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Abstract
The development of a numerical method for the computation of the linear and weakly non-linear wave effects on floating

bodies is presented. The method is formulated in terms of a higher order time-domain boundary elements method based on

the Rankine sources. The higher order approach is assumed for both body geometry (using NURBS) and computed

function (using B-splines), the former in a standard CAD geometry format to provide more flexibility. In this paper, the

procedures adopted for the numerical solution of the main mathematical problems involved are thoroughly described and

discussed, with the purpose of documenting important aspects of these methods that are often absent in the literature.

Several verification cases are presented, including first-order quantities (motion RAOs, velocity field, and free-surface

elevation) and second-order loads (mean drift, sum, and difference components). Regarding the latter, at the present stage

of the development, the numerical method is able to compute the so-called quadratic components of forces and moments.

For these loads, steady-state solutions in both monochromatic and bichromatic waves are compared to the results obtained

with a well-known frequency-domain code.

Keywords Higher order boundary element method � Time-domain � Rankine sources � Seakeeping � Quadratic second-order
loads.

1 Introduction

Computational solution of diffraction–radiation wave

effects on floating bodies through boundary element

methods (BEM) has been performed for more than 40

years, during which many academic and commercial codes

have been presented. Some of these codes are nowadays

widespread and frequently used by the offshore industry in

the design and analysis of fixed and floating units. Linear

frequency-domain codes appeared first, mainly due to the

limitations imposed by the computing power available at

the time. Some examples, among many others, are the

codes AQWA [1], WAMIT [31], AEGIR [29, 30], LAMP

[32–34], and NEMOH [2]. More recently, several new

codes have been developed based on a time-domain

approach, both with academic and commercial purposes,

see, for instance, SeaFEM [4]. Nonetheless, most of these

codes are not open source, rendering the integration with

other numerical codes infeasible.

Several studies have been performed in the last years for

the simulation of non-linear waves and strongly non-linear

wave–body interaction in Numerical Wave Tanks (NWT).

For instance,Grilli et al. [15] and Grilli and Subramanya

[13, 14] investigated strongly non-linear waves in a 2D

approach using a higher order scheme, the latter including

wave breaking phenomenon, which was extended to 3D

problems in Grilli et al. [16, 17]. van Daalen [7] formulated

a fully non-linear time-domain BEM for the evaluation of

the 2D wave-maker problem, forced oscillation tests, and

decay tests. Ferrant [9, 10] and Ferrant et al. [11] have

employed higher order boundary element methods to

simulate fully non-linear diffraction problems in regular

and irregular waves. Tanizawa et al. [50, 51], Koo [27],

Koo and Kim [26, 28] applied the bidimensional fully non-

linear approach for the evaluation of response to waves of

floating bodies in a numerical wave tank simulation.

Contento [5] has also studied the fully non-linear problem

Technical Editor: Celso Kazuyuki Morooka.

& Felipe Ruggeri

felipe.ruggeri@gmail.com

1 Numerical Offshore Tank (TPN), University of São Paulo,

Prof. Luciano Gualberto Av, 380, São Paulo, Brazil

123

Journal of the Brazilian Society of Mechanical Sciences and Engineering (2018) 40:70
https://doi.org/10.1007/s40430-017-0933-3(0123456789().,-volV)(0123456789().,-volV)

http://orcid.org/0000-0002-0226-0661
http://crossmark.crossref.org/dialog/?doi=10.1007/s40430-017-0933-3&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s40430-017-0933-3&amp;domain=pdf
https://doi.org/10.1007/s40430-017-0933-3


validating his results initially with Vugts [53] experiments

for forced oscillation and then performing decay tests and

simulations of motion response to waves. Xue et al. [58],

Wu [57], and Yan [59] have evaluated 3D non-linear steep

waves applying the fully non-linear approach, which was

extended to wave–body interactions in [35]. Greco [12] has

applied a 2D non-linear wave model for the investigation

of green water phenomenon, including additional effects

like hydroelasticity. Dombre et al. [8] solved the free

floating wave–structure interaction based on a fully non-

linear potential flow solver for a rectangular cylinder,

extending the method presented in Guerber et al. [18] for a

fully submerged circular cylinder.

The Numerical Offshore Tank group of the University

of São Paulo (TPN-USP) has been developing since 2000 a

Dynamic Simulator (Dynasim) in cooperation with Petro-

bras (see, for instance, Nishimoto et al. [41]), for which the

main goal is to predict the behavior of offshore platforms

under the combined action of waves, current and wind.

Dynamic analysis including floating units, moorings, and

risers is performed in a coupled approach.

The present version of Dynasim computes the floating

body motions using pre-computed hydrodynamic coeffi-

cients from a frequency-domain analysis and Cummins [6]

equation. This is certainly a common approach for this kind

of analysis, but it is not free of problems, as, for example, the

numerical difficulties that arise in the computation of the

memory functions, mainly when resonant effects are present

(e.g., in moonpools or during side-by-side operations, etc.).

Furthermore, treating problem that involve multiple bodies

and changes in their relative positions becomes quite cum-

bersome. The considerations above motivated the develop-

ment of a Rankine Panel Method, which has begun with a

linear 2D-code Ruggeri [45], later extended to the 3D case

using a low-order approach concerning both body geometry

and computed functionsWatai [55]. Nonetheless, it is known

that a low-order approach is not the most appropriate for the

computation of mean, slow, and sum drift forces and also

wave–current interaction loads, for they all require accurate

computation of the derivatives of the velocity potential.

Therefore, for the development of the code reported in this

paper, which aims at progressively including such non-linear

effects, a higher order approach was adopted for both

geometry and velocity potential.

Previous comparisons regarding computational time and

accuracy for the lower and higher order approaches were

provided by Liu et al. [36] that applied quadratic quadri-

lateral elements (eight nodes) and by Maniar [39], that

applied a B-spline description, both works dealing only

with frequency-domain solutions. Liu et al [37] computed

the mean-drift forces and wave run-up using the quadratic

elements in combination with the wave source Green

function [56] on the ISSC TLP to avoid the need for free-

surface discretization. The results obtained regarding the

body velocity on a sphere in uniform flow were computed

using the quadratic element derivatives and compared to

analytical solution. Prins [44] also studied the first- and

second-order (mean drift) loads with and without current

assuming a low-order approach, computing the velocity

field using a finite-difference scheme. Liu et al. [38]

computed the mean and double-frequency quantities in

frequency domain, which required the free-surface dis-

cretization in the inner region to solve the second-order

free-surface condition, a procedure similar to the one that is

also adopted by WAMIT [54].

More recently, Kim and Kim [24] extended the method

for wave–current interaction using the nine-node quadratic

elements for both potential function and body geometry.

Rankine source was employed as Green function; thus, also

the free surface was discretized. Shao [47] also applied a

similar approach using 12-node cubic polynomial for both

potential function and geometry in the study of first- and

second-order quantities, both in the presence and in the

absence of a small current.

In the pursuit of a time-domain HOBEM code, many

different alternatives are in principle available for the

solution of the various computations that must be per-

formed. The upsides and disadvantages of each alternative,

however, are often disputable and frequently important

details regarding the algorithms required to perform such

computations are absent in the specialized literature. For

the code developer, this situation certainly makes his task

substantially harder. Having this observation in mind, a

detailed description of some important algorithms that are

critical to the performance of the code will be presented

along the present text, as a comparison of the numerical

results for a simplified flow (hemisphere under uniform

current) changing the collocation points distribution to

verify the best option.

Furthermore, before the code is applied to more com-

plex problems involving real offshore systems and opera-

tions, a thorough verification of the computations is

required. In this paper, some first- and second-order wave–

structure computations concerning a hemisphere are pre-

sented to provide a better comprehension of the numerical

results. However, the second-order wave forces are eval-

uated considering only the quadratic interactions of zer-

oth/first-order quantities; thus, the second-order potential is

not solved in the present method. Although the extension to

the full second-order solution is certainly envisaged, it

involves a much more complex solution which drastically

increases the demanding in terms of mathematical pro-

cessing and computational time. From a practical point of

view, this approach is sufficient for a proper estimation of

the low-frequency forces for many applications,
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particularly, for slender structures that involve low

diffraction effects, such as semi-submersible units [40].

In the time-domain simulations, care was taken to

guarantee that transient effects had effectively vanished

during the simulation period, so that a proper analysis of

the steady-state solution could be performed. With this

approach, the second-order loads in monochromatic and

bichromatic waves are compared with the results obtained

from the frequency-domain code WAMIT [54] v6.4. Some

preliminary results regarding the present method can be

seen in Ruggeri et al. [46].

2 First-order problem

The mathematical problem is formulated considering

floating or fixed structures under the incidence of gravity

waves, neglecting current effects. The flow is assumed

irrotational and incompressible and the free surface is

described by a single-valued mathematical function, thus

restricting the solution to non-overturning waves only.

The weakly non-linear formulation assumes all quantities

described byStokes series, see, for instance, Eq. (1),which are

replaced in the conventional no-flux condition for the fixed

and floating bodies and in the free-surface conditions. Fol-

lowing the conventional procedure, all the quantities are

expanded using Taylor series about the mean-wetted surfaces

[22, 23], where e ¼ H=k is the wave steepness (H wave

height, k wavelength). The no-flux conditions expanded in

Taylor series and combined to Stokes’ one can be seen in

Eq. (3), where the zeroth-order potential is null in the absence

of current andV
ð1Þ
Q is the first-order boundary velocity in point

Q (here, �S denotes the flow boundaries):

u ¼ uð0Þ þ
X1

i¼1

uðiÞðtÞ � ei ð1Þ

ou
ot

¼
X1

i¼1

ouðiÞðtÞ
ot

� ei ð2Þ

ruð1Þ
Q � nð0ÞQ þruð0Þ

Q � nð1ÞQ þr½ðxð1ÞQ � rÞ

uð0Þ
Q � � nð0ÞQ ¼ V

ð1Þ
Q � nð0ÞQ ; Q 2 �S:

ð3Þ

With the purpose of ensuring stability of the time-domain

simulations, an approach that makes use of the so-called

acceleration potential [time derivative of the potential

function, as shown in Eq. (2)] is adopted, as previously

proposed by van Daalen [7], Tanizawa [49], and Bandyk

and Beck [3]. The total velocity and acceleration potentials

are then decomposed into two different quantities repre-

senting the incident and ‘‘disturbed’’ wave field (Eq. (4)),

in which the latter includes all the radiation and diffraction

effects (added mass forces, potential damping, excitation

forces, etc.). One will readily notice that this procedure

differs from the traditional frequency-domain approach, in

which the total potential is decomposed in seven or eight

components. The proposed decomposition allows for an

easier introduction of non-linear effects in the future, for

instance, those associated with moving meshes in time-

domain simulations, as presented in [55]:

uð1Þ ¼ /ð1Þ
I þ /ð1Þ

S : ð4Þ

The first-order problem concerning the velocity potential can

be described as solvingLaplace’s equation (6) considering the

boundary conditions in Eqs. (7) and (8), which are essentially

no-flux conditions, in the mean-wetted fixed (�Sfixed), pre-

scribed motion (�Spm), and floating bodies (�Sfb). Here, g is the

gravity acceleration; /ð1Þ
I is the first-order incident wave field

(Eq. (5)) for finite water depth assuming the superposition of

several regular components with amplitude Ai, wave fre-

quency xi, wave number ki, incoming wave direction bi
(measured from the x-axis in the counter-clockwise) and rel-

ative phase di; ðVð1Þ
G ;xð1ÞÞ denotes the first-order body

velocity vector. Examples of fixed surfaces are the bottom,

walls, and bottom mounted surfaces, while examples of pre-

scribed motion surfaces are wave makers, bodies on forced

motionoscillation tests etc.A simplified setup that illustrates a

numerical wave tank can be seen in Fig. 1 (the coordinate axis

is right-hand oriented with the y-axis perpendicular to the xz

plane.), considering the instantaneous and mean-wetted sur-

faces. It should be reminded that only the mean surfaces are

considered in the numerical computations:

/ð1Þ
I ¼

XN

i¼1

fig
xi

cosh kiðzþ hÞ
cosh kih

cos

ðkix cos bi þ kiy sinbi � xit þ diÞ
ð5Þ

r2/ð1Þ
S ¼ 0 in �X ð6Þ

o/ð1Þ
SQ

on
ð0Þ
Q

¼ �
o/ð1Þ

IQ

on
ð0Þ
Q

; Q 2 �Sfixed ð7Þ

o/ð1Þ
SQ

on
ð0Þ
Q

¼ ½nð0ÞQ ; ðQð0Þ � Gð0ÞÞ ^ n
ð0Þ
Q � � fvð1ÞG ;xð1Þg

�
o/ð1Þ

IQ

on
ð0Þ
Q

; Q 2 f�Spm [ �Sfbg:

ð8Þ

The boundary conditions in the fixed and prescribed

motion boundaries are always known, while the floating

body condition requires the computation of body motions,

which is performed solving Eq. (9) for the first-order

problem, where n is the normal vector components (nx, ny,

and nz); [M], ½Cð0Þ�; and ½Kð0Þ� are the mass, external

damping, and total stiffness matrices
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(hydrostatic ? external), respectively. It should be noticed

that in this formulation, the mass and damping matrices

represent only the physical body mass and external viscous

damping, since the potential effects are taken into account

directly in the pressure integration, including the relative

phases effects regarding added mass/potential damping:

½M�f €Xð1Þg þ ½Cð0Þ�f _Xð1Þg þ ½Kð0Þ�fXð1Þg

¼ �q
ZZ

�Sfb

"
o/ð1Þ

SQ

ot
þ
o/ð1Þ

IQ

ot

#(
n
ð0Þ
Q

ðQð0Þ � Gð0ÞÞ ^ n
ð0Þ
Q

)
dSQ

ð9Þ

The first-order body motions are defined by fXð1Þg and

velocities by f _Xð1Þg, which considers the first-order velocity

of the center of gravity vG
ð1Þ in the translational degrees of

freedom (DoF) and xð1Þ for the rotational ones. The normal

vector is also decomposed assuming Stokes series; thus, nð0Þ

corresponds to the normal vector of the mean surfaces.

The boundary conditions in the free surface include the

dynamic (10) and kinematic (11) equations. Here, they are

not combined into a single one for convenience of the

numerical implementation and to allow flexibility for

future inclusions of non-linear effects. The last terms pre-

sented in both equations represent a sponge layer that is

applied to replace the conventional radiation conditions in

the outer boundaries of the computational domain; see, for

instance, Israeli and Orszag [21]:

o/ð1Þ
S

ot
þ ggð1ÞS þ m/ð1Þ ¼ 0; z ¼ 0 ð10Þ

ogð1ÞS

ot
� o/ð1Þ

S

oz
þ mgð1Þ ¼ 0; z ¼ 0 ð11Þ

where the damping function mðx; yÞ is defined in Eq. (12),

where a and b are constants, k is the largest expected

wavelength, x is the respective wave frequency, and dbeach
is the length of the damping zone. More details concerning

the sponge layer approach assumed can be seen in [45, 55]:

mðx; yÞ ¼ ax

 
½x2 þ y2�1=2 � dbeach

bk

!2

: ð12Þ

The simulation of bodies that are fixed or undergo prescribed

motions is easier, since the motions (positions, velocities, and

accelerations) are already known regardless the hydrody-

namic pressure acting on the body surface, whichmay then be

computed using a conventional backward difference scheme.

On the other hand, the velocity and acceleration of a floating

body are unknown prior to the solution of the body motion’s

equation (9) and this fact may lead to instability of the

numerical method. For avoiding this problem, an additional

BVP is solved for the acceleration potential, allowing the

computation of the time derivative of the potential function

more accurately than if solving a backward finite-difference

scheme. The BVP problem for the acceleration potential

involves solving Laplace’s equation (13) with the boundary

conditions (14) and (15) in �Sfixed, �Spm, and �Sfb:

r2

 
o/ð1Þ

S

ot

!
¼ 0; in �X ð13Þ

o2/ð1Þ
SQ

on
ð0Þ
Q ot

¼ �
o2/ð1Þ

IQ

on
ð0Þ
Q ot

; Q 2 �Sfixed ð14Þ

o2/ð1Þ
SQ

on
ð0Þ
Q ot

¼ ½nð0ÞQ ; ðQð0Þ � Gð0ÞÞ ^ n
ð0Þ
Q � � fað1ÞG ; _xð1Þg

�
o2/ð1Þ

IQ

on
ð0Þ
Q ot

; Q 2 f�Spm [ �Sfbg:

ð15Þ

It should be noticed that the dependence on the accelera-

tion can be eliminated from the floating body boundary

condition using Eq. (16), where fn�ð0ÞQ g ¼ fnð0ÞQ ; ðQð0Þ �
Gð0ÞÞ ^ n

ð0Þ
Q g: ***Therefore, the only variable that needs to

be solved on the floating body surfaces is the time

derivative of the potential function:

Fig. 1 Sketch of the boundary surfaces (left— instantaneous one, right—the mean surfaces) (Please note that the figure provides only a schematic

representation of a 2D section of the tank, since the computational model adopted is three dimensions)
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f €Xð1Þg � fn�ð0ÞQ gT ¼ �q½M��1

ZZ

�Sfb

o/ð1Þ
SQ

ot
fn�ð0ÞQ g�

fn�ð0ÞQ gTdSQ þ�q½M��1

ZZ

�Sfb

o/ð1Þ
IQ

ot
fn�ð0ÞQ g�

fn�ð0ÞQ gTdSQ � ½Cð0Þ�f _Xð1Þg � fn�ð0ÞQ gT

� ½Kð0Þ�fXð1Þg � fn�ð0ÞQ gT :

ð16Þ

The mathematical problem is solved by applying Green’s

identity (Eqs. (17) and (18)), considering the Rankine

sources as Green function. As a consequence, no boundary

condition is automatically satisfied. In the present method,

the points selected for the solution of the integral equation

are located in continuous regions; thus, the contribution of

the solid angle will be always 2p regardless the geometry

discretization, as discussed next:

ZZ

oX�P

 
uQ

oGPQ

onQ
� GPQ

ouQ

onQ

!
doXQ

¼
�4puP; if P inside X

�2puP; if P at oX

0; if P outside X

8
><

>:

ð17Þ

ZZ

oX�P

 
ouQ

ot

oGPQ

onQ
� GPQ

o2uQ

otonQ

!
doXQ

¼

�4p
ouP

ot
; if P inside X

�2p
ouP

ot
; if P at oX

0; if P outside X:

8
>>>><

>>>>:

ð18Þ

The boundary integral equations that arise when considering

the boundary conditions (
ouQ

onQ
,
o2uQ

otonQ
) are given by Eqs. (19) and

(20),which are obtained by replacing the boundary conditions

(7) and (8) into (17) for the velocity potential and (14), (15)

and (16) into (18) for the acceleration potential equation. As

already mentioned, the acceleration in the boundary condi-

tions of floating bodies can be eliminated using the motion

equation (9), providing a direct computation of the time

derivative of the first-order potential without the need for

computing the acceleration in the boundary. The substitution

leads toEq. (21) and the term containing the time derivative of

the first-order potential can be grouped to the dipole term in

the left side of the linear system. This procedure leads to a

stable condition for the time-domain simulation, for it couples

the flow acceleration to the body motions.

The solution of the integral equations is performed using

a panel method that assumes a higher order approach for

both geometry and velocity potential. The geometry is

described in a NURBS format, which is standard in the

CAD field:

2p/ð1Þ
SP

þ
ZZ

�Sfixed

/ð1Þ
SQ

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

þ
ZZ

�Spm

/ð1Þ
SQ

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

þ
ZZ

�Sfb

/ð1Þ
SQ

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

�
ZZ

�Sfs

o/ð1Þ
SQ

oz

 
1

rPQ

!
dSQ

¼ �
ZZ

�Sfixed[�Spm[�Sfb

o/ð1Þ
IQ

on
ð0Þ
Q

 
1

rPQ

!
dSQ þ f _Xð1Þgpm�

"ZZ

�Spm

 
1

rPQ

!
fn�ð0ÞQ gdSQ

#

þ f _Xð1Þgfb �
"ZZ

�Sfb

 
1

rPQ

!
fn�ð0ÞQ gdSQ

#

�
ZZ

�Sfs

/ð1Þ
SQ

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

ð19Þ

2p
o/ð1Þ

SP

ot
þ
Z Z

�Sfixed

o/ð1Þ
SQ

ot

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

þ
Z Z

�Spm

o/ð1Þ
SQ

ot

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

þ
Z Z

�Sfb

o/ð1Þ
SQ

ot

o

on
ð0Þ
Q

 
1

rPQ

!
dSQ�

Z Z

�Sfs

o2/ð1Þ
SQ

otoz

 
1

rPQ

!
dSQ

¼�
Z Z

�Sfixed[�Spm[�Sfb

o2/ð1Þ
SQ

oton
ð0Þ
Q

 
1

rPQ

!
dSQ

þf €Xð1Þgpm �
"Z Z

�Spm

 
1

rPQ

!
fn�ð0ÞQ gdSQ

#

þf €Xð1Þgfb �
"Z Z

�Sfb

 
1

rPQ

!
fn�ð0ÞQ gdSQ

#

�
Z Z

�Sfs

½�ggð1ÞS � o

on
ð0Þ
Q

 
1

rPQ

!
dSQ

ð20Þ
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f €Xð1Þgfb �
"ZZ

�Sfb

 
1

rPQ

!
fn�ð0ÞQ gdSQ

#
¼ ½M��1

(
� q
ZZ

�Sfb

o/ð1Þ
SQ

ot
fn�ð0ÞQ gdSQþ

� q
ZZ

�S

o/ð1Þ
IQ

ot
fn�ð0ÞQ gdSQ � ½Cð0Þ�f _Xð1Þg � ½Kð0Þ�fXð1Þg

)
�

"ZZ

�Sfb

 
1

rPQ

!
fn�ð0ÞQ gdSQ

#
¼

� q½M��1

 ZZ

�Sfb

o/ð1Þ
SQ

ot
fn�ð0ÞQ gdSQ

!

 ZZ

�Sfb

 
1

rPQ

!
fn�ð0ÞQ gdSQ

!
� q½M��1fF0g:

ð21Þ

3 Second-order effects

The second-order effects can be partially computed from the

first-order solution by considering the interaction of two

arbitrary first-order quantities. The complete second-order

solution, however, involves also the effects of the second-

order potential. In the present stage of the development, the

contribution from the second-order potential is no computed,

rendering an approximation that is sufficient for the compu-

tation of mean-drift forces and for problems for which its is

known, a priori, that its effect may be neglected.

The second-order forces can be computed from the

general force expression (22). According to the weakly

non-linear hypothesis, the integral over the wetted surface

can be split into two components: a mean-wetted surface

and a periodic component that oscillates along the body’s

waterline, as shown in Eq. (25), which is obtained by

substituting equations (23) and (24) into Eq. (22):

F ¼ �q
ZZ

SBðtÞ

 
ouQ

ot
þ 1

2
ruQ � ruQ þ gzQ

!
nQdS

ð22Þ

ujz ¼ ujz¼0 þ
ou
oz

���
z¼0

zþ � ð23Þ

ujSW ¼ uj�SB þru
���
�SB
� ½xQðtÞ � �xQ�: ð24Þ

Since no current effect is considered, the zeroth-order free-

surface elevation can be neglected and the quantities above

the mean water level can be collected up to first order. In

addition, only the first terms in Taylor series are retained,

because the integration of variable z over the water col-

umns would provide terms of order 2:

F¼� q
ZZ

�SB

 
ouQ

ot
þ 1

2
ruQ � ruQ þ gzQ

!
nQdS

þ
I

WL

Z ðgQ�zQÞ

0

 
ouQ

ot
þ 1

2
ruQ � ruQ þ gzQ

!
nQdzdl:

ð25Þ

Retaining only second-order quantities, the integration of

the first term can be performed, as shown in Eq. (26),

which is simplified by considering the relation

nð1Þ ¼ að1Þ ^ nð0Þ, leading Eq. (27):

ZZ

�SB

ouQ

ot
ndS¼

ZZ

�SB

"
ouð2Þ

Q

ot
þr

ouð1Þ
Q

ot
� xð1ÞQ

#
n
ð0Þ
Q dS

þ
ZZ

�SB

ouð1Þ
Q

ot
n
ð1Þ
Q dSþ

ZZ

�SB

ouð0Þ
Q

ot
n
ð2Þ
Q dS

ð26Þ
ZZ

�SB

ouQ

ot
ndS ¼

ZZ

�SB

n ouð2Þ
Q

ot
þr

ouð1Þ
Q

ot
� ½xð1ÞG þ að1Þ ^ ðQð0Þ � Gð0ÞÞ�

o
n
ð0Þ
Q dS

þ að1Þ ^
ZZ

�SB

ouð1Þ
Q

ot
n
ð0Þ
Q dS:

ð27Þ

The integration of the velocity quadratic term can be

expanded similarly in Eq. (28) keeping only second-order

quantities:

1

2

ZZ

�SB

ruQ � ruQnQdS ¼ 1

2

ZZ

�SB

ruð1Þ
Q � ruð1Þ

Q n
ð0Þ
Q dS:

ð28Þ

The integration of the third term over the mean-wetted

surface in Eq. (25) is performed according to (29):
ZZ

�SB

gzQnQdS ¼
ZZ

�SB

gz
ð0Þ
Q n

ð2Þ
Q dSþ

ZZ

�SB

gz
ð1Þ
Q n

ð1Þ
Q dS

þ
ZZ

�SB

gz
ð2Þ
Q n

ð0Þ
Q dS

¼ gað2Þ ^ ð0; 0; 8Þ

þ gað1Þ ^
ZZ

�SB

z
ð1Þ
Q n

ð0Þ
Q dSþ g

ZZ

�SB

z
ð2Þ
Q n

ð0Þ
Q dS:

ð29Þ

Finally, the integration over the water column is computed

from Eq. (30), which may be simplified into Eq. (31):
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I

WL

Z ðg�zQÞ

0

 
ouð1Þ

ot

�����
z¼0

þ o2uð1Þ

ozot

�����
z¼0

z

! 
nð0Þ þ onð0Þ

oz

�����
z¼0

zþ nð1Þ

!
dzdl

¼
I

WL

"
ouð1Þ

ot
ðgð1Þ � zQð1ÞÞnð0Þ

�����
z¼0

þ ouð1Þ

ot
ðgð0Þ � zQð0ÞÞnð1Þ

�����
z¼0

#
dS

ð30Þ
1

2

I

WL

fgð1Þ � ½zð1ÞG þ að1Þx ðy� yGÞ � að1Þy ðx� xGÞ�g2nð0Þdl:

ð31Þ

Differently from an approach in frequency domain, in time-

domain computations, the second-order forces already

consider both the difference- and sum-frequency compo-

nents that arise from the action of a regular wave. There-

fore, there is no need to solve the second-order forces in

different ways for the difference and sum-frequency

problems. The second-order hydrodynamic forces are then

summarized in Eq. (32):

Fð2Þ ¼ � q
ZZ

�SB

 
ouð1Þ

Q

ot
þ gz

ð1Þ
Q

!
n
ð1Þ
Q dS

� q
ZZ

�SB

"
1

2
ruð1Þ

Q � ruð1Þ
Q þ x

ð1Þ
Q �

 
oruð1Þ

Q

ot

!#
n
ð0Þ
Q dS

þ 1

2
qg
I

WL

½gð1ÞQ � ðzð1ÞG þ ðyQ � y
ð0Þ
G Það1Þ

� ðxQ � x
ð0Þ
G Það2ÞÞ�2nð0ÞQ dl:

ð32Þ

4 Numerical method

4.1 Geometry—NURBS approach

The geometry of the problem is described in terms of Non-

Uniform Rational Basis Splines (NURBS) in ‘‘.igs’’ format

file [20, 42]. In this paper, only basic information regarding

the application of the approach to the panel method will be

presented. It is important to remind, first, that the boundary

element method requires only surfaces to be modelled, and

therefore, no references concerning solids will be made in

this text.

Geometries are defined based on Eq. (33), where p is the

degree of the basis spline, u are the coordinates in the

parametric domain, and ui are the knots vector in the

interior region. The spline function is defined based on the

recurrence equation (34) for p[ 0, which is piecewise

continuous:

Ni;pðuÞ ¼
u� ui

uiþp � ui
Ni;p�1ðuÞ

þ uiþpþ1 � u

uiþpþ1 � uiþ1

Niþ1;p�1ðuÞ; p[ 0
ð33Þ

Ni;0ðuÞ ¼
1; if ui � u\uiþ1

0; if u\ui or u� uiþ1:

�
ð34Þ

The surface is built by the superposition of several orthogonal

polynomials in the two orthogonal directions u and v, which

describe the surface domain.Although the surface domain can

be generic, because the u knots and v knots are arbitrary, it is

convenient to ‘‘scale’’ it into the square of dimensions ½0; 1� �
½0; 1� to simplify the algebraic manipulations. The ith basis

function of degree k is null in the entire domain, but in the

range ½ui; uiþkþ1�, so the basis functions have a local influence
region. This makes it possible to represent almost any smooth

continuous arbitrary function using NURBS without

demanding a very large computational effort.

The NURBS surface is defined by Eq. (35), where Cij

are the control points of the surface and wij the respective

weights. The description of the entire surface is performed

using the weights, control points, and knot vectors, pro-

viding a very robust format that requires a relatively small

amount of memory:

Sðu; vÞ ¼
xðu; vÞ
yðu; vÞ
zðu; vÞ

8
><

>:

9
>=

>;

¼
PNu

i¼1

PNv

j¼1 wijCijNi;pðuÞNj;pðvÞ
PNu

i¼1

PNv

j¼1 wijNi;pðuÞNj;pðvÞ
; 0� u� 1; 0� v� 1:

ð35Þ

The parametrization functions x(u, v), y(u, v), and

z(u, v) map the surface domain into the patch region, which

means that all evaluations that should be done in the physical

space can be performed in the parametric domainUV. This is

an important fact because, being the domain a regular unitary

region, the Jacobian (Eq. (36)) can be used to change the

computations from the physical space to the parametric one:

jJðu; vÞj ¼
�����

�����
oS

ou
^ oS

ov

�����

�����: ð36Þ

4.2 Potential function and other quantities

The solution of the BVP is described using a geometry-

independent B-spline approach, in which the solution is

continuous inside each patch and the spline of order k is

generic, providing the k � 1 continuous derivatives inside

the patches.
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In this approach, the solution can be discontinuous for

the different patches, since no additional constrains are

imposed in the edges of each patch. To keep the method

robust in terms of geometry description, the continuity of

the solution among patches is not enforced by the numer-

ical scheme. In fact, this assumption is not unusual; it was

adopted, for example, in a higher order method proposed

by Maniar [39] and also in the low-order approach pre-

sented in [55]. Since no hypothesis regarding the value of

the potential function in the edges of a patch is made, an

additional ‘‘hidden layer’’ of knots is required to avoid the

potential function to be null at all edges. The hidden layer

is created by repeating the first and last knots k (polynomial

degree).

The velocity and acceleration potentials and also the

free-surface elevation are all represented in the generic

form of Eq. (37), where /p
i;j are the coefficients corre-

sponding to the ith basis function in direction u and jth

basis function in direction of the pth patch of the domain.

The basis functions have degree ku , kv in the u and v di-

rections, respectively2:

uðu; vÞ ¼
XNp

p¼0

XNu

i¼0

XNv

j¼0

/p
i;jN

ku;p
i ðuÞNkv;p

j ðvÞ: ð37Þ

The computation of the velocity field upon the body sur-

face is required for the evaluation of the second-order

loads. In the present approach, this computation can be

performed in a very straightforward manner in the para-

metric space by making use of the analytic derivatives of

the shape functions (Eq. (38)):

ou
ou

ðu; vÞ ¼
XNp

p¼0

XNu

i¼0

XNv

j¼0

/p
i;j

oN
ku;p
i ðuÞ
ou

N
kv;p
j ðvÞ

ou
ov

ðu; vÞ ¼
XNp

p¼0

XNu

i¼0

XNv

j¼0

/p
i;jN

ku;p
i ðuÞ

oN
kv;p
j ðvÞ
ov

:

ð38Þ

The problems addressed in the present work only require

the computation of first-order derivatives. The transfor-

mation between physical and parametric space is per-

formed using the chain rule presented generically for the u

direction in Eq. (39), which can be applied analogously for

the v direction:

ou
ou

�����
ðu;vÞ

¼ ou
ox

�����
ðxðu;vÞ;yðu;vÞ;zðu;vÞÞ

ox

ou

�����
ðu;vÞ

þ ou
oy

�����
ðxðu;vÞ;yðu;vÞ;zðu;vÞÞ

oy

ou

�����
ðu;vÞ

þ

ou
oz

�����
ðxðu;vÞ;yðu;vÞ;zðu;vÞÞ

oz

ou

�����
ðu;vÞ

:

ð39Þ

The evaluation of ou=ox, ou=oy, and ou=oz is then per-

formed using Eq. (41). Here, one should notice that an

additional relation was imposed (Eq. (40)) based on the

non-flux condition on the body boundary. This is done to

match the number of equations and variables:

ou
on

�����
ðu;vÞ

¼
 
ou
ox

;
ou
oy

;
ou
oz

!�����
ðxðu;vÞ;yðu;vÞ;zðu;vÞÞ

� nðu; vÞ

ð40Þ
ou
ox
ou
oy

ou
oz

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;
ðxðu;vÞ;yðu;vÞ;zðu;vÞÞ

¼

ox

ou

oy

ou

oz

ou
ox

ov

oy

ov

oz

ov
nx ny nz

2
6664

3
7775

�1

ðu;vÞ

ou
ou
ou
ov
ou
on

8
>>>>>><

>>>>>>:

9
>>>>>>=

>>>>>>;
ðu;vÞ

:

ð41Þ

In the low-order approach, there are specific equations for

the integration of the self-influence components in the

computation of the influence matrix for the source and

dipole terms. However, in the higher order approach, there

is a significant contribution of curvature effects in these

components for both source and dipole terms, and this

point will be discussed next.

4.3 Integration of the source and dipole terms

The Green’s identity assumed in the solution of the BVP

was given in Eq. (19), and in our case, the solid angle is

always 2p, since no collocation points are located in the

edges. The integrands will always have two main

Table 1 Computation time for influence matrices evaluation for a

mesh of 64 panels

Number of Gaussian points Time elapsed (s)

2 0.13

4 0.21

6 0.35

8 0.55

10 0.80

20 3.05

40 13.99

80 85.06

2 In the present work the same degree was always used in both

directions.
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functions, the sources and dipoles, both containing singu-

larities when the field and source points are coincident. The

integrands can be discretized using the B-spline approxi-

mation, providing Eqs. (42) and (43):

Z 1

0

Z 1

0

uðu; vÞ o

onðu; vÞ

 
1

rPQðu; vÞ

!
jJðu; vÞjdvdu

¼
XNp

p¼0

XNu

i¼0

XNv

j¼0

/p
i;j

Z uiþkuþ1

ui

Z vjþkvþ1

vj

N
ku;p
i ðuÞNkv;p

j ðvÞ o

onðu; vÞ

 
1

rPQðu; vÞ

!
jJðu; vÞjdvdu

ð42Þ

Z 1

0

Z 1

0

ou
on

ðu; vÞ
 

1

rPQðu; vÞ

!
jJðu; vÞjdvdu

¼
XNp

p¼0

XNu

i¼0

XNv

j¼0

o/p
i;j

on

Z uiþkuþ1

ui

Z vjþkvþ1

vj

N
ku;p
i ðuÞNkv;p

j ðvÞ
 

1

rPQðu; vÞ

!
jJðu; vÞjdvdu:

ð43Þ

To improve the numerical integration procedure, there are

different considerations to be done about the integration

process depending on the position of the collocation point.

To illustrate the difficulties associated with the integration

process, the case of a sphere in uniform flow is used for the

evaluation of the influence matrix. The integrand (42) is

particularly difficult to be evaluated in the near field and

self-influence due to the abrupt variations in the values of

the functions near the singular point. The computations are

performed using Gauss–Legendre quadrature, as shown in

Eq. (44), where Ngu and Ngv are the number of Gaussian

Fig. 2 Convergence analysis of

the matrices A and B an the

self-influence integral changing

the number of Gaussian points
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points in u and v directions, wm and wn are the weights, and

um; vn are the Gaussian points:

Z uiþkuþ1

ui

Z vjþkvþ1

vj

f ðu; vÞdvdu 	
XNgu

m¼1

XNgv

n¼1

wmwnf ðum; vnÞ:

ð44Þ

The influence matrix is composed of the dipole and source

elements, denoted by A and B matrices, respectively. To

simplify the analysis, the zero-order polynomial distribu-

tion is assumed, and therefore, the values inside each are

constant. The study was performed assuming 2, 4, 6, 8, 10,

20, 40, and 80 Gaussian points in each direction. The

sphere was divided considering panels with areas of less

than 0.2 m2 for a sphere of unitary radius, generating a total

number of 64 panels.

The variation in computational time when changing the

number of Gaussian points can be seen in Table 1 (com-

puted in Matlabr environment). A convergence analysis

considering the self-influence terms in matrices A and B

can be seen in Fig. 2. It makes evident that there is a low

rate of convergence when using a Gauss–Legendre

approach, since, even for a large number of points (more

than 40), the tolerance of 10�4 could not be achieved.

To improve the integration process, an analytic desin-

gularization method was adopted, considering the bi-

quadratic transformation method, as introduced by Maniar

[39]. However, the method originally proposed was applied

to a B-spline geometry representation; therefore, an

extension of the method was required to take NURBS

geometries into account. Moreover, the approach described

by Maniar [39] requires the approximation of the integrand

by an expansion series and an analytic integration of each

individual component, considering both the source/dipole

terms and the transformation Jacobian, rendering the

numerical procedure rather complex.

In the present work, the procedure proposed by Kim

et al. [25] was applied, using the bi-quadratic

transformation for the analytic desingularization and then

Gauss–Legendre quadrature in the ‘‘new’’ non-singular

integrand considering the NURBS geometry description.

The domain is decomposed into four different zones (tri-

angles), keeping the singular point only at the common

vertex. The procedure is illustrated in Fig. 3, where uc and

vc are the parametric coordinates of the collocation points

and the right side picture is the integration domain after

applying the bi-quadratic transformation, as described in

Eq. (45) concerning region 2. The transformations of the

other regions are obtained analogously, as shown in

Eqs. (47), (48), and (46) for regions 1, 3, and 4,

respectively.

u� uc ¼ n

v� vc ¼ ng
ð45Þ

u� uc ¼ �n

v� vc ¼ �ng
ð46Þ

u� uc ¼ ng

v� vc ¼ n
ð47Þ

u� uc ¼ �ng

v� vc ¼ �n
ð48Þ

The self-influence terms can be written as in Eqs. (49) and

(51), where the terms IDk and ISk are the integrals over each

individual triangle [region 2 is assumed in the example in

Eqs. (50) and (52)] and summing up the contributions over

the four different regions. These last equations are not

singular and can be evaluated numerically using Gauss–

Legendre quadrature directly:

Z u2

u1

Z v2

v1

NiðuÞNjðvÞ
o

onðu; vÞ

 
1

rPQðu; vÞ

!
jJðu; vÞjdvdu ¼

X4

k¼1

IDk

ð49Þ

ID2 ¼
Z u2�uc

0

Z v2�vc
u2�uc

v1�vc
u2�uc

Niðnþ ucÞNjðngþ vcÞ

rPQðnþ uc; ngþ vcÞ � Nðnþ uc; ngþ vcÞ
r3PQðnþ uc; ngþ vcÞ�����

orPQ
on

^ orPQ
og

�����dgdn

ð50Þ

Z u2

u1

Z v2

v1

NiðuÞNjðvÞ
 

1

rPQðu; vÞ

!
jJðu; vÞjdvdu ¼

X4

k¼1

ISk

ð51Þ

Fig. 3 Domain splitting into four triangles and integration domain

considering the region (2) using bi-quadratic transformation
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IS2 ¼
Z u2�uc

0

Z v2�vc
u2�uc

v1�vc
u2�uc

Niðnþ ucÞNjðngþ vcÞ

1

rPQðnþ uc; ngþ vcÞ

�����
orPQ
on

^ orPQ
og

�����dgdn:
ð52Þ

The numerical integration using 4 Gaussian points per

region (16 in total concerning the entire panel) for the same

sphere studied earlier provided an accuracy of less than

10�6, which could not be achieved by direct integration

even when using 80 Gaussian points for the singular inte-

grand. The integration of the other terms near the main

diagonal of the linear system (but not the self-influence)

can be performed using an adaptive method until the

desired accuracy is achieved. This procedure usually

requires less than nine points for a 10�6 threshold,

assuming a monotonic convergence.

4.4 The importance of the collocation points
and linear system setup

The setup of the linear system is not a trivial task in the

higher order method compared to the low-order approach.

Indeed, due to the additional (hidden) layers concerning the

patch boundaries, there are more variables (spline coeffi-

cients) than equations if we consider only a single collo-

cation point per panel (an approach that is usual in the low-

order method). There are several ways to overcome this

limitation and three different methodologies were tested:

two of them choosing the same number of collocation

points and B-spline unknown coefficients, thus obtaining a

determined linear system, and a third approach assuming

more than a single collocation point per panel, thus leading

to an overdetermined linear system. In the first case, the

linear system can be solved directly, while for the latter,

the least square approach proposed by Kim et al. [25] is

applied.3 The B-spline degree adopted in the analysis is

fixed in 2 for all the comparisons to simplify the analysis.

The first method that was evaluated is the so-called

‘‘extended’’ panel approach, where the panels are not taken

as the interval between successive knots, but as the interval,

where a shape function (spline) extends without null values

(ui, uiþpþ1). The collocation points are chosen as the mid-

point of the not null interval as in Eq. (53), providing one

collocation point per shape function. The second approach

considered involves the distribution of collocation points

using Legendre polynomial roots in the parametric space,

while the third one places multiple collocation points inside

each panel (interval of not coincident knots) to obtain an

overdetermined linear system. The number of collocation

points inside each panel is completely arbitrary, and in this

work, four points were assumed:

ðuci; vciÞ ¼
 
ui þ uiþpþ1

2
;
vi þ viþpþ1

2

!
: ð53Þ

When comparing the different procedures, it was found that

the second method leads to a concentration of points near

the patch edges if compared to the first approach. The third

procedure, on the other hand, provides a more uniform

distribution of collocation points. In this method, the sys-

tem is defined based on Eq. (54), where m and n are the

number of lines and columns, respectively, ðm� nÞ. The
solution is computed as in Eq. (55):

½A�m;nfcgn;1 ¼ fBgm;1 ð54Þ

ð½A�Tn;m½A�m;nÞfcgn;1 ¼ ½A�Tn;mfBgm;1
) fcgn;1 ¼ ð½A�Tn;m½A�m;nÞ

�1½A�Tn;mfBgm;1:
ð55Þ

The performance of the alternative procedures is compared

for the case of a submerged sphere of radius R in uniform

flow, with the analytic solution, as shown in Eq. (56). The

velocity potential distribution was evaluated in a grid of

60 9 60 in the parametric space, considering an uniform

distribution; thus, the potential is not evaluated in the

collocation points itself, unless by coincidence:

/ð0Þ ¼ 1

2

xR3

ðx2 þ y2 þ z2Þ3=2

) uð0Þ ¼ Uxþ 1

2

xR3

ðx2 þ y2 þ z2Þ3=2
:

ð56Þ

The comparison of the potential values computed with the

different techniques and the analytic solution, for a 64

panel mesh, is presented in Fig. 4. It can be seen that only

the procedure that considers multiple collocation points per

panel has converged in the entire domain. The method

using the Legendre roots showed good agreement at the

edges of the sphere but not in the central region, and this is

probably due to the lower number of collocation points in

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−2

−1.5

−1

−0.5

0

0.5

1

1.5

2

Position X (m)

φ

Legendre roots
Extended panel center
Multiple collocation points
Analytic

Fig. 4 Comparison among several collocation points choice consid-

ering the disturbance potential due to an incident unitary flow

3 This could also be performed using a Galerkin approach Maniar

[39].
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the central region when following this specific approach.

The extended panel method provides a good agreement

near the center of the sphere but not at the edges and there

are large ‘‘fluctuations’’ in the values along the azimuth

angle (for a constant x value) mainly in the edges region.

Something that is not expected since the flow is symmetric

about the incident flow axis (x-axis). These fluctuations are

much reduced in the Legendre root approach and negligible

in the case of multiple collocation points. For this region,

the latter was selected for present developments.

It should also be noticed that, due to the lack of conti-

nuity of the velocity potential across the patches, the

solution may change significantly depending on the user

expertise regarding mesh generation. In general, it is

always better to keep larger patches instead of splitting it in

several small ones due to the continuity of the solution

inside each individual patch, defined by construction.

To investigate this behavior, the same sphere that was

described considering a single patch in the previous

analyses was split into two patches, as shown in Fig. 5,

where the differences in mesh topology can be observed.

A similar comparison regarding the computation of the

velocity potential function is shown in Fig. 6. One may

realize that, although there are significant differences in the

results, the approach with the multiple collocation points

per panel is once again less sensitive, with a general good

agreement with the analytic solution. Again, this speaks in

its favour as the preferable choice for building the linear

system.

4.5 Comparisons concerning the spline degree

To verify the influence of the spline degree on the distri-

bution of the potential functions, the method of multiple

collocation points per panel was used while varying the

spline degree from 0 (constant inside each panel) to 3

(cubic).

Fig. 5 Comparison of mesh topology concerning a sphere described by a single patch (right) and by two patches (left)

−1 −0.8 −0.6 −0.4 −0.2 0 0.2 0.4 0.6 0.8 1
−3

−2

−1

0

1

2

3

Position X (m)

φ

Legendre roots

Extended panel center

Multiple collocation points

Analytic

Fig. 6 Comparison among

several collocation points

choice considering the

disturbance potential due to an

incident unitary flow,

considering a sphere described

by two patches
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The results regarding the distribution of the disturbance

potential can be seen in Fig. 7. As expected when dealing

with a spheric body geometry, it can be seen that there is a

gain in accuracy when changing from a low order (zero

order) to a higher order approach and that, in the latter

case, only small improvements arise when changing from a

linear to a quadratic or cubic model. The comparison of the

disturbance velocity is shown in Fig. 7, where good

agreement is verified overall, but for the linear distribution

near the ± 0.8 m position.

5 The wave–body interaction problem

In this section, some relevant aspects regarding the

numerical solution of the boundary integral equations (19)

and (20) will be addressed. First, it should be noticed that

since we perform the computations on the mean surfaces

and not on the exact (instantaneous) surfaces, the sources,

dipoles, normal vectors, and integration domains remain

constant in time, meaning that many terms only need to be

computed once.

The term concerning integration of the incident field,

however, would require a new computation per time step,

since the time dependent term is inside a transcendental

function (see Eq. (57), in which this term is represented in

its discrete version). Obviously, this is not efficient from a

numerical point of view. Nonetheless, the problem can be

avoided quite simply by expanding the cosine and sine

terms making use of the trigonometric relations, as shown

in Eqs. (58) and (59). With this procedure, the time variant

term can be removed from the integral, rendering the

computations more efficient. Although there is now four

terms to be integrated instead of a single one, these

quantities are computed only once, not requiring any

additional computation during the evolution of the solution

in time:
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Fig. 7 Comparison among

several degrees of spline

approximation and analytic

solution concerning the

disturbance potential (a) and
velocity in x direction

(b) around a sphere under

incident flow
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ZZ

�Sfixed[�Spm[�Sfb

o/ð1Þ
IQ

on
ð0Þ
Q

 
1

rPQ

!
dSQ

¼
XNp

p¼0

XNu

i¼0

XNv

j¼0

XNw

w¼0

Awxw

Z 1

0

Z 1

0

ekwzðu;vÞf½� cosbwnxðu; vÞ

� sinbwnyðu;vÞ� sinðkwxðu;vÞcosbw þ kwyðu; vÞ sinbw
�xwtþ dwÞ þ nzðu;vÞ cosðkwxðu;vÞcosbw
þ kwyðu;vÞ sinbw �xwtþ dwÞgjJðu; vÞjdvdu

ð57Þ

sinðkwxðu; vÞ cosbw þ kwyðu; vÞ sinbw �xwtþ dwÞ
¼ sinðkwxðu; vÞ cosbw þ kwyðu; vÞ sinbw þ dwÞ cosðxwtÞ
� sinðxwtÞ cosðkwxðu; vÞ cosbw þ kwyðu; vÞ sinbw þ dwÞ

ð58Þ

cosðkwxðu; vÞ cosbw þ kwyðu; vÞ sinbw �xwtþ dwÞ
¼ cosðkwxðu; vÞ cosbw þ kwyðu; vÞ sinbw þ dwÞ cosðxwtÞ
� sinðxwtÞ sinðkwxðu; vÞ sinbw þ kwyðu; vÞ sinbw þ dwÞ:

ð59Þ

5.1 Free-surface condition and the use
of a numerical beach (sponge layer)

The free-surface condition is applied in the collocation

points located on the mean free-surface panels and the

variables are the time derivative of the free-surface ele-

vation and potential functions at the free surface (ogð1ÞSij
=ot

and o/ð1Þ
Sij
=ot), also leading to an overdetermined linear

system.

The expansion of the free-surface elevation with a

generic number of collocation points can be seen in

Eq. (60). The linearized kinematic free-surface condition is

written in the matrix form in Eq. (61), where the vectors

A1, B1, A2, and B2 are the spatial derivatives of the incident

wave elevation function discussed earlier:

XNu

i¼1

XNv

j¼1

ogð1ÞSij

ot
NiðuPkÞNjðvPkÞ

¼

N1ðuP1ÞN1ðvP1Þ . . . NNu
ðuP1ÞNNv

ðvP1Þ
N1ðuP2ÞN1ðvP2Þ . . . NNu

ðuP2ÞNNv
ðvP2Þ

..

. ..
. ..

.

N1ðuP4NP
ÞN1ðvP4NP

Þ . . . NNu
ðuP4NP

ÞNNv
ðvP4NP

Þ

2
66664

3
77775

ogð1ÞS11

ot

ogð1ÞS12

ot

..

.

ogð1ÞSNuNv

ot

0

BBBBBBBBBBB@

1

CCCCCCCCCCCA

¼
"
NijðuP; vPÞ

#

4:NPXNu:Nv

:

(
ogð1ÞSij

ot

)

Nu:NvX1

¼ ½N�fgð1Þt g
ð60Þ

½N�fgð1Þt g ¼½N�f/ð1Þ
Sz g þ fA1g cosðxtÞ þ fB1g sinðxtÞÞ�

þ fA2g cosðxtÞ þ fB2g sinðxtÞÞ
� fmgf/ð1Þg ¼ 0:

ð61Þ

The kinematic first-order condition can be solved in a

procedure that is analogous to the one adopted for the

integral equations according to Eq. (62). This is very

convenient from a numerical point of view, because all

matrices can be pre-computed, and therefore, only the

vector containing the first-order quantities is updated at

each time step. The solution of the dynamic free-surface

condition is computed using the same approach:

Fig. 8 Mapping from the parametric to the physical space concerning

the waterline
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fgð1Þt g ¼ ð½N�T ½N�Þ�1ð½N�T ½N�Þf/ð1Þ
Sz g

� ð½N�T ½N�Þ�1½N�TðfA1g þ fA2gÞ cosðxtÞ
� ð½N�T ½N�Þ�1½N�TðfB1g þ fB2gÞ sinðxtÞ
� ð½N�T ½N�Þ�1½N�Tfmgf/ð1Þg ¼ 0:

ð62Þ

5.2 Dealing with the gradient of the velocity
potential time derivative

The computation of the second-order forces (Eqs. (28) to

(32)) are performed considering terms on the body mean-

wetted surface and body waterline. The only term that has

not been defined yet is the gradient of the time derivative of

the potential function. This gradient can be obtained based

on Eq. (63), where the transformation matrix requires only

the spline description concerning body geometry. The

quantities
o2/S

ouot
and

o2/S

ovot
are computed directly from the

solution of the first-order problem, whereas
o2/S

onot
comes

from the body boundary condition in the acceleration

potential (Eq. (15)):

o2/S

oxot

o2/S

oyot

o2/S

ozot

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;
ðxðu;vÞ;yðu;vÞ;zðu;vÞÞ

¼

ox

ou

oy

ou

oz

ou
ox

ov

oy

ov

oz

ov
nx ny nz

2

6664

3

7775

�1

ðu;vÞ

o2/S

ouot

o2/S

ovot

o2/S

onot

8
>>>>>>><

>>>>>>>:

9
>>>>>>>=

>>>>>>>;
ðu;vÞ

:

ð63Þ

However, for the computation of the second-order forces, a

numerical problem remains concerning the definition of the

waterline intersection for a generic body surface. The

method that was applied for this definition is presented

next.

5.3 Definition of the waterline intersection

The computation of the drift forces requires an integral on

the body waterline and thus involves the solution of a

difficult mathematical problem, namely, the definition of a

surface–surface intersection (similar to the so-called trim

problem). This task is particularly difficult when a math-

ematical surface is defined by means of several patches.

Many algorithms are presented in the literature for

dealing with this problem, most of them requiring an

iterative method or the solution of a system of partial dif-

ferential equations (see, for instance, Teixeira and Creus

[52], Tang and Medioni [48], Hass et al. [19]). Regarding

the present numerical method, the intersection problem

occurs for two different situations: the first one when only

the mean-wetted surface is provided, and then, there is no

surface above the undisturbed waterline; the second when

the full body geometry is provided, and therefore, the

surface bellow the instantaneous waterline must be defined.

In general, the integration of the body waterline (WL) is

performed in the several curves defined by the intersection

of the body and the undisturbed free-surface elevation

(WLi), as illustrated in Fig. 8. The contribution of the

several waterline curves is summed up using Eq. (64):

I

WL

FðlÞdl ¼
XN

i¼1

I

WLi

FðlÞdli: ð64Þ

It is performed assuming a parametric curve ciðsÞ ¼
ðxiðsÞ; yiðsÞ; ziðsÞÞ that maps the physical curve in the

parametric space from 0 to Li, where FiðsÞ is a generic

curve, as shown in Eq. (65).
I

WLi

FðlÞdli ¼
Z Li

0

FiðsÞjjc0iðsÞjjds: ð65Þ

The vector c0iðsÞ is tangent to the intersection of both sur-

faces, and since the undisturbed free surface is defined as

z ¼ 0; the vector is defined as the cross product of both

normal vectors, as shown in Eq. (66):

c0iðsÞ ¼
� oS
ox

;
oS

oy
;
oS

oz

����
ðxðuðsÞ;vðsÞÞ;yðuðsÞ;vðsÞÞ;0Þ

^ ð0; 0; 1Þ

¼
� oS
oy

;� oS

ox
; 0
����

ðxðuðsÞ;vðsÞÞ;yðuðsÞ;vðsÞÞ;0Þ
:

ð66Þ

A simple technique to define the surface intersection is to

select an initial point in the intersection and then solve the

system of coupled ordinary differential equations (67),

which is performed using a Runge–Kutta–Fehlberg tech-

nique with an adaptive step size. The initial is found by

application of Newton–Raphson method in the NURBS

space concerning the body patches, as shown in Eq. (68).

Since the initial point computed is not always located in

the corner of a patch, the ordinary differential equation is

solved considering both tangent vector orientations:

dx

ds
¼ oS

oy

�����
ðxðuðsÞ;vðsÞÞ;yðuðsÞ;vðsÞÞ;0Þ

dy

ds
¼ � oS

ox

�����
ðxðuðsÞ;vðsÞÞ;yðuðsÞ;vðsÞÞ;0Þ

8
>>>>><

>>>>>:

ð67Þ
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zðuðs ¼ 0Þ; vðs ¼ 0ÞÞ ¼ 0

) xðuðs ¼ 0Þ; vðs ¼ 0ÞÞ; yðuðs ¼ 0Þ; vðs ¼ 0ÞÞ:
ð68Þ

The solution of this mathematical problem provides a set of

point lists p(j), each one regarding the waterline intersec-

tion; therefore, the integral can be approximated by

Eq. (69) using a trapezoidal rule for non-equally spaced

data. Here, ai denotes the weights, being 1 to the first and

last points and 2 for the remaining ones:

Z Li

0

FiðsÞjjc0iðsÞjjds 	
XNc

j¼0

XNpðjÞ�1

i¼0

ai

FjðsiÞ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½xjðsiþ1Þ � xjðsiÞ�2 þ ½yjðsiþ1Þ � yjðsiÞ�2

q
:

ð69Þ

The contribution of body motions in the relative elevation

of the waterline can be computed using the points obtained

in the parametric space. However, the free-surface eleva-

tion requires an additional step, since the elevation is

computed in terms of the parametric coordinates (u, v) of

the floating body patches, which are not the same of the

free-surface patches. The coordinates of the parametric

space are defined by solving the system in Eq. (70) for the

free-surface patches:

xðu; vÞ ¼ xjðsiÞ
yðu; vÞ ¼ yjðsiÞ

�
; i ¼ 1; 2; . . .NpðjÞ; j ¼ 0; . . .Nc: ð70Þ

From the numerical point of view, the solution of the

previous problem can be difficult due to the tolerance

concerning the match of body and free-surface patches.

The points in the body patches are ‘‘projected’’ in the free-

surface assuming a small tolerance e using Eq. (71). Here,

n� is the unitary normal vector in the body waterline

intersection pointing outward, as shown in Fig. 9,

neglecting the z-component for non ‘‘wall-sided’’ bodies:

ðxðu; vÞ; yðu; vÞ; 0Þfs ¼ ðxjðsiÞ; yjðsiÞ; 0Þbody
þ en�jðxjðsiÞ;yjðsiÞ;0Þ:

ð71Þ

Fig. 9 Projection of the points

in the body surface intersection

to the free surface

Fig. 10 Sphere and free-surface geometries

Table 2 U and V number of subdivisions in the parametric space for

the sphere

Discretization Body patch 1 Body patch 2 Free surface

Fine 6 9 6 6 9 6 30 9 30

Medium 4 9 4 4 9 4 24 9 24

Coarse 2 9 2 2 9 2 16 9 16
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5.4 Time integration

The integration in time of the ordinary differential equa-

tions is performed using a standard fourth-order Runge–

Kutta method. At each step of the RK4, the following

calculations are performed:

1. Impose the free-surface potential, body velocities, and

prescribed velocities in Sfs, Sfb, and Spm, as forcing

term in integral equation regarding the velocity

potential to compute control points of the potential

(uS) in Sfb, Sfixed, Spm and the control points of
ouS

on
in

Sfs.

2. Impose the time derivative of the free-surface potential

and prescribed accelerations in Sfs and Spm, as forcing

term in integral equation regarding the acceleration

potential to compute the control points of the time

derivative of the potential (
ouS

ot
) in Sfb, Sfixed , Spm and

control points of
o2uS

oton
in Sfs.

3. Compute the control points of
ogS
ot

from the kinematic

free-surface condition using
ouS

on
computed in the

velocity BVP.

4. Compute the control points of
ouS

ot
from the dynamic

free-surface condition using the control points of gS.

5. Compute the body forces and moments using
ouS

ot
using

the control points calculated from the acceleration

BVP.

Fig. 11 Meshes adopted in the computation of the sphere: fine (left), medium (center), and coarse (right)
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Fig. 12 Example of motion time

series for a floating sphere
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6. Update the body velocity and position using RK4

scheme.

7. Update the free-surface potential (uS) and elevation

(gS) control points using RK4 scheme.

6 Numerical results

The numerical results are validated by comparing steady-

state results obtained with the Higher Order Time-Domain

Rabkine Panel Method (HOTDRPM) code with those

obtained in frequency domain with WAMIT, both for first-

and second-order quantities. For the latter, to provide a fair

comparison, the second-order forces are computed con-

sidering the same geometry topology (number of patches)

and NURBS degree in both methods.

As the case study for a primary validation, a floating

hemisphere was considered due to its simple geometry.

Since the second-order loads requires the computation of

local quantities, the velocity field and wave run-up on the

sphere are also compared to those predicted by WAMIT.
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Fig. 13 Surge response operator for the hemisphere
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Fig. 14 Heave response operator for the hemisphere

Table 3 Surge response amplitudes (m/m) for the fine mesh and

differences with respect to WAMIT results for the sphere

SURGE RAO (m/m)

x (rad/s) WAMIT Spline degree Difference (%)

0 1 2 0 1 2

2.426 0.694 0.694 0.691 0.692 0.07 0.47 0.30

2.621 0.645 0.645 0.642 0.643 0.08 0.55 0.39

2.801 0.597 0.596 0.593 0.594 0.19 0.76 0.61

2.971 0.552 0.554 0.550 0.550 0.28 0.43 0.31

3.132 0.509 0.512 0.508 0.508 0.61 0.25 0.20

3.285 0.468 0.473 0.468 0.468 1.02 0.15 0.16

3.431 0.431 0.438 0.431 0.431 1.71 0.19 0.03

3.571 0.396 0.406 0.397 0.396 2.58 0.48 0.22

3.706 0.363 0.375 0.366 0.365 3.23 0.78 0.32

3.836 0.334 0.346 0.336 0.334 3.72 0.80 0.11

3.962 0.307 0.321 0.308 0.306 4.61 0.44 0.11

4.084 0.282 0.295 0.281 0.279 4.71 0.27 1.16

4.202 0.260 0.273 0.258 0.255 5.32 0.73 1.90

Mean 2.16 0.49 0.45

Table 4 Heave response amplitudes (m/m) for the fine mesh and

differences with respect to WAMIT results for the sphere

HEAVE RAO (m/m)

x (rad/s) WAMIT Spline degree Difference (%)

0 1 2 0 1 2

2.426 1.185 1.181 1.188 1.184 0.35 0.60 0.32

2.621 1.304 1.295 1.307 1.301 0.67 0.93 0.46

2.801 1.479 1.458 1.476 1.466 1.47 1.25 0.65

2.971 1.712 1.688 1.714 1.698 1.39 1.51 0.94

3.132 1.887 1.870 1.887 1.864 0.87 0.92 1.23

3.285 1.726 1.787 1.749 1.739 3.56 2.14 0.60

3.431 1.301 1.390 1.337 1.340 6.84 3.79 0.22

3.571 0.927 0.960 0.929 0.936 3.49 3.19 0.75

3.706 0.673 0.679 0.653 0.669 0.88 3.73 2.45

3.836 0.504 0.493 0.479 0.493 2.25 2.83 2.83

3.962 0.390 0.373 0.360 0.374 4.36 3.43 3.89

4.084 0.309 0.292 0.290 0.301 5.56 0.60 4.01

4.202 0.250 0.233 0.242 0.249 6.43 3.68 2.83

Mean 2.93 2.20 1.63
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6.1 First-order response operator

The response amplitude operators (RAOs) were computed

for a hemisphere of radius 1 m built with two patches and a

circular free surface of radius 20 m defined by a single

patch, as illustrated in Fig. 10.

The convergence of the HOTDRPM code is studied

considering three different meshes for both the floating

body and free surface. For each mesh configuration, three

spline degrees are studied in the solution approximation (0,

1, and 2) to provide an initial idea of the convergence rate.

It should be recalled that in the present code, the geometry

is always described in an NURBS pattern, even for zero-

order degree, and therefore, the zero-order solution is not

exactly a conventional low-order approximation. The main

parameters for the three different meshes are given in

Table 2 and the subdivisions in the physical space can be

observed and compared in Fig. 11.

Figure 12 illustrates the time series of motions obtained

with the time-domain code for surge and heave. The wave

heading chosen was zero degrees, and thus, no sway, roll,

or yaw motions are expected due to symmetry. Moreover,

since the center of gravity was defined coincident to the

geometric center, also no pitch response is expected.

Time series are then post-processed to obtain the

amplitude of the response in the steady state. In this pro-

cess, the first cycles of motion subjected to ramp and

transient effects are discarded. The amplitudes are defined

as the mean value of the several maxima and minima for

the steady period.

The surge and heave RAOs obtained with both codes

can be seen in Figs. 13 and 14, respectively. Good agree-

ment is observed for the finest mesh regardless the spline

degree. The coarser meshes present somewhat larger dis-

crepancies for the zero- and first-order splines, which are

more evident for the heave amplitude operator.

The effect of the spline degree on the surge and heave

responses computed with the fine mesh can be assessed in

Tables 3 and 4, respectively. These tables present the mean
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Fig. 15 Example of free-surface

elevation for a point upstream

and close to the hemisphere

surface for x = 4 rad/s
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Fig. 16 Wave Run-up for the fixed hemisphere considering

x = 2 rad/s (top) x = 3 rad/s (middle), x = 4 rad/s (bottom)
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differences between the results obtained with HOTDRPM

and WAMIT. It can be seen that differences are lower for

degree 2 compared to the first- and zero-order ones. In fact,

all results were in good agreement, since the mean differ-

ence is less than 2.5%, and can be considered negligible for

practical applications. As expected, the largest differences

are related to low period (high frequency) waves, for the

wavelength is smaller and the effect of free-surface dis-

cretization in the numerical solution is more pronounced.

6.2 Wave run-up on a floating sphere

One of the major contributions to the second-order drift

forces comes from the line integral of the relative free-

surface elevation over the body waterline. Therefore, to

evaluate the accuracy associated to this integration, the

wave run-up was computed for a range of frequencies from

x ¼ 2 rad/s to x ¼ 4 rad/s with increments of 0.2 rad/s.

The free-surface integral along the waterline considers

the shadow effect downstream, which means that the

comparison must be performed for the entire waterline,

assuming a collection of 200 grid points, where h = 0� is
upstream and h = 180� is located downstream. As dis-

cussed before, the elevations are computed with a tolerance

of 0.01 m (1% of sphere radius), so the points are located in

a circle of radius R ¼ 1:01 m. This should not influence the

results appreciably, since the wavelength is always con-

siderably larger than this value (varying from 3.85 to 15.41

m). A B-spline of degree 2 and the fine mesh were used in

the computations for both body and free-surface patches, a

combination that proved to be sufficiently accurate for the

motion RAOs.

An example of the time series of free-surface elevation

can be seen in Fig. 15 for the point located in (x ¼ 1:01,

y ¼ 0), upstream of the flow, for x = 4 rad/s. In these

results, gI stands for the incident wave elevation and gS
corresponds to the disturbed field due to the presence of the

body. The run-up (or rundown) free-surface elevation

amplification factor is computed using Eq. (72), assuming

an incident amplitude AI . Here, tcut is an initial cut off in

the signal to avoid transient and impulsive effects and tsim
is the simulation time:

jgij
AI

¼
ffiffiffi
2

p

AI

"
1

ðtsim � tcutÞ

Z tsim

tcut

g2i dt

#1=2
; i ¼ 1; 2; . . .Np:

ð72Þ

The comparison between HOTDRPM and WAMIT

results is shown in Fig. 16 for three wave frequencies

(x = 2 rad/s, x = 3 rad/s, and x = 4 rad/s). One may

observe that for long waves (low frequency), the diffraction

effects are not so relevant, since the waves are appreciably

larger than the sphere radius. On the other hand, for short

waves, the diffraction effects are very important and the

amplification factor reaches values up to 60% of the inci-

dent wave amplitude. The agreement between the different

methods is considered reasonable, and trends with wave

frequency are captured properly. The more significant

discrepancies occur for the shorter waves close to 0�,
something that is justified by a ‘‘patch edge’’ effect for both

free surface and sphere, since no continuity is imposed, as

discussed previously. The influence of the topology of the

patches can also be verified near singular points in the

region close to the 0�, 90�, 180�, and 270� for both

WAMIT and Rankine results, where a ‘‘jump’’ in the

solution occurs. Moreover, for higher frequencies (close to

3.0 rad/s), it must be recalled that the body is close to its

heave resonance, and since no additional external damping

is being considered, vertical motions are quite amplified

Table 5 Comparison of HOTDRPM and WAMIT results regarding the wave run-up for a floating sphere

x (rad/s) Maximum Minimum Mean

HOTDRPM WAMIT Difference (%) HOTDRPM WAMIT Difference (%) Difference (m)

2.0 1.01 1.01 1.49 0.95 0.96 0.80 0.00

2.2 1.01 1.01 1.69 0.92 0.94 0.17 0.01

2.4 1.02 1.02 3.15 0.87 0.89 0.23 0.01

2.6 1.02 1.03 3.90 0.81 0.83 1.19 0.01

2.8 1.02 1.02 3.40 0.68 0.69 0.12 0.01

3.0 0.99 1.00 3.70 0.53 0.52 0.16 0.01

3.2 0.92 0.89 3.58 0.49 0.46 1.01 0.07

3.4 1.23 1.35 4.59 0.47 0.38 2.12 0.09

3.6 1.45 1.54 4.73 0.35 0.29 0.05 0.07

3.8 1.55 1.65 6.40 0.29 0.24 4.21 0.07

4.0 1.61 1.73 6.62 0.29 0.22 7.12 0.07
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Fig. 17 Velocity field for the

floating hemisphere considering

x=2rad/s (top) x=3rad/s
(middle), x=4rad/s (bottom)
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(see Fig. 14). In this condition, even small differences in

the body motions may lead to appreciable variations in the

wave run-up. Table 5 presents a comparison of the differ-

ences obtained in the run-up predictions according to the

HOTDRPM and WAMIT for the several wave frequencies

tested. Mean differences represent the mean value for the

amplification factors measured in the 200 points of the

waterline.

6.3 Velocity field for a floating sphere

The analysis regarding the accuracy of the velocity field is

performed on the entire body surface, as required in the

velocity integration process during the computation of the

second-order drift forces.

The points are generated in the parametric space

assuming 16 Gaussian points per higher order panel and a

visual comparison of the variation of the velocity ampli-

tude over the wetted surface predicted by both methods is

given in Fig. 17 for x = 2 rad/s, x = 3 rad/s, x = 4 rad/

s, following the polar coordinates defined in Eq. (73):

x ¼ R cosðhÞ sinðwÞ
y ¼ R sinðhÞ sinðwÞ
z ¼ R cosðwÞ
0� h� 2p ; p=2�w� p:

ð73Þ

Table 6 presents a quantitative comparison of differ-

ences between both predictions considering mean and

standard deviation values derived according to Eq. (74).

Here, Np is total number of points, VxiTDRPM is the velocity

amplitude value computed by the HOTDRPM code in

point i, and VxiWAMIT is the same computation performed

using WAMIT:

Table 6 Mean and standard

deviation of the difference of

the velocity field regarding

WAMIT and HOTDRPM

simulations for a floating sphere

x (rad/s) Mean diff Vx Std diff Vx Mean diff Vy Std diff Vy Mean diff Vz Std diff Vz

2.0 0.02 0.01 0.02 0.07 0.02 0.06

2.2 0.02 0.01 0.02 0.06 0.01 0.06

2.4 0.02 0.01 0.01 0.06 0.00 0.05

2.6 0.03 0.01 0.01 0.05 0.00 0.05

2.8 0.04 0.01 0.01 0.06 0.00 0.05

3.0 0.05 0.01 0.02 0.06 0.01 0.06

3.2 0.03 0.02 0.04 0.07 0.03 0.06

3.4 0.01 0.01 0.03 0.07 0.02 0.06

3.6 0.01 0.01 0.01 0.06 0.01 0.06

3.8 0.01 0.01 0.01 0.06 0.01 0.06

4.0 0.00 0.01 0.01 0.06 0.02 0.06
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Fig. 18 Example of the surge quadratic second-order forces for a

monochromatic wave for a fixed hemisphere x = 4 rad/s
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Fig. 19 WAMIT and HOTDRPM mean drift forces comparison in

surge direction for a floating hemisphere. The run-up and velocity

field components obtained from Rankine computations are also

present
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Fig. 20 WAMIT and HOTDRPM mean drift forces comparison in

heave direction for a floating hemisphere
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MeandiffVx ¼
1

Np

PNp

i¼1 jVxiTDRPM � VxiWAMITj
Ax

StddiffVx ¼
1

Ax

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPNp

i¼1ðVxiTDRPM � VxiWAMITÞ2

Np � 1

s

:

ð74Þ

6.4 Mean drift forces for a floating sphere

This section presents an assessment of the mean drift forces

computed by the time-domain method. In this analysis, the

results are based on the simulation of regular (monochro-

matic) waves from which the loads on the sphere are

obtained. An example of a time series of the second-order

(quadratic) surge load for the fixed sphere is presented in

Fig. 18.

It should be noticed that in time-domain simulations of

regular waves, the second-order loads include two com-

ponents with different frequencies, Dx ¼ 0 (mean drift)

and Dx ¼ 2x (double frequency). In the present section,

only the mean drift component (Dx ¼ 0) is addressed. It

can be derived in a straightforward manner, by taking the

mean value of the force time series (once again, the first

cycles of simulations are discarded to avoid transient

effects), following the procedure, as shown in Eq. (75):

�Fx;z ¼
1

Dt

Z tiþDt

ti

Fð2Þ
x;z ðtÞdt: ð75Þ

The values obtained for the mean drift forces in surge

and heave are then compared to WAMIT predictions. The

agreement of the results can be assessed from the results in

Figs. 19 and 20, respectively, for surge and heave.

The force components that contribute to the total mean

drift force can be grouped in five different terms, following

the proposal made by Pinkster [43]. Since no rotations are

present for the sphere, only three of these components are

not null, which are those expressed in Eqs. (76), (77), and

(78). For an assessment of the magnitude of the different

contributions, Figs. 19 and 20 also present the values

computed for each one of the three terms.
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Fig. 22 Force spectrum

considering two regular waves
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One may realize that all the three components are indeed

important for the mean drift surge forces, whereas only the

second and third components are relevant for heave:

F1 ¼ � 1

2
qg
I

WL

½gð1Þ � ðzð1ÞG þ ðyQ � y
ð0Þ
G Það1Þ�

ðxQ � x
ð0Þ
G Það2ÞÞ�2nð0Þdl ) Freesurface

ð76Þ

Table 7 Comparison of

quadratic second-order forces

computed for both Rankine and

WAMIT numerical methods in

surge direction

Second-order surge forces

ID x1 x2 F
ð2Þ
1 ðx1 � x2Þ

A1A2

F
ð2Þ
1 ðx1 þ x2Þ

A1A2

F
ð2Þ
1 ð2x1Þ
A2
1

F
ð2Þ
1 ð2x2Þ
A2
2

Rank WAMIT Rank WAMIT Rank WAMIT Rank WAMIT

1 2.00 2.20 1367.3 1292.6 10492.3 10210.1 9385.4 9601.9 10879.8 10749.7

2 2.00 2.61 2246.1 2392.3 10235.3 11143.3 9435.4 9601.9 12676.0 12187.1

3 2.20 2.80 2647.3 2824.2 12228.5 12228.5 10913.8 10749.7 12506.5 12408.2

4 2.61 2.80 3126.7 3257.0 13546.9 13546.9 13351.5 12187.1 13272.8 12408.2

5 2.00 3.00 2927.6 3324.4 10318.2 10318.2 9463.7 9601.9 12066.5 12450.7

6 2.00 2.80 2446.5 2905.1 11986.4 11986.4 9373.4 9601.9 12478.6 12408.2

7 2.00 3.20 3608.0 3624.6 10234.9 10234.9 9570.0 9601.9 11760.0 12601.9

8 2.20 2.61 1562.2 1351.1 11794.8 11794.8 10830.0 10749.7 12385.4 12187.1

Table 8 Comparison of

quadratic second-order forces

computed for both Rankine and

WAMIT numerical methods in

heave direction

Second-order heave forces

ID x1 x2 F
ð2Þ
3 ðx1 � x2Þ

A1A2

F
ð2Þ
3 ðx1 þ x2Þ

A1A2

F
ð2Þ
3 ð2x1Þ
A2
1

F
ð2Þ
3 ð2x2Þ
A2
2

Rank WAMIT Rank WAMIT Rank WAMIT Rank WAMIT

1 2.00 2.20 5218.1 4857.3 2669.1 2785.4 2444.0 2587.8 3055.0 2998.8

2 2.00 2.61 4853.4 4987.1 2885.5 3015.4 2384.5 2587.8 3280.6 3529.0

3 2.20 2.80 5350.5 5201.3 3332.1 3249.7 2760.8 2998.8 3485.6 3538.3

4 2.61 2.80 6069.7 5578.1 3195.4 3533.1 3366.5 3529.0 3477.9 3538.3

5 2.00 3.00 4974.6 4687.6 2885.0 2928.6 2634.6 2587.8 3454.9 3336.8

6 2.00 2.80 5150.7 4889.5 2673.1 3014.8 2633.3 2587.8 3425.9 3538.3

7 2.00 3.20 4657.2 4402.9 2793.7 2765.6 2628.3 2587.8 3127.6 2936.6

8 2.20 2.61 5604.4 5276.7 3128.1 3249.2 2776.4 2998.8 3382.8 3529.0
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F2 ¼
1

2
q
ZZ

�SB

ruð1Þ � ruð1Þnð0ÞdSB ) Velocity ð77Þ

F3 ¼ q
ZZ

�SB

x
ð1Þ
Q � r

 
ouð1Þ

Q

ot

!
nð0ÞdSB ) Acceleration:

ð78Þ

Overall good agreement is observed for the results of both

methods. Indeed, differences are less than 5 and 10% for

heave and surge forces, respectively.

6.5 Sum- and difference-frequency second-order
forces for a fixed sphere

The analysis of the quadratic sum and difference-frequency

forces is based on simulations that consider the superpo-

sition of two or more regular wave components, thus pro-

viding several combinations of frequencies corresponding

to the several quadratic wave interactions that are present.

As already mentioned for the case of the monochromatic

wave, besides the desired sum and difference components,

the computed loads also include the double frequency and

zero (mean) values for each individual wave component. In

fact, this is an important difference when compared to the

conventional frequency-domain approach. In the latter, the

desired frequency combinations must be defined previously

and each combination is evaluated separately, whereas in

the time-domain approach, all possible combinations will

be included in the time series of loads, with the corre-

sponding phases of the components.

An example of time series for the surge force (considering

both first- and second-order loads) obtained in the simula-

tion of a bichromatic wave can be seen in Fig. 21, in which

the first- and second-order components are also presented

separately for illustration purposes. The Fourier analysis of

the second-order force signal is presented in Fig. 22.

In the case of two regular waves, there are five force

components: the double frequencies (2x1, 2x2) of the first

and second components, the sum of frequencies (x1 þ x2),

the difference of components (jx1 � x2j), and the mean

forces (x1 � x1 and x2 � x2). If three regular wave

components were considered, ten different force compo-

nents would be present. Regarding the mean drift, it should

be observed that in the time-domain approach, it is com-

puted considering the contribution of the regular compo-

nents combined, and therefore, their individual

contributions cannot be split into this analysis.

The comparison concerning the results of second-order

loads for the double, sum, and differences frequencies for

both surge and heave is shown in Tables 7 and 8, and are

also presented graphically in Figs. 23 and 24. The com-

parisons are performed considering only the quadratic

terms computed by WAMIT, thus neglecting any eventual

contribution of the second-order potential. As for the mean

drifts, a reasonable agreement is observed for all the

combinations of frequencies tested.

Therefore, although numerical inaccuracies are present

in the computation of some of the local quantities, partic-

ularly in the computation of the velocity field on the body

surface, the results obtained for the hemisphere indicate

that such inaccuracies do not compromise the evaluation of

the integral values of the second-order loads, both for

difference- and sum-frequency components. Moreover, the

good agreement observed with WAMIT results attest the

consistency of the algorithms adopted in the present ver-

sion of the time-domain code.

7 Conclusions

The BEM computational solution of the wave–structure

interaction problem was addressed in the scope of a multi-

scale approach. In this solution, hydrodynamic forces up to

second order of magnitude are computed, except for the

influence of the second-order potential. Such computations

require the evaluation of the velocity field on the body
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surface, and thus, the accuracy obtained in the computation

of the tangential derivatives of the potential function is

important. For coping with this problem, a higher order

approach was adopted, in which the body geometry is

described by NURBS and the quantities in the panels by

means of B-splines.

In the low-order panel method, the variables are the

potential (velocities, pressure, free-surface elevation, etc.)

in each element and the boundary conditions are applied in

the collocation points of the panels providing a determined

linear system. On the other hand, in the higher order

approach the variables are the spline coefficients. There-

fore, the imposition of the boundary conditions in the

collocation points provides an undetermined system,

motivating the definition of additional points. In the present

development, the utilization of four collocation points per

panel leads to an overdetermined system, solved (as the

ordinary differential equations in the free surface) by

means of a least square approach.

Many details on the algorithms required to perform the

computational solution were presented and discussed along

the paper, highlighting the problems that may arise when

choosing between alternative numerical procedures.

For verifying the consistency of the numerical method, a

simple body geometry consisting in a floating hemisphere

was adopted as a case study. Steady-state results obtained

in simulations performed with the higher order time-do-

main method were compared to those provided by the well-

known frequency-domain code WAMIT.

First-order results, including motion response amplitude

operators, velocity field, and wave run-up on the body

surface were computed for the floating sphere by means of

simulations of monochromatic waves. Comparisons attes-

ted a fine agreement between the results of both methods,

although in a few points close to patch transitions or edges,

the wave run-up and particularly the flow velocities are

somewhat inaccurate.

Quadratic second-order loads, including sum and dif-

ference–frequency components, were analysed from sim-

ulations of bichromatic waves. Results showed a very good

agreement with the second-order quantities computed by

WAMIT, attesting that the localized numerical problems

observed in the computation of the first-order velocity field

do not compromise the accuracy of the second-order loads.

The development of the numerical method continues,

and the next step regards the evaluation of the second-order

potential. From the computational point of view, however,

this is a quite demanding task and a previous check con-

cerning the consistency of the algorithms addressed in this

stage was imperative before moving to this next step.

Inclusion of the effects of small current velocities is also

planned as a future stage of the development.
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