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ABSTRACT

Wave energy converters (WECs) are often subject to large
displacements during operating conditions. Hence, nonlineari-
ties present in numerical methods to estimate the performance of
WECs must be considered for realistic predictions. These large
displacements occur when the device operates on resonant con-
ditions, which results in maximum energy conversion. The system
dynamics are usually simulated via time domain models in order
to being able to capture nonlinearities. However, a high compu-
tational cost is associated with those simulations. Alternatively,
the present work treats the nonlinearities in the frequency do-
main via Statistical Linearization (SL). The SL results are com-
pared to the Power Spectrum Density (PSD) of time domain sim-
ulations to verify the reliability of the proposed method. In this
regard, the work initiates with the derivation of the governing
equations of the air-chamber and the Oscillating Water Column
(OWC). Then, the SL technique is presented and applied. The SL
results show a satisfactory agreement for the system dynamics,

*Address all correspondence to this author: Leandropinheiro@usp.br.

Celso P. Pesce
Escola Politécnica
Offshore Mechanics Laboratory
University of Sdo Paulo
Butanta, Sao Paulo, Brazil 05508-010

Rodolfo T. Goncalves
School of Engineering
Dept. of Systems Innovation
The University of Tokyo
Tokyo, Japan, 113-8656

mean surface elevation, mean pressure, and mean power com-
pared to time domain simulations. Also, the SL technique pro-
duces a rapid estimation of the response, which is an effective
approach for the evaluation of numerous environmental condi-
tions and design, and further optimization procedures.

INTRODUCTION

The exploitation of renewable sources of energy has been
driven to meet the continuous growth of global energy demand.
The benefits of those sources range from the vast amount of en-
ergy to its environmentally friendly characteristics. Among the
renewable sources, wave energy has been insufficiently explored
and has a promising capability to contribute to the energy indus-
try. Ocean waves have a substantial amount of power, which are
estimated to be more than 2 TW globally [1]. Moreover, the regu-
larity in the energy distribution [2] and spatial concentration also
promotes the use of wave energy as a source of energy [3]. As a
result, the interest in wave energy by industry and the scientific
community has intensified. Currently, several wave absorption
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mechanisms have been proposed [4, 3], in which only a limited
number have become feasible and installed [5]. Between the op-
tions, this work investigates the OWC wave energy device.

The concept of the OWC as a wave energy device was firstly
developed by Yoshio Masuda in the 1940s. Since then, sev-
eral OWC prototypes have been operating in many places in the
world [4]. Typically, OWCs are composed of a fixed or float-
ing hollow structure, which acts as a chamber. The base of the
structure is open to the sea, and it is located below the water
surface. On these devices, the wave action leads the inner free
surface to oscillate, which compresses and decompresses the air
inside the chamber. This mechanism forces the air to move back
and forth through a turbine connected to a generator that converts
the kinetic energy of the moving flow into electricity. Generally,
bidirectional turbines are employed, such as Wells turbines. The
main components of an OWC and its working principle are illus-
trated in Figure 1.

o= =
electric — L A, A

generator \,vu | \v

wells
turbine

FIGURE 1: OSCILLATING WATER COLUMN WAVE EN-
ERGY DEVICE [6]

The feasibility of energy devices depends on the efficiency
of the entire system. From the hydro-mechanical point of view,
a key to a good performance occurs when the water column res-
onates with the wave loads. For such conditions, nonlinearities
play an important role in the system dynamics. Therefore, an ap-
propriate modeling is required to optimize the power extraction
and for a better understanding of the physics. Hence, prior to
the application of the SL technique, the governing equations are

derived.

OWC WAVE ENERGY DEVICE MODELING

Consider a fixed box-shaped structure piercing a quiescent
free surface, which acts as a chamber. The mass inside the cham-
ber (m¢y,) is defined by a control volume, being composed of a
water column (m,,) and air mass (7). As the inner free surface
is free to move, the mass in the control volume varies as:

Mep = My, + Mgir, (1

where:
my, = pr(H+ C)v 2
Mgir = pairS(L - g) 3)

The nominal draft is denoted by H, the air-chamber height at
the nominal position is L, the air density varies due compressibil-
ity effects and is given by pg;-, and the cross section area of the
chamber is S (see Figure 2). The water is assumed incompress-
ible and inviscid. However, note that the effect of the viscous
drag force may be further included, in an ad-hoc manner, in the
OWC dynamics. As can be observed in Egs. (2) and (3), the mass
inside the chamber has an explicit dependency on the position of
the inner free surface, here denoted by {(¢). The description of
the problem and some components are illustrated in Figure 2.

Control volume

Turbine —¢

FIGURE 2: DESCRIPTION OF THE SYSTEM

Taking the time derivative of the mass functions, Eqs. (2)
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and (3), the mass flux rate inside the chamber is obtained.

Hep, = My, + gy,

ity = PwSC, “)

Hlgiy = —Hlyyrp = 7pairSC +pairS(L7 C)a 5

where 71, represents the mass flow rate of air that passes
through the turbine and produces energy. Note that 7, is de-
fined positive for outward flow from the chamber. The mass
flux and pressure are related by the air turbine. To simplify the
physics behind the aerodynamics of air turbines, the turbine’s
performance is presented in terms of coefficients in dimension-
less form [7]:

@ = fo(¥), (6)
where
p

Y= pmNzDz ) (8)

mlurb
= puND3’ ®

Pturb
= puN3DS (19)

where ¥, @, IT are the dimensionless parameters of: pressure
head, flow rate, and power coefficient respectively. N denotes
the turbine rotational speed (rad/s), D is the rotor diameter, p
is the manometric pressure, p;, is the air density in stagnation
conditions at the turbine entrance, here assumed equal to pg;,.

Considering the case of Wells turbines, the mass flow rate
and the pressure fluctuation present an approximately linear re-
lationship [8], ® = KY¥. Therefore, in dimensional form, the
mass flow rate can be related to the pressure by:

KD

mturb:Wpa (11)

where K is the proportionality constant. The air inside the cham-
ber is assumed to behave as an isentropic process [9]:

. I
Pair = ijv (12)

a

where ¢, is the speed of sound in atmospheric conditions. There-
fore, based on the assumption described, the pressure can be
written as:

. KD S .
PairSE = ~ Pt %(L*C)P- (13)

Regarding the dynamics of the water column, the simplest
model may be then given by a single degree of freedom system
based on a plug-flow representation, through the generalized co-
ordinate zeta. In this work, the water column dynamic is based
on the derivations described in [10], which for a non-forced sys-
tem and without dissipative forces is given by:

.1 .
PwS(C+H)E + Epwsc2 +pwSg¢ =0. (14)

This equation was obtained by two distinct approaches: via
the extended Lagrange equations applied to variable mass sys-
tems; and via classical hydrodynamic techniques, taking into ac-
count the momentum and the flux in the non-material control
surface; see in [11,12].

Three non-conservative forces are incorporated in the oscil-
lating water column dynamics, classified as: (i) the excitation
force due to the waves, f,.., at the control surface on the wa-
ter column mouth (a non-material surface); (ii) the force caused
by the air-chamber pressure acting on the free-surface (a mate-
rial interface), f;,; and (iii) and an ad-hoc assumed parcel due to
viscous effects (caused by vortical flow at the mouth), f,.

fnC:fexc+fch+fv~ (15)

Under the assumption of the linear wave theory, considering
areflective wave and a uniform wave pressure all over the control
surface at the water column mouth, the wave excitation force can
be written as [13]:

cosh(k(h—H))

cosh(kh) ’ (16)

fext = 2ApygScos(kx — wr)

where A denotes the wave amplitude, # is the considered water
depth, g is the gravitational acceleration and & is the wavenumber
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given by:

2
(0]
k= ———. 17
gtanh(kh) a7
Regarding the air-chamber model, the pressure exerts a force
on the free-surface equivalent to:

Jen = —=Sp. (18)

The ad-hoc viscous flow effects can be modeled as:

1 .
fv:_i vaSC|C|a (19)

where C, denotes the viscous coefficient.
Based on the non-conservative forces terms assumed, the re-
sulting governing equation for the OWC is given by:

.1 1 .. 1
(CHH)C+ 3+ 3GLIE +8lt -p=For  (20)
with:

Fext = fext/(pr)-

Regarding the governing equation of the air-chamber pres-
sure, rearranging Eq. (13) yields:

KD 1 . .
mer ciz(L_ C)p_palrc =0. (21)

a

Besides the governing equations, the analysis of wave en-
ergy devices relies on the estimation of the power produced.
Based on Egs. (7) and (10), the instantaneous power output of
the air turbine is [8]:

P(t) = parN’D’ f, (ﬁ%) : (22)

Therefore, in a period T of time, the mean power is given
by:

 paN3DS p(t)
=P [ g pu?D? ) U @3

fo

STATISTICAL LINEARIZATION

This section deals with the modeling in Frequency Domain
(FD) via SL technique for the OWC. The technique allows a re-
liable prediction of the WEC dynamics and power output [14],
which can be a valuable tool for the assessment of several de-
sign and environmental conditions, and further optimization pro-
cedures [15]. The SL procedure employed in this work is de-
veloped based on Robert and Spanos [16]. Consider a general
multi-degrees-of-freedom nonlinear equation:

M{ +Bq+Kq+0(q,q,4) =F, (24)

where M, B and K are the mass, damping and stiffness n x n
matrices, and ® denotes a nonlinear n-vector function, which de-
pends on the generalized coordinated n-vector q and its respec-
tive time derivatives. The SL-equivalent linear system of Eq.(24)
is defined as:

(M+M€q)ii+(B+Beq)q+(K+Keq)q:Fa (25)

where M,,, B, and K,, represents the equivalent linear mass,
damping and stiffness matrices.

An additional treatment is required for the SL technique, due
to the source of nonlinearity described in Eqgs. (20) and (21),
which result in a constant offset in the system solutions. Based
on that, the system can be written in terms of a mean value, (7)

~

and a random zero mean component of the response (7):

q(t) = q+§(t). (26)

Hence, considering a zero-mean force, Eq. (24) can be writ-
ten as:

A

M +Bq+Kg+Ka+0(q+4q.q,4) =F. 27)

The equilibrium is estimated taking the expectation of Eq.
27):

Ka+(0@+a.4.d))=0, 28)

where, (.) denotes the mathematical expectation. Subtracting Eq.
(28) from Eq. (27), a similar form of Eq. (24) is obtained:

M§ +Bq+Kg+G(a.9,4) = F, (29)

where,

Copyright © 2019 ASME



The equivalent linear terms in Eq. (25) are determined by
minimizing the mean square difference between the the nonlin-
ear function and the equivalent linear system based on a statisti-
cal point of view. Assuming a Gaussian response distribution and
minimizing the difference between the nonlinear and the equiva-
lent linear equations in a mean square sense, the equivalent linear
terms are obtained by:

dG;

Meqi,j = <aqj>a (30)
dG;

Be‘Zi.j = <8q] >a (31)
dG;

Keqi_j = <(9q]>7 (32)

where Meg, ;, Beg, ;- Keg, ;» are i, j elements of the equivalent mass,
damping and stiffness matrix respectively.

The response is assumed Gaussian due to a random phase
relationship between the wave force components [8], which is
given by:

1 1
flq)= WGXP (2((1(_1)TV_1(51(_1)>7 (33)

where V is the covariance matrix of q, and |V| denotes the deter-
minant of the covariance matrix.

According to Egs. (30 - 32), the equivalent terms require
the information of the response distribution. Since no analytic
solution is available, the SL method consists of an iterative pro-
cedure. As an initial guess, the linearized system is considered
based on Eqs.(20) and (21) :

.. 1
H{ 4 g0+ —p = Feu, (34)
Pw
KD L . .
EP_F ?%p - paer =0. (35)

Hence, the frequency response function of the linear system
is given by:

a(w) = [-0* (M) +ioB) + (K)] L. (36)

The response matrix is computed as:
Sq(0) = a(0)Sp(0)a’ (o), (37)

where ()T denotes the transpose conjugate of a matrix, and
Sr() is the power spectrum of the excitation. Based on the
response matrix, the mean values of the generalized coordinates
are calculated using Eq. (28), which for the pressure is given by:

KD 1, .
~NsP~ a2 (Cp) =0, (38)

and for the water column is given by:
R N -1
(E8) +5(87) +88+—p=0. (39)
2 Pw

Further, the equivalent linear terms, Eqgs. (30 - 32) are cal-
culated. The frequency response function is updated containing
the equivalent terms:

() = [~0*(M+M,,) +io(B+B,,) + (K+Ke)] ™', (40)

and the iterative procedure continues until convergence. Once
the convergence is achieved, based on Eq. (23), the mean power
estimation in the frequency domain can be determined as:

P, = pui;N°D’ <fp (p”fv?m) > : 41)

where p(r) is composed of a non-zero mean and a random zero
mean component.

SIMULATIONS

In this section, the reliability of the SL technique is verified
comparing its results with those from nonlinear time domain sim-
ulations. For the excitation force, the waves were described by a
JONSWAP spectrum with significant wave height (Hy) of 1.5m,
peak enhancement factor () of 3.3, and the peak period (7},) was
varied from 4 to 10s, which are values typical from the Scot-
land/EMEC test site [17]. Based on that, the natural frequency
of the OWC, which considers small displacements,

~./&
W, = \/; (42)
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was set to operate between the range of the wave peak frequen-
cies (natural period, 7;, = 5.68s). However, note that the condi-
tions simulated are illustrative, the mean power of the operating
conditions were not optimized. The simulation parameters are
described in Table 1.

TABLE 1: SIMULATION PARAMETERS.

Property Value Unit

Pw 1025 [kg/m?]
Pair 1.25 [kg/m?]
C, 0.5 -]

K 0.28 -]
H 8 [m]

D 1.75 [m]

L 9 [m]

h 50 [m]

S 10 [m?]
N 30 [rad/s]
Ca 344 [m/s]
g 9.81 [m/s?]
, 1.107 [rad/s]
T, 5.68 [s]

In this work, the frequency domain label (FD) refers to the
linearized system around its equilibrium condition, Egs. (34) and
(35), which are used for the initial guess in the SL technique.
This nomenclature will be used during the discussion of the re-
sults.

Figures 3 and 4 show the PSD results at the water column
resonance for the water surface elevation and pressure using the
different approaches. The PSD of time domain simulations were
calculated using the pwelch function in MATLAB, in which the
data were acquired during a period larger than of 25000 cycles
to guarantee ergodicity. Figure 5 shows the probability density
function (PDF) of the pressure at resonance. Note that the as-
sumption of a Gaussian distribution recovers the results coming
from the time simulation data, preserving the standard deviation.
This similarity occurs for the other conditions simulated. Figure
6 shows the PSD for several wave peak periods, (from 7, = 4 to
10s).

Tp = 5.68s Time Domain
30+ ' — Frequency Domain
' Statistical Linearization

0 0.5 1 1.5 2 2.5 3
w [rad/s]

FIGURE 3: PSD OF THE WATER COLUMN DISPLACE-
MENT AT RESONANCE

7
2.5 00
Tp = 5.68s Time Domain
' — Frequency Domain
2t ,[‘ Statistical Linearization |
ll
; I
—15 |
0
- | |
|
w0 1y ; |
‘ 1
’ ‘
0.5 il
|
\
0 .
0 0.5 1 1.5 2 2.5 3

w [rad/s]

FIGURE 4: PSD OF THE AIR-CHAMBER PRESSURE AT

RESONANCE
4 x1074
Tp = 5.68s Time Domain
35+ Data
Gaussian
3t " " Dist - FD
Gaussian
Dist - SL
= 2.5
£,
&
n 15F

Pressure [Pal

FIGURE 5: PDF OF THE PRESSURE AT RESONANCE.
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As expected, the water column displacement is amplified at
the natural frequency for all conditions. The OWC response is
dominated by the damping and nonlinear terms with velocity de-
pendency for the resonance regime. Also, the response of the
system can vary according to the source of nonlinearities and the
ratio between the linear and nonlinear forces. For instance, the
reduction of the OWC draft increases the natural frequency of the
water column, and the nonlinearities with acceleration and ve-
locity dependency become more relevant for regions with higher
frequencies. For this case, the SL-equivalent linear system might
shift the response peak frequency for more severe wave condi-
tions.

In Figs. 7 and 8, as the frequency-domain analysis is not
able to estimate the mean pressure and mean displacement, only
the SL and time domain results are presented, which uses Eqs.
(38) and (39). The mean power obtained from time domain sim-
ulations was calculated according to Eq. (23), while for the SL
and the linear frequency domain was calculated using Eq. (41);
(see Fig 9). The air turbine coefficients were taken from [7].
As the viscous force dissipates part of the energy, especially for
higher displacements at resonant condition, the prediction using
the standard frequency domain approach overestimates the mean
power produced.

As it can be noticed in Figs. 3 to 9, the SL results have
shown a good agreement compared to their equivalent nonlinear
time domain simulations in terms of PSD, mean water column
displacement, mean pressure, and mean power. However, it is
valuable to mention that the SL technique required a less com-
putational effort compared to the time domain simulations, con-
verging in few iterations.

CONCLUSION

Wave energy devices usually operate next to resonant condi-
tions leading to large displacements. As a result, non-linearities
play an important role and must be included in the dynamic
model that describes the system. In this regard, this work initi-
ates with the nonlinear modeling of an OWC wave energy device
using a simple two-degrees-of-freedom system: (i) one to de-
scribe the nonlinear behavior of the air-chamber and turbine, and
(ii) one to describe the OWC dynamics. Subsequently, the SL
technique is presented and applied to the system. The reliabil-
ity of the method was assessed by comparing results with those
coming from direct time domain simulations, with a very good
agreement. As the number of variables for optimizing the OWC
is large, the method employed in this work offers a valuable ap-
proach for further assessment of several conditions and designs
to obtain a better performance of the wave energy device. The
computational cost associated with those simulations are rela-
tively smaller when compared to time domain simulations, with
very good results in terms of PSD, mean water elevation, mean
pressure, and mean power.
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