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Abetract 
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non-negative functions 11 , ... , 11, on the arcs of D, find k internally vertex-disjoint paths Pi, .. . ,J\ from 

, tot such that l1(P1) + · · · + l•(P•l is 811 •mall 811 poeaible. We de&eribe, for each Jixed I<, a polynomial­

time algorithm for the 1:-SHOID'EST PATHS restricted to acyclic digraphs. We prove two complexity 

results: unless P = NP, for each constant c, there is no polynomial-time n•-approximation algorithm 

(1) wr the 2-SHORTEST PATHS, where n is the number of vertices of D, and (2) for the 1:-SHORTEST 

PATHS restricted to acyclic digraphs. We also ehow a polynomia.1-time algorithm for a multicommodity 

variation of the problem in planar graphs. 
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1 Introduction 

The well-known single pair shortest path problem consists of: given a digraph D, a non-negative function 
l on the arca of D and two vertices , and t, find a path P from, to t that minimizes l(P), where l(P) 
denotes the sum of l(e) over all arcs e in P. This problem is 110lV&ble in polynomial time. We address the 
following generalization of the single pair shortest path problem, which we call k-SHORTEST PATHS: 

given: - a digraph D = (V, A); 
- a pair (a, t) of vertices of D; 
- non-negative functions l1, ... , z,. on the arcs of D; 

find : - k internally vertex-disjoint paths Pi, ... , 1) from a to t such that 

is as small as posaible. 

For 11 = ... = l1c the k-SHORTEST PATHS reduces to the min-cost flow problem and, therefore, can be solved 
in polynomial time. 

We consider first the problem on acyclic digraphs. Algorithms for finding arc-disjoint paths in acyclic 
digraphs have applications on scheduling problems (l] and aircraft assignment problems (7]. We reformulate 
the k-SHORTEST PATHS in acyclic digraphs in terms of finding a shortest path in a (large) acyclic digraph. 
This is a known reformulatiOI1 due to Perl and Shiloach [ 6) for finding two vertex-disjoint pat ha in an a.cyclic 
digraph. Later this was extended by Fortune, Hopcroft and Wyllie (3] in order to derive a polynomial-time 
algorithm for the k vertex-disjoint patha problem in acyclic digraphs (aee also Schrijver [7)). From this 
reformulation, we derive the theorem below. 

Theorem 1.1 For each fi:zed k, there eri.,t, a pol11nomial-time algorithm for the k-SHORTEST PATHS re­
stricted to acyclic digraph,. 

We also prove the following inapproximability result, which shows that the problem becomee much 
harder on general digraphs, even if k = 2. 

Theorem 1.2 For each constant c, there is no polynomial-time nc-approrimation algorithm for the 2-
SHORTEST PATHS unleaa P = NP, where n i, the number of vertices of the given digraph. 

With respect to the intractability and inapproximabity of the problem in acyclic digraphs, we show the 
following theorem. 

Theorem 1.3 For each conatant c, there is no polynomial-time nc-approrimotion algorithm for the k­
SHORTEST PATHS remicted to acyclic digraph, unleu P = NP, where n i, the number of 11ertice, of the 
given digraph. 

Theorems 1.2 and 1.3 show that the result in Theorem 1.1 is tight in the sense that it doe11 not hold, 
unless P = NP, if we drop either the restriction on A: being fixed or on D being acyclic. Surprisingly, the 
problem becomes much harder if we drop any of these restrictiona. 

We consider also a variant of the problem in undirected graphs, with multiple pairs of terminals. For 
this variant, we present a polynomial-time algorithm for the case where all length functions are the same, 
the given graph is planar and the terminals lie on the boundary of the same face in an adequate order. 
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2 Disjoint paths in acyclic digraphs 

In order to prove Theorem 1.1, we consider the following disjoint paths problem: 

given : - a directed gra.ph D = (V, A); 
- pairs (61, t1), ... , (ak, tk) of vertices of D; 
- subsets A1, ... ,Ak of A; 
- a. set Hof pairs {i,j} from {1, .. . ,k}; 

find : - paths Pi, ... , Pk in D such that: 
(i) .P; is an s,-t,-path in D[A;] (i = 1, ... , k); 

(ii) P; and P; a.re vertex-disjoint for {i,j} in H. 

(1) 

Fortune, Hopcroft and Wyllie [3] showed that this disjoint paths problem is NP-hard even for k = 2, 

A1 = A2 = A and H = {{1,2}}. According to Even, Ita.i and Shamir (2], problem (1) is also NP-hard for 

acyclic digraphs. In fact, problem (1) is NP-ha.rd even for a. fixed acyclic digraph, as noted by Alexander 

Schrijver. At the end of this section, we include the proof of this unpublished and surprising result. 

We prove in the next theorem that problem (1) is polynomially solvable for instances satisfying the 

following condition: 

There exists no directed cycle C = P;.., • P;, • • • • • P;, in D such that: 
(i) P;, is a path from u; to 1.1;+1 in D[A;,I, u; ,;: t;; (i = 0, ... , t), 

where ut+t = Uoi 
(ii) {jo,j1}, ... ,{j1-1,i1},{j1,jo} belong to H. 

(2) 

HP and Q a.re paths then P·Q denotes the path obtained by the concatenation of P and Q. Note that any 

acyclic digraph satisfies the condition above. This theorem is a slight generalization of a result by Fbrtune, 

Hopcroft and Wyllie [3]. They showed that, for each fixed k, the problem of finding k wrtex-disjoint paths 

in an acyclic digraph is polynomially solvable. 

Theorem 2.1 For each fi:&ed k, there emts a polvnomial-time algorithm for the dujoint patha problem 

(1) for inatancu aatiaf11ing (£). 

Proof. The proof is a minor modification of Schrijver's proof (7) of Fbrtune, Hopcroft and Wyllie's k 

vertex-disjoint paths theorem [3, 8]. We include it here for the sake of completeness. 

Consider an instance of problem (1), that is, a digraph D, pairs (a1, t1), ... , (sA:, tk) of vertices of D, 
subeets .A.1, ... , A1: of a.res of D and a set H of pairs {i,j} from {I, .. . ,k}. Mm an auxiliary digraph 

D' = (V', A') as fol.lowa. The vertex set V' r.onsists of all k-tuple11 (111, ... , 111:) of vertices of D such that 

11;,;: 11; for all {i,j} in H. There is an arc in D' from (111, ... ,11,1:) to (w1, ... ,w1,) if and only if there exists 

an i in {1, ... ,k} such that: 

( i) v; = w; for all j 'f i; 
(ii) (11;, w,) is an a.re of~; 

(iii) if j ,f i, {i,j} E Hand 11; 'f t;, there is no path in D[A,] from v; to v;. 

(3) 

Note that, as k is fixed, the size of D' is polynomially bounded on the size of D. Moreover, the following 

holds: 

D contains paths P1, ... , P1: such that P; is an s;-t;-path in D[A;] (i = 1, ... , k) 

and P; and P; are vertex-disjoint for {i,j} in H (4) 
if and only if 

D' contains a. path P from (11, ... , s1:) to (t1, ... , t.,). 

Suppose that P1, .•• , Pi, exist. For any i, let .P; follow the vertices 11;,o, 11;,1, ... , v,,1;, So 11;,o = a; and 

v;,1; = t; for each i. Choose ji, ... , it such that O ~ j; ~ t; for each i and such that: 
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(i) D' contains a path from (a1, ... , st) to (VJ.J,, . .. , VtJ,), and 

(ii) ii + · · · + it is as large as possible. 

Let I := {i I j; < t;}. Let us prove by contradiction that I = 0. Suppose I :f e. By the definition of 
D' and the ma.ximality of j1 + •· •+it, for each i in I, there exists an i'-/: i such that there is a path in 
D[A.,] from "l'J,, to "IJ., with "i'J,, :/ t;, and {i',i} in H. So, for i in/, each wrtex V;J, is an endpoint of 
a path in D[A.,) starting at another vertex v;• ,;,, :/ t;.,, with i' in / and { i, i'} in H. This contradicts (2), 
80 I= 8, that is, j; = t; for &ll i, in which Clllle we are done. 

Conversely, let P be a path from (a1, .. . ,st) to (f1, ... , ft) inD'. Let P follow the vertices (VJ.,;, . .. , Vt,;) 
for j = 0, ... , t . So v;,o = s; for i = 1, ... , k. For each i = 1, ... , Ir., let ~ be the path in D following v;,; 
for j = 0, ... , f, taking repeated vertices only once. So P. is an ,,-t.-path in D[A.]. Moreover, P; and P; 
a.re vertex-disjoint for each {i,j} in H. Indeed, suppose Pi and f'2 (say) have a vertex in common, where 
{1, 2} belongs to H, that is, 111,; = "2J' for some j :/ ;'. Without lOIJS of generality, j <;'and v1,; :/ v1,;+1• 
By the definition of D', there is no path in D[A2) from 11:1,; to 111,; - This howewr contradicts the fad that 
111,; ,::: "2,;, and that there exists a. pa.th in D[A2] from v2,; to "2.;• • 

Therefore, to 80lve problem (1), it is enough to find a path in D' from (s1, .. . , Bt) to (t1, ... , ft), which 
can be done in polynomial time. ■ 

The arc-disjoint version of the disjoint paths problem (1) collBists of replacing (ii) in (1) by: 

~ and P; are arc-disjoint for {i,j} in H. (5) 

This are-disjoint paths problem can be reformul&ted in term11 of the disjoint paths problem (1). Indeed, 
let an instance of the arc-disjoint paths problem be given, that is, a digraph D = (V, A), pain of 'Vertices 
(-.,1, t1), ... , (st, t.1,)1 arc sets A1, . .. , A.1, and a eet Hof pain {i,j} from {l, ... ,k}. We may assume that 
each s; is the tail of a unique ace a.; of D and that t; is the head of a unique arc b; of D ( i = 1, ... , k ). 
We make a digraph D' = (V',A') as follows. The vertex set of D' is the a.re set A of D (i.e. V' := A). 
There is an arc in D' from a to b if the head of a and the tail of b coincide. For i = 1, ... , Ir., we define 
Al:= {(a,b) EA' I a,b EA.}. Finally we take H' := H. 

Finding paths Pi, ... , Pi. in D satisfying (5) such that ~ is an a;-t;-path in D[A.) (i = 1, ... , k) is 
equivalent to the problem of finding paths Pi, ... ,~ in D' aatisfying (ii) of (1) such that Pf is an a.;-1,;­
path in D'[~] (i = 1, ... , Ir.). Hence, the arc-disjoint version of problem (1) is polynomially solvable for 
instances satisfying a condition similar to condition (2). 

Now, suppose that, for an instance of problem (1), one is given &!so non-negative functions Ii, ... ,l1, on 
the arcs of D. Then it is pol!llible to find in polynomial time a solution Pi, ... , Pi, of problem (1) such that I:!:1 1;(~) is as amall as possible. Just define a length function on the arcs of D' (the digraph from the 
proof of Theorem 2.1) aa follows. The length of an arc of D' from (v1, ••• ,v1,) to (1111, ... ,1111,) satisfying 
(3) is l,(11;, w,). Now, a shortest path from (a1, .•• , s.1,) to (ti, ... , t.1,) in D' with this length function on its 
arcs gives the desired paths. AJJ the shortest path problem in an acyclic digraph with arbitrary length on 
ita ara can be solved in linear time, we have Theorem 1.1. 

Theorem 1.1 For each fixed Ir., thtlf'e eziata a pol11nomial-time algorithm for the k-SHORTEST PATHS re­
•tricted to ac11clic digraph&. ■ 

We conclude this section with the proof of Schrijver's result on the complexity of problem (1). 

Theorem 2.2 (A. Schrijver) The disjoint path& problem {1} reatricte.d to inatancea hailing the digraph 
in Figure 1 as input i, NP-hard. ■ 

Proof. Consider the following transformation of PLANAR 3-COLORABILITY to problem (1) restricted to 
instances having the acyclic digraph displayed in Figure 1 as input. A k-coloring of a graph G = (V, E) 
is a function/ from V to {l, . .. ,k} such that /(u) f, /(v) whenever {u,v} belongs to E. Graph G is 

4 



k-colorable if G has a k-coloring. The PLANAR 3-COLORABILITY problem consists of: given: a planar 

graph G = (V, E); question: is G 3-colorable? PLANAR 3-COLORABILITY was shown to be NP-complete by 

Stockmeyer [9). 

Figure 1: Problem (1) is NP-hard for instances having this a.cyclic digraph 88 input. 

Let ll8 be given a planar graph G = (V, E) with V = { v1, •. . , Ilk} and let f' be a 4-coloring of G. This 

function f' can be computed in polynomial time (see, for instance, Nishizeki and Chiba [5]). We construct 

an instance of problem (1) depending on G and f' as follows. Let H := {{i,j} I {v;,v;} EE} and, for 

i = 1, ... ,k, let ai := Uf'(v;), ti:= Wf'(v,) and A; be the set of all arce of the digraph in Figure 1. We 

claim that G is 3-colorable if and only if the constructed instance of problem (1) is feasible. Suppose G is 

3-colorable and let / be a 3-coloring of G. For i = 1, .. . , k, let P; be the path from s; to t; that traveraes 

CJ(v,) · One can check that Pi, ... , Pk is a solution to the problem (1). Converaely, let Pi, . . . , Pi, be a 

solution to the disjoint paths problem (1) and define f from V to {1,2,3} such that, for i = 1, . .. ,k, the 

path P; from a; tot; traverses the vertex cf(v,)• One can verify that f is a 3-coloring of G. ■ 

3 lnapproximability for the 2-SHORTEST PATHS 

In this section we analyze the complexity of the 2-SHORI'EST PATHS problem. Specifically, we prove 

Theorem 1.2. 

Theorem 1.2 For each constant c, there ia no pol1f11omial-time nc-approximation algorithm for the 2-

SHOJtrEST PATHS unless P = NP, where n ia the number of verticea of the given digraph. 

Proof. We may assume c ~ 1. Suppose that there is a polynomial-time nc-approximation algorithm A 

for the 2-SHOm'EST PATHS, where n is the number of vertices of the given digraph. Let UB show that, if 

this is the case, we can solve 3-SAT in polynomial time, which implies that P = NP. For this, consider the 

following polynomial-time reduction from 3-SAT to 2-SHORTEST PATHS. 

Let •bean instance of 3-SAT, that is, a set {Ci, . . . , Cm} of 3-claWleS on variables x1, ... ,xi,. Let us 

describe a digraph D, two length functions Ii and 12 on the arcs of D and two vertices a and t. 

For each variable x;, denote by cl; the largest between the number of times x; appears in • and the 

number of times that z; appears in <I/. There is a gadget as in Figure 2(a) for each x;. The number of 

undirected four-cycles in the gadget is d; + 1. The source vertex in the gadget is ca.lied v; and the aink 

vertex, w;. The vertices of in-degree one in the gadget are partitioned into two sets: L; and R., 88 in 

Figure 2(a). 

For each clauae C; , there is a gadget as in Figure 2(b) . The sink and source vertices are called u; and 

I; respectively. Each of the other vertices has as label one ofthe literals in clause C;. 

The digraph of the instance of 2-SHORT~ PATHS is obtained as follows. First, we connect the gadgets of 

all variables and clauses in series, identifyingtili and 11;+1 (i = 1, ... ,n-1) and u; and l;+1 (j = 1, ... ,m-1). 

Then, we add an arc from s to v1, one from wi. to 11 and one from Um tot. The arcs we have up to now 
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(a) (c) • 1/j 

Z1 

L; 

z, 'f3 C2 

W; Z2 

(b) c, 

~t ·· 
Z1 X3 

Z3 

• Figure 2: (a) The gadget fur variable x;. One, between x; or x;, appears three times in~, while the other 
appears at most three times. (b) The gadget for clause C; = {x1, x2,x3}. {c) Aics of type 1 of the digraph 
built from 4i = (x1 V x2 V x3){x1 V ~2 V X3). 

are said to be of type 1. See Figure 2(c). Second, we add three arcs from s: one tot, one to the fust vertex 
in L1 and another to the first vertex in R1, Similarly, we add two arcs to t: one from the last vertex in 
Lh and one from the last vertex in ~- For each two consecutive vertices in L;, we add a path from the 
upper one to the lower one, of length one or two. When the path has length two, the middle vertex is one 
of the vertices labeled x; in the clause gadgets. The same holds for R.; with 'if; in the place of x;. This is 
done in such a way that any labeled vertex is in exactly one of these two-length paths. Finally, there are 
also a.res from the last vertex in L; and from the last vertex in .R; to both, the first vertex in L;+1 and the 
first 'lerlex in .R;+1 ( i = 1, ... , n - 1). The arcs added in this aecond phase are said to be of type 2. This 
finishes the description of the digraph D and vertices a and t. See Figure 3(a) for a complete example. 
Note that the number of vertices in this digraph ia at most 4 + 3d + 3h + 4m, where d := E~1 d; ~ 3m. 
Also, there are two internally disjoint paths from s to t in D. 

To complete the description of the instance of 2-SBORTEST PATHS, it is missing only to describe the 
two length functions Ii and l2 on the arcs of D. In Ii, a.res of type 1 have length one, while arcs of type 2 
have length M := (4+3d +3h+4m)•+l + 1. In 12, all arcs have length one, but arc st, whose length is M. 

Note that the construction of D , ,, t, l1 and 12 takes polynomial time on the size of 4>. 
Claim 3.1 ~ ia ,atufiable if and onl11 if there art! two intemal/11 diajoint patha Pi and Fi from II to t in 
D such that l1(Pi) + l2(fli) :5 4 + 3d + 3h + 4m. 

Proof. Assume 4i is satisfiable and consider an 1188ignment which satisfies 4>. Let us describe two internally 
disjoint paths Pi and fli in D from, tot such that li(P1) + l2(fli) :5 4 + 3d + 3h + 4m. 

Path Pi starts with arc .ro1, goes from "1 to w11 using only arcs in the variable gadgets, then uses arc 
whl1 and goes from '1 to t1,n using only a.res in the clause gadgets. It ends with arc u,,,t. Inside the va.ri&ble 
gadget for x;, path P1 goes through all vertices in L, if X; is TRUE in the 1188ignment or all vertices in R.; 
if X; is FALSE. In the Clall8e gadgets, P1 goes always through a vertex whose label is a TRUB literal in the 
assignment. Note that P1 uses only type 1 arcs. Thus l1(1'i.) = 3 + 2d + 2h + 2m. 
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(a) 

Figure 3: (a) Digraph built from <I> = (x1 V x2 V x3)(x1 V :X2 V x3). The dashed arcs have Ii equals one, 

while the others have Ii equals M. (b) Paths Pi and P2 corresponding to the 88Signment x1 = F, x2 = T 

and x3 = T. 

Path flJ uses only type 2 arcs. H xi is TRUE (FALSE), it goes from a to the first vertex in L1 (R1). 

Ftom there, it traverse.& all vertices in L1 (Ri) and jumps to £2 if x2 is TRUE or to R2 if X2 is FALSE and 

proceeds in the same way until it gets to the last vertex in R,. or Lh· In this traversal, it goes back and 

forth to the clause gadgets through some length-two paths, always using a vertex whose la.be! is a literal 

set to FALSE. From the last vertex in Lh or Rh, it goes directly to t. Note that P2 is indeed internally 

disjoint from Pi, as it uses only type 2 arcs. Moreover, l2(f!J) = 1 + d + h + 2m. 

Therefore l1(Pi.) + l2(P2) = 4 + 3d + 3h + 4m, as desired. See in Figure 3(b) how P1 and P2 look like 

for the example given in Figure 3(a). 

Now assume there are two internally disjoint paths Pi and P2 in D from s tot such that 11 (Pi)+l2(~) =:; 
4 + 3d + 3h + 4m. Note that P1 can only use type 1 arcs, otherwise l1(P1) ~ M > 4 + 3d + 3h + 4m 

(the last inequality holds as c ~ 1). A!!lo, ~ does not use arc st, 88 l2(st) = M > 4 + 3d + 3h + 4m. AB 

Pi uses only type 1 arcs, Pi UBeS s111, then it goes from 111 to wh wring only arcs in the variable gadgets, 

then it uses whl1 and goes from 11 to u,,. inside the clause gadgets, finishing with u,,.t. Path Pi cannot use 

vertices both in L; and R., ·otherwise the only path from a to t in D internally disjoint from Pi oonaists of 

st. But l2(st) = M > 4 + 3d + 3h + 4m. Indeed, P1 must pass by all vertices of the variable gadget z; not 

in L; UR. and by all unlabeled vertices in the claUBe gadgets. But then, if P, uses the first vertex in L;, it 

has no other way except using all other vertices in L;. The same holds for R.. 

Now we are ready to describe the a8Signment. Set z; to TRUE if and only if P, uses vertices of L;. 

Note that P2 visits all labeled vertices in the claUBe gadgets whose labels were eet to FALSE. But path Pi 
necessarily uses a labeled vertex in each clause gadget. The label x; of this labeled vertex must then be 

TRUE, which means there is a TRUE literal in each clause. That is, <I> is sa.tisfiable. ■ 
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Now we proceed with the proof of Theorem 1.2. Run algorithm A on the constructed instance of 2-
SHORTEST PATHS. The algorithm retUl'Jl8 TIVO paths, P1 and 1'2- Ifl1(.Pi)+l2(..f'.i) < M then~ is satisfiable, 
otherwise ~ is not satisfiable. 

First, note that the above algorithm runs in polynomial-time, u the reduction and A take polynomial­
time. Moreover, it solves 3-SAT. Indeed, assume 11(.Pi) + 12(1'2) 2: M. As A is an n°-approximation and 
n = 4 + 3d + 3h + 4m, the value of an optimal solution for this instance of the 2-s.HORTEST PAT.HS is 
at least M/(4 + 3d + 3h + 4m)0 > 4 + 3d + 3h + 4m. By the claim, ~ is not satisfiable. Now, assume 
l1(P1) + 12 (1'2) < M. ThiB means Pi Ullell no type 2 arc. Any path from II to t in D which URe11 no 
type 2 an: lllle8 exactly 3 + 2d + 2h + 2m area of type 1, that is, 11(.Pi) = 3 + 2d + 2h + 2m. But then, as 
n = 4 + 3d + 3h + 4m, path 1'2 Ullell at Ill06t 2 + d + h + 2m vertices, that is, 12(1'2) S 2 + d + h + 2m. 
Therefore, by the claim, ~ is satisfiable. As 3-SAT iB solvable in polynomial time only if P = NP, there is 
no n°-approximation algorithm for 2-S.HORTEST PATHS unless p = NP. ■ 

In fact, it is easy to modify this theorem to show that, for any polynomial-time computable function 
/, there is no polynomial-time /(JJl)-approxima.tion algorithm for 2-SHORTEST PATHS, where I denotes an 
arbitrary instance of 2-SHORTEST PATHS. 

Consider the undirected edge/vertex-disjoint versions of the k-SHORTEST PATHS problem. There are 
well-known reductiODB from the undirected edge-disjoint YeIBion to the undirected vertex-disjoint and to 
the directed arc/vertex-disjoint versions of the problem. One can modify the proof of the previous theorem 
in order to get the following stronger theorem. 

Theorem 3.l For each comtant c, there ii no polvnomial-time n°-approximation algorithm for the undi­
reckd edge-diajoint 2-SHORTEST PATHS unlea, P = NP, where n ia Uie number of verticu of Ule given 
graph. 

4 Inapproximability for acyclic digraphs 

In this section we show iliat if k is non-fixed then the k-SHORTEST PATHS is hard to approximate, even 
restricted to acyclic digraphs. The proof of the theorem below is a modification of the proof of Theorem 1.2. 

Theorem 1.3 For each con,tant c, there ii no polynomial-time n°-approximation algorithm for the k­
SHORTEST PATHS restricted to acyclic digraph, unlea, P = NP, where n i, the number of 11erticea of the 
given digraph. 

Proof. We may lll!llume c ~ 1. Suppoee that there is a polynomial-time n•-approximation algorithm A 
for the k-SHORTEST PATHS on acyclic digraph, where n is the number of vertices of the given digraph. 
Consider the following polynomial-time reduction from 3-SAT to k-SBORTEST PATHS. 

Let~ be an instance of 3-SAT, that is, a set {C1, ... , Cm} of ~uses 011 variables .z1, ... ,.z1,. Let ua 
describe an acyclic digraph D, two vertices II and t and length functions lo, ... , 111 on the arcs of D. 

Digraph D consists of vertices ,, Vo, ••• , t11a, t, area st, 1111o, vi.t and, for each variable .z., two internally 
disjoint paths, Q; and Q;, from t1;-1 to 11;. Path Q; (Q;) has as many intern&! vertices as appearances of 
.z; (z;). Additionally, for each clau.se CJ, there are three length-nro paths from s to t, each one having sa 
middle vertex a 'lertex labeled by one of the literals in C;. This is done in such a way that no two of these 
paths share the .middle vertex. See Figure 4 for an example. 

Let M := (3 + 3m + h)0 (2 + 3m + 3h) + 1. For each CJ, set l;(e) := l if e is one of the arcs in the three 
length-two paths added for Ci and set l;(e) := M otherwise. Set lo(e) := 1 if e = •Vo or e = v,.t or e i8 
in path Q; or Q; for 80me i. Otherwise aet lo{e) := M. This completes the description of the inatance of 
k-SBOl?l'EST PATHS. Observe that D is acyclic and that there are k internally disjoint paths from II to t in 
D. Also, observe that D, 11, t and lo, ... ,11, can be constructed in polynomial time. 

Claim 4.1 ~ ill ,atisfiable if and only if there are internally dilljoint path, Po, .. . , I\ from • to t in D 
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(a) (b) 

- - - - C1 

... ..... C1 

Figure 4: (a) Arcs for the variables. {b) Digraph for ~ = (x1 V z2 v xa){z1 V z2 v z3). 

,uch thot lo(Po) + · · · + l1,(P1,) ::;; 2 + 3m + 3h. 

Proof. Assume~ is satisfiable and consider a.n assignment which satisfies~- Let Po be the path starting 
with a.re Btlo, ending with a.re v,.t, and using Q;, if :i:; is FALSE, or Q;, if Xi is TRUE, for ea.chi. Note that ea.ch 
labeled vertex in Po has as label a literal that is FALSE in the BSSignment. Moreover, lo(Po) $ 2 + 3m + h. 
For ea.ch claUBe C;, let P; be one among the three pa.tbs for C; that UBe a vertex whose label is a literal set 
to TRUB in the assignment. There is one such path because the aBBignment sa.tisfies ~. Paths Po, . . . , ~ 
are such tha& lo(Po) + · · · + l11(~) ::;; 2 + 3m + 3h. 

Suppose Dow that there are interoally disjoint paths Po , ... , P,. from s tot in D such that l 0 (P0 ) +· • •+ 
l1,(P11) $ 2 + 3m + 3h. Note tha& M > 2 + 3m + 3h, because c ;;:: 1. Therefore, Po, . . . , Pi, use only arcs 
whose length is one in their respective length functione. In particular, Po uses llece88lll"ily arcs -'VO and v1,t 
and pMSeS by vertices v,, ... ,v,._,. To go from v;_ 1 to v;, path Po uses either Q; or Q;. Set variable x; 
to TRUE if Po uses Q; and set z; to FALSE if Po uses path Q;. For ea.ch C;, path P; has to be one of the 
length-two paths for C;. Lei x, be the label ofihe middle in P;. H Po uses Q;, then x, = ?i; (or P; and Po 
would not be internally disjoint). If Po usee Q,, then x, = z;. In both cases, x; is TRUE in the 8.88ignment 
and therefore this assignment 88.tisfies C;, for all j . ■ 

To complete the proof of Theorem 1.3, it is enough to describe how to use algorithm A to get a 
polynomial-time algorithm for 3-SAT. Just run algorithm A on the constructed instance of k-SHORTEST 

PATHS. It returns pa.tbs Po, . . . ,~- H lo(Po) + · · · + 111(~) < M, then ~ is satisfiable, otherwise ~ 
is not satisfiable. The resulting algorithm is clearly polynomial and solves 3-SAT. Indeed, assume that 
lo(Po) + • • • + 111(~) ;;:: M. Algorithm A is an n•-appraximation, where n is the number of vertices of D, 
that is, n = 3 + 3m + h. Therefore, the value of an optimal solution for this instance of the k-sllORTEST 

PATHS is at least M/(3 + 3m + h)0 > 2 + 3m + 3h. By the claim, ~ is not satisfiable. Now, aBBUme 

lo(Po) + · • • + li,(~} < M. This me&oS Po uses neither st nor arcs in the paths of the clauses. Therefore 
Po uaes arcs 8tlQ and tlht and, for ea.ch i, uaes either Q; or Q,. Thua lo(Po) $ 2 + 3m + h. Also, ea.ch 
path P; has to be one of the paths for clause C;, otherwise l;(P;) ~ M. Hence l;(P;) = 2, for all j, and 
lo(Po} + · · • + l11 (P11} $ 2 + 3m + 3h. By lhe claim,~ is satisfiable. ■ 

This theorem al80 holds for any polynomial-time computable function/: there is DO polynomial-time 

/ (111)-approximation algorithm for k-SHORTEST PATHS in acyclic digraphs. Here, I denotes an arbitrary 
instance of k-SHORTEST PATHS in acyclic digraphs. 
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5 Minimizing sum of lengths 

Consider the following shortest disjoint paths problem: 

gi11en : - an undirected planar graph G = (V, E), embedded in a2; 
- pairs {a1,t1}, ... , {s1,,t1,} of vertices on the boundary of G; 
- a non-negative function l on the edges of G; 

find: - pairwise vertex-disjoint paths Pi, ... , J\ in G where P; is an s;-t;-path, 
for each i = 1, ... , k, and l(Pi) + • •, + 1(1\) is as small as possible. 

We denote this problem by SDP(G, {s1, t1}, ... , {s1,, t.t}), or simply by SDP, when the instance is clear from 
the context. 

If the vertices s1, ... , ak, tk, ... , t1 occur in this order when following the boundary of G, then SOP can 
be seen as a particular CMe of the min-cost How problem. Indeed, from G, we construct a digraph D by 
splitting each vertex II of G into two vertices v+ and,,-, joined by an arc (11-, 11+) of cost zero. An edge 
vw of G becomes arcs (v+,w-) and (w+,v-) of D, both of cost l(vw). In addition, D has vertices s, t and 
arcs (a, a;), (tt, t), for i = 1, ... , k, of cost zero. Solving SDP is equivalent to finding a maximum a-t-How 
of minimum cost in D, with each arc having capacity one. Hence, in this particular case, SDP can be eolved 
in polynomial time. 

AgraphG = (VU{c},E) is called a wheelifG-cisacircuitand {11,c} E Eforeach11 in V. Grotschel, 
Martin &11.d Weismantel {4] showed that if G = (VU {c}, E) is a wheel and 111, t1, ... ,a.t, ti, occur in this 
order when following the circuit G - c then the edge-disjoint version of SOP can be 110lved in polynomial 
time. Moreover, Grotschel, Martin &11.d Weismantel gave a complete description of the path pacmg pol-vto1Je 
(the convex hull of incident vectors of sets E' ~ E, 8Uch that G[E'] is a packing of edge-disjoint a;-t;-paths 
inG). 

Using dynamic programming, we show that, also in the following case, SDP can be solved in polynomial 
time: 

k is fixed and the vertices a1, h, ... , a k, ti, occur in this 
order when following the boundary of G. 

We assume that SDP is feasible (this can be tested in linear time) and that G is 2-connected. 

(6) 

We shall UBe the following notation. If P is a path and u, 11 are vertices in P then P( u, v) is the subpath 
of P connecting u to "· We denote by Q; a shortest a;-t;-path. Let R; be the subgraph of G induced by 
the vertices in the closed region bounded by the path Q; and the path on the boundary of G from a; to 
t; containing no other s; or t; (i = 1, ... , k). Also, let Q;.; := R; n R;- By shortcut arguments, we may 
&SBume that Q;.; is either a path or empty, for i # j. Figure 5 illustrates the notation. There, Pi, P2, }\ 
are paths of an optimal 110lution. 

Let G, {a1, ti}, ... , {sk, tk} and I be an instance of SOP with the property that a1, t1, ... ,s1,, tt occur 
in this order when following the boundary of G. Observe that SDP has an optinial solution Pi, ... , J\ so 
that~ is entirely contained in the region R; (i = 1, ... ,k). 

Consider some i and j with i # j. Let Q;.; := (vo,e1,111,---,ed,11d)- We call (/,h) a posaible choice 
(for (i,j)) if/ = h = nil or/ = 11_, and h = v9 for some p,q satisfying O $; p $; q $; d. We say that 
(!,h,f',h') is a feasible choice (for (i,j)) if (/,h) and (f',h') are possible choices and if/ # nil # f' 
implies {/,h} n {/1,h'} = 0. For each feasible choice (/,h,/1,h'), let 

G;.;J,/1,J',h' := G(V(R;) \ (V(Q,J) \ V(Q;,;(/,h)))] 

u G[V(R;) \ (V(Q;.;) \ V(Q;,;(/1
, h')))], 

where Q;,;(nil,nil) := 0. Finally, we say that a sequence 

((/;,;, h;.;, II.;, h~.;) : 1 $; i < j ~ k) 
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s, 

Figure 5: Illustration of the definitions. 

is an aueptable choiu provided that (f;J,h;J,f!J,h:J) is a feasible choice for each (i,j), for all 1 $ i < 
j $ k. 

Our dynamic programming approach is based on the following optimality criterion: 

Let Pi, ... , Pi, be an optima.I solution to SDP and let /;, h;, }j, h, be the first and last vertices 

of Q;J in P; and in Pj, respectively, for some i, j with 1 :$ i < j :$ k. Then P;(f;, h;}, Pj(/j, hj} 

is an optima.I solution to SDP(Gi,j.f,,h;,f;,h;, {/;, h;}, {/;, h;}) (see Figure 6}. 

Figure 6: lliustration of the optimality condition for SDP. 

The algorithm. consists of first computing, for each (i,j), with 1 :$ i < j :$ k, and for each feasible 

choice (/, h, f', h') for (i,j), a solution P;J,f,h,f',h', P;,;,f,h,/',h' to SDP(G;J,/,h,J'/1', {/, h}, {J',h'}), where, 

P;J, .. 1,ni1,J'/I' := 0 and Pj,i,/,h,nil,nil := 0). Now, we enumerate all acceptable choices 

A := ((/;J,h;J,/iJ•h:J):i,j=l, ... ,k,i<j) 

(so, (/;J,h;.;,!l.;,h:J) is a feasible choice for all (i,j) with 1 $ i < j :$ k) and we compute Pt, ... ,Pf, 
where Pl is a shortest s;-t;-pa.th in 

G[(V(R.) \ V(Q;J}) U (U;;t.;V(P;J,h.sA.;,l:.;,h:))) (i = 1, ... ,k}, 
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if there exists &ny. 

The algorithm returna, for aome acceptable choice A*, vertex-disjoint paths P(, . .. , Pf• ao that, 

E~1 l{Pr) = min{~~l l(P; ... ) I A is an acceptable choice}. 

Theorem 6.1 If a1,t1, ... ,a1c,t1c occur in thia order when following the boundafll of G then, for each 

fized k, SDP can be aolved in polvnomial time. 

Proof. Any solution Pi, ... , Pi. to SDP such that ~ is a subgraph of R. induces an acceptable choice to 

SDP. (For each (i,j) with i < j, we define (/1,;,h;,;,l{.;,hb) as the first &nd last vertices of Q;,; in~ 
and P;, respectively. If the path Q,,; does not meet, say, P; then/;,; := h.;,; := nil.) Since by shortcut 

arguments there exists at least one such a solution, it follows that the algorithm generates and returns a 

solution to SDP. 

One &ee11 that SDP(G;,;,J,h,J',h',{l,h},{f',h'}) can be solved in polynomial time, as {if/-# nil-#/') 
/, h, f', h' are vertices on the boundary of G,J,f,h,f' .,.,. Thus, in order to show polynomi&lity, it remains to 
verify that the number of acceptable choices is polynomially bounded. Indeed, 

l{Q,.; Ii< j and Q,.;-# 0}1 = O(k2
) 

and there exist O(n4) feasible choices for each (i,j). Hence, there are O(n4/c
2

) acceptable choices. ■ 

Remark. Using similar techniques one can prove that if s1, ti,.,., s.1:, t1c occur in this order when following 
the boundary of G then the edge-disjoint version of SDP is polynomially solvable for each fixed k. It can 

also be proved that if, in addition, Ji - jl > 1 implies Q;,; = 0, then SDP ca.n be aolved in polynomial time 
(here Jc does not need to be fixed). 
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