressure, p is the
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mass density, y is the adiabatic index, Ry is the tokamak major radius, ' = 2 in MHD,
and I' = 7/2 in kinetic approaches [11, 12]. The oscillations are electrostatic, which depend
on the parallel (h - V) and binormal (k x e,) - V velocities where # = B/B is the unit
vector of the magnetic field and e, is the radial unit vector, and have poloidally symmetric
radial electric field E,. The equilibrium and oscillating field quantities are assumed to be
axisymmetric and independent of the toroidal angle ¢. These oscillations do not perturb the
magnetic surfaces (§B = 0), which are assumed to be circular and concentric with the set of
coordinates (R = Ry +r cos8, z = rsinf, ¢) where r is the plasma surface radius. In a series
of MHD [6-10] and kinetic [11] investigations, it has been shown that the toroidal flow effect
on standard GAM produces a slight up-shift of the frequency W\ = ©2(2+1/¢*+4V?/c?).
Another branch, corresponding to the zero-frequency zonal flow (ZF) in static equilibrium [7],
depends directly on the toroidal rotation velocity, w3z &~ (y — 1)V*/c2R3, for an isothermal
equilibrium of the plasma pressure (peq ~ 0eq)- The ZF may be explained as a result of
an effective ‘gravity’ mode with the frequency [7] a)ér ~ Vf(l /¥ R)(d/dR) In(ply/peq)- In
accordance with this equation, the ZF branch becomes unstable for a constant plasma density
on the magnetic surface [8]. In both approaches, it is assumed that the equilibrium is not
adiabatic. We note that pure toroidal rotation [7, 8] is a degenerated case due to the possibility
of using the non-adiabatic equilibrium without heat flow. For the adiabatic equilibrium with
poloidal rotation in the MHD model, the ZF branch disappears [9, 10], as well as in the
kinetic approach for plasmas with parallel flow [11]. In spite of different equilibria used in
the last works, the results are similar, i.e. the upper mode is slightly modified by the rotation
velocity but the second branch appears as an ion-sound mode modified by poloidal rotation
Wgann ~ @7 143V, /¢?)/q*. Previous investigations of the geodesic modes demonstrate that
there are only two branches of the geodesic modes in rotating plasmas, which are the standard
wgami 2 modes in the adiabatic approach [9, 10] and wgami and wzg modes in toroidally
rotating plasmas with isothermal surfaces [7, §].

Here we are going to study the branches of the GAM continuum changing from a
preferentially toroidal rotation to predominantly poloidal rotation in plasmas with isothermal
magnetic surfaces using the standard MHD approach. The effect of plasma rotation on
electrostatic GAM modes is investigated for large aspect ratio tokamaks (¢ = r/Ry < 1),
taking into account the heat flux. Due to heat flux, we show that three geodesic modes (wgami .2
and wzr) may appear in plasmas with toroidal and poloidal rotation.

2. Equilibrium

Generally, some poloidal rotation has to be assumed in tokamaks that may be generated due to
neoclassical, ambipolar or other effects; in fact, it ubiquitously appears during the L-H mode
transition [4, 5]. In this case, and considering non-adiabatic equilibria, we have to take into
account the thermal flow defined by the heat balance equation [13]

3. d 5

SP—-(np’ —InP) = VQ. ~ Ea%v%i[h X Vvi] (1
where @ is the ion thermal flux vector where small dissipative terms are ignored. Although
impurity and neoclassical effects may modify the heat flux, equation (1) is adequate to include
qualitatively the basic physics in the ZF and geodesic mode analyses.

We start with the standard continuity and momentum equations, supplemented with the

reduced Ohm’s law as they were used in [6-10], i.e.

dp

StV (V=0 a)
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av 1
,OE+,0(V-V)V=—VP+—J><B (2b)
c

B

C1

CE,« + VQB{ - V{BQ -

V,P = 0. 2¢)

The MHD quantities are represented as a sum of time-independent equilibrium and perturbed
values, P = peq + pop exp(iot), p = peq + pop expliot), V. = u +v - exp(iot), J =
Jeq +J - exp(iwt), where perturbed values are assumed to be small in comparison with the
equilibrium ones. Complete equilibrium with rotation was discussed in a series of works (for
example, in [6-10] and references therein) and we are going to use the simplest equilibrium,
which presents the main rotation effect. We simplify the evaluation of the equilibrium using
a kind of iteration process assuming subsonic rotation and ¢ < 1. In the first step, we define
the time-independent equilibrium values considering isothermal pressure and density profiles
Peq ™~ Peq = po(l +&p; cos 0) driven by poloidal and toroidal centrifugal and Coriolis forces,
where the poloidal dependence is produced by toroidal geometry as it was used in [10]. The
forces may be treated as some kind of a gravitational force with exponential density distribution
that depends on the square of the rotational velocity [7-9], which is studied in the first order
of e-approximation, and we ignore the effect of second poloidal harmonic in equilibrium. The
dependence of peq-equilibrium on the rotation velocities will be specified from equation (2b)
in the last step. Next, using the first-order ¢-corrections in the continuity equation (2a), we
obtain the poloidal velocity modulation u, = uo[l — (1 + p1) cosf]. Then, to satisfy the
condition of constant electric field over the magnetic surfaces, we specify the toroidal rotation
uy = U+[eU —upq(2+ p1)] cos 6 to equilibrate the poloidal velocity modulation. Due to this
condition, we note that pure poloidal rotation is not possible. This means that preferentially
poloidal rotation [9, 10] may occur only when the toroidal velocity is u; = —upg(2+p;) cos 6.
Finally, taking the scalar and vector products of equation (2b) with h, we get the radial and
poloidal equilibrium conditions, which are valid for low-8 plasmas:

JoB %V, peg, p1=y@M; —2MM + M3)(1 — y M)~ 3)

where Mg = u3/(c2hl), M? = U?/c? < 1 are the poloidal and toroidal Mach numbers and
cf = y P/p. We note that the equation for p; is the same as that used in [10] in addition to
the y-coefficient that appears due to our isothermal equilibrium in place of the adiabatic one.
On the other hand, the radial ion temperature gradient (or drift velocity) establishes the next

relation with the poloidal flow due to the simplest model of the heat balance equation (1):

Vo2, 1 T,
Uy = 2T (1 - —) (1 + %) uoM2. @)
> :

Wei0 i
3. Evaluation of dispersion relations

To begin the perturbative analysis, we expand the set of oscillating amplitudes {p, v, o} in
Fourier series over the poloidal angle, as for density p = po(0¢ + o cos 0 + p, sin 0), where
the first harmonic is only taken into account and the effect of second harmonics is considered
as the second e-order corrections to the main terms. In this case, perturbations with a constant
amplitude over angle are also ignored (for example, pg = ¢ - p./2 that comes directly from
equation (2a)). We change the radial electric field for vj-variable,v, = —cE, / Bo, which is
independent of 6. Next, substituting the perturbed values into equation (1), (2a)—(2c¢) and using
the vector and scalar products of equation (2b) with the h-vector, we obtain the equations for
pressure, density and parallel velocity oscillations:

ps = yps +iMppe /2 —i(y — 1) gpihevp/Qcs —iy (1 — My) Mppc /2 (5a)

3
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Pe =yYpe —iMpps/Q+iy (1 — Ma) Mpps/ 2 (5b)
1Qcspc = vs + csMpps (5¢)
1Qcs0s = —2qyvp — Ve — csMppc 5d)
1Qus = 2gu M, — gMyvy, — Myve — cspe/y (5e)
1Que = Myvs + ¢sps/y 6hH

where gy = q[1 + y(MZ/2 — MpM)I(1 — yM)™!, @ = wRoq/cs, is the normalized
frequency, My = (1 — 1/y)p1(2 + p;)~! is the parameter responsible for the heat flux effect
and the approximation |h,| &~ 1 is used. Then, to get the geodesic continuum frequency
we employ the current continuity equation for the perturbed current V -j, = 0, where only
cos f-pressure perturbations contribute because of the standard averaging procedure over the
magnetic surfaces used to evaluate geodesic modes:

2 .qUs

iQ2 d
B0 € vp + g &by +iqcs—psMt +i—M | =0 (6)
Bog dr yQ 2Q2 Q

where the averaged current may be presented via the dielectric tensor (j,.) = (—iw/4m)eoE,.

Finally, using combinations of equation (5a)—(5f), we calculate the perturbed pressure,
density and velocity, which are introduced into equation (6) to obtain the geodesic continuum
equation through the radial tensor component:

c? (Q2 — QH(Q* — Q)(Q2 — Q) + 8N —o
ch [Q4 —2Q2(1+ M2+ M2My) + 1 — 2M2(M2 — Mg)*)(Q? — Q3,) + 8D

7§ RV -j,)d6 = RyY, () =

g = (N
where ¢, is the Alfvén velocity. Exact expressions in the numerator of the above equation are
very long and we present them in an approximated form, which are shown in the appendix.
The corrections SN, §D ~ 0(,013) have the order of ,013, which will be ignored in our study.
In the denominator, we find the roots 9311,2 =1+ Mp)2 =0 F M)MM,; + 0(,013), and
Q2 = M;(l — My)* + O(p}). Two roots Q7 , of the numerator correspond to the GAM| ,
branches. Keeping terms of the order of p; or terms Mg, MyM,, M?, we get from equation (A3)

2 1 1 2 2 2 1 2 2
WGaM] = 2+P+ 2—;4—; Mp+4Mt_4 1—; Mth CS/RO (8(,1)
2
WAy = [1 + (3 - 4_2) M; — 4Mle} c/q* R} (8b)

which are slightly modified by the poloidal rotation with corrections of the order of pf. These
geodesic modes have also been discussed in [10]. First GAM branch (8a) exactly coincides
with the one presented in [7] for M, = 0 and it is similar to [9] in the limit M; = 0. We
note that the sound branch Q3 ~ 1+ (3 — 2/¢*)M;} — 4M, M, stays in the frequency band

between the denominator roots Q2,, ~ 1 £2 M} in equation (7). This means that the branch

is degenerated in the limit M, = 0 due to the factors (€2 £ 1), which are divided out in the
fraction (7). Most interesting is the third new root in the numerator of equation (7), which
depends only on the poloidal/toroidal circulation frequency,

2 2
gy —1 2002 | _Cs
——— (M7 —2MM, +2M )M, . 9
204240 M My +2Mp ) M; ¢°R? ®
The frequency of this branch is small in comparison with the geodesic ones in equations (8a)
and (8b).

wzp = [Mj(l — M)+

4
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4. Discussion and summary

The ZF mode (9) may be referred to as the geodesic Doppler mode in the case of preferentially
poloidal rotation, which appears due to the isothermal pressure profile. This branch has a
frequency higher than the lower denominator root, a)j3 = (- Md)z(Mgcf /qug). This
means that the ZF branch may disappear in the formal limit M? = 0 when the factors
Q2 — Mg(l — M,)?] are divided out in the fraction in equation (7). The mode frequency
stays at the poloidal circulation frequency u(/r when toroidal rotation is not yet too small,
M} < M? ~ M?. In the case of preferentially toroidal rotation M,* 3> M in equation (9),
we have the result of [7].

We note that real eigenmodes may only propagate at the maximum or minimum of the
continuum [11]. In the opposite case, they convert themselves at the continuum frequency into
short radial wave oscillations, which usually have strong dissipation. Itis very important to take
into account the Alfvén wave continuum (AWC) to verify transitions of the continuum branches
and to know where continuum extremum may occur. In a quasi-cylindrical approach [11], the
AWC equation may be written in the form

OR g - L 4y E (10)
& r = r = nqg — re
0 czRg Il q2R2 q de

Therefore, there is bifurcation of the continuum modes at the rational magnetic surfaces. To
show transitions between the continuum branches, the squared frequency of the continuum
is plotted schematically as a function of g at the rational surface defined by m = 3, n = 2
poloidal/toroidal mode numbers in figure 1. Typical tokamak plasma parameters r = 0.1Ry,
(ca/cs) = 10 and c/ca = 100 are chosen for preferentially poloidal (M, = 0.5, M; = 0.05)
and toroidal (M, = 0.05, M; = 0.5) rotation. The Mach numbers are taken large enough
for better visualization of the curves in the figure. In figure 1, we can observe that the AWC
appears above the standard GAM;, ion-sound continuum may occupy the narrow band limited
by the poloidal Mach number, 1 — 2\/@ < o’ /wé avz < 1+ 2\/@. Moreover, we have
the ZF continuum that superposes the frequency band from the ZF frequency up to the sound
frequency band, (y — )V*/(2+4¢%) < 0*c2R} < (1 — ZM)c;‘/qz.

Finally, we conclude that the complete plasma equilibrium with rotation is very important
for analyses of the ZF and geodesic continuum modes. We find that there are three branches
of the geodesic continuum in rotating plasmas with isothermal magnetic surfaces, which are
the standard GAM, the ion-sound and ZF modes. In the case of the adiabatic equilibrium,
there are only two geodesic continuum branches that are the standard GAM and the ion-
sound modes. In the case of the isothermal surfaces with poloidal rotation, the heat flow
should be taken into account. It produces a small modification in the standard GAM, , modes
but it also modifies the ZF mode, which appears as some Doppler mode for preferentially
poloidal rotation. Intersection of the AWC at the rational magnetic surface with the geodesic
ones produces continuum gaps where some eigenmodes may propagate. The standard Alfvén
continuum appears above the standard GAM; and the sound continuum wgamz may occupy
the narrow band at the ion-sound frequency limited in the band, whose width is defined by the
frequency of the order of the poloidal rotation frequency. The combined ZF + AW continuum
superposes the frequency band from the effective ‘gravity’ mode up to the ion-sound one,
which may be very important to suppress the turbulence in this frequency band.
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Figure 1. Schematic plot of bifurcation of Alfvén continuum by the geodesic one for preferentially
poloidal rotation with M, = 0.5, M = 0.05 (solid lines), and for preferentially toroidal rotation
with M, = 0.05, M = 0.5 (dashed—dotted—dotted lines); additional dotted lines show the ion-

sound limits 9512 =1+2 /Mg of the Alfvén geodesic continuum for My = 0.5, M = 0.05.

Appendix

The dispersion equation at the numerator in equation (7) is presented in the form
Q0 — Q2+ 2¢° (1 +2M} + My — 2MyM,) +3M;]
+Q[1+2¢°(1+2M] +5M) — 6MyM,)] — M (1 +24°) + P, =0 (A1)

where polynomial P4 contains the corrections of the order of O( ,012) due to rotation:
Py =g’y QM My +4M; M, — 2M} — AMI M, — M} /2)Q* + 3M; (M, — 2M,)

+ @’ [(4+6y)M; —3(y + )M My, — 2My(M; +2M My) + (Ty + 13) M M;

+ (y — /M) — By +12)M] M}Q* +2(My + MM,

— ¢’ [8My + B+ y)MIM] + (y — 1)(M/2 — My)M;} — 12M) M, — 4M M. (A2)

We find that equation (A1) has the same factor fy = (Q* — M;(l — M,)?) as the denominator

in equation (7) in the formal limit M2 = 0. This means that some new root may appear at the
frequency Q3, = Mg(l — M,)? in the case of M? # 0. The velocity corrections to standard
GAMs can be found from equation (A1), which is divided by f-factor. As a result, we get
the equation

Q= 2Q°[1+ M +q°(1+2M] + M, — 2M,M,)]
+2¢° (1 + 2M} +4M} — 6M,M,) + 1 —2M_ + Sy = Ry/ fu (A3)
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where
Sy = Q[q’y (AMJ M, +2M} My, — 2My — 4M; M7 — M /2) — 2M M,]
+ My — 2M> My +q*{(6y +2)M;} +[(Ty + Q)M +2M4 1M,
—[8(y + DM, +3(y + )M +4MIM My, + (y — 1/2)M}'}
and the rest of the division Ry = (y — l)qz(Mt2 /2— MM+ Mg)Mt2 are shown with accuracy
O(,olz). In the first-order approach O(p;), the equation for Q%,z has the form

Q1o ~ 1+ M2 +q°(1 = 2M,M, + M} +2M})

+ \/q4(1 — AMM, +2M2 + 4M?) + 4q> MM, — M2) +4M?2 (A4)

which are shown in equations (8a) and (8b). Further, A ;-corrections of the order 0(,012) to
the 9%0)1,2 roots can be easily calculated from equation (A3):

A1 = (Ry/Qpy15 — S0/ 2Ry, — 2).

Finally, taking into account the next order terms 0(,012) in equation (A3) together with the
rest of the division R4, we calculate the third root, Qz = Q%d + R4/Q%Q% 5 Mg(l — My)?*+
R4/(2g% + 1), which is shown in equation (9).
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