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ADSTRACT 

A theory of equivariant prediction is developed for predicting the population total in -

finite populations. Minimum risk equivariant predi~tors (MREP) are derived under' the 

location, scale and location-scale superpopulation models. Under the general linear model, 

it is shown that the best(linear) unb,iased predictor (B(L)UP) is an MREP. 

1. INTRODUCTION 

The purpose of this paper is to develop a general theory of equivariance for predicting 

the population tota! in finite populations. Equivariant estimation in the infinite population 

context is considered in Lehmann (1985) and a more advanced treatment can be found 

in Zacks (1971). In the finite population context, very litlle has been done. Population 

variance prediction is considered in the important works of Zacks and Solomon (1981) and 

Zacks (1981), using a Bayesian equivnriant approach. 

The approach we follow to find the MREP, whenever.it exists, is first to characterize 

the class of all equivariant predictors and then, within this cl~ find the one with minimum 
risk. For the simple location model, the task of finding the MREP using the squared error 

loss function is made easier by exploring.some relationships with the B(L)UP. 

The finite population is indexed by 'P = {1, ... ,N}, where N is known. Associated 

with unit k, there is an unknown quantity y,. and it is considered that y = (y1, ..• , y N) 

assumes its values on a space.)) and is a realization of a vector Y {Nxl), of independent 

random variables such that 

(1) 

where Fe E :F = {F<,{ E Ilo}, and Iln is a subspace of RN of dimension p. However, no 
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distinction is made between y and Y. 

To gain information about a function of y, that might be, for instance, the population 

total, T(y) = Lf:i Yi, a samples of size n(> p) is selected from P. Let r = P - s be the 

-unobserved pa.rt of P. Afters has been selected, we may reorder (without loss of generality) 

y = (Y,,Yr), in such a way that y, = (y1, ... 1 Yn) and Yr = (Yn+I, .. ,, YN) correspond, 
respe~tively, tci the observed and unobserved parts of y. Then, we may write T(y) = 
Lie, !Ii + Lier !Ii, in such a way that predicting T(y) is then equivalent to predicting 

T2(Yr) = EierYi = (N - n)£ir• Optimal (best unbiased) prediction of T{y) is considered 

in Rodrigues et al. (1985). Bayesian prediction 0£ T{y) is considered in Bolfarine ct al. 

(1987) and minimax prediction is considered in Bolfarine (1987). 

Section 2 presents some important and general results for developing a theory of 

equivariant prediction in finite populations. Equivariant prediction under the locat~o~ 

sampling model is considered in Section 3. The results of Section 3 are generalyzed in 

Section 4 to the general linear model, where it is shown that the ratio and regression 

estimators are MREP. In Sections 5 and 6, the scale and location-scale superpopulation 

models are considered. Pitman type predictors are introduced in Sections 3, _and 5 under 
squared error loss functions. 

2, A GENERAL FORMULATION FOR EQUIVARIANT 
PREDICTION IN FINITE POPULATIONS 

. As specified in the introduction, y = (111 , .•• , 1/N) assumes its values in a sample spa.re 

.Y, and is di.qtributed according to (1). , 
We shall say that a transformation g' of Y onto itself leaves model (1) invariant 'if the 

distribution of 

(2) 

is again a member F, say Fe-(Y),where 

(3) 

and j is the one to one transformation of the parametric space IIn induced by g. A class 
of transformation leaving a model invariant can be assumed to be a group (Zacks, 1971, . 

Lehmann, 1985) and so, g e_nd j generate group structures on Y and IIn, respectively. As 

a consequence, for any integrable function IP, 

(4) 
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• Similar results hold for q,(Ya) and \Jl(yr)-

Since our main interest is on predicting the population total T(y) (taking values on 

a set 1{), applying g to y leads to 

T(y*) = T(gy) = gT(y), 

where g generates a group of transformations of 1t into itself. So, predictor T(y,) of T(y) 
is called equivariant if, for every transformation g and all y,, 

(5) 

Since the problem of predicting T(y) in terms of y, and T(gy) in terms of gy, represent 

the same physical situation, expressed in a new coordinate system, a loss fuction L should 

be invariant, that is, 

(6) L(T(gy,);T(gy)) = L(T(y.);T(y)). 

Let the risk function of any predictor T(y,) be defined as 

. R[e;t(y,)J = E[L(T(y,);f(y))J. 

When (6) holds, we shall say that the problem of predicting T(y) is invariant on the basis 

of model (1), with respect to the transformations (2) and (3). By restricting attention to 

predictors satisfying (5) and loss functions satisfying (6), we have from (4), 

Theorem 2.1. If T(y ,) i.t Gtl equivariant predictor in ci problem tahich i., invariant taith 
reaped to II tran.,formation g, then 

R[ge; T(y ,)I = R[e; T(y ,)J. 

Infinite population versions of Theorem 2.1 can be found in Zacks (197l}and Lehmann 

(1983). Note also that Theorem 2.1 implies that R[e; T(y,)] is constant on the orbits of 

the group generated by the transformtions g. •--

A group of transformations is said to be transitive if !9f any two points there is a 
transformation taking the first point into the s~nd. · 

Corollary 2.1. Under the auumptioru of Theorem t.1, if the group of tra.rnformation., 

genen&ted by g i., trarnitive over IIn, then, for any predictor T(y,), R[e; T(y,)] i., con.,tant, 

th4t ii, independent of e. 
The result of Corollary 2.1 simplifies considerably the task of finding an MREP, since 

it is "sufficient to find the equivariant predictor with the smallest risk within the class of 

all equh-ariant predictors. In the following sections, the r~ults of this section are applied 

to location, scale and location-scale superpopulation models. 
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3. THE SIMPLE LOCATION MODEL 

In this section it is considered that !/1 1 ••• 1 !/N are independent and 

(7) 

i = 1, .•. ,N, where (J E ·n and F has density/. Model (7) remains invariant under the 

transformations 

(8) 11: = y; + c and o· = (J + c, 

i = 1, ... , N. The population total T(y) when expressed in the new coordinate system, 

becomes T(y*) = T(y)+Nc, and so, according to (5), a predictor T(y.), t~ be equivariant 

should satisfy 

(9) 

A predictor satisfying (9) is called a location-equivariant predictor. According to (6), the 

loss function should !l&tisfy 

(10) L(T(y,);T(y))-= A(T(y,)-T(y)), 

that is, be a functh>n of the difference T(y.)-'.l'(y) only. Note that the squared error loss 

function 

{11) L(T(y,); T(y)) = (T(y,) -T(y))2 
1 

satisfies condition (10). 

Lemma 3.1 Under the tra.n3formation3 (8), the biaa, va.ri.mte a.nd riak function., of any 

location-equiva.riant predictor are all con3tant, that i3, independent of 0. 

Lemma 3.1 follows from Corollary 2.1, since the group generated by transformations 

(8) is transitive. 

A predictor T*(y ,) of T(y) is said to be the B(L)UP of T(y) if it is unbiased, that is, 

(i)E,(T*(y ,)-T(y)) = 0, for all 6 and (ii)E,(T*(y ,)-T(y)J2 :5 E,(T(y ,)-T(y)]2, for all 

(J imd any other (linear) unbiased predictor T(y,), where E,(.] is the expectation operator 

with respect to model (7). A general characterization of the BUP of T(y) is considered 

in Rodtlgues et al. (1985). The result that follows relates B(L)UP and MREP in finite 

populatioos. 
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Theorem 3.1. Let the lou fuction be .,quared error. Then, under model (7),(i) lln MR.EP 
of T(y) i., unbia,.,ed and (ii) if tl,e IJ(L)UP e~i.,t., Andi., equi114rfon,t it i., lln MREP. 

Application 3.1. Let 7/1,•· .,YN, be independent and !Ii ~ N(6;u2), where u2 is 
known. Then it is well known that 1'E(y.) = Ny. (the usual expansion predictor), where 
£j. = E;e. Y;/n, is the BUP of T(y). Since T(y.) is location~ui~ant, it follows from 
Theorem 3.1 that TE(Y.) is the MREP. 

'The result that follows establishes a least favorable property of the normal distribution 
in finite populations. 

T~eorem 3.2. Let 111,, •• , 1/N, be independent and di.,tributcd according to F(y;-8), which 
belong., to the cl4"., of llll univllrillte tlutributioru having a den$ity, where E[yi] = e, and 
VarbJi] = u2 

"' knoum, i=1, ... ,N. Let TF be the ruk function of the MREP of T(y), with 
relped to the diatribution F. Then, TF take., on iu muimum value when Fu N(8;u2). 

Proof. According to Application 3.1, the MREP of T under the N(6; u2) is 7'.E(Y.), with 
risk rN = u 2N(N - n)/n. Since the risk of Ts(Y.) is TN, whatever be F, the MREP for 
any F must have risk TFS TN, and the result follows. 

The following result establishes the optimality of 7'E(Y.) under a more general set 
up than that of Application 3.1. We provide an alternative proof to this fact that easily 
generalizes to more general situations. 

Lemma 3.2. Let 111, .•. , 1/N be independent and .,uppoae that E(yi) = 8, and Var(y,) = o-2, 
i = 1, ... , N, which we call the W-model. Then, TE(Y •) i., the BL UP of T(y) under the 

' . W-model. 

Proof. The model that follows by adding the normality assumption to the W-model, we 
call the N-inodel. Therefore, it is easily checked that, for any linear predictor, T(y.) = 
E;e, c;y;, for some known constants c~ (note that TE(Y •) is _a. linear predictor), Ew(T(y • )­
T(y )J2 = EN(T(y.)-T(y)]2, Now the result follows Crom the optimality of 7'E(Y.) under 
th~ N-model. Ew(.](EN[,]) denotes the expectation operatb1 defined with respect to the 
W(N)-model. 

Application 3.2. H the normality u.ssumptio~ is dropped from the Application 3.1, it 
follows from Lemma 3.2 and Theorem 3.1 that 7'E(y.) is the MREP within the class of all 
linear predictors. 

Appl~cation 3.3. Suppose now that !/I, ... , 1/N nre independent o.nd distributed according 
to I.he density e-<,,-1>;1,1; ~ 6,i = 1, ..• ,N. It follows from Theorem 1 in Rodrigues et al. 
(1985) that the DUP o( T(y), based on the observed sample y • = (!11, ••. 1 y,.), is 

T'"(y.) = ny. + (N - n}(Y.(1) -1/n), 
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. where Y,(1) = min(yl,·•. ,Yn)- Now, since T*(y,) is equivariant, it is, according to Theo­

rem 3.1, the MREP of T(y). 
To derive an explicit and g~neral expression for the MREP with respect to model (7), 

let.'s begin by finding the most general location equivariant predictor. 

Lemma 3.3. Let T0(y,) = nfi, + T02(y,) be any equivariant predictor of T(y) under 

model (7). Then; T(y,) i., equivariant if and only if T(y) = T0 (y,)- w(z,), where z, = 
(z1, .. ,,zn-1), and Zj = Jli -11n,i = 1, ... ,n-1. 

The proof parallels that of Theorem 3.1.2 in Lehmann (1983), and so, is omited. The 

next theorem provides a general characterization for the MREP under model (7). The 

proof is also omited. 

• Theorem 3.3. The MREP of T(y) with re.,pect to any loaa function ,a.ti.sf1ling (10) i., 

given 6r 

(12) 

where w•(z,) minimize, 

(13) Eo{6[7'(y,) - w(z,) -T(y))lz,), 

and T0 (y,) i., a.ny location-eguivariant predictor with finite ri.,J: function. 

In (13), E 0 (.) means that t.he expectation operator is computed with respect to 8 = 0, 

according to Corollary 2.1. 

C9rollary 3.1. Under tlu aguared error lou fuction (10), the MREP of T(y) i., f•(y,) 
oi (1!}, with 

(14) 

where: T(y) = nfj, + 7'02(Y,),T(y) = njj + T2(Yr), and T2(m = Lier !Ii= (N - n)fir• 

From Corollary 3.1, TE(Y,) is the MREP under a distribution F if and only if 

E 0 [fi,lz,] = 0, a result that holds if and only if F is the normal distribution (see Ka­

gan, Linik and Rao, 1965). Therefore, TE(Y ,) is the MREP only under the normal model. 

The next theorem presents a Pitman-location predictor for finite populations. 

Theorem -~.4. The MREP ofT(y) with mpect to the ,quared ,quared error loa.s function 

(11) i, 

(15) 
T*( )- _ . J~00 u/(Y1-u, .• ,,J1n-u)du 

y, - ny, + (N - n) Joo /( )d . 
. · _

00 
Y1 - u, ... , Jfn - u u 

,. 
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Proof. It. is easily seen that T0 (y.) = ny. + (N - n)yn is cquivariant. According to 

Corollary 3.1, under the squared error loss function (11), the MREP of T(y) is T(y.) = 
T0 (y,)-w•(z,), where w*(z,) = (N -n)Eo{(Yn - iir)lz,] = E0 [Ynlz,] 1 since Yr and z, are 

independent and E0 (iir) = O. Therefore, (15) follows from the £act that. 

[ I ] J-00 u/(Yt, • • • 1 Yn)du 
Eo Yn z. = !In - roo , 

J-oo /(y1 - u,. • • , !In - U )du 

a result that follows from (7.2.9) in Zacks (1971). 

We refer to predictor (15} as the Pitman-location predictor of the population total 

T(y), by its similarities· with the well known Pitman estimator of location. 

Application 3.4. let J/1 1 ••• 1 !IN be independent and distributed according to the density 

f(y; - 8) = 1; -1/2 ~ y; - 8 ~ 1/2, i = 1, ... ,N, and zero otherwise. · S_ince, after some 

algebraic manipulations , E0 [unlz,] = !In - (!1,(1) + Y•(n))/2, it follows from (15} that the 

MREP of T(y) is 

T(y,) = ny, + (N - n)(Y,(i) + !1,(2))/21 

where !/•(1) = min(111 ••.•• !In), and Y•(n) = maz(v1 •..• I Yn)-

The main results of this section extends easily to the case of stratified populations. 

4, THE GENERAL LINEAR MODEL 

In this section, it is considered that associated with unit i there is a random variable 

Iii, where 

(16) . 

- -" i = 1, •.. ,N, F has density/, and ( = ((1, ... ,(N) E IIo, a p-dimensional subspace of 

n,N. It follow~ that model (16) remains invariant under the transformations 

(17) 

· with Ci e IIn,i = 11 ••• ,N. Therefore, when expressed in the new coordinate system a 

predictor T(y,) should satisfy 

N 

(18) T(y:) = T(y,) + Ee;, 
i•l 
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. which is the equivariance condition under (17). Therefore, the problem of predicting T(y) 

remains invarint under the transformations (17) if (10) is valid, a condition satisfied by 
the squared error loss function (11). Lemma 3.1 continues to hold in the present situation, 

. since (17) induces a transitive group on Iln. Similarly for Theorem 3.1. 
Let e, be the weighted least squares estimate of e based on y ., that is,€= ((1, ... I !N) 

minimize Lie.(Vi - ei)2 /c,1, where Var(y;) = '11 is known, subject to the restriction that 
e E Ilo. The following theorem is a direct extension of Theorem 3.1. 

Theorem 4.1. If the Yi are independent and N({,; o-1), i = 1, ... , N, the DUP of T(y), 

(19) T*(y.) =nu.+ I:ei, 
iEr · 

"'here (i i., the weighted lea&t .square., e.,tim,it~r of {i, i., , the MREP of T(y). · 

If the normality assumption is dropped, it follow::i, by extending Lemma 3.2 to the 
~ ~ 

present situation, that T*(y.) in {19) is the MREP of T(y) in the class of all linear 
predictors. 

Application 4.1. Let 1,11, ••• , l,'N be independent and where l,'i ~ N(Pz,; a2z;), i = 
1, ... ,N. It is well known that the BUP ofT(y) in the present situation (e, = z;/3,i = 
1, ... ,N), is 

(20) T• ·c ) - '""' ,5 ~ Eie• Yi Y• = ny.+ ~Zi~ = ~Xi'°' . • 
iEr i=l L..,iE• :r, 

the usual ratio estimator. In this case, the subspace IIo has dimension 1 and is generatecl by 
the vector x' · = ( :r1 , ••• , :r N ). Since i'•(y •) in (20) is equivariant under the transformations 
(17), it follows from Theorem 4.1 that T•(y.) is the M~P. If the normality assumption 
is dropped, T*(y.) in (20) is the MREP of T(y.) within the class of all linear equivariant ' 
predictors. 

. ...,. 

Application 4.2. Let fl, ... , YN be independent and where Yi ~ N( a + /J:r;; c,2), i = 
1, ... ,N. It is well known that the BUP ofT(y) in the present situation (ei = a+/Jz;,i = 
1, ... ,N) is 

(21) 

the usual ratio estimator, where~= Eie.(z; -X.)y;/ Lie•<~. -x.)2 is the least squares 
estimator of /J, X = E1!..1 z;{N, and X. = Lie• z;/n. In this case, the subspace Iln bas 
dimension 2 and is generated by the vectors (1, ... ,1) and·(:r1,, .. ,.ZN), Since T*(y.) is 
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equivariant under the transformations (17), it is, according to Theorem 4.1, the MREP of 
T(y). H the normality assumption is dropped, it is the MREP within the class of all linear 
equivariant predictors. 

(22) 

5. EQUIVARIANT PREDICTION UNDER SCALE MODELS 

In this section, it is considered that t/1, ... , YN are independent and 

1 y· 
Yi~-/(...!), 

T T 

i = 1, •.• , N. Model (22) remains invariant under the transformations 

(23) 

i = 1, ... ,N. Under the transformations (23), it follows that T(y) = bT(y). Therefore, 
predictor T(y.) is equivariant under the transformations (23), provided 

(24) 

!s- predictor satisfying (24), is called a scale-equivariant predictor. Then, the problem of 
predicting T(y) remains invariant under the transformations {23) provided 

L(T(y.); T(y)) = 6 [ T(y.); T(y)] . 

Note_ that the squared error loss function 

(25) 

satisfies the required condition. 

Now, since the group of transformations induced by (23) is transitive, it follows from 
Corollary 2.1 that the risk function of any equivariaut predictor is constant. So, one might 
expect an MREP to exist. As before, let T(y) = ny. + T2(Y), be the population total, 
where T2(y) = (N - n)iir• The result that follows parallels that of Theorems 3.3 for the 
location model The proof is omitcd. 

Theorem 5.1. Let T0 (y) = ny. +T02(Y.) be any equivariant predictor. Then, • necea.,ary 
•™' 1ufficient condition for T(y.) = ny. + 7Hy.) to be ,cale-equivariant u th1d T2(Y.) = 
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T02(y,)/w(z,), tohere z. = (yi/yn, ... , J/n-i/?111, IYnl/Yn), If there i., a number w•(z.) th.cit 
minimize, 

(26) 

then 

(27) 

i, an MREP of T(y). 

In (26) i,.bove, E1 [.] indicates that th!! expectation operator is taken with respect to · 
f' = 1, according to Coi-ollary 2.1. 

Corollary 5.1. Untler 1hc ,qv.ared error lo&& function (£5), the MREP of T(y) i., T*(y,) • 
of (!1}, · toith , 

·2 
w*(z,) = 1;!dT02(Y,)lz,] . 

E1[Ta2(y.)T2(Yr )lz,] 

Application 5.1. Let yi, .. ,,!/N be independent and where 11, ~ ~e-•1/r,i = 1, ... ,N. 
It is easily checked that T0 ,;,, ny, + (N - n)y, is scale equivariant. Now, iir, ii, and z, are 
independent (B_asu's Theorem). There£ore, it follows from Corollary 5.1, with respect to 
the squared error loss £unction (25) that · 

w*(z,) = E1[il!lz,] = n + l 1 

E1 [ii,iirlz,] n 

since E1 [v!) = (n + 1)/n, and E1[ii,] = Er!iir] = 1. From (27), it follows that the Mµ:P 
of T(y) is given by 

Application 5.2. Suppose now that y1 , ••• , YN a.re indept!ndent and such th:i.t 1/i ~ 
U(O, 8), i = 1, ..• , N I and U stands for the uniform distribution. It is easy to sec that 
predictor T0 (y,) = nji, +(N -n)Y.(n), where !/,(n) = max(yi, ... ,!In), is scale-equivariant. 
Since J,(n) is independent of z., it follows from Corollary 5.1, under squared error loss 
function, that 

w•(z) = E1[Y!(n)l = 2(n + 1) 
E1 [!l,(n)JE1 [ii,-] n + 2 

From (27), it follows that the MREP of T(y) is 

··c ) . ( n + 2 T y, = nji, + N - n) 2(n +-l)i',(n)• 
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'tJ~dcr squared error loss function and after some algebraic manipulations, it can be 

shown that the general form of the MREP of T(y) is 

where c = E1(1Ji] and we call this predictor, the Pitman-scale predictor of T(y). 

(28) 

6. EQUIVARIANT PREDICTION UNDER 

LOCATION-SCALE MODELS 

~oppose now that 1/1, ••• , 1/N are independent an4, w~cµ-e • 

1 1/i - 8 
11,~-f(- ), 

r r 

i = 1, .•• , N, with both parameters unknown. Model (28) remains invariant under the 

transformations 

(29) 

where b ~ 0. Under the t.rans£ormations (29), it follows that T(y•) = a+bT(y). Therefore, 

it follows that a predictor T(y.) is equivariant. under (29) provided · 

(30) T(y!) =a+ bT(y.). 

A predictor satisfying (30) is called a location-scale equivariant predictor. Also, the 

problem of predicting T(y) remains invariant under transformations {29) if . 

(31) 

Note that the loss function (25) satisfies condition (31). Note also that the transformations 

(29) induces a transitive group. Therefore, according to Corollary 2.1 the risk function 0£ 

any location scale equivariant predictor is constant. 

Lemma 6.1. SuppoJe there ezi.,t., an MREP T•(y.) of T(y) under model {BB}, for each 

fixed (L"noum) -r, with ruped to the tranJ/orma.tionJ (8) a.nd th.at T•(y.) u independent 

of r •n4 ,a.tiJfiea (SO). Then, 'r(y.) i, a.n MREP o/T(y) a.mong All predictor, aa.tifying 

{30} when r ia unknomn. 

11 



Application 6.1. Let !/1, .. •,YN be independent and y; ~ N(8;u2), i = 1, ... ,N, both parameters being unknown. It follows from Application 3.1 and Lemma 6.1 that TE(Y,) is the MREP of T(y) under the transformations (29). 
The theorem that follows provides an explicit and general expression for the MREP under the locatio~-scale model (28) by first finding the most general equivariant predictor. 

Theorem 6.1. Let T0 (y,) = ny. + T02(y.) be any location-acale equivariant predictor. Then, T(y.) = ny, + 7'2(y.) i, location equivariant if and only if T2(Y,) = T,2(Y,)­w(z,)61(Y,),where 61(by,) = M1(Y.) and 

_ ( Y1 -vn IYn-1 - uni) z, - , ... , . Yn-1 - lln Yn-1 - lln 
The MREP i., given by 

(32) 

tahere 1.11•(z1 ) minimize, 

(33) 

As before, T(y) = nji, + T:i(Y ,), where T:i(y,) = (N - n)Ur corresponds to the swn of the units not in the sample. In (33), E0 ,1 [.] is the expectation operator taken with r~pect to 8 = 0 and r = 1, 

Corollary 6.1. Under the ,quared error lo,, function (25), it follo1Ds that the MREP of T(y) u T(y,) in (3!}, 1Dith 

w•(z,) = Eo,1HT02(Y,)-
2
T2(Y.-)]61(Y,)lz,} 

Eo,1(61 (y,)lz,) 

Application 6.2. Let 111 , •. . , 1/N be independent and 

II•~ .!.f!-(,1-IJ)/T . .,. > 8 I ta,I_ t r 

i = 1, ... ,N, where 8 and .,. are unknown. It is clear t.hat T(y,) = njj, + (N -n)Y,(t)(T,:z(y,) = (N - n)v.c1)), where 1/,(l) = min(yi, ..• , YN ), is location equivari­ant Also, let 61(Y,) = E;e,(fl; -11,(1)), Note that 61(Y,) satisfies 61(by.) = M1(y,). By using Basu's Theorem, it follows that '.I'02(y;) and c51(y,) are independent of each other and also in_dependent of z,. Therefore, from Corollary 6.1, it follows that w•(z.) = 
12 



-(N - n)(n -1)/n2 , so that the MREP of T(y.), using the squared error loss function 

(25) is 

Application 6.3. Let JJ1, ... ,1/N be independent and such that /(yi) = T,8 - T/2 S 

S,i S 9 + T /2, and zero otherwise, i = 1, •.. , N. Therefore, it follows from Lemma 6.1 and 

Application 3.4 that 

is the MREP of T(y) with respect to the squared error loss function (25). 
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