WELL-POSEDNESS OF ABSTRACT INTEGRO-DIFFERENTIAL
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ABSTRACT. We study existence, uniqueness and well-posedness for a general
class of abstract integro-differential equations with state-dependent delay. In
the last section, some examples concerning partial integro-differential equa-
tions with state-dependent delay are presented.

1. INTRODUCTION

In this work, we continue our studies in [13, 15] on abstract differential equa-
tions with state-dependent delay. Specifically, we study the global existence and
uniqueness of strict solutions and well-posedness for a general class of abstract
integro-differential equations with state-dependent delay of the form

(L)W' (t) = Au(t)+ F(t, u(t),/o K(t,m)u(t —o(r,u(r)))dr), t€]0,a,

(12) wy = @€ CrLip([—p 0;X),

where A : D(A) C X — X is the generator of an analytic semigroup of bounded
linear operators (T'(t));>o defined on a Banach space (X, || - ||), K(-) is an operator
valued map and F'(-),o(-) are suitable continuous functions.

The theory of differential equations with state-dependent delay is field of inten-
sive research because applications and the fact that the qualitative theory is quite
different from the theories of equations with constant and time-dependent delay.
Concerning the literature, for ODEs on finite dimensional spaces we cite the early
papers by Driver [5, 6], the survey by Hartung, Krisztin, Walther & Wu [10], the
works by Aiello, Freedman & Wu [1], the paper by Walther [23] and the references
therein. For abstract and partial differential equations, we mention the early pa-
per by Hernandez, Prokopczyk & Ladeira [12] and the recent interesting papers
13, 14, 15, 16, 17, 18, 20, 21].

As pointed, the theory of SDD differential equations is different to the usual ones
on differential equations with memory. In particular, partial and abstract differ-
ential equations with SDD are (in general) not well-possed in spaces of continuous
functions since in this case, functions of the form v — u(-, o (-, u(+))) are (in general)
not Lipschitz. In addition, the nonlinearity of the function t — u(t — o (¢, u(t))) has
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natural implications concerning the global existence of solutions. From the above,
the global existence and the long time behavior of solutions, are relevant and hard
problems in the general theory of SDD differential equations.

The study of the model (1.1)-(1.2) is motivated by an extensive literature on or-
dinary and partial integro-differential equations arising in the theory of population
dynamics, see in particular, the influent works by Briton [3], the paper [7, 8, 9] and
the references therein. As motivation, we also mention the work by Cooke & Huang
[4] and Alt [2] on ordinary integro-differential equations with state-dependent delay
and by Zhang & Vandewalle [25] on integro-differential equations with memory.

In our studies, we establish non-restrictive conditions under which the problem
(1.1)-(1.2) is well-posed related the spaces

Brip,a = {¢ € CLip([=p,0}; X) : ©(0) € D(A)},

endowed with the norm || ¢ ||=[| @ [[¢(=p,05;x) + || A(0) ||, and C([—p, a]; X), (see
Theorem 2.1). From Theorem 2.1 we obtain that || u¢ (-, ) —us(-, @) lc((=p,op;x)— 0
as s — tand | (s ©)— () llo(pojx)— 088 || 1= [l,,, 4 — 0, where u(-, 1)
denotes the unique strict solution of (1.1) with initial condition . Similar results
are proved related to spaces of C'! functions.

To prove our results, we use some of the ideas in [13, 15]. Using the developments
in [15], we establish the “global” existence and “uniqueness” of strict solutions for
(1.1)-(1.2), an unconsidered problem in [15], working in Br;p 4. In addition, from
[15] we assume a natural and non-restrictive integrability condition on the operator
valued function K (-) (the condition L, ), which allows us to obtain useful estimates
for [UK ('7 QO) — Uk (" 7#)]0@([0@];)() and [F(7 U(), Uy ()) - F('v U(')7 Vg ('))]C@([O,a];X)a
where z,. : [0,a] — X is the function given by z, (t) = fg K(t,s)z(s—o(s, z(s)))ds.
This estimates are fundamentals to prove our results.

This work have three sections. Our abstract results are presented in Section 2.
In Proposition 2.2 and Corollary 2.1 we prove the global existence and uniqueness
of strict solutions for (1.1)-(1.2). This result extend those in [13, 15] on local
existence and uniqueness of solutions. In the same section are established different
estimates for u(-, ), u(-, ) — u(-,9) and F(-,u(:),u,(:)) — F(-,v(:),v.(-)), which
are necessaries to prove our mains results, Theorem 2.1 and Proposition 2.4.

We include now some notations and results. Let (Z,] - ||z) be Banach space.
Forr>0and z € Z, By (2,Z) ={x € Z:|| x — z ||z< r}. The norms of the spaces
C([bv C]; Z)’ Cﬁy([b’ C]; Z)v e (07 1)’ and CLip([b’ C]; Z) are denoted by ” ' HC([b,c];Z)a

I llevp,eiz) and || - ey, (v,e;2)- We only remark that || - lov (b, 2) = - ooz
e peizy and || - lley, (o2 =11 - lew.a:2) Hip(p,d;2) Where [Ele(p,a:2) =
Supt7se[b7c]7t7$s Hf(g‘z:% and [C]CLip([baC];Z) = Supt,sE[b,c],t#s %

In this work we assume that 0 € p(A) and C; (i =0, 1) are constants such that
| AT (t) || x)< & for all t € (0,a). We include now some remarks on the problem
(1.3) u'(t) = Au(t) +£(t), t€0,a], u(0)=z¢€X.

The function v € C([0,4]; X), 0 < b < a, given by u(t) = T'(t)z + fot T(t—s)é(s)ds,
is called a mild solution of (1.3) on [0,5]. A function v € C([0,b]; X) is said to be
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a strict solution of (1.3) on [0,d] if v € C1([0,b]; X), v(t) € D(A) for all t € [0,b],
Av € C([0,b]; X) and v(-) satisfies (1.3) on [0, b].

From [19], we note the followings results. In the next lemmas, u € C([0,b]; X)
is the mild solution of (1.3).

Lemma 1.1. If § € Cp;p([0,0]; X) and © € Xy, then u(-) is a strict solution
of (1.8) on [0,b] and || Au |cqop:x)< Co | Az || +(Co + 1) || € lle(o.b:x)
+C1[€lei, (0,00,x)b-

Lemma 1.2. If ¢ € L*>([0,b]; X), a € (0,1) and T(-)x € C*([0,a]; X), then u €
C*([0,0); X) and [ulcaos:x) <IE = (o.px) (Grtay+Co)b! ™ +IT()lca(o,ax)-
Lemma 1.3. If a € (0,1), £ € C%([0,b]; X) and z € X1, then u(-) is a strict
solution of (1.3) on [0,b] and || Au ||c(o,:x)< Co || Az || +(Co + 1) [| € |l (p0,01:x)
+C1[Elca (o5, x)b% "

2. WELL-POSEDNESS

In this section we study the global existence and uniqueness of strict solutions
and the well-posedness of the problem (1.1)-(1.2). In the remainder of this work,
Brip.a and Bp,;, 4 are the spaces

Bupa = {9 € Crpl(-p.0; X): p(0) € D(A)},
Bhpa = {p€CH([-p.0;X):p(0) € D(A), ¢'(07) = Ap(0)},
endowed with the norms || ¢ [15,., +=I Ae(0) || + || ¢ leq—pox) and || @ sy, =

| Ap(0) || + || ¢ llet(—p,oj;x) respectively. The choice of the spaces Bri a4 and
Bim 4 is based in technical considerations on semigroup theory. The above spaces
are early considered in [16, 20, 23].

Notations 1. For convenience, for a function u € C([—p,b]; X), b € (0, a], we use
the symbols u” and u,, for the functions u” : [0,b] - X and u, : [0,b] — X defined
by u?(t) = u(t — o(t,u(t))) and u, (t) = fot K(t,s)u(s — o(s,u(s)))ds.

Remark 2.1. For simplicity, we always assume that F(-) and o(-) are Lipschitz and

we write [F]¢,,, and [0]c,,, instead [F]CL,;p([O,a]XXXX;X) and [O]Cup([o’a]xx;[o’p]).
Similarly, for v € Cr;p([—p,b]; X) we write [U]CLip[—p,b] in place [U}Cup([—nb];X%
Similar notations are adopted for another type of spaces of continuous functions.

Definition 2.1. A function u € C([—p, b]; X) is called a mild solution of (1.1)-(1.2)
on [—p,b] if ug = ¢ and

t
(2.1) u(t) = T(#)(0) +/ T(t = 8)F(s,u(s),u, (s))ds, V€ l0,b].

0

Definition 2.2. A function u € C([—p,b]; X) is called a strict solution of (1.1)-
(1.2) on [=p,b] if u,, € CL([0,0]; X), u(t) € D(A) for all t € [0,b], Au, €
C(]0,0]; X), up = ¢ and u(-) satisfies (1.1) on [0,b].

Concerning the above definitions, we note that a similar nomenclature is used
for problems defined on [—p, b). From [15], we include the following condition.
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Condition £,: a € (0,1], K : [0,a] x [0,a] — L(X) is an integrable function,
1 1

K(t,) € LT ([0,t],L(X, X)) for all ¢ € [0,a] (we take LT-= = L* for

a=1); for all b € [0, a]

(22) ©) = sup ( / ) K(s,m) |75 dn)0 ) < oo, ifa <1,
s€[0,b] JO

(23)  O() = sup || K(s,") | i=(oucizmwn< oo, ifa=1,

s€[0,b]
and for all s € [0, a] there is a function Lk o s € L'([0, s]; RT) such that
(2.4) | K(t,7) — K(s,7) |< L,as(T) |t —5s|% VO0<7<s<t<a,

and T(b) = (©(b) + SUPse|0,b] I Lk a,s HLl([O,s];R)) < oo for all b € [0, a.

We include now some useful Lemmas. The proof of Lemma 2.4 follows proceeding
as in the proof of [15, Lemma 3.1]. For completeness, we include a short proof.

Lemma 2.4. Let condition £, hold, w € C([-p,b]; X) and v € Cri([—p, b]; X).
Then Uy € CO‘([O,b};X), [UK]C[O,b] < T(b) H u ||C[7p,b] and
[ v =v7 llepe < =% ller—po +20,0,9) | = [lcop,
| v = vk ey < OO ¢ =¥ llo—p,0 0, 0,9) || w = [lcp,p),
< YOl ¢ =¥ llor=po T¥ 0, 0,0) [ u =" lcpm),

where ug = @, vo = and ¥(b,v,¢) =1+ ([¢]0Lip[,p,o] + [U]CLip[O,b])[U]CMp-

[U’K - ,UK}C[O,I)]

Proof: The inequality for [u,]ca (o 4);x) i proved in [15, Lemma 3.1]. Related to
the second one, we note that

[ u” =0 ”C[O,b]

< Jut=o(u() = ol =a(ul) ey
+ 1l o( —o(,u) —v(-—a(0())) llew.

< Nu—vllorpy Hlopy-pa oG ul) = o v()) ooy
< Mu=vlleepn Hlew,-pulolow, e =vllcoy
< ” Y — dj ”C[—p,O] +(1 + ([w]CLip[—p,O] + [v]cLip[O,b])[o—]CLip ” uU—="v ”C[O,b].

Noting that || u, —v, [|cjo,s <[ u”—=v7 [[cp0,5) ©(0)b™ we obtain the third inequality.
To prove the last inequality, for 0 < s <t < b we note that

|t (8) = v, (8) — (e (3) — 0, (5)) |
( / | K(t,7) — K(s,7) || dr + / | K () || dr) | =0 lleon

(I Lrc.as |21 0,5m) +O0)) [ 07 =07 [leop (8= 5)%,

IA

IN

which allows us to end the proof using the second inequality. H
Next, in Proposition 2.1 and Proposition 2.1 we establish the global existence of
strict solution, an unconsidered problem in [15].
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Proposition 2.1. Assume that the semigroup (T'(t))i>0 is compact, the condition
L is satisfied, o € (0,1) and ¢ € Brip a. Then there exists a unique strict solution
u(-, ) € Crip([—p,b; X) of (1.1)-(1.2) on [—p,b] for some 0 <b < a.

Proof: Let R > Cy || ¢ |lcj—p,0. We select now 0 < b < min{l,a} such that
R > Co(l ¢ lerpo + | P(-0,0) llojo b+ LeR(L+ T(a)a®)p).

Let S(R,¢) = {u € C([-p,b; X) : uo = ¢, || u |loj—p< R}, endowed with
the metric d(u,v) =|| v — v ||¢(o0,:x) and ' : S(R, ¢) = C([—p, b]; X) be the map
defined by T'u = ¢ on [p,0] and

Tu(t) = T(t)p(0) + /0 T(t—s)F(s,u(s),u,(s))ds, forte]l0,bl.

From Lemma 2.4, for u € S(R, ¢) and t € [0, b] we note that
I Tu(t) < Co(ll ¢ llei-p,op + | F(,0,0) llcpo,a) b+ LrR(1+ T(a)a*)b) < R,

which implies that TS(R, ¢) C S(R, ). In addition to the above, by noting that
R = sup,esrp) | £ ul),ue() o< oo, for t € [0,b) and h > 0 such that
t+ h € [0,b] we see that

| Tu(t + h) — Tu(t) |
< T+ ) = T1)(0) || +CoRh + R'/O I T +h—s)=T(t—s) || ds,

which implies that {T'w : u € S(R, )} is right equicontinuous on [0,b). A simi-
lar argument proves that {T'u : u € S(R,¢)} is left equicontinuous on (0,b]. In
addition, for u € S(R, ), t € (0,b] and 0 < & < t we have that

Tu(t) = T(t)p(0) + T(c) /0 Tt — e — )P (s, uls), u, (5))ds

+ / T(t — 5)F(s,u(s), uy (5))ds

—€

€ {T(t)p(0)} + T(e)(t — e)CoRB1 (0; X) + CoReAB1 (0; X),

and hence, I'(S(R, ¢))(t) = {Tu(t) : u € S(R, )} C K.+ D., where K. is compact
in X and the diameter of the set D. converge to zero as € | 0. This proves that
L(S(R,¢))(t) is relatively compact.

From the above remarks, I" is a completely continuous map from S(R, ) into
itself and from the Schauder’s fixed point theorem, there exits a mild solution
u(-, ¢) € S(R, ¢) of (1.1)-(1.2) on [—p, b].

From Lemma 1.2, u € C%([0,b]; X) which implies that F(-,u(-),u,) belongs
to C*(]0,b]; X). Using now Lemma 1.3 we infer that u(-) is a strict solution on
[—p,b] and w; € C([0,0]; X), which shows that u € Cpi,([—p,bl; X) since ¢(-)
is Lipschitz.

]

To finish, we prove the uniqueness. If v € C([0,b]; X) is a mild solution of
(1.1)-(1.2) on [—p, b], by using Lemma 2.4 we see that

[u(t) —o(®) < CO/O [Flew, (14 T(a)a® (b, ul- ¢),9)) | v —vllcp.s ds,
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and hence,

¢
H u—=v HC[O,t] < CO/O [F]CLip(l + T(a)aa\Il(hu(-,go),go)) H u—=v HC[O,S] ds,
which implies that u(-) = v(-) on [0,b]. W

Corollary 2.1. Let the conditions in Proposition 2.1 be satisfied and assume
that Lr(1 + Y(a)a“)a < 1. Then there exists a unique strict solution u(-,p) €
Crip([-p,a]; X) of (1.1)-(1.2) on [-p,a].
Proof: From the assumption, we can select R > 0 sufficiently large such that
R > Co(ll ¢ lloj=p,0) + | F(-,0,0) [|cjo,q) @+ LrR(1+Y(a)a®)a). The proof can be
completed now using the argument in the proof of Proposition 2.1 with ‘a’ in place
‘Y. n

Arguing as in the proof of [15, Theorem 3.2], we can prove the next proposition
on the local existence of solution.

Proposition 2.2. Let condition £1 be holds and ¢ € Brip a. Then there exists a
unique strict solution u(-,¢) € Crip([—p,b; X) of (1.1)-(1.2) on [—p,b] for some
0<b<a.

Proposition 2.3. Suppose that the conditions in Proposition 2.1 or Proposition
2.2 are satisfied. If ¢ € Brip a, then there exists a unique strict solution u(-, ) €
Crip([=p,a); X) of (1.1)-(1.2) on [—p,a] and positive constants A1(a), Az(a), inde-
pendents of ¢ € Brip a, such that

(2.5) [ u(- ) llcio,a< Arla) | ¢ llej—p,o +A2(a).

Proof: From Proposition 2.1 or Proposition 2.2, there exists 0 < b; < a and a
unique strict solution u' € Cp;p([—p,b1]; X) of (1.1)-(1.2) on [—p,b1]. Assuming
b1 < a and noting that ué(~,<p) € Brip,a, from Proposition 2.1 or Proposition

2.2 we infer that there exits 0 < by < a and a unique strict solution u?(-,up,) €
Clrip([b1 — p, b1 + b2]; X) of the problem
w'(t) Aw(t) + F(t,w(t),w, (1)), € [br,b1 +ba],
Wy, = ubl('a‘P)v

where w}( (t) = fobl K(t,7)u (1 — o(r,u(r))dr + fbtl K(t,m)w(r — o(r,w(r))dr.

Defining u : [—p,b; + ba] — X by u(-) = u!(-) on [—p,b1] and u(-) = u?(")
on [by,bs], we have that u(-) is a strict solution of (1.1)-(1.2) on [—p,b1 + ba].
Moreover, proceeding in a standard manner we obtain a maximal (strict) solution
u(+, ) € C(Imax; X) of (1.1)-(1.2). Next we prove that I, = [—p, a].

Let u(-) = u(-, ¢) and by, = sup Imax. For t € [0,b,), it is easy to see that

t
[ u(t) |< Co || (0) || +Co/0 (IFlews, (I uls) | + [T ug (s) [N+ [ F(s,0,0) [|)ds,
and using Lemma 2.4 we obtain that

lulloppsg < A+ Co)l ¢ llerpo +a |l F(,0,0) co.q)

t
(2.6) +CO[F]CMP/ (1 +7Y(a)a®) || v llor-p.s ds,
0
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which implies that u(-) and F(-,u(:),u,(-)) are bounded on I,,x. Moreover, from
Lemma 1.2 we obtain that u € C%([0, b, ); X) and that lim; 5 u(t, ¢) exists. Defin-
ing v : [=p,b,] = X by v(-) = u(-) on [-p,b,) and wv(b,) := limy__ u(t, ), it
is easy to show that v(-) is a mild solution of (1.1)-(1.2) on [—p,b,], which im-
plies that Inax = [—p,b,]. Moreover, we also have that u € C*([0,b,]; X) and
F(u)uge () € C([0,by]; X).

Assume b, < a. From Lemma 1.3 and Lemma 2.4, u(-) is a strict solution on

[—p, b,] and
| Aullciop,) < Coll Ap(0) | +(Co + 1) [| F(,ul-), ur () llero.n
+CLF (- ul), g ()] oo, bia
< Co [ Ap(0) || +(Co + 1) || F(-sul),uk (+)) llcion
(2.7) +C10%a " [Fle,,, (@' ™% + [W]caop,) + YO) | v lc-pp,)):

which implies that Au(-) is bounded on [0,b,]. Thus, v(-,¢) is also bounded on
[0,b,] and u(-, ) € CrLip([—p, by]; X) because ¢ € Crip([—p,0]; X).

v € Crip([by — p,b,]; X) and that u(b,,y) € D(A),
from Proposition 2.1 or Proposition 2.2 we infer that there exists ¢ > 0 and a strict
solution v € C([b, — p, b, + ¢], X) of the problem

(2.8) w'(t) = Aw(t) + F(t,w(t),w,(t)), € by, by +d,

(2.9) wp, = up, (),

where w,_(t) = fob“” K(t, m)u(t—o(T, u(T))dT+fbt K(t, 7)w(r—o(1,w(r))dr, which
allows us to construct a strict solution of (1.1)-(1.2) on [—p, b, + ¢|. This implies

that b, = a.
From the above, u(-, ) is a strict solution (1.1)-(1.2) on [—p,a]. Moreover,

Noting now that U,

arguing as in the last part of the proof of Proposition 2.1 we prove the uniqueness
of u(+, ) and from (2.6) we obtain (2.5). This completes the proof. ®

Remark 2.2. Next, we always assume that the conditions in Proposition 2.3 are
satisfied. In addition, u(-,%) denotes the unique strict solution in Cp,([—p, al; X)
of (1.1) with initial condition ¢ € Brip 4 and for v € C([—p,a]; X), F,.) is the
function F,(.y : [0,a] = X given by F,(y(-) = F(-,u(-), ug(+)).

Lemma 2.5. There exists positive constants A;(a), i = 3,4, independents of ¢ €
Brip,a, such that

(2.10)  max{|| Au(,¢) l[cro.a15 [u(s P)lCri0.a1} < As(@) [ [1Bri, 4 +A4(a).

Proof: Let ¢ € Brip 4 and u(-) = u(-, ¢). From Lemma 2.4 we note that

| Fucp) lop.a) < [Flows, (I ullep.a + | ug llcp.a)+ | Fo llcpo,q
< [Flew, (v e, +Y(@)a® | w llof=p.a)+ | Fo llco,q
< [Flew,(lullcp,a +Y(@)a®(l ¢ lleq-pop + Il w llcio.a)
+ 1| Fo llcfo,q
(2.11) < ai(a) | ¢ lleg-po) +a2(a) | ullcpo,a +as(a),
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where «;(a), i = 1,...,3 are constants independents of (). Defining ay(a) =
(ﬁ + Cp)a'~?, from Lemma 1.2 and the last inequality, we get

[ulcajoe < [TC)e0)]cao,at | Fucp) lloi-pa aala)
< Coa' ™ || Ap(0) || +u(a) | ¢ lor-pa)
+az(a) || u e, +as(a)
(2.12) < as5(a) [[ @ 1B, taz(a) [ ullcp,q +as(a),

where a;(a), is a constant independent of ¢(+). From the above, (2.7), (2.5), (2.11)
and (2.12), we obtain that
| Au() leo,a< as(a) | ¢ 5L, 4 +az(a),

where «;(a), i = 6,7, are constants independents of ¢(-). Moreover, we can obtain
a similar inequality for [u]c,,(0,q) Observing that u(-, ¢) is a strict solution and that
[ulcri0.a Sl llepa <l Aulicpoa + | Fucp) llcog- ™

Lemma 2.6. Let ¢, € Brip.a, u=u(-,¢) and v =u(-,v). Then F(-,u(-),ug ("))
belongs to C*(]0,a]; X) and

[Fup)loa0,al

< [Fley, (@' =+ T(a) | ¢ ller-po) + (1 +T(a) || ul

I Futp) = Futw) lco,a
< [F]CLip (T(a‘)a‘a ” ¥ — ¢ ||C[—p,0] +(1 + T(a)aalll(a’q)"l/})) || uU—="v ”C[O,a])'

ca[0,a])>

Proof: From Lemma 2.4 it is easy to see that

[Fu(-,cp)]C”[O,a]
< [Flew, (@ ™+ [Weep,e + Y(@) || w lle=pa)
< [Fleg, @ ™ +Y(@) | ¢ llo=po) + (14 Y(@) || v llcago,a)-

On the other hand, from Lemma 2.4 we have that

| Fu-p) — Futw) llcio,a)

< [Flew, (Il =v e + | ug — v llefo,q)
< [Flew,(lu=vlcpa ta®lue —viloap,.a)
< [Flew, lu=vllcp.a
+[Fep, Y(a)a (| ¢ =¥ lof—po +¥(a;v,9) | v = v [lcjo,a)
< [Flew, (Y(a)a® [ ¢ =¥ lof—po +(1 + Y(a)a"¥(a,v,9)) | u— 2 [lc[0,a)

which allows us to end the proof. W
Lemma 2.7. There exists As(a) > 0 such that
(213) ” u('v 90) - U(',w) ”C[—p,u]g A5(a) H 2 7/) ||BLip,A 6A5(a)\IJ(a,u(~,1p),zp))a’

for all p, ¢ € Brip a.
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Proof: From Lemma 2.6, for ¢ € [0, a] we have that
[ u(, @) —ul,9) e,y

t
< Collo—tlloppa + / ColFley, T(@)a® || ¢ — ¥ lei—po) ds
0

t
+/O Co[Fleoy,, (1 +Y(a)a®¥(a, u(-,¥),¥)) [ u =0 [cp,s ds
Co(1 + [Flew, T(@)a' ™) | ¢ = ¢ lef-po

t
+Co[Floy, (1+ T(a)a®¥(a, ul(, ), v)) /0 'u=vllcro,s ds,

IN

and hence, || u(-,¢) = v(-,¥) lcpa< ar(a) | ¢ = |y, , e*?@T@utwlw)e
where a1 (a), az(a) are constants independents of ¢(-) and (-). Using this inequal-
ity we obtain (2.13). W
To estimate || Au(-, @) —
Condition §,: a € (0,1), F(:) is Frechet differentiable on X x X, Do F(+) is
continuous on [0,b] x (X x X) and there is Ly > 0 such that
| F(t, (2, y) — F(s, (z,9)) |
+ H D2F(t7 (f,y)) - DQF(sa (.T,y)) ||E(X><X,X)S Lr | t—s |a7
| D2F (s, (x1,y1)) — D2F (s, (22,92)) llc(xxx.x)
<Lep(lor =22 [+ [ y1 —v2 ),

forall0 <s,t<b<a,zz;,y,y €X.
Arguing as in the proof of [11, Lemma 2.2], we can prove the next result.

Au(-, ) ||, from [15] we include the following condition.

Lemma 2.8. Let condition §, be satisfied, o, € Bripa, u = u(-,¢) and v =
u(+, ). Then
[Fut0) = Fut)loafo.al
< LpBa(w,v)([ u = [lcp,a + | ux = vk llop,q)
(214)  +(LrB(u,v)+ || d2F(+,0,0) |lcjo,a)([u — v]cep,a) + [ux — vi]cap,a),
where By (u,v) = 14 [u]cojo,q] + [Ux ] cao,a) + [V]co(0,0] + [Vk ] co0,q) and B(u,v) =||
u \lco,a) + 1wk lleo.a + T lleo,a +

| vk llcro,al-
Remark 2.3. It is convenient re-write the inequalities in Lemma 2.8 and Lemma
2.6. For h € C*([—p, a]; X), we note that
(Moo, + hilcaoa < [Bleajo,a + (@) || B llci=p.a
< X(a) [l ho llo—po) T +Y(a) || B llceo,a);
I A lleo,a + [ i llcro,a
< T hllep,a +YT(@)a® | 2 llo-p.a)
< Y(a)a® || ho [[o—p,0) +(1 + T(a)a®) || 2 [lcpo,a) -
We also note that there exists a(a) > 0 independent of ¢(-) and (-) such that
B, (u,v) + B(u,v) < a(a)S;(u,v), where Si(u,v) = 14 || ¢ [[cj=p,0] + | ¥ llc|=p,0)
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+ || u [lcajo,a] + || v llco[0,q). From the above, we can re-write the inequalities in
Lemma 2.8 and Lemma 2.6 in the form
[Futip) = Fut)leap,al
< As(a)S1(u,v)(Il o = ¥ llej=po) + | w = v [lcjo,q) +[u = V]cajo,a)),
| Fu.p) = Futw) llcpo,al
< As(a)(| ¢ =¥ llor—po +¥(a,v,9) | u = [lco,a),
where Ag(a) is a positive constant independent of ¢(-) and 9 (-).
Lemma 2.9. If the condition §, is satisfied, then there exists A7(a) > 0 such that
[u(-, ) —ul(,¥)lcal—p,al
(2.15) < Ar(a)([| ¢ =¥ [IBriya +¥(a,ul¥), %) [ ul, @) = ul-,9) llep,a),
for all ¢,v € Brip a.
Proof: Let ay(a) = (ﬁ + Cp)a'~®. From Lemma 1.2 and Remark 2.3, we get
[u(-; ) = ul-,¥)lca0,0)
< a'TCo || Ap(0) = AY(0) || +ai(a) | Fu.p) = Fuc.) lepo,al
< a7 Co || Ap(0) — Ap(0) |
Far(a)As(a)(|] ¢ = ¥ [lof-po) +¥(a, ul-, ), ¥) [ u = v [lclo,a)
which allows us to finish the proof. ®

Lemma 2.10. There exists Ag(a) > 0 such that

I Au(-; ¢) = Au(,9) [lcfo.a)
< As(a)Si(w,0) | ¢ =9 8Ly 4
(2.16) +As(a)(S1(u,v) + Si(u,0)¥(a,v,9) + ¥(a,v,9)) | u-, @) = u(-¥) llcp,a,
for all p, v € Brip a, where u =u(-, ) and v = u(-, ).
Proof: Noting that ¢(0) —4(0) € D(A) and Fy(. ,) — Fu(.p) € C([0,a]; X) (see
Lemma 2.8), we have that u(-) — v(-) is a strict solution of
w'(t) = Aw(t) + Fy(.4)(t) — Furp)(t),  tel0,a],
with initial condition w(0) = ¢(0) — ¢(0). From Lemma 1.3 we see that

| Au(-,¢) — Au(-, ) llcfo,q)
< Co || Ap(0) — AY(0) || +(Co + 1) || Fu(.,p) — Fup) llcfo,a)

aOL
(2.17) O [Fut o) = Fumloeio,a);
and combining the estimates in Remark 2.3 and Lemma 2.9, we obtain (2.16). ®
To establish our next result, we include the next definition.

Definition 2.3. Let (S,| - ||s) < C([-p,al; X) and W, | - lw) < C([-p,0]; X)
be normed spaces. We said the problem (1.1)-(1.2) is well-posed related (W, || - ||ls)
and (S, - |ls), if for all ¢ € W there exists a unique mild solution u(-,¢) of

(1.1)-(1.2), u(-,p) € S and || u(-, ) —u(-,¢¥) s—= 0 as [[ Y — ¢ [[w— 0.
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We can establish now our first theorem. In this result, Brip 4,4 is the space
Brip,a,a = {ue C([-p,al; X) 1 up € Brip,a; Ul € C([0,a]; X1)}

endowed with norm || - [, .+ = * llc(=p,ai:x) + || - lc(0,a1x,), Where X is the
space D(A) endowed with the norm || z ||;=|| Az ||.

Theorem 2.1. Assume that the assumptions in Proposition 2.3 and the condition
T are satisfied. Then the problem (1.1)-(1.2) is well-posed related the spaces Brip, 4
and BLip,a,A-

Proof: Let ¢, % € Brip 4. The existence and uniqueness of a strict solution u(-, ¢) €

BLip.a,4 of (1.1) with initial condition 4 follows from Proposition 2.3. On the other
hand, from Lemma 2.7 we have that

(218) [l ul-,0) = u¥) leoa< As(a) [| 0 =4 ll5,,,4 eV On0D0e 0,

as || = ||BL:,..— 0. In addition, by using the notation u = u(-, ¢) and v = u(-, ),
from Lemma 2.10 we infer that

| Au(-, @) = Au(-,9) llcpo,a)

< Asg(@)Si(u,0) | = [lB1e,a
(2.19) +As(a)(S1(u,v) + S1(w, 0)¥(a, u, ) + ¥(a,u, 9)) || ul-, 9) = u( ) lle.a -
From (2.5) and (2.10), it is easy to see that S (u,v) is bounded for ¢ (-) in bounded
sets of Brip,4, which implies from (2.18) that || Au(-, ) — Au(-,v) llc((0,a):x)— 0
as || ¥ —¢ ||, »— 0. From the above we have that || u(-,¢) —u(-,%) |5.,p04— 0
as | Y —¢ s, ,—0. =

Next, for ¢ € Bripa and t¢ > 0 we use the notation S(¢) for the map S(t) :
Brip,a — C([—p,0]; X) given by S(t)¢ = ui(-, ¢). From Theorem 2.1, we have:

Corollary 2.2. Assume that the conditions in Theorem 2.1 are satisfied and let

¢ € Bripa. Then || S(t)e — SOV llc-pox)— 0 as || ¢ = |BL.— 0 and
| S(t)e = S(s)e lle(=p,o;x)— 0 as s — t.

Proof: The first assertion follows directly from Theorem 2.1. The second one

follows noting that u(-, ) is Lipschtz on [—p,a]. ®
In the next result, Bim 4 is the space introduced at the beginning of this section.

Proposition 2.4. Assume F(0,-,0) = 0 and that the conditions in Theorem 2.1
are verified. Then the problem (1.1)-(1.2) is well-posed related the spaces Biip,A
and C([-p, al; X).
Proof: Let p,¢ € Biip,A' From Proposition 2.3, there exists a unique strict
solution u(-,%) of (1.1) on [—p,a] with initial condition . Moreover, from the
condition F(0,-,0) = 0 we have that u/(0%,%) = A(0), which implies that
u(-, ) € CY([=p, al; X).

Let u = u(-, ) and v = u(-,¢). Noting that u(-) and v(-) are strict solutions,
we have that

[ ( ) =/ (%) llefo,a)
< [ Au(,0) = Au(,¥) e, + | Fucp) = Fucw) llcpo,al
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From Theorem 217 || Au(7§0) - AU(,I/}) HC’([(LU,];X)—> 0 as H 7/) - HBLip,A_> 0.
Moreover, from the last inequality in Remark 2.3 and (2.13) we have that

| Futp) = Fut) lcro,a
< As(@)(l ¢ =¥ lerpo) +¥(a,u, ) | uw—v |lcpo,a)
< As(a) | o= llej=p,o
+A6(a)As(a)¥(a,u, @) || @ =1 |8y, 4 €T @02 0,

as || w - HBLip,A_> 0.

From the above remarks, it is easy to see that || u(-,¢) —u(-,¥) [|c1([0,qx)— 0
as || ¥ — ¢ ||, .= 0, which allows us to end the proof. m

We finish this section with the next corollary. We omit the proof.

Corollary 2.3. If the conditions in Proposition 2.4 are satisfied and ¢ € Brip a,
then || S(t)e — S(s)¢ HBiip.A_) 0ass — tand | SEt)p — SE)Y ||Bi7:pA_> 0 as

I~ llay, 0.

3. EXAMPLES

In this section we study some examples of partial differential equations with
state-dependent delay motivated by different works and applications, see for exam-
ples [2, 3,4, 8, 7,9, 13, 15, 21, 22, 24, 25].

Next, @ ¢ RN, N € {1,2,3}, is an open bounded set with regular boundary,
X = L%*(Q) and A is Laplacian operator with Dirichlet condition with domain
D(A) ={u € X : u=00n00and Au € X}. It is well known that A is the
infinitesimal generator of an analytic compact semigroup (7'(t));>o on X. Next,
we adopt all the notations and properties considered in the introduction and we
assume that f € Cr;([0,a] x R";R™) and ¢ € CrL;p([0, a] x X; [0, p]).

To begin, we study some of the examples in [15]. Consider the problem

(31)  w(he) = Aw(te)+ 1t / B(t, s)w(s — C(s,w(s, ), £)ds),
(3.2) w(t,-) = 0, on 9,
(33) w(s,{) = 90(375)7 ERS [_pa 0]7

for £ € Q, t € [0,a], where 5 € C([0,a] x [0,a]; R) and the family of maps {5(-,7) :
7 € [0,al]} is bounded in C*([0, a]; R) for some a € (0,1).

To apply our results, we define F : [0,a] x X — X, K(t,s) : X — X and
o :[0,a] x X = Rby F(t,z)(§) = f(t,z(£)), K(t,s)x(§) = B(t, s)x(£) and o (s, ) =
C(s,x). It is easy to see that F' is Lipschitz and that the condition £, is satisfied. In
the next result, which follows from Proposition 2.3, we said that v € C([—p, a]; X)
is a strict solution of (3.1)-(3.3) on [—p, a] if u(-) is a strict solution of the associated
problem (1.1)-(1.2) on [—p, a]. We adopt a similar nomenclature in other examples.

Proposition 3.5. Under the above conditions, for all ¢ € Brip a there exists a
unique strict solution u(-,¢) € Crip([—p,al; X) of (3.1)-(3.3) on [—p,a]. If, in
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addition, f € C?([0,a] x R™;R™) and there is Ly > 0 such that
Condition fot: | f(tvx) - f(S,(E) ‘RN + | D2f(t7m) - D2f(87x) ‘S Lf | t—s |o¢7
‘ Dgf(t,.f) _DQf(tay) ‘S Lf | r—=Yy |R"7

for all 0 < s,t < a and z,y € RN, then the problem is well-posed related the spaces
Brip,a and Bripa,a; | S(t)e = SO llo-popx)— 0 as | ¢ =4 |5, .~ 0 and
1 S0 — S()¢ letipopr— 0 as s — £

Proof: We only note that the condition f, implies that the condition §, is verified.
We study now the problem

B w0 = Awt9+ 1 [ ATl (sl ). o)
(35) w(ta')lan = 0,
36) w9 = @8 selpol

for £ € Q, t € 0,a], where a € (0,3) and ¢ € C([0,a];R).
Let K(t,s) and Lk s : [0,8] = R be the functions defined by K (¢, s)z(§) =

(t@jjgax(g) and Li,a,s(T) = (TT)) For 0 <7 < s <t <b<a, we have that
( / K (8) 1757 ) < g o
| )8 s <l ellcio,q @ 19

and || K(t,7) — K(s,7) [lz(x)< ”(5”07[)021 | t — s |, which implies that the condition
£, 1s satisfied. From Theorem 2.1 we have the next result.

Proposition 3.6. If the condition f, is satisfied, then the problem (8.4)-(3.6) is
well-posed related the spaces Brip a and Bripa,a, || S(t)¢ — StV |lo(=p,0;;x)—> 0
as || ¢ =9 L., 4= 0 and || S(t)e — S(s)¢ [lc(-pojx)— 0 as s — ¢

To finish this section, we consider the problem,

(B7) Wt = Aw(t,€)+ pu(t) / /Q (b 5,y — E)w(s — C(s,w(s)), y)dyds,
( )’LU( )\39 = 0,
( ) w(sag) = 90(575)7 SE[*]),O],

for (t,€) € [0,a] x 2, where v € C([0,a] x [0,a] x RY;R) and pu € C%([0,a]; R) for
some « € (0,1).

To study this problem, we define K : [0, a]x[0,a] — L£(X;X) and F : [0,a]xX —
X by K(t,s)z(€) = [o(t,s,y—E&)x(y)dy and F(t,z)(§) = ( )z (£), and we assume
that there is x € C([0,a] x R™;R™) such that

|’y(t,s,x)—’y(t’,s,m) < x(s,z) | t—t'|%, Vtit, secl0,a], reRY,

and that X(-) = (J;, J, | x(,& — y)?dydz)? belongs to L'([0, a)).

From the above the condltlon Lo 18 satlsﬁed with Lg o.s(-) = x(-) and ©(b) =
SUPte[o,b](fOt(fQ Jor(t, s, 2 —y)?dydz)? )T=dt. Noting that F(-) is “not Lispchitz”,
to establish our next result, we need include some observations.
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The proof of Theorem 2.1 follows from some inequalities presented in different
propositions and lemmas. Noting that F(:) is linear, we have that the unique
(possible) “qualitative” differences related to these inequalities can be appear in
the estimates of [Fy(. )]ce((0,a]:x) a0d [Fu(. o) = Fu)]co((0,a;x) (see Lemma 2.6
and Lemma 2.8). In the current case, the estimate of [F,(. o) — Fu(. w)lce((o,a];x)
(which permit also estimate [Fy,(. )]ce([0,q);x)) can be obtained without to use [11,
Lemma 2.2]. Using the last inequalities in Lemma 2.4, we obtain the inequality

[Futp) = Fuepleao.a S alleell g (5 0) = ug (59) lloago,a
<l llea (©(@)a® +T(@) (Il ¢ =% llef—po +¥(a,v,9) | v = |lco,a),

which is “qualitatively” simpler than the inequality in Lemma 2.8. From the above
remarks and Theorem 2.1, we infer the next result.

Proposition 3.7. The problem (3.7)-(8.9) is well-posed related Brip a4 and Brip.q,A-
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