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Abstract 

In thls paper we considei: \he Lienard equation 

i + /(z).:i + g(z) = 0 

with /, g : R - R, and we study its qualitative behavior lrom the point oi view oi 

oscillation and periodicity of the solutions. In this work, the positive definite function ( a 

and /J are real, with /J > 0) 

where H,(z) = [2 .fo~ g(t)dt + ,8)112, will play a. fundamental role. 

1. The Definite Positive Function w ... ,. Auxilliary Lemmas. 

Throughout this work we assume / and g as functions of R in R satisfying the 

following conditions: 

a) J is continuous and g is of class C 1 i 

b) zg(z) > 0 for z,; O; 

c) J:"00 
g(z)dz = +oo = J:"00 g(z)dz. 

Let a and /J real, with {J > 0, and H,: R- R given by · 

H,<z) = [~ l' g(t)dt + /J]1'2. 
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We indicate by 0 0 ,, the following open aet: 

for lal < 2, 

for a~2 

and 

for o ~ -2 

where 
-o+~ 

and 
-o-~ 

Pl== 2 
P2 == 2 

Consider the definite positive £unction 

given by 

/

r,/H,(e) a 

Wo,p(z,y)== 2 1
d.t+ln[p-112H,(z)]. 

• +oa+ 
0 

It can then be easily verified tha the level curves of W0 ,p are all closed curves and 

that Wo-,(z,O) is strictly increasing in (0,+oo[. For lol < 2, no,,= R 2 and, for each 

{zo,Yo) E R 2
, Wo,p(:r,i,) = Wa,p(:ro,Vo) is a closed curve. For lol ~ 2, such curves 

show the following aspect: 

. 
r • 

... --- --- -.. .... , .. 
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The equation 

i + /(z)z + ,Cz) = 0 (1.1} 

ii equivalent to the system 

{ 
z=11 
i = -/(z)y-g{z). (1.2} 

The condition a) ensures existence and uniqueneu or aolution f'or (1.2). The condi­

tion b) ensures that (0,0} is the only point of equilibrium f'or system (1.2). It can be 

immediately verified that the derivative of W0 ,, relative to the system (1.2) is: 

(1.3) 

where H;= ~-
We observe that W111 ,,(z,11) has the same sign of oHj(z)- /(:r), f'or y 'r/- 0. 

Lemma 1. Assume there are P > 0 and I, > 0 such that, f'or all z ~ b, 

Let 110 > 0, L = W2,,(b,110) and 

K = {(z,11) e 02,, I z::: b and W2,,(z,y) SL}. 

Let 7(t) = (z(t), 11(t)) be the solution of (1.2} '? that 7(to) = (b, 111 ), with O < 

1,11 < 1,10. Then, there is t1 > t0 such that 

7(t) e K, to S t S ti, 

and 

with 



Proof. 

~ .i(t0 ) = l'J > 0 it follows there ia t2 > to ao that 

On the other hand, being i(t) > 0 on the half plane II > 0, z(t) < 0 on the 

half plane 11 < 0, ~(t) < 0 on the positive half axis Oz and (0, 0) the only point of 

equilibrium, there must exist t3 > t2 such that 

Let 

t1=max{u>tol"Y(t)EK, toStSu}. 

from the hypothesis 

and from (1.3) it follows that 

Because W2,,("r(to)) == W2,,(b, i,1 ) < L, it follows that W2 ,,('y(t1 )) < L. So, -y(ti) 

· does not belong to 
0

the arc given by 

and 

Because z(t} > 0 on the JI> 0 half plane, it follows that 

with - Hp(b) < 112 < 0 



-­,. 

In a similar way, we can demontrate the following lemmas: 

Lemma 2. Assume there are /J > 0 and a< 0 such that, f'or all z :5 c, 

Let 110 < O, L = W-2,i,( a, 110) and 

Also let 7(t} = (z(t), Jl'(t)) be the solution of (1.2) such that 7(to) = (a, yi) with 

J/'O < 1/J < 0. Then there is t1 > to so that 

and 

7(t1) = (a,y,) with O < y, < -Hj(a). 
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Lemma 3. Assume there exist /J1 > 0, /Ji > 0, -2 < 01 $ 0, 0 $ 02 < 2 and I, > 0 

such that, (or all :r: ~ l>, 

a,H;
1
(z) S f(:r:) f 02Hj,(:r:). 

Let Yo> 0, Li= Wo1,,1(l>,yo), L2 = Wa,.,1 (6,110) and 

K = {(:i:,y) E R2 I :i: ~ l>, Wo11, 1 (:i:,y) $ L1 and Wo,,,,(:r:,11) ~ L2}-

Let -y(t) = (:i:(t), y(t)) be the solution of (1.2) so that -y(t0 ) = (b, y0); then, there i~ 

t1 > to such that 

and 

with 1/3 < 111 < 112 < 0, where 

-y(t) e K, 

Y, -----0 

I W 8 (x,y)=L2 
0 2· 2 

. 
\ 

I 
I 

I I 
b• I 

I . I 
I I 

I 

-- ---•l _,-
, - I 
I , W S (x,y)=½ 

Y1 -----· " 
0
1' 1 I , '1 

Y3 ______ ._., 

Lemma 4. Assume there are /J1 > 0, /J2 > 0, 0 $ o 1 < 2, -2 < 02 ~ 0 and a < 0 
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1ucb that {or all z S a, 

Let -y(t) = (z(t), 11(t)) be the solution of (1.2) so that -y(to) = (a, 110). Then, there 

is t 1 > to iuch that 

"Y(t) EK, 

and 

with O < J12 < 111 < J/3, where 

2, The Equation i + og(z)[H,,(z)J-1z + g(z) = 0 

· Theorem 1. Consider the equation 

where o and /J a.re real, with /J > 0, and 

H1(z) "".' (2 Lr g(t)dt + {)]112
• 

Assume that zg( z) > 0 for z ,t, 0 and J;00 g( z )dz = +oo. 

In these conditions, we have: 

i) i! lol < 2 then all solutions will be periodic; 
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ii) if lol ~ 2 then any solution passing by ( :o, Jo) E no,# will be periodic. Besides, 

any solution passing by (:0 , Jo)(/ !20 ,, will be non-periodic. 

Proof. 

It is enough to observe that 

n;c=> = g(:)[21· g(t)d(t) + .sr1
'
2 

and 

(:, 11) E flo,,8, 

where W0 ,, is the derivative of W0 ,, relative to the system 

(No~e that g(:r) = H,(:r)Hj(:r).) ■ 

Remark 1, In [5], the authors establish sufficient conditions for existence of center (global 

or local) for system of the type 

which is equivalent to the equation 

. { i = y- F(x) 
y=g(x) 

· i + .F'(x)i + g(:r) = O. 

In that work, a fundamental role is played by the hypothesis 

where G(x) = J0
2 lg(t)jdt. The theorem we just proved establishes the existence of center 

(global if lol < 2) for a special class of system not using that hypothesis. 
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Remark 2. I! the hypothesis fo:1:.
00 g(z )dz = +00 is not 1atisfied we can onl;y assert that 

will be closed for small c > O; that is, the origin will be a local center. 

3, A Sufficient Condition Cor Oscillating Solutions 

In this section we assume that all solutions of equation (1 .1) and system (1.2) are 

continuable in the future. 

A solution x(t) of equation (1.1) is oscillating if there exists a sequence (tR)n~l 

tending monotonically to +oo such that x(tn) = 0 !or n ~ 1. 

Theorem 2. Assume that 

1) xg(x) > 0 !or :z: ;i O and J0:l:.
00 g(x)dx = +oo; 

2) there are r > 0, /31 > O; /32 > 0, 0 :5 01 < 2; and -2 < 02 :5 0 such that 

f(:,;) > a1Hi,1
(:z:) !or z :5 -r 

and 

/(x) > a2Hi,2
(:,;) !or z ~ r; 

3) there are o3 > 0, /33 > 0 and r1 > 0 such that 

Then, any non-trivial solution of the equation (1.1) will be oscillating . . 
Proof. 

The hypothesis i(z) > o 2Hi,
2
(z) for :,; 2:: r, ensures (Lemma 4) that the solution 

starting at the .point (r,110 ), with y0 > 0, cannot leave the set 
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through the arc 

For the same reasons, the hYJ>Othesis 

ensures that the 10Jution starting at (-r,v1), with Vi < O, cannot leave the set 

through the arc 

The hypothesis 

/(z) < or1Hi,.(z) for O < :r < r, 

ensures that the solution starting at (2z1,0), 0 < 2z1 "< r1, cannot enter the set 

through the arc 

For the same reason, the hypothesis 

ensures that the solution starting at (2z2 ,0), -r1 < 2z2 < 0, cannot enter the set 

through the arc 
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Due to the fact that no eolution o! 

~ = -/(%)- g(z) 
dz ~ 

can admit vertical asymptotic (aee [1]), it follow, that any non-trivial ■olution is oscillating. 

■ 

Remark 3. Note that our hypotheses allow /(z) < 0 !or all z and, also, 

lim F(z) = -00 and lim F(z) = +oo •-+~ •--oo 

where F(z) = J0• f(t)dt. In [3), Villari establishes a necessary ·and sufficient condition for 

the ■olution to be oscillating, working in_ the class of functions F satisfying the conditions: 

there is c > 0 such that 
F(z) > -c for z > 0 

and 

F(z) < c !or z < 0. 

Remark 4. The hypothesis 3) can be replaced by: there are a 3 > 0 and r1 > 0 such 

that 

In this case, we make use of the definite positive function 

Theorem 3. Suppose that 

1} zg(z) > 0 for z ~ 0 and J;00 
g(z)dx = +oo; 

2) there are a and /J > 0, with lal < 2, such that, for z ~ 0, 

/(z) > aHi(z); 
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3) there are 01 > 0, /J1 > 0 and r1 > 0 1Ucb that 

Then any non-trivial solution 0£ the equation (1.1) will be oscillating and approaches 

the origin when t -+ +oo. 

Proof. 

It is enough to observe that the origin is the largest invariant set included in 

and apply the La Salle Theorem (see (51) to get to the conclusion that any solution ap­

proaches the origin when t -+ +oo. Proceeding as in theorem 2 demonstration, we 

conclude, based on hypothesis 3, that all solution starting at ( z0 , 0 ), z 0 > 0, crosses the 

negative '1 half-axis and that all solution starting at (r1 , 0), z1 < 0, crosses the positive 

'1 half-axis. Therefore, all non-trivial solution will be oscillating. • 
Remark 5. The hypothesis 3) can be replaced by: there are o 1 > 0 and r 1 > 0 such 

that 

. . 

Remark 6. If the hypothesis lol < 2. in 2) is replaced by lol;:: 2 we can assert only 

that any non-trivial solution passing by (ro, Yo) E flo,6 is oscillating and approaches the 

origin when t -+ +oo. 

4. A Sufficient Condition for Existence of Periodic Solution 

Theorem 4. Suppose that 
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1) :rg(z) > 0 for z 'I- 0 and fo*00 
g(z)dz = +oo 

. 2) the origin is repulsive 

3) there are 6 > 0 and {J1 > 0 such that 

/(z) ~ 2Hjlr) (or z ~ 6 

4) there are a < 0, /J,, > 0 and O < o < 2 111cb that 

/(z) > 0Hj
1
(z) for z ~ a. 

Then the equation (1.1) admits at least one non-trivial periodic solution. 

Proof. 

Theorem 2 ensures that any non-trivial solution of the equation (1.1) is oscillating. 

The hypothesis 3) ensures that the solution starting at ( b, y0 ), with t,0 > 0, crosses 

again the straight line z = b at a point (b,y1 ), with -H~1 (b) < y1 < 0 (Lemma 1). 

I 
I -, ... 
I ', 

' .. 
' 

From the theorem of Poincare-Bendixson, the equation will admit at least one periodic 

solution. • 
13 



Remark T. The hypothesia 3) and 4) can be weakened. Let r = r(z) be the BOlution of 

d11 • -J(z) _ g(z) 

dz ' 

puab>& by (61 -H ,, ( 6)). Auume that 111ch solution crosses the straight line z = a at 

the point (a,,i) with ,i < -B,1(6). Then there will exist a < :ro < 6 such that 

,C:r) S -B,1(6) for o S z S zo, The mean-value theorem ensures that 

B . 

'2 2:-[{A+ H,,(6))(6-a)+H,1 (6)] 

where A= mAXaS•s• l/(z)t and B = max.s•s• lg{z)I, 

Let Ila -= -[(A-+ »-~<•>)(6 - o) + H11, (6)], a1 < a and II• > 0 such that 

Also let 11'1 =(A+!; ){I>_- o) + 11'•• and 61 > 6 such that 

Then the hypotheses 3) and 4) can be replaced respectivdy by 
. . 

31) /(z) 2: 2Hj,(z) for 6 S z S bi 
. . 

41) /(z) > 2Hh(z~ for 01 S z ~ a. 

Note that /(z) can have any behavior for a large l:rl! 

Remark 8. 

The hypotheses 3) and 4) can be replaced respectively by 

Si) there are 6 < 0 and .{J1 > 0 such that 
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42) there are cs > 0, fJ2 > 0 and -2 < o < 0 auch that 

These hypotheses can be weakened the nme way we did in remark 8. 

S. On Periodic Solutions for the Case where / and g are Odd Functions 

Lemma S. Assume that 

1) g(:r) > 0 for :r > 0 and ro-00 
g(:r)dz = +oo 

2) there are P > O, P1 > 0, 0 < o < 2, -2 < 01 < 0 and r > 0 such that, for 

all :r>r, 

Then, for any J,'1 < 0, there is Jlo > 0 such that the solution of the system (1.2) 

startingat {0,110) passesby (0,?11), 

Proof. 

The hypothesis 2) ensures that for any y3 < 0 there is 112 > 0 such that the solution 

starting at (r,112) crosses again the straight line :r = r at (r,113). On the other band, 

there is J,'4 < 0 such that the solution starting at ( r, 114 ) crosses the y axis at a point 

(0,11s), with J,'s < 0. Then, for any 111 < 0 there is Yo > 0 such that the solution 

starting at (0, 1/o) passes by (0, y1 ). ■ 

Theorem S. Assume that 

1) / and g are odd; 

2) g(z) > 0 for :r > 0 and J:00 g(z)dz = +oo; 

3) there are /J > 0, /J1 > 0, 0 < a < 2, -2 < o1 < 0, and r > 0 such that 

01H;,(z) < /(:r) < oH;(:r) for z ~ r. 
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Thea there ii , > 0 1Uch that any IOlutiODS o! (1.2) passing by (0, 110), with 110 > .s, 

ii periodici beaidea, any aolution puaing by (0,11) with 111 < 0, is periodic. 

Proof. 

It ii enough to note that the ~jectories o! the system (1.2) passing by (o, b) and 

(-a, 6), for any a and b, are simmetrical relative to the 11 axis and apply the previous 

• 
Remark e. U hypothesis: 

4) there are 02 > 0 and , > 0 such that /(z) < 02g(z), 0 < z <., 

ii also verified, then any non-trivial solution is periodic. (See demonstration of the theorem 

2 and remark 4). 

Theorem 6. Assume tha.t 

1) g(z) > 0 !or z > 0 and J:'00 g(z)dz = +oo; 

2) f is odd; ' 

3) there are 01,02,/J1 > 0, /h > 0 and r > 0, with -2 < a 1 < 0 and O < a 2 < 2, 

such that 

1) /(0) = O; 

6) there ia b < 0 · such that 

/(z) > -/(-z), b < z < 0. 

Then, any solution o! (1.2) passing by (z0 , 0) ~th b < zo < 0, will be non-periodic. 
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Proof. 

Consider the 11y1tem 

where 

if z ~ 0 
if z < 0. 

The !unction /1 is evidently odd and continuous. 

(5.1) 

Due to the previous theorem, any solution o! (5.1) passing by (0, y0) with ro < 0, 

is periodic. 

Consider the system 

{ 
i=I,' 
~ s: -/(z)y - g(z) (5.2) 

and consider the point (zo,O), with b < zo < .0. Assume there is s,1 < 0 such that the 

solution o! (5.2) passing by (0, 111) passes also by (zo, 0). (If such i,1 did not exist, the 

eolution passing by (z0 ,0) could not be periodic). Due to the lemma, there is ?h > 0 

such that the solution 0£ (5.2) passing hy (0, vz} passes also hy (0, r,1 ). The solution of 

(5.1) that passes by (O,i,1 ) passes also by (0,112) and is periodic. Hypothesis 5) ensures 

that the aolution or (5.2) starting at (0, y1 ) will cross the II positive hal!-axis at a point 

(01 1,13), with O < !/3 < 1,12 (see [11). Then, the solution o£(5.2} passing by (z0,0) is not 

periodic. ■ 

Remark 10. Following the same reasoning, we can prove that the theorem remains valid 

i! hypothesis 5) is replaced by: 

51 ) there is 6 < 0 such that /(z) < -/(-z) !or l> < z < 0. 

Remark 11. If hypothesis 5) is replaced by 

/(z) > -/(-z), z < 0, 
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orb, 

tbea any non-trivial IO!ution will be non-periocUc. 
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