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Abstract. We study existence, uniqueness and well-posedness for a general

class of abstract integro-differential equations with state-dependent delay. In

the last section, some examples concerning partial integro-differential equa-

tions with state-dependent delay are presented.

1. Introduction

In this work, we continue our studies in [13, 15] on abstract differential equa-

tions with state-dependent delay. Specifically, we study the global existence and

uniqueness of strict solutions and well-posedness for a general class of abstract

integro-differential equations with state-dependent delay of the form

u′(t) = Au(t) + F (t, u(t),

∫ t

0

K(t, τ)u(τ − σ(τ, u(τ)))dτ), t ∈ [0, a],(1.1)

u0 = ϕ ∈ CLip([−p, 0];X),(1.2)

where A : D(A) ⊂ X → X is the generator of an analytic semigroup of bounded

linear operators (T (t))t≥0 defined on a Banach space (X, ‖ · ‖), K(·) is an operator

valued map and F (·), σ(·) are suitable continuous functions.

The theory of differential equations with state-dependent delay is field of inten-

sive research because applications and the fact that the qualitative theory is quite

different from the theories of equations with constant and time-dependent delay.

Concerning the literature, for ODEs on finite dimensional spaces we cite the early

papers by Driver [5, 6], the survey by Hartung, Krisztin, Walther & Wu [10], the

works by Aiello, Freedman & Wu [1], the paper by Walther [23] and the references

therein. For abstract and partial differential equations, we mention the early pa-

per by Hernandez, Prokopczyk & Ladeira [12] and the recent interesting papers

[13, 14, 15, 16, 17, 18, 20, 21].

As pointed, the theory of SDD differential equations is different to the usual ones

on differential equations with memory. In particular, partial and abstract differ-

ential equations with SDD are (in general) not well-possed in spaces of continuous

functions since in this case, functions of the form u→ u(·, σ(·, u(·))) are (in general)

not Lipschitz. In addition, the nonlinearity of the function t→ u(t−σ(t, u(t))) has
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natural implications concerning the global existence of solutions. From the above,

the global existence and the long time behavior of solutions, are relevant and hard

problems in the general theory of SDD differential equations.

The study of the model (1.1)-(1.2) is motivated by an extensive literature on or-

dinary and partial integro-differential equations arising in the theory of population

dynamics, see in particular, the influent works by Briton [3], the paper [7, 8, 9] and

the references therein. As motivation, we also mention the work by Cooke & Huang

[4] and Alt [2] on ordinary integro-differential equations with state-dependent delay

and by Zhang & Vandewalle [25] on integro-differential equations with memory.

In our studies, we establish non-restrictive conditions under which the problem

(1.1)-(1.2) is well-posed related the spaces

BLip,A = {ϕ ∈ CLip([−p, 0];X) : ϕ(0) ∈ D(A)},

endowed with the norm ‖ ϕ ‖=‖ ϕ ‖C([−p,0];X) + ‖ Aϕ(0) ‖, and C([−p, a];X), (see

Theorem 2.1). From Theorem 2.1 we obtain that ‖ ut(·, ϕ)−us(·, ϕ) ‖C([−p,0];X)→ 0

as s→ t and ‖ ut(·, ϕ)−ut(·, ψ) ‖C([−p,0];X)→ 0 as ‖ ψ−ϕ ‖BLip,A→ 0, where u(·, ψ)

denotes the unique strict solution of (1.1) with initial condition ψ. Similar results

are proved related to spaces of C1 functions.

To prove our results, we use some of the ideas in [13, 15]. Using the developments

in [15], we establish the “global” existence and “uniqueness” of strict solutions for

(1.1)-(1.2), an unconsidered problem in [15], working in BLip,A. In addition, from

[15] we assume a natural and non-restrictive integrability condition on the operator

valued function K(·) (the condition Lα), which allows us to obtain useful estimates

for [u
K

(·, ϕ)− v
K

(·, ψ)]Cα([0,a];X) and [F (·, u(·), u
K

(·))−F (·, v(·), v
K

(·))]Cα([0,a];X),

where z
K

: [0, a]→ X is the function given by z
K

(t) =
∫ t

0
K(t, s)z(s−σ(s, z(s)))ds.

This estimates are fundamentals to prove our results.

This work have three sections. Our abstract results are presented in Section 2.

In Proposition 2.2 and Corollary 2.1 we prove the global existence and uniqueness

of strict solutions for (1.1)-(1.2). This result extend those in [13, 15] on local

existence and uniqueness of solutions. In the same section are established different

estimates for u(·, ϕ), u(·, ϕ)− u(·, ψ) and F (·, u(·), u
K

(·))− F (·, v(·), v
K

(·)), which

are necessaries to prove our mains results, Theorem 2.1 and Proposition 2.4.

We include now some notations and results. Let (Z, ‖ · ‖Z) be Banach space.

For r > 0 and z ∈ Z, Br(z, Z) = {x ∈ Z :‖ x− z ‖Z≤ r}. The norms of the spaces

C([b, c];Z), Cγ([b, c];Z), γ ∈ (0, 1), and CLip([b, c];Z) are denoted by ‖ · ‖C([b,c];Z),

‖ · ‖Cγ([b,c];Z) and ‖ · ‖CLip([b,c];Z). We only remark that ‖ · ‖Cγ([b,c];Z)=‖ · ‖C([b,c];Z)

+[·]Cγ([b,c];Z) and ‖ · ‖CLip([b,c];Z)=‖ · ‖C([b,c];Z) +[·]Lip([b,c];Z) where [ξ]Cγ([b,c];Z) =

supt,s∈[b,c],t6=s
‖ξ(s)−ξ(t)‖Z
|t−s|γ and [ζ]CLip([b,c];Z) = supt,s∈[b,c],t6=s

‖ζ(s)−ζ(t)‖Z
|t−s| .

In this work we assume that 0 ∈ ρ(A) and Ci (i = 0, 1) are constants such that

‖ AiT (t) ‖L(X)≤ Ci
ti for all t ∈ (0, a]. We include now some remarks on the problem

u′(t) = Au(t) + ξ(t), t ∈ [0, a], u(0) = x ∈ X.(1.3)

The function u ∈ C([0, b];X), 0 < b ≤ a, given by u(t) = T (t)x+
∫ t

0
T (t− s)ξ(s)ds,

is called a mild solution of (1.3) on [0, b]. A function v ∈ C([0, b];X) is said to be
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a strict solution of (1.3) on [0, b] if v ∈ C1([0, b];X), v(t) ∈ D(A) for all t ∈ [0, b],

Av ∈ C([0, b];X) and v(·) satisfies (1.3) on [0, b].

From [19], we note the followings results. In the next lemmas, u ∈ C([0, b];X)

is the mild solution of (1.3).

Lemma 1.1. If ξ ∈ CLip([0, b];X) and x ∈ X1, then u(·) is a strict solution

of (1.3) on [0, b] and ‖ Au ‖C([0,b];X)≤ C0 ‖ Ax ‖ +(C0 + 1) ‖ ξ ‖C([0,b];X)

+C1[ξ]CLip([0,b],X)b.

Lemma 1.2. If ξ ∈ L∞([0, b];X), α ∈ (0, 1) and T (·)x ∈ Cα([0, a];X), then u ∈
Cα([0, b];X) and [u]Cα([0,b];X) ≤‖ ξ ‖L∞([0,b];X) ( C1

α(1−α)+C0)b1−α+[T (·)x]Cα([0,a];X).

Lemma 1.3. If α ∈ (0, 1), ξ ∈ Cα([0, b];X) and x ∈ X1, then u(·) is a strict

solution of (1.3) on [0, b] and ‖ Au ‖C([0,b];X)≤ C0 ‖ Ax ‖ +(C0 + 1) ‖ ξ ‖C([0,b];X)

+C1[ξ]Cα([0,b],X)b
αα−1.

2. Well-Posedness

In this section we study the global existence and uniqueness of strict solutions

and the well-posedness of the problem (1.1)-(1.2). In the remainder of this work,

BLip,A and B1
Lip,A are the spaces

BLip,A = {ϕ ∈ CLip([−p, 0];X) : ϕ(0) ∈ D(A)},
B1
Lip,A = {ϕ ∈ C1([−p, 0];X) : ϕ(0) ∈ D(A), ϕ′(0−) = Aϕ(0)},

endowed with the norms ‖ ϕ ‖BLip,A=‖ Aϕ(0) ‖ + ‖ ϕ ‖C([−p,0];X) and ‖ ϕ ‖B1
Lip,A

=

‖ Aϕ(0) ‖ + ‖ ϕ ‖C1([−p,0];X) respectively. The choice of the spaces BLip,A and

B1
Lip,A is based in technical considerations on semigroup theory. The above spaces

are early considered in [16, 20, 23].

Notations 1. For convenience, for a function u ∈ C([−p, b];X), b ∈ (0, a], we use

the symbols uσ and u
K

for the functions uσ : [0, b]→ X and u
K

: [0, b]→ X defined

by uσ(t) = u(t− σ(t, u(t))) and u
K

(t) =
∫ t

0
K(t, s)u(s− σ(s, u(s)))ds.

Remark 2.1. For simplicity, we always assume that F (·) and σ(·) are Lipschitz and

we write [F ]CLip and [σ]CLip instead [F ]CLip([0,a]×X×X;X) and [σ]CLip([0,a]×X;[0,p]).

Similarly, for v ∈ CLip([−p, b];X) we write [v]CLip[−p,b] in place [v]CLip([−p,b];X).

Similar notations are adopted for another type of spaces of continuous functions.

Definition 2.1. A function u ∈ C([−p, b];X) is called a mild solution of (1.1)-(1.2)

on [−p, b] if u0 = ϕ and

u(t) = T (t)ϕ(0) +

∫ t

0

T (t− s)F (s, u(s), u
K

(s))ds, ∀ t ∈ [0, b].(2.1)

Definition 2.2. A function u ∈ C([−p, b];X) is called a strict solution of (1.1)-

(1.2) on [−p, b] if u|[0,b] ∈ C1([0, b];X), u(t) ∈ D(A) for all t ∈ [0, b], Au|[0,b] ∈
C([0, b];X), u0 = ϕ and u(·) satisfies (1.1) on [0, b].

Concerning the above definitions, we note that a similar nomenclature is used

for problems defined on [−p, b). From [15], we include the following condition.
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Condition Lα: α ∈ (0, 1], K : [0, a]× [0, a] 7→ L(X) is an integrable function,

K(t, ·) ∈ L
1

(1−α) ([0, t],L(X,X)) for all t ∈ [0, a] (we take L
1

(1−α) = L∞ for

α = 1); for all b ∈ [0, a]

Θ(b) = sup
s∈[0,b]

(

∫ s

0

‖ K(s, τ) ‖
1

1−α dτ)(1−α) <∞, if α < 1,(2.2)

Θ(b) = sup
s∈[0,b]

‖ K(s, ·) ‖L∞([0,s];L(Z,W ))<∞, if α = 1,(2.3)

and for all s ∈ [0, a] there is a function LK,α,s ∈ L1([0, s];R+) such that

(2.4) ‖ K(t, τ)−K(s, τ) ‖≤ LK,α,s(τ) | t− s |α, ∀ 0 ≤ τ ≤ s ≤ t ≤ a,

and Υ(b) = (Θ(b) + sups∈[0,b] ‖ LK,α,s ‖L1([0,s];R)) <∞ for all b ∈ [0, a].

We include now some useful Lemmas. The proof of Lemma 2.4 follows proceeding

as in the proof of [15, Lemma 3.1]. For completeness, we include a short proof.

Lemma 2.4. Let condition Lα hold, u ∈ C([−p, b];X) and v ∈ CLip([−p, b];X).

Then u
K
∈ Cα([0, b];X), [u

K
]C[0,b] ≤ Υ(b) ‖ u ‖C[−p,b] and

‖ uσ − vσ ‖C[0,b] ≤ ‖ ϕ− ψ ‖C[−p,0] +Ψ(b, v, ψ) ‖ u− v ‖C[0,b],

‖ u
K
− v

K
‖C[0,b] ≤ Θ(b)bα(‖ ϕ− ψ ‖C[−p,0] +Ψ(b, v, ψ) ‖ u− v ‖C[0,b]),

[u
K
− v

K
]C[0,b] ≤ Υ(b)(‖ ϕ− ψ ‖C[−p,0] +Ψ(b, v, ψ) ‖ u− v ‖C[0,b]),

where u0 = ϕ, v0 = ψ and Ψ(b, v, ψ) = 1 + ([ψ]CLip[−p,0] + [v]CLip[0,b])[σ]CLip .

Proof: The inequality for [u
K

]Cα([0,b];X) is proved in [15, Lemma 3.1]. Related to

the second one, we note that

‖ uσ − vσ ‖C[0,b]

≤ ‖ u(· − σ(·, u(·)))− v(· − σ(·, u(·))) ‖C[0,b]

+ ‖ v(· − σ(·, u(·)))− v(· − σ(·, v(·))) ‖C[0,b]

≤ ‖ u− v ‖C[−p,b] +[v]CLip[−p,b] | σ(·, u(·))− σ(·, v(·)) |C[0,b]

≤ ‖ u− v ‖C[−p,b] +[v]CLip[−p,b][σ]CLip ‖ u− v ‖C[0,b]

≤ ‖ ϕ− ψ ‖C[−p,0] +(1 + ([ψ]CLip[−p,0] + [v]CLip[0,b])[σ]CLip ‖ u− v ‖C[0,b].

Noting that ‖ u
K
−v

K
‖C[0,b]≤‖ uσ−vσ ‖C[0,b] Θ(b)bα we obtain the third inequality.

To prove the last inequality, for 0 ≤ s < t ≤ b we note that

‖ u
K

(t)− v
K

(t)− (u
K

(s)− v
K

(s)) ‖

≤ (

∫ s

0

‖ K(t, τ)−K(s, τ) ‖ dτ +

∫ t

s

‖ K(t, τ) ‖ dτ) ‖ uσ − vσ ‖C[0,b]

≤ (‖ LK,α,s ‖L1([0,s];R) +Θ(b)) ‖ uσ − vσ ‖C[0,b] (t− s)α,

which allows us to end the proof using the second inequality.

Next, in Proposition 2.1 and Proposition 2.1 we establish the global existence of

strict solution, an unconsidered problem in [15].
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Proposition 2.1. Assume that the semigroup (T (t))t≥0 is compact, the condition

Lα is satisfied, α ∈ (0, 1) and ϕ ∈ BLip,A. Then there exists a unique strict solution

u(·, ϕ) ∈ CLip([−p, b];X) of (1.1)-(1.2) on [−p, b] for some 0 < b ≤ a.

Proof: Let R > C0 ‖ ϕ ‖C[−p,0]. We select now 0 < b ≤ min{1, a} such that

R > C0(‖ ϕ ‖C[−p,0] + ‖ F (·, 0, 0) ‖C[0,a] b+ LFR(1 + Υ(a)aα)b).

Let S(R,ϕ) = {u ∈ C([−p, b];X) : u0 = ϕ, ‖ u ‖C[−p,b]≤ R}, endowed with

the metric d(u, v) =‖ u− v ‖C([0,b];X) and Γ : S(R,ϕ) 7→ C([−p, b];X) be the map

defined by Γu = ϕ on [p, 0] and

Γu(t) = T (t)ϕ(0) +

∫ t

0

T (t− s)F (s, u(s), u
K

(s))ds, for t ∈ [0, b].

From Lemma 2.4, for u ∈ S(R,ϕ) and t ∈ [0, b] we note that

‖ Γu(t) ‖≤ C0(‖ ϕ ‖C[−p,0] + ‖ F (·, 0, 0) ‖C[0,a] b+ LFR(1 + Υ(a)aα)b) ≤ R,

which implies that ΓS(R,ϕ) ⊂ S(R,ϕ). In addition to the above, by noting that

R̃ := supu∈S(R,ϕ) ‖ F (·, u(·), u
K

(·)) ‖C[0,b]< ∞, for t ∈ [0, b) and h > 0 such that

t+ h ∈ [0, b] we see that

‖ Γu(t+ h)− Γu(t) ‖

≤ ‖ (T (t+ h)− T (t))ϕ(0) ‖ +C0R̃h+ R̃

∫ t

0

‖ T (t+ h− s)− T (t− s) ‖ ds,

which implies that {Γu : u ∈ S(R,ϕ)} is right equicontinuous on [0, b). A simi-

lar argument proves that {Γu : u ∈ S(R,ϕ)} is left equicontinuous on (0, b]. In

addition, for u ∈ S(R,ϕ), t ∈ (0, b] and 0 < ε < t we have that

Γu(t) = T (t)ϕ(0) + T (ε)

∫ t−ε

0

T (t− ε− s)F (s, u(s), u
K

(s))ds

+

∫ t

t−ε
T (t− s)F (s, u(s), u

K
(s))ds

∈ {T (t)ϕ(0)}+ T (ε)(t− ε)C0R̃B1(0;X) + C0R̃εΛB1(0;X),

and hence, Γ(S(R,ϕ))(t) = {Γu(t) : u ∈ S(R,ϕ)} ⊂ Kε+Dε, where Kε is compact

in X and the diameter of the set Dε converge to zero as ε ↓ 0. This proves that

Γ(S(R,ϕ))(t) is relatively compact.

From the above remarks, Γ is a completely continuous map from S(R,ϕ) into

itself and from the Schauder’s fixed point theorem, there exits a mild solution

u(·, ϕ) ∈ S(R,ϕ) of (1.1)-(1.2) on [−p, b].
From Lemma 1.2, u ∈ Cα([0, b];X) which implies that F (·, u(·), u

K
) belongs

to Cα([0, b];X). Using now Lemma 1.3 we infer that u(·) is a strict solution on

[−p, b] and u|[0,b] ∈ C1([0, b];X), which shows that u ∈ CLip([−p, b];X) since ϕ(·)
is Lipschitz.

To finish, we prove the uniqueness. If v ∈ C([0, b];X) is a mild solution of

(1.1)-(1.2) on [−p, b], by using Lemma 2.4 we see that

‖ u(t)− v(t) ‖≤ C0

∫ t

0

[F ]CLip(1 + Υ(a)aαΨ(b, u(·, ϕ), ϕ)) ‖ u− v ‖C[0,s] ds,
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and hence,

‖ u− v ‖C[0,t] ≤ C0

∫ t

0

[F ]CLip(1 + Υ(a)aαΨ(b, u(·, ϕ), ϕ)) ‖ u− v ‖C[0,s] ds,

which implies that u(·) = v(·) on [0, b].

Corollary 2.1. Let the conditions in Proposition 2.1 be satisfied and assume

that LF (1 + Υ(a)aα)a < 1. Then there exists a unique strict solution u(·, ϕ) ∈
CLip([−p, a];X) of (1.1)-(1.2) on [−p, a].

Proof: From the assumption, we can select R > 0 sufficiently large such that

R > C0(‖ ϕ ‖C[−p,0] + ‖ F (·, 0, 0) ‖C[0,a] a+LFR(1 + Υ(a)aα)a). The proof can be

completed now using the argument in the proof of Proposition 2.1 with ‘a’ in place

‘b’.

Arguing as in the proof of [15, Theorem 3.2], we can prove the next proposition

on the local existence of solution.

Proposition 2.2. Let condition L1 be holds and ϕ ∈ BLip,A. Then there exists a

unique strict solution u(·, ϕ) ∈ CLip([−p, b];X) of (1.1)-(1.2) on [−p, b] for some

0 < b ≤ a.

Proposition 2.3. Suppose that the conditions in Proposition 2.1 or Proposition

2.2 are satisfied. If ϕ ∈ BLip,A, then there exists a unique strict solution u(·, ϕ) ∈
CLip([−p, a];X) of (1.1)-(1.2) on [−p, a] and positive constants Λ1(a),Λ2(a), inde-

pendents of ϕ ∈ BLip,A, such that

‖ u(·, ϕ) ‖C[0,a]≤ Λ1(a) ‖ ϕ ‖C[−p,0] +Λ2(a).(2.5)

Proof: From Proposition 2.1 or Proposition 2.2, there exists 0 < b1 ≤ a and a

unique strict solution u1 ∈ CLip([−p, b1];X) of (1.1)-(1.2) on [−p, b1]. Assuming

b1 < a and noting that u1
b(·, ϕ) ∈ BLip,A, from Proposition 2.1 or Proposition

2.2 we infer that there exits 0 < b2 ≤ a and a unique strict solution u2(·, ub1) ∈
CLip([b1 − p, b1 + b2];X) of the problem

w′(t) = Aw(t) + F (t, w(t), w1
K

(t)), t ∈ [b1, b1 + b2],

wb1 = ub1(·, ϕ),

where w1
K

(t) =
∫ b1

0
K(t, τ)u1(τ − σ(τ, u(τ))dτ +

∫ t
b1
K(t, τ)w(τ − σ(τ, w(τ))dτ .

Defining u : [−p, b1 + b2] → X by u(·) = u1(·) on [−p, b1] and u(·) = u2(·)
on [b1, b2], we have that u(·) is a strict solution of (1.1)-(1.2) on [−p, b1 + b2].

Moreover, proceeding in a standard manner we obtain a maximal (strict) solution

u(·, ϕ) ∈ C(Imax;X) of (1.1)-(1.2). Next we prove that Imax = [−p, a].

Let u(·) = u(·, ϕ) and bϕ = sup Imax. For t ∈ [0, bϕ), it is easy to see that

‖ u(t) ‖≤ C0 ‖ ϕ(0) ‖ +C0

∫ t

0

([F ]CLip(‖ u(s) ‖ + ‖ u
K

(s) ‖)+ ‖ F (s, 0, 0) ‖)ds,

and using Lemma 2.4 we obtain that

‖ u ‖C[−p,t] ≤ (1 + C0)(‖ ϕ ‖C[−p,0] +a ‖ F (·, 0, 0) ‖C[0,a])

+C0[F ]CLip

∫ t

0

(1 + Υ(a)aα) ‖ u ‖C[−p,s] ds,(2.6)
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which implies that u(·) and F (·, u(·), u
K

(·)) are bounded on Imax. Moreover, from

Lemma 1.2 we obtain that u ∈ Cα([0, bϕ);X) and that limt→bϕ u(t, ϕ) exists. Defin-

ing v : [−p, bϕ] → X by v(·) = u(·) on [−p, bϕ) and v(bϕ) := limt→bϕ u(t, ϕ), it

is easy to show that v(·) is a mild solution of (1.1)-(1.2) on [−p, bϕ], which im-

plies that Imax = [−p, bϕ]. Moreover, we also have that u ∈ Cα([0, bϕ];X) and

F (·, u(·), u
K

(·)) ∈ Cα([0, bϕ];X).

Assume bϕ < a. From Lemma 1.3 and Lemma 2.4, u(·) is a strict solution on

[−p, bϕ] and

‖ Au ‖C[0,bϕ] ≤ C0 ‖ Aϕ(0) ‖ +(C0 + 1) ‖ F (·, u(·), u
K

(·)) ‖C[0,b]

+C1[F (·, u(·), u
K

(·))]Cα[0,bϕ]b
α
ϕα
−1

≤ C0 ‖ Aϕ(0) ‖ +(C0 + 1) ‖ F (·, u(·), u
K

(·)) ‖C[0,b]

+C1b
α
ϕα
−1[F ]CLip(a1−α + [u]Cα[0,bϕ] + Υ(b) ‖ u ‖C[−p,bϕ]),(2.7)

which implies that Au(·) is bounded on [0, bϕ]. Thus, u′(·, ϕ) is also bounded on

[0, bϕ] and u(·, ϕ) ∈ CLip([−p, bϕ];X) because ϕ ∈ CLip([−p, 0];X).

Noting now that u|[bϕ−p,bϕ]
∈ CLip([bϕ − p, bϕ];X) and that u(bϕ, ϕ) ∈ D(A),

from Proposition 2.1 or Proposition 2.2 we infer that there exists c > 0 and a strict

solution v ∈ C([bϕ − p, bϕ + c], X) of the problem

w′(t) = Aw(t) + F (t, w(t), w
K

(t))), t ∈ [bϕ, bϕ + c],(2.8)

wbϕ = ubϕ(·, ϕ),(2.9)

where w
K

(t) =
∫ bϕ

0
K(t, τ)u(τ−σ(τ, u(τ))dτ+

∫ t
bϕ
K(t, τ)w(τ−σ(τ, w(τ))dτ , which

allows us to construct a strict solution of (1.1)-(1.2) on [−p, bϕ + c]. This implies

that bϕ = a.

From the above, u(·, ϕ) is a strict solution (1.1)-(1.2) on [−p, a]. Moreover,

arguing as in the last part of the proof of Proposition 2.1 we prove the uniqueness

of u(·, ϕ) and from (2.6) we obtain (2.5). This completes the proof.

Remark 2.2. Next, we always assume that the conditions in Proposition 2.3 are

satisfied. In addition, u(·, ψ) denotes the unique strict solution in CLip([−p, a];X)

of (1.1) with initial condition ψ ∈ BLip,A and for u ∈ C([−p, a];X), Fu(·) is the

function Fu(·) : [0, a]→ X given by Fu(·)(·) = F (·, u(·), u
K

(·)).

Lemma 2.5. There exists positive constants Λi(a), i = 3, 4, independents of ϕ ∈
BLip,A, such that

(2.10) max{‖ Au(·, ϕ) ‖C[0,a], [u(·, ϕ)]CLip[0,a]} ≤ Λ3(a) ‖ ϕ ‖BLip,A +Λ4(a).

Proof: Let ϕ ∈ BLip,A and u(·) = u(·, ϕ). From Lemma 2.4 we note that

‖ Fu(·,ϕ) ‖C[0,a] ≤ [F ]CLip(‖ u ‖C[0,a] + ‖ u
K
‖C[0,a])+ ‖ F0 ‖C[0,a]

≤ [F ]CLip(‖ u ‖C[0,a] +Υ(a)aα ‖ u ‖C[−p,a])+ ‖ F0 ‖C[0,a]

≤ [F ]CLip(‖ u ‖C[0,a] +Υ(a)aα(‖ ϕ ‖C([−p,0]) + ‖ u ‖C[0,a])

+ ‖ F0 ‖C[0,a]

≤ α1(a) ‖ ϕ ‖C([−p,0]) +α2(a) ‖ u ‖C[0,a] +α3(a),(2.11)
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where αi(a), i = 1, . . . , 3 are constants independents of ϕ(·). Defining α4(a) =

( C1

α(1−α) + C0)a1−α, from Lemma 1.2 and the last inequality, we get

[u]Cα[0,a] ≤ [T (·)ϕ(0)]Cα[0,a]+ ‖ Fu(·,ϕ) ‖C[−p,a] α4(a)

≤ C0a
1−α ‖ Aϕ(0) ‖ +α1(a) ‖ ϕ ‖C[−p,0]

+α2(a) ‖ u ‖C[0,a] +α3(a)

≤ α5(a) ‖ ϕ ‖BLip,A +α2(a) ‖ u ‖C[0,a] +α3(a),(2.12)

where α5(a), is a constant independent of ϕ(·). From the above, (2.7), (2.5), (2.11)

and (2.12), we obtain that

‖ Au(·) ‖C[0,a]≤ α6(a) ‖ ϕ ‖BLip,A +α7(a),

where αi(a), i = 6, 7, are constants independents of ϕ(·). Moreover, we can obtain

a similar inequality for [u]CLip[0,a] observing that u(·, ϕ) is a strict solution and that

[u]CLip[0,a] ≤‖ u′ ‖C[0,a]≤‖ Au ‖C[0,a] + ‖ Fu(·,ϕ) ‖C[0,a].

Lemma 2.6. Let ϕ,ψ ∈ BLip,A, u = u(·, ϕ) and v = u(·, ψ). Then F (·, u(·), u
K

(·))
belongs to Cα([0, a];X) and

[Fu(·,ϕ)]Cα[0,a]

≤ [F ]CLip(a1−α + Υ(a) ‖ ϕ ‖C[−p,0]) + (1 + Υ(a)) ‖ u ‖Cα[0,a]),

‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]

≤ [F ]CLip(Υ(a)aα ‖ ϕ− ψ ‖C[−p,0] +(1 + Υ(a)aαΨ(a, v, ψ)) ‖ u− v ‖C[0,a]).

Proof: From Lemma 2.4 it is easy to see that

[Fu(·,ϕ)]Cα[0,a]

≤ [F ]CLip(a1−α + [u]Cα[0,a] + Υ(a) ‖ u ‖C[−p,a])

≤ [F ]CLip(a1−α + Υ(a) ‖ ϕ ‖C[−p,0]) + (1 + Υ(a)) ‖ u ‖Cα[0,a]).

On the other hand, from Lemma 2.4 we have that

‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]

≤ [F ]CLip(‖ u− v ‖C[0,a] + ‖ u
K
− v

K
‖C[0,a])

≤ [F ]CLip(‖ u− v ‖C[0,a] +aα[u
K
− v

K
]Cα[0,a])

≤ [F ]CLip ‖ u− v ‖C[0,a]

+[F ]CLipΥ(a)aα(‖ ϕ− ψ ‖C[−p,0] +Ψ(a, v, ψ) ‖ u− v ‖C[0,a])

≤ [F ]CLip(Υ(a)aα ‖ ϕ− ψ ‖C[−p,0] +(1 + Υ(a)aαΨ(a, v, ψ)) ‖ u− v ‖C[0,a]),

which allows us to end the proof.

Lemma 2.7. There exists Λ5(a) > 0 such that

(2.13) ‖ u(·, ϕ)− v(·, ψ) ‖C[−p,a]≤ Λ5(a) ‖ ϕ− ψ ‖BLip,A eΛ5(a)Ψ(a,u(·,ψ),ψ))a,

for all ϕ,ψ ∈ BLip,A.
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Proof: From Lemma 2.6, for t ∈ [0, a] we have that

‖ u(·, ϕ)− u(·, ψ) ‖C[0,t]

≤ C0 ‖ ϕ− ψ ‖C[−p,0] +

∫ t

0

C0[F ]CLipΥ(a)aα ‖ ϕ− ψ ‖C[−p,0] ds

+

∫ t

0

C0[F ]CLip(1 + Υ(a)aαΨ(a, u(·, ψ), ψ)) ‖ u− v ‖C[0,s] ds

≤ C0(1 + [F ]CLipΥ(a)a1+α) ‖ ϕ− ψ ‖C[−p,0]

+C0[F ]CLip(1 + Υ(a)aαΨ(a, u(·, ψ), ψ))

∫ t

0

‖ u− v ‖C[0,s] ds,

and hence, ‖ u(·, ϕ) − v(·, ψ) ‖C[0,a]≤ α1(a) ‖ ϕ − ψ ‖BLip,A eα2(a)Ψ(a,u(·,ψ),ψ))a,

where α1(a), α2(a) are constants independents of ϕ(·) and ψ(·). Using this inequal-

ity we obtain (2.13).

To estimate ‖ Au(·, ϕ)−Au(·, ψ) ‖, from [15] we include the following condition.

Condition Fα: α ∈ (0, 1), F (·) is Frechet differentiable on X ×X, D2F (·) is

continuous on [0, b]× (X ×X) and there is LF > 0 such that

‖ F (t, (x, y))− F (s, (x, y)) ‖
+ ‖ D2F (t, (x, y))−D2F (s, (x, y)) ‖L(X×X,X)≤ LF | t− s |α,

‖ D2F (s, (x1, y1))−D2F (s, (x2, y2)) ‖L(X×X,X)

≤ LF (‖ x1 − x2 ‖ + ‖ y1 − y2 ‖),

for all 0 ≤ s, t ≤ b ≤ a, x, xi, y, yi ∈ X.

Arguing as in the proof of [11, Lemma 2.2], we can prove the next result.

Lemma 2.8. Let condition Fα be satisfied, ϕ,ψ ∈ BLip,A, u = u(·, ϕ) and v =

u(·, ψ). Then

[Fu(·,ϕ) − Fu(·,ψ)]Cα[0,a]

≤ LFBα(u, v)(‖ u− v ‖C[0,a] + ‖ uK − vK ‖C[0,a])

+(LFB(u, v)+ ‖ d2F (·, 0, 0) ‖C[0,a])([u− v]Cα[0,a] + [uK − vK ]Cα[0,a]),(2.14)

where Bα(u, v) = 1+[u]Cα[0,a] +[u
K

]Cα[0,a] +[v]Cα[0,a] +[v
K

]Cα[0,a] and B(u, v) =‖
u ‖C[0,a] + ‖ u

K
‖C[0,a] + ‖ v ‖C[0,a] + ‖ v

K
‖C[0,a].

Remark 2.3. It is convenient re-write the inequalities in Lemma 2.8 and Lemma

2.6. For h ∈ Cα([−p, a];X), we note that

[h]Cα[0,a] + [h
K

]Cα[0,a] ≤ [h]Cα[0,a] + Υ(a) ‖ h ‖C[−p,a]

≤ Υ(a) ‖ h0 ‖C[−p,0] +(1 + Υ(a)) ‖ h ‖Cα[0,a],

‖ h ‖C[0,a] + ‖ h
K
‖C[0,a]

≤ ‖ h ‖C[0,a] +Υ(a)aα ‖ h ‖C[−p,a]

≤ Υ(a)aα ‖ h0 ‖C[−p,0] +(1 + Υ(a)aα) ‖ h ‖C[0,a] .

We also note that there exists α(a) > 0 independent of ϕ(·) and ψ(·) such that

Bα(u, v) + B(u, v) ≤ α(a)S1(u, v), where S1(u, v) = 1+ ‖ ϕ ‖C[−p,0] + ‖ ψ ‖C[−p,0]
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+ ‖ u ‖Cα[0,a] + ‖ v ‖Cα[0,a]. From the above, we can re-write the inequalities in

Lemma 2.8 and Lemma 2.6 in the form

[Fu(·,ϕ) − Fu(·,ψ)]Cα[0,a]

≤ Λ6(a)S1(u, v)(‖ ϕ− ψ ‖C[−p,0] + ‖ u− v ‖C[0,a] +[u− v]Cα[0,a]),

‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]

≤ Λ6(a)(‖ ϕ− ψ ‖C[−p,0] +Ψ(a, v, ψ) ‖ u− v ‖C[0,a]),

where Λ6(a) is a positive constant independent of ϕ(·) and ψ(·).

Lemma 2.9. If the condition Fα is satisfied, then there exists Λ7(a) > 0 such that

[u(·, ϕ)− u(·, ψ)]Cα[−p,a]

≤ Λ7(a)(‖ ϕ− ψ ‖BLip,A +Ψ(a, u(·, ψ), ψ) ‖ u(·, ϕ)− u(·, ψ) ‖C[0,a]),(2.15)

for all ϕ,ψ ∈ BLip,A.

Proof: Let α1(a) = ( C1

α(1−α) +C0)a1−α. From Lemma 1.2 and Remark 2.3, we get

[u(·, ϕ)− u(·, ψ)]Cα[0,a]

≤ a1−αC0 ‖ Aϕ(0)−Aψ(0) ‖ +α1(a) ‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]

≤ a1−αC0 ‖ Aϕ(0)−Aψ(0) ‖
+α1(a)Λ6(a)(‖ ϕ− ψ ‖C[−p,0] +Ψ(a, u(·, ψ), ψ) ‖ u− v ‖C[0,a]),

which allows us to finish the proof.

Lemma 2.10. There exists Λ8(a) > 0 such that

‖ Au(·, ϕ)−Au(·, ψ) ‖C[0,a]

≤ Λ8(a)S1(u, v) ‖ ϕ− ψ ‖BLip,A
+Λ8(a)(S1(u, v) + S1(u, v)Ψ(a, v, ψ) + Ψ(a, v, ψ)) ‖ u(·, ϕ)− u(·, ψ) ‖C[0,a],(2.16)

for all ϕ,ψ ∈ BLip,A, where u = u(·, ϕ) and v = u(·, ψ).

Proof: Noting that ϕ(0) − ψ(0) ∈ D(A) and Fu(·,ϕ) − Fu(·,ψ) ∈ Cα([0, a];X) (see

Lemma 2.8), we have that u(·)− v(·) is a strict solution of

w′(t) = Aw(t) + Fu(·,ϕ)(t)− Fu(·,ψ)(t), t ∈ [0, a],

with initial condition w(0) = ϕ(0)− ψ(0). From Lemma 1.3 we see that

‖ Au(·, ϕ)−Au(·, ψ) ‖C[0,a]

≤ C0 ‖ Aϕ(0)−Aψ(0) ‖ +(C0 + 1) ‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]

+C1
aα

α
[Fu(·,ϕ) − Fu(·,ψ)]Cα[0,a],(2.17)

and combining the estimates in Remark 2.3 and Lemma 2.9, we obtain (2.16).

To establish our next result, we include the next definition.

Definition 2.3. Let (S, ‖ · ‖S) ↪→ C([−p, a];X) and (W, ‖ · ‖W ) ↪→ C([−p, 0];X)

be normed spaces. We said the problem (1.1)-(1.2) is well-posed related (W, ‖ · ‖S)

and (S, ‖ · ‖S), if for all ϕ ∈ W there exists a unique mild solution u(·, ϕ) of

(1.1)-(1.2), u(·, ϕ) ∈ S and ‖ u(·, ϕ)− u(·, ψ) ‖S→ 0 as ‖ ψ − ϕ ‖W→ 0.
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We can establish now our first theorem. In this result, BLip,a,A is the space

BLip,a,A = {u ∈ C([−p, a];X) : u0 ∈ BLip,A, u|[0,a]
∈ C([0, a];X1)}

endowed with norm ‖ · ‖BLip,a,A=‖ · ‖C([−p,a];X) + ‖ · ‖C([0,a];X1), where X1 is the

space D(A) endowed with the norm ‖ x ‖1=‖ Ax ‖.

Theorem 2.1. Assume that the assumptions in Proposition 2.3 and the condition

Fα are satisfied. Then the problem (1.1)-(1.2) is well-posed related the spaces BLip,A
and BLip,a,A.

Proof: Let ϕ,ψ ∈ BLip,A. The existence and uniqueness of a strict solution u(·, ψ) ∈
BLip,a,A of (1.1) with initial condition ψ follows from Proposition 2.3. On the other

hand, from Lemma 2.7 we have that

(2.18) ‖ u(·, ϕ)− u(·, ψ) ‖C[0,a]≤ Λ5(a) ‖ ϕ− ψ ‖BLip,A eΛ5(a)Ψ(a,u(·,ϕ),ϕ)a → 0,

as ‖ ψ−ϕ ‖BLip,A→ 0. In addition, by using the notation u = u(·, ϕ) and v = u(·, ψ),

from Lemma 2.10 we infer that

‖ Au(·, ϕ)−Au(·, ψ) ‖C[0,a]

≤ Λ8(a)S1(u, v) ‖ ϕ− ψ ‖BLip,A
+Λ8(a)(S1(u, v) + S1(u, v)Ψ(a, u, ϕ) + Ψ(a, u, ϕ)) ‖ u(·, ϕ)− u(·, ψ) ‖C[0,a] .(2.19)

From (2.5) and (2.10), it is easy to see that S1(u, v) is bounded for ψ(·) in bounded

sets of BLip,A, which implies from (2.18) that ‖ Au(·, ϕ) − Au(·, ψ) ‖C([0,a];X)→ 0

as ‖ ψ−ϕ ‖BLip,A→ 0. From the above we have that ‖ u(·, ϕ)−u(·, ψ) ‖BLip,a,A→ 0

as ‖ ψ − ϕ ‖BLip,A→ 0.

Next, for ϕ ∈ BLip,A and t ≥ 0 we use the notation S(t) for the map S(t) :

BLip,A 7→ C([−p, 0];X) given by S(t)ϕ = ut(·, ϕ). From Theorem 2.1, we have:

Corollary 2.2. Assume that the conditions in Theorem 2.1 are satisfied and let

ϕ ∈ BLip,A. Then ‖ S(t)ϕ − S(t)ψ ‖C([−p,0];X)→ 0 as ‖ ϕ − ψ ‖BLip,A→ 0 and

‖ S(t)ϕ− S(s)ϕ ‖C([−p,0];X)→ 0 as s→ t.

Proof: The first assertion follows directly from Theorem 2.1. The second one

follows noting that u(·, ϕ) is Lipschtz on [−p, a].

In the next result, B1
Lip,A is the space introduced at the beginning of this section.

Proposition 2.4. Assume F (0, ·, 0) = 0 and that the conditions in Theorem 2.1

are verified. Then the problem (1.1)-(1.2) is well-posed related the spaces B1
Lip,A

and C1([−p, a];X).

Proof: Let ϕ,ψ ∈ B1
Lip,A. From Proposition 2.3, there exists a unique strict

solution u(·, ψ) of (1.1) on [−p, a] with initial condition ψ. Moreover, from the

condition F (0, ·, 0) = 0 we have that u′(0+, ψ) = Aψ(0), which implies that

u(·, ψ) ∈ C1([−p, a];X).

Let u = u(·, ϕ) and v = u(·, ψ). Noting that u(·) and v(·) are strict solutions,

we have that

‖ u′(·, ϕ)− u′(·, ψ) ‖C[0,a]

≤ ‖ Au(·, ϕ)−Au(·, ψ) ‖C[0,a] + ‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]
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From Theorem 2.1, ‖ Au(·, ϕ) − Au(·, ψ) ‖C([0,a];X)→ 0 as ‖ ψ − ϕ ‖BLip,A→ 0.

Moreover, from the last inequality in Remark 2.3 and (2.13) we have that

‖ Fu(·,ϕ) − Fu(·,ψ) ‖C[0,a]

≤ Λ6(a)(‖ ϕ− ψ ‖C[−p,0] +Ψ(a, u, ϕ) ‖ u− v ‖C[0,a])

≤ Λ6(a) ‖ ϕ− ψ ‖C[−p,0]

+Λ6(a)Λ5(a)Ψ(a, u, ϕ) ‖ ϕ− ψ ‖BLip,A eΛ5(a)Ψ(a,u(·,ϕ),ϕ))a → 0,

as ‖ ψ − ϕ ‖BLip,A→ 0.

From the above remarks, it is easy to see that ‖ u(·, ϕ)− u(·, ψ) ‖C1([0,a];X)→ 0

as ‖ ψ − ϕ ‖BLip,A→ 0, which allows us to end the proof.

We finish this section with the next corollary. We omit the proof.

Corollary 2.3. If the conditions in Proposition 2.4 are satisfied and ϕ ∈ BLip,A,

then ‖ S(t)ϕ − S(s)ϕ ‖B1
Lip,A
→ 0 as s → t and ‖ S(t)ϕ − S(t)ψ ‖B1

Lip,A
→ 0 as

‖ ϕ− ψ ‖B1
Lip,A
→ 0.

3. Examples

In this section we study some examples of partial differential equations with

state-dependent delay motivated by different works and applications, see for exam-

ples [2, 3, 4, 8, 7, 9, 13, 15, 21, 22, 24, 25].

Next, Ω ⊂ RN , N ∈ {1, 2, 3}, is an open bounded set with regular boundary,

X = L2(Ω) and A is Laplacian operator with Dirichlet condition with domain

D(A) = {u ∈ X : u = 0 on ∂Ω and ∆u ∈ X}. It is well known that A is the

infinitesimal generator of an analytic compact semigroup (T (t))t≥0 on X. Next,

we adopt all the notations and properties considered in the introduction and we

assume that f ∈ CLip([0, a]× Rn;Rn) and ζ ∈ CLip([0, a]×X; [0, p]).

To begin, we study some of the examples in [15]. Consider the problem

w′(t, ξ) = ∆w(t, ξ) + f(t,

∫ t

0

β(t, s)w(s− ζ(s, w(s, ·)), ξ)ds),(3.1)

w(t, ·) = 0, on ∂Ω,(3.2)

w(s, ξ) = ϕ(s, ξ), s ∈ [−p, 0],(3.3)

for ξ ∈ Ω, t ∈ [0, a], where β ∈ C([0, a]× [0, a];R) and the family of maps {β(·, τ) :

τ ∈ [0, a]} is bounded in Cα([0, a];R) for some α ∈ (0, 1).

To apply our results, we define F : [0, a] × X → X, K(t, s) : X → X and

σ : [0, a]×X → R by F (t, x)(ξ) = f(t, x(ξ)), K(t, s)x(ξ) = β(t, s)x(ξ) and σ(s, x) =

ζ(s, x). It is easy to see that F is Lipschitz and that the condition Lα is satisfied. In

the next result, which follows from Proposition 2.3, we said that u ∈ C([−p, a];X)

is a strict solution of (3.1)-(3.3) on [−p, a] if u(·) is a strict solution of the associated

problem (1.1)-(1.2) on [−p, a]. We adopt a similar nomenclature in other examples.

Proposition 3.5. Under the above conditions, for all ϕ ∈ BLip,A there exists a

unique strict solution u(·, ϕ) ∈ CLip([−p, a];X) of (3.1)-(3.3) on [−p, a]. If, in
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addition, f ∈ C2([0, a]× Rn;Rn) and there is Lf > 0 such that

Condition fα: | f(t, x)− f(s, x) |RN + | D2f(t, x)−D2f(s, x) |≤ Lf | t− s |α,
| D2f(t, x)−D2f(t, y) |≤ Lf | x− y |Rn ,

for all 0 ≤ s, t ≤ a and x, y ∈ RN , then the problem is well-posed related the spaces

BLip,A and BLip,a,A, ‖ S(t)ϕ − S(t)ψ ‖C([−p,0];X)→ 0 as ‖ ϕ − ψ ‖BLip,A→ 0 and

‖ S(t)ϕ− S(s)ϕ ‖C([−p,0];X)→ 0 as s→ t.

Proof: We only note that the condition fα implies that the condition Fα is verified.

We study now the problem

w′(t, ξ) = ∆w(t, ξ) + f(t,

∫ t

0

%(s)

(t− s)α
w(s− ζ(s, w(s, ·)), ξ)ds),(3.4)

w(t, ·)|∂Ω
= 0,(3.5)

w(s, ξ) = ϕ(s, ξ) s ∈ [−p, 0],(3.6)

for ξ ∈ Ω, t ∈ [0, a], where α ∈ (0, 1
2 ) and % ∈ C([0, a];R).

Let K(t, s) and LK,α,s : [0, s] → R be the functions defined by K(t, s)x(ξ) =
%(s)

(t−s)αx(ξ) and LK,α,s(τ) = %(τ)
(s−τ)2α . For 0 ≤ τ < s < t ≤ b ≤ a, we have that

(

∫ t

0

‖ K(t, s) ‖
1

1−α ds)1−α ≤‖ % ‖C[0,a] a
1−2α(

1− α
1− 2α

)1−α

and ‖ K(t, τ)−K(s, τ) ‖L(X)≤
‖%‖C[0,a]

(s−τ)2α | t− s |α, which implies that the condition

Lα is satisfied. From Theorem 2.1 we have the next result.

Proposition 3.6. If the condition fα is satisfied, then the problem (3.4)-(3.6) is

well-posed related the spaces BLip,A and BLip,a,A, ‖ S(t)ϕ − S(t)ψ ‖C([−p,0];X)→ 0

as ‖ ϕ− ψ ‖BLip,A→ 0 and ‖ S(t)ϕ− S(s)ϕ ‖C([−p,0];X)→ 0 as s→ t.

To finish this section, we consider the problem,

w′(t, ξ) = ∆w(t, ξ) + µ(t)

∫ t

0

∫
Ω

γ(t, s, y − ξ)w(s− ζ(s, w(s)), y)dyds,(3.7)

w(t, ·)|∂Ω
= 0,(3.8)

w(s, ξ) = ϕ(s, ξ), s ∈ [−p, 0],(3.9)

for (t, ξ) ∈ [0, a]× Ω, where γ ∈ C([0, a]× [0, a]× RN ;R) and µ ∈ Cα([0, a];R) for

some α ∈ (0, 1).

To study this problem, we define K : [0, a]×[0, a]→ L(X;X) and F : [0, a]×X →
X by K(t, s)x(ξ) =

∫
Ω
γ(t, s, y−ξ)x(y)dy and F (t, x)(ξ) = µ(t)x(ξ), and we assume

that there is χ ∈ C([0, a]× Rn;R+) such that

| γ(t, s, x)− γ(t′, s, x) |≤ χ(s, x) | t− t′ |α, ∀ t, t′, s ∈ [0, a], x ∈ RN ,

and that χ̃(·) = (
∫

Ω

∫
Ω
| χ(·, x− y)2dydx)

1
2 belongs to L1([0, a]).

From the above, the condition Lα is satisfied with LK,α,s(·) = χ(·) and Θ(b) =

supt∈[0,b](
∫ t

0
(
∫

Ω

∫
Ω
γ(t, s, x−y)2dydx)

1
2 )

1
1−α dt. Noting that F (·) is “not Lispchitz”,

to establish our next result, we need include some observations.



14 EDUARDO HERNÁNDEZ § \, DENIS FERNANDES ‡, AND JIANHONG WU

The proof of Theorem 2.1 follows from some inequalities presented in different

propositions and lemmas. Noting that F (·) is linear, we have that the unique

(possible) “qualitative” differences related to these inequalities can be appear in

the estimates of [Fu(·,ϕ)]Cα([0,a];X) and [Fu(·,ϕ) − Fu(·,ψ)]Cα([0,a];X) (see Lemma 2.6

and Lemma 2.8). In the current case, the estimate of [Fu(·,ϕ) − Fu(·,ψ)]Cα([0,a];X)

(which permit also estimate [Fu(·,ϕ)]Cα([0,a];X)) can be obtained without to use [11,

Lemma 2.2]. Using the last inequalities in Lemma 2.4, we obtain the inequality

[Fu(·,ϕ) − Fu(·,ψ)]Cα[0,a] ≤‖ µ ‖Cα‖ uK (·, ϕ)− u
K

(·, ψ) ‖Cα[0,a]

≤ ‖ µ ‖Cα (Θ(a)aα + Υ(a))(‖ ϕ− ψ ‖C[−p,0] +Ψ(a, v, ψ) ‖ u− v ‖C[0,a]),

which is “qualitatively” simpler than the inequality in Lemma 2.8. From the above

remarks and Theorem 2.1, we infer the next result.

Proposition 3.7. The problem (3.7)-(3.9) is well-posed related BLip,A and BLip,a,A.
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