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We investigate conditions to be satisfied by the b,.~t linear unbiased predictor of future 

observations in the general linear regression model in order to have a simpler form than the one 

that would be obtained in the uncorrelated case. 
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1. INTRODUCTION 

In the general linear model 
V = X/1 + t ' 

I<., ~ ~ (1) 

where X is an x p matrix of rank p, E(,t) = ] , Var(,t) = I:, and I: is a known positive definite 

matrix, the generalized least squares estimator 'P,a = (X'I:-1X)- 1X'I:- 1X is the bcst linear 

unbiased estimator (BLUE) of /J . 
In the derivation of this estimator. we premultiply the assumed model (1) by a" x n non­

singular matrix p-l such that I:= PP', obtaining the transformed model 

(2) 

where z = p-l v, Q = p- 1x and t • = p-l f . 
,v " ,v "' 1 ., 

Arter this transformation, the covariance matrix of ,t • in (2) is Var(,t ") = p- I:P - = I 
and then, in this model, the BLUE uf /J is (Q'Q)- 1Q' z, wi,:ch reduces to '/Ja- Since /J iii the 

same in both models (1) and (2), the r~ult follows. ~ ~ ~ 
At this point, most of the regression text books finishes the subject and nothing about 

prediction under the model (1) is mentioned. 

In the model (2), it is well known that the predictor of m future observations :e 1, if Qi is 

the regressor matrix, is given by ii= Q1(Q'Q)-1Q';e. This is also the best linear unbiased 

predictor (BLUP) of ;f,/ and, since after the variable transformation, we usually turn to the 

original model, one could conclude that i, I = Xi 'Pc would be the BLUP of ;i, I with matrix 

of regressors x,. Furt.hermore, since is supposed that the relation .l = Xf!, + ,t still holds £or 

:t, I given Xi, this conclusion seems natural. Unfortunately, this is wrong . 
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As shown hy Goldberger (1962), lhe OLUP or l, I is 

ii= x 1~a + w1:-1(i - XlaJ, (3) 

where W is the supposed known m x II covariance matrix of X J with X. 
Johnston ( 198·1) discussed the prediction problem under the simple regression linear model 

with intercept, ,L~suming the first-order autoregressive process (AR(l)) for the disturbance terms 
of ,t in ( 1). It h,L~ been shown that, in this case, the BLUP of one future observation 1Jn+l is not 
iin+l = a +bxn+I• where '!Jc= [ah]', because the relation p-tl, = p-1xp + p-lf implies 
that ~ ~ ~ 

Yi - PYi-1 = o(l - p) + /3(x; - px;_i) + 'i• j = 2, 3, .. . , 

or equivalently, 

Yi= 0 + /3.x; + P(!JJ-1 - n - /Jx;-iJ + 'i · 
The l.L~t equation would suggest that 

Yn+I = n + 3xn+I + p(1Jn - 0 - ii:1:n), 

which will be a pre,lictor of l/n+I ii fl is known . In addition, :f we take[;; 0]' = ~G, Yn+I is the 
IJLUP ohtaincd hy (3), because in this c,L~e ~ 

w 
w1::-• 

a2[,," r,n-1 

p[U U · · · 0 l] 

fl2 fl] and 

(sec appendix). 

The prediction of Yn+I under this model is also discussed in Netcr, Kutner, Nachtsheim and 
\V,L~scrmun (1996) and Montgomery and Peck (1992) . 

Returning to the general linear model (1), if we can assume that the future observations are 
untorrelatcd with the sample observations so that W = 0, it's easy to sec that the BLUP of x, J 
reduces to X /'/Jc - Also, it should be expected that , except in this very special case, the BLUP 
predictor of ,t / had always the form shown in (3) . This is not true. 

In the next sett ion we present necessary and sufficient conditions for X / 'jJ c to be the BLUP 
of X, I umlcr the model ( 1 ) . ~ 

2. THE SIMPLIFYING CONDITIONS 

Several authors have ,liscnssed conditions for which '/Jc coincides with the ordinary least 
squares estimators 'jJ = (X'X)- 1X'x_ . Graybill (I!J76)";.tated that '/Jc= '/J if and only if 
there exists a nonsi1~ular matrix F such that EX= XF. Milliken andAlboha11 (1984) present 
another ncr-essary and sufficient cond;~;on. They show that '/Jc= '/1 if and only if X'E- 1(1 -
X(X'xi- 1x') = o. ~ ~ 

Our problem is different but, as we will sec later, some similarities with thcs~uations can 
be found. The first result is presented in the next theorem. 

Thr.orr.m 1. Under the model (1), with XJ = XJ /!, + 1.,J, E(J., j) = ~, Var(1.,1) = I:1 and 
Cov(XJ,X) = W, X1'P,c is the DLUP of XI if and only if 

wI:- 1(1- X(X'1:- 1xJ- 1x'1:- 1J = 0. (4) 
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Proof. The predictor X / P, c will be the BLUP of ], f if and only if 

Xilc = wE-11 + (X1 - wE-1X)lc, 

which is equivalent to 

or 
WE- 1(1 - X(X'E- 1X)-1X'E-1)_l = 0 for all 1,. 

Since last equality holds if and only if WE-1(1- X(X1E- 1X)-1X'E- 1) = 0, the result is 
proved. O 

The condition (4) is very similar with Milliken and Albohali's condition. It requires knowing 
E-1 and W. We will see in the examples that it is necessary to know only the form of these 
matrices and not the numerical values of its elements. 

Another necessary and sufficient condition is given in the following theorem. 

Theorem 2. Under the same conditions of Theorem 1, Xt P, c is the BLUP of l, l if and only 
if there exist a p x m matrix D such that 

W'=XD. (5) 

Proof We must show that 

if and only if (5) holds. 
These two quantities are equal for all 1, if and only if 

wE-1 = wE-1X(X'E-1x)-1X'E-1, 

or 

which is equivalent to 

0 

The result of Theorem 2 gives ws a condition that, ~ Graybill's condition, depends on the 
existence of the matrix D. 

It's easy to see that, if W = 0, both conditions (4) and (5) hold. The following examples 
ilustrate that these conditions can be satisfied for other nontrivial forms of W. 

Exampk J. Consider the linear regression model with p - l regressor variables and an 
intercept term and let E = 11 2 [(1- p)I + pJn], where Jn is an x n matrix of ones. 
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Suppose that Cov(yk, y;) = -yo- 2, for k = n + 1, n + 2, ... and i = 1, 2, ... , n, and consider the 
prediction of m future observations i, f = [Yn+I, Yn+2, ... , Yn+m]', • 

Since W = -yo- 2Jm,n, where Jm,n is am x n matrix of ones, it is easy to see that W' = XD 
for 

')' ')' ')' 

0 0 0 

D= 0 0 0 0'2. 

0 0 ... 0 pxm 

Thus, by Theorem 2, i,1 = Xf~G- We can also note (Graybill, 1976, Theorem 6.8.1) that 
in this case, -P,a = -P, = (X'X)-1X"fi_. These facts imply that prediction of new observations 
can be made without knowing p or -y. The~e parameters arc generally unknown !\nd then, we 
got very suitable simplifications. 

Exampfo 2. In the location model, where X = Jn,t, condition (5) holds if and only if 
W' = Cov(i,i1) = Jn,1[dn+I dn+2 · ·· dn+m]- This is equivalent to, for each k = n + l,n + 
2, ... , 11 + m, Cov(y., !/k) = dk for all i = 1, 2, ... , n. Milliken and Albohali emphasize that in 
this model, Pc = P only if E = o- 2 [pl + ( l - p )J n], If both conditions are satisfied, the BLUP 
of i,1 is x/'P, = J:;_ 1ii, where ii is the sample mean of the Y variable. So, in this example, we 
also can get the BLUP of future observations without knowing the parameters of E and W. 

3. CHARACTERIZATION OF W 

Condition (5) gives us a characterization of W, because it is equivalent to Cov(l/i,l/A:) 
25:,tk, i = I, 2, ... ,n, k = n + 1,n + 2, ... ,n + m, where 25: is the i-th row of X and fk is a 
p-dimcnsional column vector that would correspond to the k-th column of D. 

Example 3. Milliken and Albohaly show that 'P, G = 'P, in the linear regression model with 
an intercept term and E =I+ 0~(~'2;)-1~', where~ is a column of X and a is such that E 
is positive definite. 

It's easy to sec that i11 this case, 

where i, k = 1, 2, ... , n and X; is any regressor variable, j = 1, 2, ... ,p. 
Suppose that this kind of covariance still holds for the future observations, that is 

for i = 1,2, ... ,n and k = n + l,n +2, ... ,n +m. 
This expression can be written as ~: { k for 
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-

and then, the BLUP of v / is X /lJ a = X //J. "" ~ ~ 
4. CONCLUDING REMARKS 

In the examples, EX= XF and also (5) held. This will not always happen. These conditions 
work with different parameters and it is not possible to get some relation between them. How­
ever, it seems that in some cases, the type of covariance between y; and Yk, i ,j, k, implies the 
validity of both. When this holds, we can get the BLUP of)'. I without knowing any paramclcr 
of E or W. Otherwise, if these parameters are unknown, usually they arc substituted by its 
estimates. Then, if I: and W have different parameters, validity of just one of conditions implies 
in Jess parameters to be estimated. 

APPENDIX 

If t;, i = l , 2, . .. follows a first-order autoregressive process, then 

1 p p2 pn-1 

p 1 p Pn-2 

I:= Var(,t) = o- 2 p2 p 1 Pn-3 

pn-1 pn-2 Pn-3 1 

and 
1 -p 0 0 0 

-p 1 t- p2 -p 0 0 

1::-1 = 1 0 -p l + P2 0 0 
o-2(1 - p2) 

0 0 0 1 + p2 -p 
0 0 0 -p 1 
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