
Heliyon 9 (2023) e15128

Available online 31 March 2023
2405-8440/© 2023 The Authors. Published by Elsevier Ltd. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Research article 

Nonlinear regression for treating adsorption isotherm data to 
characterize new sorbents: Advantages over linearization 
demonstrated with simulated and experimental data 

Renan Vitek a, Jorge C. Masini b,* 

a Instituto Federal de Educação Ciência e Tecnologia de Mato Grosso, Cuiabá, Brazil 
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A B S T R A C T   

This paper demonstrates that determining adsorption capacity and affinity through data fitting of 
adsorption isotherms by nonlinear regression (NLR) is more accurate than linearized Langmuir 
equations. Linearization errors and the subjective choice of data points used to apply the linear 
regression analysis may deviate the fitted adsorption parameters (constants and adsorption ca
pacities) from the expected values. The deviation magnitude increases for heterogeneous sorbents 
such as environmental particles and molecularly imprinted polymers, which adsorb by more than 
one sorption mechanism or adsorption sites of diverse chemical natures. For instance, 
Lineweaver-Burk linearization of isotherms simulated considering the presence of two adsorption 
sites (distinct adsorption energies) provides excellent linear regression fittings but for only one 
kind of adsorption site. Contrary, Scatchard and Eadie-Hoffsiee’s equations indicate the presence 
of more than one kind of adsorption site, but if the difference between the adsorption constants is 
not significant, the choice of points used to perform the computation becomes subjective. On the 
contrary, NLR analysis considers all the adsorption points (experimental or simulated), providing 
objective criteria to define if more than one kind of site or retention mechanism rules the 
adsorbed amounts of analyte. The fitted constants have smaller deviations from the expected 
values than those obtained by linearization. In addition to the simulated data, the enhanced 
robustness of the NLR was demonstrated in the determination of the adsorption capacity and 
adsorption affinity of a humic acid sample towards Cu2+ at different pH.   

1. Introduction 

Sorbents developed for solid-phase extraction (SPE) retain the analytes via a primary interaction mechanism (hydrophobic, hy
drophilic, ion exchange, H-bond, complexation, molecular recognition). Secondary interactions may also control the sorption effi
ciency. Residual silanols are a classic example of this secondary interaction group in silica-based stationary phases designed to retain 
basic analytes in reversed-phase chromatography [1]. Mixed-mode sorbents have become common, especially those providing ion 
exchange and hydrophobic retention mechanisms [2,3]. Polymers with hydrophilic-lipophilic balance (HLB) are commercially 
available for SPE, providing hydrophilic interactions in N-vinylpyrrolidone groups, whereas divinylbenzene rings provide lipophilic 
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interactions [4]. Molecularly imprinted polymers (MIP) have been extensively developed and often exhibit secondary interaction 
mechanisms in addition to molecular recognition [5–9]. 

One step in characterizing new sorbents is determining their adsorption capacity and affinity for the target compound. This 
characterization is usually made by constructing adsorption isotherms and fitting the data to Langmuir’s equation (equation (1)) to 
determine the adsorption capacity (qmax) and the adsorption constant related to the variation of the Gibbs free energy (K.L.) [10]. 

qe = qmax
KLce

1 + KLce
(1)  

Where qe is the adsorbed amount of analyte per unit mass of the sorbent, and the ce is the free concentration of the analyte in equi
librium with the sorbent. Despite the easy implementation of nonlinear regression analysis to investigate the fitting of the experimental 
data to adsorption models [11–13] and the advantages of this strategy demonstrated in several other works [14,15], several articles 
still describe the use the linearized forms of the Langmuir equation, such as those proposed by Hanes-Woolf (equation (2)), 
Lineweaver-Burk (equation (3)), Eadie -Hoffsiee (equation (4)) and Scatchard (equation (5)) [11]. 
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The Scatchard equation is the most used, especially for describing the adsorption properties of new MIPs. From equation (5), it is 
straightforward to deduce that the slope of the plot of qe

ce 
vs. qe provides the negative of KL whereas the qmax can be obtained by dividing 

the intercept by the slope. 
The main assumptions to the experimental data fit to Langmuir equation are: (i) there is a fixed number of adsorption sites available 

on the adsorbent surface and that these sites interact with the adsorbate with the same energy; (ii) the adsorption is reversible, (iii) the 
adsorption occurs as a monolayer, that is, once the adsorbate occupies one site no further adsorption occurs at that site, and (iv) no 
interaction occurs between adsorbate species. 

Assumption (i) may not accurately describe the adsorption on adsorbents offering mixed-mode or secondary mechanisms. For 
polymers designed for molecular recognition mechanism, the imprinted polymer (MIP) is mainly characterized by two kinds of 
interaction sites, the strongest corresponding to molecular recognition cavities, whereas the weakest occur at nonspecific sites 
[16–22]. In an environmental context, humic substances control toxic metals’ availability by adsorption in strong and weak sites. 
Whereas multidentate carboxylates, thiolated and amino carboxylate groups have a strong affinity but low capacity, single carbox
ylates and phenols exhibit low affinity and high adsorption capacities towards the metal ions [23]. 

A multi-site Langmuir adsorption isotherm [13,14] better describes the adsorption data of adsorbents interacting through more 
than one mechanism or distinct adsorption energies. Equation (6) shows a dual-sites Langmuir equation: 

qe = qmax,1
KL,1ce

1 + KL,1ce
+ qmax,2

KL,2ce

1 + KL,2ce
(6)  

Indexes 1 and 2 refer to the two different kinds of adsorption sites (differing adsorption energies or KL) whereas qmax and KL have the 
same meaning defined in Equation (1). 

If condition (i) of Langmuir’s assumptions is not obeyed and the adsorption energy is not homogeneous due to the existence of 
sorption sites with different chemical natures governing the adsorption, the plot qe

ce 
vs. qe in the Scatchard plot is no longer linear, 

leading to computation errors [11]. The choice of points following some linear trend between qe
ce 

and qe suffer from subjectivity because 
equilibria in multi-site sorbents overlap. 

Also, if Langmuir assumptions are not obeyed, the adsorption data may be well fitted to the empirical Freundlich equation in its 
nonlinear (equation (7)) and linearized forms (equation (8)) 

qe =Kf cn
e (7)  

log qe = log KF + nlog ce (8)  

where K.F. is the Freundlich empirical constant ((mg kg− 1)/(mg L− 1)n), and n is the dimensionless nonlinearity parameter associated 
with the energetic heterogeneity of the adsorption sites, lying between 0 and 1. The closer the n value is to the unity, the more ho
mogeneous the adsorbent is, so the K.F. approaches a Henry-like constant. The Freundlich equation, different from the Langmuir model, 
cannot describe the adsorption at high adsorbate concentrations close to the saturation of the adsorption sites. K.F. can only be related 
to the maximum adsorption capacity (qmax) if n approaches infinity [11]. 
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Mixed-mode interaction mechanisms assuming the existence of nonspecific interactions, such as partition-like mechanisms and 
specific interactions, can be described by the following equation: 

qe =KHce +
qmaxKLce

1 + KLce
(9)  

Where qe, qmax, ce, and K.L. have the same meaning as equation (1), and K.H. is the Henry-like partition constant. 
This paper demonstrates that fitting simulated and experimental adsorption data to single-site or dual-site Langmuir models and 

mixed-mode mechanisms is easily accessible by nonlinear regression with available software packages. This approach avoids the 
subjective choice of points demanded by linearized isotherms, providing more accurate and precise adsorption capacity and affinity 
estimations to characterize novel sorbents often proposed in the literature for applications in environmental remediation or solid phase 
extraction. 

2. Methodology 

2.1. Simulation parameters 

Single-site isotherms were simulated with equation (1), assuming the arbitrary qmax = 0.01 mol g− 1 and KL = 1.0 × 105 L g− 1. Using 
the dual-sites Langmuir equation (equation (6)), isotherms were simulated assuming the qmax,1 = 0.01 mol g− 1, KL,1 = 1.0 × 105 L g− 1, 
qmax,2 = 0.05 mol g− 1, and KL,2 = 1.0 × 103 L g− 1. For the hypothetical mixed-mode sorbent, equation (9) was used with a dimen
sionless Henry-like KH = 100 together with the specific Langmuir site having qmax = 0.01 mol g− 1 and KL = 1.0 × 105 L g− 1. All 
simulations were in a 1.0 × 10− 8 < ce < 1.0 × 10− 3 mol L− 1 range, and a random 2% error distribution was ascribed to the qe values. 

2.2. Experimental data – complexation of Cu2+ by humic acidd 

In the complexation studies, 25.00 mL of a 30.0 mg L− 1 acid humic acid suspension isolated from vermicompost was titrated with a 
4.72 mmol L− 1 Cu2+ keeping the ionic medium composed predominantly of 0.10 mol L− 1 KNO3. The range of total Cu2+ concentrations 
varied from 6.66 × 10− 8 to 2.0 × 10− 4 mol L− 1. The free concentrations of Cu2+ were measured using a 9429SC Cu2+ ion selective from 
Thermo Scientific Orion against a 3.0 mol L− 1 KCl Ag/AgCl reference electrode model 405NS-S7/80 from Mettler Toledo and a 
Metrohm B654 potentiometer. The titrations were made at 25.0 ± 0.1 ◦C and pH 4.0, 5.0 and 6.0. The free and bound concentrations of 
Cu2+ were designed as [Cu2+] and [CuL], respectively, with mol L− 1 units. More detailed information on the samples and techniques is 
given elsewhere [24,25]. 

2.3. Fitting 

All the simulations and fittings were made using the Origin 2020 64-bit Academic software (OriginLab Corporation, Northampton, 
MA, USA). One-site Langmuir and Freundlich equations were in the library of equations as Power Origin Functions. The codes of two- 
sites and Partition-Langmuir were quickly added to the equations library. Fittings were made by using the Levenberger-Marquardt 
iteration algorithm. The maximum number of iterations and tolerance were 400 and 1 × 10− 9 as the software’s default. 

Unlike linearization methods, NLR fitting depends on initial values to start the iterative computation. The initial value of qmax can 
be easily estimated from the adsorption isotherm, especially if the qe reaches a plateau at higher values of ce. For the other parameters, 
we used the trial and error approach. If the estimated initial value significantly deviates from the “correct” value, the computation 
results in negative parameters (no physical meaning) or error messages the software provides due to a lack of fitting. 

The fitting quality of the models was tested by calculating the coefficient of determination (R2, equation (10)) and the chi-squared 
parameter (χ2) (equation (11)). 

R2 = 1 −

∑(
qe,exp − qe.calc

)2

∑(
qe,exp − qe,mean

)2 (10)  

χ2 =
∑

(
qe,exp − qe,calc

)2

qe,calc
(11)  

Where qe,exp is the experimental (or simulated) value of q, measured at equilibrium, qe,calc is the fitted value of q, and qe,mean is the mean 
value of experimental (or simulated) q. The closer R2 is to the unity, the better the fitting quality. In equations (10) and (11), if qe,calc 
using a model is similar to the qe,exp, χ2 is close to zero. High χ2 values indicate a high bias between the experimental data and the tested 
model. 

Another validation tool was the (qe,exp – qe,calc) versus ce plot, also known as the residual plots. For a good model, the residuals 
should distribute randomly and normally as a function of ce [26]. 

R. Vitek and J.C. Masini                                                                                                                                                                                             



Heliyon 9 (2023) e15128

4

3. Results and discussion 

3.1. Single-site adsorbent 

The simplest case is the sorbent following the single-site Langmuir model, illustrated in Fig. 1 for a data set simulated assuming K.L. 
= 1.0 × 105 L g− 1 and qmax = 0.01 mol g− 1 with random 2% error in qe. Applying the Scatchard equation to the simulated data returned 
KL = (1.00 ± 0.01) × 105 L g− 1 and qmax = (9.96 ± 0.06) × 10− 2 mol g− 1, with R2 = 0.997 (inset in Fig. 1). Fitting data by NLR with the 
single-site Langmuir equation returned fitted parameters not significantly different from those provided by linearization (KL = 1.01 ±
0.02) × 105 L g− 1, and qmax = (9.96 ± 0.05) × 10− 2 mol g− 1, with R2 = 0.9992 and χ2 = 1.34 × 10− 8). The dual-sites Langmuir model 
also provided an excellent fitting (R2 = 0.9992 and χ2 = 1.40 × 10− 8). The fitted parameters for the strongest site (site 1) agreed with 
the values used to simulate the isotherm. However, for the weakest site (site 2), both K.L. and qmax were negative, showing that the dual- 
site model, although providing an excellent overlap between the fitted and simulated curves (Fig. 1) and random residual distribution 
(Fig. S1), returns meaningless KL and qmax parameters. Thus, there is no clear advantage in using NLR over the Scatchard linearization 
for the single-site sorbent, also characterized by a clear plateau indicating the sorbent saturation at high ce values (>0.2 mmol L− 1 in 
Fig. 1). 

The Freundlich equation did not provide a good fit in the 10− 8 > ce > 10− 3 mol L− 1 (R2 = 0.86, Fig. 1), resulting, for instance, 1/n =
0.24 ± 0.03, which is not consistent with a high energetic homogeneity since only one kind of adsorption site is assumed in the 
simulation. The computation restricting the ce range between 10− 8 and 10− 5 mol L− 1 improved the fitting (R2 = 0.994, χ2 = 2.0 ×
10− 8), resulting in 1/n = 0.72 ± 0.03, which is more consistent with the energetic homogeneity. This finding is also consistent with the 
inadequacy of the Freundlich equation to model the isotherm in the site saturation region. Fitting data in different ranges of site 
occupation and obtaining different Freundlich parameters indicates that the model is unsuitable for data modeling. 

Fig. 1. Simulated adsorption isotherm assuming one specific adsorption site following the Langmuir equation (Equation (1)) and the corresponding 
trending lines obtained by fitting the data by single-site, dual-sites Langmuir and Freundlich equations. The inset shows the data linearization by the 
Scatchard equation (equation (5)). 

Table 1 
Langmuir parameters used to simulate adsorption isotherms and the fitted parameters using Scatchard Equation and Nonlinear Regression Fitting 
(NLR).   

Adsorption and Fitting Parameters 
Simulated Values Fitted Values 

Scatchard Nonlinear Regression 

Single-site Dual-site 

KL,1 (L g− 1) 1.0 × 105 (9.2 ± 0.3) × 104 – (10.5 ± 1.4) × 104 

KL,2 (L g− 1) 1.0 × 103 (1.43 ± 0.02) × 103 (2.2 ± 0.3) × 103 (1.05 ± 0.05) × 103 

qmax,1 (mol g− 1) 0.010 0.0114 ± 0.0002 – 0.0098 ± 0.0005 
qmax,2 (mol g− 1) 0.050 0.048 ± 0.002 0.057 ± 0.002 0.0495 ± 0.0005 
qmax, total (mol g− 1) 0.060 0.059 ± 0.002 0.057 ± 0.002 0.059 ± 0.001 
χ2 – – 7.9 × 10− 6 1.97 × 10− 7 

R2 – 0.9999 (site 1) 
0.998 (site 2) 

0.98 0.999  
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3.2. Dual-site adsorbents 

This section addresses adsorbents having two kinds of adsorption sites with different constants and capacities, arbitrarily chosen. 
Site 1 was a strong affinity site (KL,1 = 1.0 × 105 L g1) with low capacity (0.010 mol g− 1), and site 2 was less energetic (KL,2 = 1.0 × 103 

L g− 1) but having a greater capacity of 0.050 mol g− 1 (Table 1). 
Treating the simulated isotherm (Fig. 2a) with the Scatchard equation suggests the existence of two kinds of adsorption sites since 

the qe
ce 

vs. qe plot exhibits a change in slope (Fig. 2b). A visual analysis of the graph shows that it is straightforward to choose qe up to 5 
mmol g− 1 to apply the linear regression analysis corresponding to the stronger affinity site. From this linear portion, it was possible to 
estimate qmax,1 = 0.0114 ± 0.0001 and KL,1 = (9.2 ± 0.3) × 104 L g− 1, which correspond to +10 and − 8% deviation relative to the 
expected values (Table 1). For qe values between 0.03 and 0.06 mol g− 1, it is possible to find a linear relationship with R2 = 0.998, 
producing a KL,2 = (1.43 ± 0.02) × 103 L g− 1 (Table 1), having a 43% deviation from the expected value, and a qmax,2 = 0.048 ± 0.002 
mol g− 1, with a − 3.8% deviation from the expected value and a deviation of − 0.83% regarding the sum of capacities of sites 1 and 2. 
Although the fitted parameters are in good agreement with the expected values, they can change significantly, especially site 2, 
because qe

ce 
values do not change linearly with qe. Finding a concentration range without equilibria overlapping between sites 1 and 2 

requires many data points at high ce, implying the necessity of an analytical method with a wide linear dynamic range or extensive 
dilutions [27], which may cause experimental errors in the measurements. 

The NLR uses all the data points in the fitting, thus eliminating the subjective choice of points to be included or excluded from the 
regression analysis (as in linearization). In a real-life experiment, one does not know a priori how many kinds of adsorption sites exist in 

Fig. 2. (a) Simulated adsorption isotherm assuming the presence of two specific adsorption sites following the Langmuir equation (Equation (6)) 
and the corresponding trending lines obtained by fitting the data with single-site and dual-sites Langmuir and the Freundlich equations. (b) 
Scatchard plot resulting from applying the model to the simulated adsorption data shown in (a). 
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Fig. 3. (a) Simulated adsorption isotherm assuming the presence of mixed-mode adsorption sites following the Langmuir (specific) and partition 
(unspecific) interaction mechanism (Equation (9)) and the corresponding trending lines obtained by fitting the data by single-site, dual-sites 
Langmuir and Freundlich equations, as well as by the Langmuir-Partition model. (b) Linearization by the Scatchard equation of the simulated 
adsorption data. 

Table 2 
Langmuir/partition parameters used to simulate adsorption isotherms and the fitted parameters using Scatchard Equation and Nonlinear Regression 
Fitting (NLR).   

Adsorption and Fitting Parameters 
Simulated Values Fitted Values 

Scatchard Nonlinear Regression 

1-site 2-site Langmuir-Partition 

KH 100 – – – 101.0 ± 0.8 
KL,1 (L g− 1) 1.0 × 105 (85 ± 3) × 103 – (1.1 ± 0.2) × 105 (1.1 ± 0.2) × 105 

KL,2 (L g− 1) – (4 ± 1) × 102 (6 ± 1) × 102 27 ± 263 – 
qmax,1 (mol g− 1) 0.010 0.013 ± 0.002 – (9.7 ± 0.7) × 10− 3 (9.7 ± 0.7) × 10− 3 

qmax,2 (mol g− 1) – 0.37 ± 0.08 0.30 ± 0.05 4 ± 35 – 
qmax, total (mol g− 1) 0.010 0.38 ± 0.08 0.30 ± 0.05 4 ± 35 (9.7 ± 0.7) × 10− 3 

χ2 – – 9.8 × 10− 6 4.2 × 10− 7 3.98 × 10− 7 

R2 – 0.98 (site 1) 
0.86 (site 2) 

0.98 0.999 0.999  
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Fig. 4. Linearized adsorption isotherms using (a) Hanes-Woolf (H–W), (b) Lineweaver-Burk (L–B), and (c) Eadie-Hofsiee (E–H) equations applied to 
simulated data considering dual-sites adsorbent following the multi-site Langmuir isotherm, assuming qmax,1 = 0.010; qmax,2 = 0.050 mol g− 1 KL,1 =

1.0 × 105 L mol− 1, and KL,2 = 1.0 × 103 L mol− 1. 
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the studied sorbent. Thus, different models must be investigated to find the one best describes the experimental data. Assuming the 
presence of only one kind of adsorption site, the NLR provides an acceptable fitting (R2 = 0.99 and χ2 = 7.9 × 10− 6), returning qmax =

0.057 ± 0.002 mol g− 1, implying in a − 5% deviation from the expected 0.060 mol g− 1 value. The fitted K.L. (2.2 ± 0.3) × 103 L g− 1 

corresponds to roughly a mean of the K.L. values weighted by their respective abundances. A closer look at the fitted line using the 
single-site model shows significant deviations between simulated and fitted qe values in the ce range between 0.1 and 0.9 mmol L− 1 

(Fig. 2a), also evidenced in the waved distribution of residuals (Fig. S2a). 
Fitting the data to the dual-sites isotherms returned qmax of (9.8 ± 0.5) × 10− 3 and (4.95 ± 0.05) × 10− 2 mol g− 1 for the sites 1 and 

2, respectively. The sum of these qmax values results (0.059 ± 0.001) mol g− 1, in excellent agreement with the expected total capacity 
(Table 1). The K.L. values deviated by 4.6 and 5.3% from the expected constants (Table 1). Compared to the fitting with only one kind of 
adsorption site, a significant improvement of R2 to 0.999 and χ2 to 1.96 × 10− 7 confirmed the dual-sites model best fitting the 
simulated data. The residual plot (Fig. S2b) shows a random distribution of errors, different from the residual plot for the single-site 
fitting (Fig. S2a). Adding a third kind of adsorption site does not lead to fitting, thus confirming that the dual-sites model is the right 
choice to estimate the adsorption capacity and affinity. 

The Freundlich equation provides an excellent fit up the ce of about 1 mmol L− 1 (Fig. 2a), with R2 = 0.996 and χ2 = 4.3 × 10− 7, 
resulting KF = 0.65 ± 0.04 (mol/g)/(mol/L)n and 1/n = 0.422 ± 0.009. The K.F., however, is not a proper parameter to estimate the 
maximum adsorption capacity, but the 1/n value < 1 confirms the high heterogeneity of the adsorbent, consistent with the two kinds of 
adsorption sites. The Freundlich model fails to model the data as the site saturation approaches (ce > 0.001 mol L− 1, not shown), so this 
model is unsuitable for determining qmax. 

3.3. Mixed-mode adsorbent exhibiting specific and nonspecific sorption sites 

In this section, the adsorption isotherm simulated a hypothetical adsorbent containing one kind of specific adsorption site following 
the Langmuir equation with K.L. = 1.0 × 105 L g− 1 and qmax = 0.01 mol g− 1, together with a partition mechanism following a Henry- 
like dimensionless partition constant (equation (9)) with an arbitrary value of 100 (Fig. 3a). 

Linearizing the data by the Scatchard equation indicates (Fig. 3b) the presence of two kinds of adsorption sites/mechanisms. 
However, only the parameters relative to the specific site with a greater affinity for the analyte fit the data reasonably. The values of 
qmax, 1 and KL,1 were 0.012 ± 0.002 mol g− 1 and (85 ± 3) × 103 L g− 1, respectively, implying +20% deviation in qmax,1 and − 15% in K. 

L.,1, with an R2 = 0.98 (Table 2), usually accepted as a “good” or acceptable fitting for these modeling. The data corresponding to the 
second kind of adsorption site suggested by the Scatchard plot indeed does not fit the model, exhibiting a poor R2 = 0.86 and fitting 
parameters without any correspondence with the values used to simulate the isotherm, especially if one considers the qmax, that is 
meaningless for a partition model. 

Fitting data by NLR by the single-site Langmuir model provided R2 = 0.98 and χ2 = 9.8 × 10− 6, resulting qmax = 0.30 ± 0.05 mol 
g− 1 and KL = (6 ± 1) × 102. Although R2 and χ2 suggest the model provided a good fitting, the fitted parameters do not correspond to 
the values used to simulate the isotherm. The fitting to the dual-sites Langmuir model did not converge, but the software returns 
“fitted” parameters after the predefined 400 iterations (Table 2) with high R2 and low χ2 values. However, whereas the fitted pa
rameters for site 1 correspond well with the values used to simulate the isotherm, the parameters for site 2 were just numerical values 
providing a good fitting. The standard deviations higher than the fitted values for site 2 (Table 2), and the lack of fitting convergence, 
confirm the physical meaningless of the found numbers for “site 2′′ and the inadequacy of the dual-sites Langmuir model to describe the 
simulated isotherm. 

As expected, fitting the data to the Langmuir-partition model (equation (9)) provides excellent R2 and χ2 values, with a K.H. 
exhibiting only a 1% deviation from the expected value. The specific-high affinity site (following the Langmuir model) exhibited a 
− 3% deviation in qmax and +10% in KL (Table 2). Another evidence of the two mechanisms ruling the adsorption is the isotherm shape, 
which at low ce values exhibits an L-type shape in the Giles classification [28], typical of situations following the Langmuir as
sumptions. As ce increases, the isotherm shape changes to a C-type, typical of the partition mechanism. 

Table 3 
Simulated and fitted adsorption parameters obtained by using Hanes-Woolf (H–W), Lineweaver-Burk (L-B), and Eadie-Hofsiee (E-H) linearization 
equations.  

Adsorption and Fitting Parameters Simulated Values Fitted Values 

Linearization Model 

H–W L-Ba E-H 

KL,1 (L g− 1) 1.0 × 105 (9.0 ± 0.3) × 104 1.44 × 105 (9.4 ± 0.9) × 105 

KL,2 (L g− 1) 1.0 × 103 (5.4 ± 0.7) × 103  (3.1 ± 0.3) × 103 

qmax,1 (mol g− 1) 0.010 (1.12 ± 0.04) × 10− 2 – 0.0112 ± 0.0003 
qmax,2 (mol g− 1) 0.050 0.040 ± 0.002 – 0.046 ± 0.002 
qmax, total (mol g− 1) 0.060 0.051 ± 0.04 (7.36 ± 12) × 10− 3 0.057 ± 0.002 
R2 – 0.98 (site 1) 

0.98 (site 2) 
0.999 0.97 (site 1) 

0.985 (site 2) 

aL-B linearization does not show slope changes suggesting only a single site controls the adsorption. Thus, it is impossible to assign KL and qmax to sites 
1 or 2. 
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Fitting the simulated data to the Freundlich equation provided good R2 = 0.996 and χ2 = 3.8 × 10− 6, consistent with the het
erogeneity of adsorption sites assumed in this model. For the ce window between 1 × 10− 8 and 1 × 10− 3 mol L− 1 fitted KF (20 ± 3) 
(mol/g)/(mol/L)n and 1/n = 0.76 ± 0.02. However, these values are extremely dependent on the concentration range used for the 
computation. For instance, if the upper ce is limited to 2.0 × 10− 4 mol L− 1 the returned KF = 3.3 ± 0.3 (mol/g)/(mol/L)n and 1/n =
0.56 ± 0.01. The 1/n < 1 is consistent with the heterogeneity of the adsorption sites, and the increase of 1/n for using ce up to 1 × 10− 3 

mol L− 1 instead 2 × 10− 4 mol L− 1 is explained by the enhanced participation of the partition mechanism modeling the data set. 

Fig. 5. Experimental adsorption of Cu2+ on humic acid at (a) pH 4.0, (b) 5.0 and (c) 6.0 measured at 25.0 ± 0.1 ◦C fitted by NLR (left panel) 
assuming single- and dual-site Langmuir equations and linearized by the Scatchard equation for the data corresponding to (d) pH 4.0, (e) pH 5.0 and 
(f) pH 6.0 (right panel). 
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3.4. Hanes-Woolf (H–W), Lineweaver-Burk (L-B), and Eadie-Hofsiee (E-H) linearization 

The dual-sites adsorption isotherm simulated with equation (6) (Fig. 2) was linearized by equations (2)–(4), and the Scatchard 
equation (equation (5)), as discussed in section 3.2. The plots appear in Fig. 4, and the fitted parameters are in Table 3. The H–W and E- 
H linearization indicate the presence of two adsorption sites, as in the Scatchard plot, by the significant slope change in the graphs of ce

qe 

vs. ce (H–W plot) and qe vs. qe
ce 

(E-H plot). 
However, the L-B plot does not indicate that the two-sites model controls the adsorption (Fig. 4). Choosing linear portions in H–W 

and E-H plots seems more subjective than in the Scatchard plots, as evidenced by R2 < 0.99 (Fig. 4, Table 3). Thus, +12, − 14 and − 5% 
deviations appeared in qmax,1, qmax,2, and qmax, total in the E-H linearization (Table 3). Considering the E-H linearization, the errors were 
+12, − 20 and − 14.7% in qmax,1, qmax,2, and qmax, total, respectively. 

The adsorption constants also exhibit significant deviations from the expected values (Table 3) since in both H–W and E-H 
equations, they are computed from the intercepts, so relying on extrapolation of straight lines fitted with poor linear correlation 
coefficients (R2 < 0.99). 

3.5. Experimental data for the titration of humic acid with Cu2+

Nonlinear regression and linearization (Scatchard) analyses were applied to the adsorption of Cu2+ onto a suspension of vermi
compost humic acid at pH 4.0, 5.0 and 6.0 (Fig. 5). At pH 4.0, the Scatchard plot is linear for all the experimental measurements 
indicating that the single-site Langmuir model describes the data. Nonlinear regression analysis using single and dual-site equations 
provided undistinguishable fitted lines (Fig. 5) but with the dual site’s model returning negative values of adsorption capacity and 
constants, thus confirming that the single-site model is the one modeling the adsorptions. The residual plots (Fig. S3) were also 
indistinguishable at pH 4.0. The log K and qmax obtained by NLR and Scatchard plots were in good agreement, with the NLR approach 
providing better fitting parameters and a qmax with a lower standard deviation (Table 4), consistent with the simulation studies. 

At pH 5.0 and 6.0, the NLR and Scatchard plots suggest the existence of two kinds of adsorption sites, consistent with the decreased 
competition of protons with Cu2+ and increased availability of binding sites in the humic substance, as revealed by the enhanced 
adsorption capacities. The random error distribution in the residual plots from the NLR analysis also indicates that the dual-sites 
equation better models the experimental data (Fig. S3). For the NLR analysis, all the experimental points were considered for the 
fitting, whereas the Scatchard plots clearly demand the exclusion of three to four points with the lower [CuL] values since they are not 
obeying the linearized equation. Choosing the points to fit the Scatchard equation is never without some degree of subjectivity 
because, rigorously, there are no purely linear regions in the plots. Consequently, the R2 is always much worse than those found by NLR 
(Table 4), and the qmax values, which are determined by extrapolation to the y-axis, exhibit relative standard deviation around 
20–30%, much higher than those obtained by NLR, especially at pH 5.0 (Table 4). 

The H–W, L-B, and E-H plots (Fig. S4) at pH 4 provide a suitable linearization consistent with the single-site Langmuir model. At pH 
5.0 and 6.0, the H–W plot exhibits a slight curvature indicating the existence of two kinds of adsorption sites, but without an additional 
statistical tool, such as the analysis of residual plots, the adsorption isotherm could be easily assumed as a single-site model. The L-B 
model was unsuitable since no linear region enables a reliable computation. The E-F equation performed similarly to the Scatchard 
model, requiring the exclusion of some experimental points but pointing to the existence of two kinds of adsorption sites. 

Table 4 
Adsorption capacities and constants for the interaction of Cu2+ with humic acid (30 mg L− 1) at 25.0 ± 0.1 ◦C determined by NLR and Scatchard 
plot.  

pH Parametera NLR Scatchard 

qmax × 104 (mol g− 1) 3.25 ± 0.06 3.2 ± 0.3 

4.0 Log KL 5.49 ± 0.03 5.49 ± 0.02 
R2 0.98 0.95 
χ2 4.27 × 10− 14 – 

5.0 qmax,1 × 104 (mol g− 1) 4.1 ± 0.3 3.7 ± 1.0 

Log KL,1 6.606 ± 0.009 6.79 ± 0.05 
qmax,2 × 104 (mol g− 1) 5.8 ± 0.3 5.3 ± 1.3 

Log KL,2 5.98 ± 0.01 5.53 ± 0.05 
Σqmax × 104 9.9 ± 0.6 9 ± 2 
R2 0.995 0.91 (Site 1); 0.85 (Site 2) 
χ2 3.38 × 10− 13 – 

6.0 qmax,1 × 104 (mol g− 1) 5.0 ± 0.2 3.0 ± 0.2 
Log KL,1 6.88 ± 0.05 6.43 ± 0.08 
qmax,2 × 103 (mol g− 1) 1.09 ± 0.03 1.2 ± 0.3 
Log KL,2 4.86 ± 0.04 5.19 ± 0.02 
Σqmax × 103 1.6 ± 0.2 1.5 ± 0.3 
R2 0.997 0.89 (site 1); 0.98 (site 2) 
χ2 4.93 × 10− 13 – 

a The qmax values were obtained by dividing the maximum complexation capacity (mol L− 1. shown in the y-axis of Fig. 5) by the humic acid 
concentration (0.030 g L− 1). 
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4. Conclusion 

Nonlinear regression analysis provides more accurate values and robust criteria to decide if single- or dual-sites control the 
adsorption isotherm. Additionally, NLR helps decide if mixed-mode mechanisms rule the adsorption. Although it is well known that 
linearization of nonlinear equations may result in errors in the fitted parameter, the present paper demonstrated quantitatively 
through simulations the magnitude of these errors in the adsorption capacities and adsorption constants fitted by linearization. 
Experimental data for the adsorption of Cu2+ by humic acid were consistent with the trends observed with the simulated data. In 
summary, NLR should be preferred to the linearized Scatchard, L-B, H–W or E-H equations to accurately characterize new SPE sor
bents’ adsorption capacities and adsorption affinities. 
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