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Resumo

O objetivo deste artigo é estabelecer a existéncia e unicidade de solugdes pseudo
quase periddicas para a equagdo abstrata do tipo neutro

i_D(ut) = AD(Ut)‘I‘g(t,ut),

dt
u = € C([-p,0],X),
onde A é gerador infinitesimal de um Cp-semigrupo de operadores lineares limitados

definido sobre um espago de Banach X; Dy = ¥(0) — f(t,%) e f,g sdo fungodes
apropriadas.
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Abstract

This paper discusses the existence and uniqueness of pseudo almost periodic
solutions to a class of partial neutral functional-differential equations. Under some
suitable assumptions, existence and uniqueness results are obtained. An example is
given to illustrate our abstract results.

1 Introduction

The main goal of this paper is establish the existence and uniqueness of a pseudo almost
periodic solution to the abstract neutral Cauchy problem

ZD(w) = AD(u) + glt,u) )
U = (,OEC([—]?,O],X), (2)

where A is the infinitesimal generator of an uniformly exponentially stable semigroup
of linear operators (T'(t));>o on a Banach space X, Du = u(0) — f(t,u), the history
u; : [=p,0] — X defined by w, () = u(t + 6) belongs to some phase space B defined
axiomatically, and f, g are some appropriate functions.

The existence of almost automorphic, almost periodic, asymptotically almost periodic,
and pseudo almost periodic solutions is one of most attractive topics in the qualitative
theory of differential equations due to their significance and applications in physical sci-
ences.

The concept of the pseudo almost periodicity (p.a.p. for short) which is the central
issue in this paper was first initiated by C. Y. Zhang in the earlier nineties [23, 24]-
and it is a natural generalization of the well-known (Bochner) almost periodicity (a.p.).
Thus this new concept is welcome to implement another existing generalization of the
(Bochner) almost periodicity, the notion of asymptotically almost periodicity (a.a.p.) due
to Fréchet, see, e.g., [5], [8], and [16]. For more on these and related issues, see, e.g., [1],
(2], [3], [4], [6], [7], [14], [23] and the references therein.

Some contributions related to pseudo almost periodic solutions to abstract differential
equations and partial differential equations have recently been made in [12, 13,7, 6, 4, 14].
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Existence results concerning almost periodic and asymptotically almost periodic solutions
to ordinary neutral differential equations and abstract partial neutral differential equations
have recently been established in [15, 18, 11]. However, the existence of pseudo almost
periodic to functional-differential equations with delay, especially, abstract partial neutral
differential equations is an untreated topic and this is the main motivation of the present
paper.

This paper is organized as follows. In Section 2 we introduce some notations, defini-
tions and properties related to the theory of almost periodic and pseudo almost periodic
functions. Furthermore, we establish some preliminary results on the composition of
pseudo almost periodic functions of class p. Finally, in the Section 4, we establish exis-
tence and uniqueness of pseudo almost periodic solutions to the above-mentioned problem.
We next illustrate the previous existence result by an example.

2 Preliminaries

In this section we introduce the required background and some preliminaries that we need
in the sequel. In this paper, A : D(A) C X — X denotes the infinitesimal generator of
an uniformly asymptotically stable semigroup of linear operators (7°(t));>o on a Banach
space (X, || - |I), and M, w are some positive constants such that || 7'(¢) ||[< Me™%t, t > 0.

To deal with pseudo almost periodic solutions we will need to introduce some classical
and new concepts. In what follows, (Z, || - ||z) and (W, || - ||w) stand for Banach spaces.
In addition to that C(R,Z) and BC(R,Z) denote the collection of continuous functions,
and the Banach space of bounded continuous functions from R into Z equipped with the
sup norm defined by ||u]| = su}g lu(t)||, respectively. Similar definitions apply for both

te

C(RxZ,W) and BC(R x Z,W). The notation B,(z,Z) stands for the open ball centered
at z € Z with radius r > 0.

Definition 1 A function f € C(R,Z) is almost periodic (a.p.) if for each € > 0 there
exists a relatively dense subset of R denoted by H(e, f,Z) (i.e., there exists 6 > 0 such
that [a,a + 8] N H(e, f,Z) # {0} for each a € R) such that ||f(t +7) — f(t)||z < € for
each t € R and each 7 € H(e, f,Z). The collection of those functions will be denoted by
AP(Z).

We need the next Lemma in the sequel.

Lemma 1 [22, p. 25] A function f € C(R,Z) is almost periodic if and only if the set of
functions {0, f : T € R}, where (o-f)(t) = f(t +7), is relatively compact in C(R,Z).

Similarly, a function F' € C(R x Z, W) is called almost periodic in ¢ € R uniformly
in z € Z if for each € > 0 and for all compact K C Z, if there exists a relatively dense
subset of R denoted by H(e, F, K') such that ||F(t + 7,2) — F(t,2)|lw < € for all t € R,
z € K, and 7 € H(g, F, K). The collection of those functions will be denoted AP(Z,W).

The notation PAPy(Z) stands for the space of functions

PAPy(Z) := {u € BC(R,Z): lim 2% / | u(t) ||z dt = o} .

=T



To study the issues related to delay we need to introduce the new space of functions
defined for each p € R by

1 T
PAPy(Z,p) := s u € BC(R,Z) : lim —/ sup || u(@) |lz |dt=0}.
r—oo 21 J_, 6€(t—p,t)
In addition to the above-mentioned spaces, the present setting requires the introduc-
tion of the following new function spaces

1 n
PAPR)(Z, W) = {u € BC(R x Z, W) : lim 5"/ | ult, 2) ||w dt = 0}, -

rJ_

r

1
PAPRy(Z,W,p) = {u € BC(Rx Z,W) : lim — < sup || u(8, z) ”W> dt = 0} 5

r—00 4T J_p \ b€lt—p,t]

where in both cases the limit (as 7 — 00) is uniform in z € Z.

In view of the above, it is clear that PAPy(Z,p) and PAPy(Z, W, p) are continuously
embedded in PAP(Z) and PAP,(Z,W), respectively. Furthermore, it is not hard to see
that PAPy(Z,p) and PAPy(W, Z, p) are closed in PAPy(Z) and PAPy(W, Z), respectively.
Consequently, using [14, Lemma 1.2], one obtains the following:

Lemma 2 The spaces PAPy(Z,p) and PAPy(W,Z, p) endowed with the uniform conver-
gence topology are Banach spaces.

Definition 2 A function f € BC(R,Z) is called pseudo almost periodic (p.a.p.) if f =
g+ @, where g € AP(Z) and p € PAPy(Z). The class of those functions will be denoted
by PAP(Z).

Definition 3 A function F' € BC(R x Z, W) is called uniformly pseudo almost periodic
(v.p.a.p.) if F =G+ ®, where G € AP(Z,W) and ® € PAPy(Z,W). The class of those
functions will be denoted by UPAP(Z,W).

We need to introduce two new notions of pseudo almost periodicity that we will use
in the sequel.

Definition 4 A function F € BC(R,Z) is called pseudo almost periodic of class p
(p.a.p.p.) if F = G+ ¢, where G € AP(Z) and ¢ € PAPRy(Z,p). The class of those
functions will be denoted by PAP(Z,p).

Definition 5 A function F € BC(R x Z, W) is called uniformly pseudo almost periodic
of class p (u.p.a.p.p.) if F = G + ¢, where G € AP(R x Z,W) and ¢ € PAR(Z,W,p).
The class of those functions will be denoted by UPAP(Z,W,p).



3 Preliminary Results

To establish our main result on the existence of pseudo almost periodic solutions we need
to prove some preliminaries results related to the composition of pseudo almost periodic
functions of class p. Basically, those results are inspired from ideas and estimates given
in [14]. Thus, for the sake of clarity, proofs of those results will be given.

Theorem 1 Let F' € PAP(Z,W) and let h € PAP(W,p). Assume that there ezists a
function Lp : R — [0, 00) satisfying

”F(t,zl)—F(t,Zz)“W < LF(t) ”Z1 —Zz”Z, thR, \7’z1,22 € 7. (3)
If
: 1 #
lim sup — ( sup Lp(9)> dt < oo, and (4)
r—oco 2T J_p fe(t—p,t]
1
lim — ( sup LF(0)> E(t)dt =0 (5)
r—oo 21 J_,. O€(t—p,t)

for each § € PAP(R), then the function t — F(t, h(t)) belongs to PAP(W,p).

Proof: Assume that F' = Fj +¢, h = hy +hy, where F; € AP(Z,W), p € PAP(Z,W, p),
hy € AP(Z) and hy € AP(Z,p). Consider the decomposition

F(t,h(t)) = Fi(t, hai(t)) + [F(8 R(2) — F(¢ ()] + o(t, ha(2))-

Since F1(-, hi(-)) € AP(W), it remains to prove that both [F(-, h(-)) — F(:, h1(-)))] and
@(:,h1(-)) belong to PAP(W,p). Using (3) above it follows that

2P J_ 0€(t—p,t)

- I < sup || F(6,A(6)) — F(6,h(0))) H) dt

1 ( sup Le(6) | ha(6) u) at

—2_7‘_,

Oet—p,t]
1 T
< o ( sup Lp(8)).( sup | ha(8) ) dt.
T J—r oelt-py 0€(t-p,t]

which implies that [F'(-,h(:)) — F(-, hi(-)))] € PAP(W, p), by (5).
Since hq(R) is relatively compact in Z and Fj is uniformly continuous on sets of the
form R x K with K C Z being compact, for ¢ > 0 there exists § € (0, ¢) such that
I F1(t, z) = F1(t, 2) < e, z,Z € i (R)

with || z — Z ||< 6.



Now, fix z1,...,2, € hi(R) such that h;(R) C U Bs(zi,Z). Obviously, the sets E; =
i=1
hi'(Bs(z;)) form an open covering of R, and therefore using the sets B; = Ey, B, = Eb\E,
i-1
and B; = E; \ U E; one obtains a covering of R by disjoint open sets.
j=1

For t € B;, hi(t) € Bs(z)

Il o(t, ha(8)) | I E @ (8)) = F(8z:) | + 1| —Fa(E, ha () + Fu(t, 2) | + || (¢, 2) |

<
< Le() || Pa(t) — 2 || +et || o(t, 2) |
< Le(te+et | wlt,z:) | -

Using the previous inequality it follows that

= ( swp || o(t, () n) i

O€(t-p,t]
1 n
£ = sup || (6, hn(6)) || | dt
2r ;Ain[—r,r] <9€[t—lﬂ1t] )) ”

IA

Lo /

— sup sup w(6,h(0 dt

2r ; B;N[-r,r] <j=1,-~n [Ge[t—p,t]ﬂBj Il ( 1( )) “:|>

1 n

> <sup [ sup || F(6,h(6)) — F(6, %) ||D at
T i=1 B;N[-r,7]

<
j=1,.n | 6€[t—p,t] Bj
N N[— —u I ' ( ) (6 ‘F 9,2- dt
1=1 iN[—77] <j 1,.n | 0€t—p,t] N B; I 11 0 ny )) l( ]) “

e /
+— sup sup || (8, 2) ||| | dt
2r ; in[—r,7] <j=1,--n Le[t—p,tmfsj 2

1 " "oy g
il sup Lp(f)e+¢€ | dt+ __/ - 9.2, it
2r J_, <0e[t—€>,t] r(6) ) ; o | (6)6”_1;,& Il (8, 2;) H>

which clearly shows that ¢(-, hi(-)) € PAP(W,p) and completes the proof. m

Remark 1 Note that assumptions (4) and (5) are verified by many functions. Examples
include constants functions, functions in PAP(R,p), and functions of L*(R) which are
decreasing on [0,00) and nondecreasing on [—o0,0) among others.

To study the system (1) we need the following result:
Theorem 2 Ifu € PAP(Z,p), then t — u, belongs to PAP(C([—p,0],Z),p).

Proof: Assume that u = h+g where h € AP(Z) and g € PAP(Z,p). Clearly, u; = hy+g;
and from Lemma 1 we infer that h; is almost periodic . On the other hand, for » > 0 we



see that

1 T
o [ sup (sup II9(6+¢) Ilﬂdt
T J-r |6€lt-pt] \&€[-p,0]

1 T
£ — sup % dt
o . (96[t_2pyt] | 9(6) |I>
1 [P
= 5 sup || g(@) | + sup | g(0) | )dt
T J—r—p \b€[t-p,t] O€lt,t+p]
1 (P
= sup [ 9(6) || ) di+ - / sup | 9(6) | | d
T J_r—p \b€[t—p,t) 0€t,t+p)

r+p 1 /T“’ /
sup g(0 dt + — su dt
e S W I 9(8) |l B I 98) |

which enables to complete the proof. m

Our existence result requires the next theorem.

Theorem 3 Let u € PAPy(Z,p). If v is the function defined by
17
ol = / T(t — s)u(s)ds, Vi€R,

then v € PAPy(Z,p).

Proof: For r > 0 we get

1 1 [4
= <sup I ECEDIIROY ds> at
T = ge[t—-p,t] —00
1 T 4
£ = sup / e || u(s) || ds | dt
2r J_, f€(t-p,t] J -0

r 6
= e sup ewp/ e vt=) || u(s) || ds | dt
2r —r \ O€[t—p,t] —00
1 T t
< = sup e“’p/ e vt=) || w(s) || ds | dt
2r J_, \ 6ejt-p. -0
wp T t
< 5 ] e hus | dsa
2r —r J—o0
e'wp - T e’qu ) i r
2 ——/ / e~(t=9) || u(s) || dtds + —/ / e~(t=9) || u(s) || dtds
2r J o Jor 2r v s
Ll [ gy 2 [
P | W) w(S—+T I p dt.
£ o B ds + 5— g | u(s) ||



Consequently,

5 ) (e v@) e < Sl S e a
2r J_, \ 6eft—p. 2rw

which converges to zero as 7 — co. The proof is now complete. m

4 Existence results

In this section we study the existence of pseudo almost periodic solution for the neutral
system. The next definition of a mild solution is inspired by semigroup theory.

Definition 6 A continuous function u : [0,0 +a) — X, a > 0, is a mild solution of the
neutral system (1) on [o,0 + a), if u, = ¢ and

u(t) = T(t—a)(e(0)+ flo,9)) + f(t,u) + / T(t = s)g(s,us)ds, t€o,0+a).

Since the semigroup is uniformly exponentially stable, the next concept of pseudo
almost periodic mild solution is clear.

Definition 7 A function v € BC(R,X) is a mild pseudo almost periodic solution of
neutral system (1), if for each t € R and

u(t) = f(t,u) +/_ T(t—s)g(s,us)ds, teR.

To discuss the existence of pseudo almost periodic solutions we introduce the next
conditions on the functions f, g.

Theorem 4 The functions f,g : R x B — X are continuous and there exist a constant
Ly > 0 and a continuous function Ly : R — [0,00) such that

(&) = FG2) | < Ly |l = 42 s,
Il 9(t, 1) — g(t,2) I < Lg(t) || 1 — o2 |5,

for allt € R and every ¢; € B(i = 1,2). If
t
©=L;+ Msup/ e V=L (s)ds < 1, (6)
teR
then there ezists a unique pseudo almost periodic mild solution to (1).

Proof: Let I': PAP(X, p) — C(R,X) be the operator defined by

t

Tu(t) :== —f(t, u) +/— T(t—s)g(s,us)ds, teR.

(o°]



Clearly, T'u is well-defined and continuous. Moreover, from Theorems 1, 2 and 3 it
easily follows that 'u € PAP(X,p) whenever u € AP(X,p). On the other hand, for
u,v € PAP(X,p) we get

t
I Du(t) = To(t) | < Ly | w— v, s +M / e 9L (1) || uy — v, |3 ds

IN

t
<Lf + Msup/ e‘“’(t‘s)Lg(s)ds> | uw—"v o

teR J -0
< Oflu—v|ew

which prove that I' is a strict contraction. Consequently, by the Banach fixed-point
principle there exists a unique mild solution to (1), which obviously is pseudo almost
periodic. m

5 Example

This section is devoted to a concrete example related to the existence of pseudo almost
periodic solutions to the neutral system (1)-(2).
In what follows, we set X = (L?[0, 7], || - [|2) and define A the linear operator

D(A) = {f e X: "€ L*[0,n], £(0) = f(m) =0}, Af:=f", Yfe€ D(A).

It is well known that A is the infinitesimal generator of an analytic semigroup (T(t)i>0
on X. Moreover, A has a discrete spectrum, with eigenvalues of the form -n?n € N,

2
whose corresponding (normalized) eigenfunctions are given by z,(£) := \/j sin(nf).
m

[ee]

The corresponding semigroup to A is defined by T(t)f = Z e‘"zt( fy2n)zn for each
n=1
[ € X, with the estimate || T'(¢) ||< e~ for every ¢t > 0.
Consider the first-order neutral system

5 [ueo+ [ eJult+,€)ds| = 2 ue.o)+ [ bt +3,€)ds|

+ao(©u(t, &)+ [ a(o)ult+s,8)ds, (7

u(t,0) = wu(t,m) =0, (8)

where (t,£) € R x [0, 7] and a, b, ag, a; are continuous functions.
By defining the substituting operators

0
FE0)E) = [ Hoyuls,dds

P
0

JLP)E) = aol@W(0,€) + / a(s)b(s, €)ds,

-p



the system (7)-(8) can be rewritten as a system of the form (1)-(2). Moreover, it is clear
that f, g are bounded linear operators and that

IFE D < [ /_b2(3)d8} - 1¥lls,

p

0
<||aonoo f a2<s)ds) ol
=P
forall t € R and ¢; € B(i = 1,2).

The next result is a straightforward consequence of Theorem 4.

IN

lg(t, ¥l

Proposition 1 Under the previous assumptions, the neutral system (7)-(8) has a unique
pseudo almost periodic mild solution whenever

/ ibz(s)ds ; <Ha0||oo+ / iae(S)dS) -
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