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ABSTRACT

A theory of equivariant prediction is developed for predicting the population total in
finite populations. Minimum risk equivariant predictors (MREP) are derived under the
location, scale and location-scale superpopulation models. Under the general linear model,
it is shown that the best(linear) unbiased predictor (B(L)UP) is an MREP.

1. INTRODUCTION

The purpose of this paper is to develop a general theory of equivariance for predicting
the population total in finite populations. Equivariant estimation in the infinite population
context is considered in Lehmann (1985) and a more advanced treatment can be found
in Zacks (1971). In the finite population context, very litlle has been done. Population
variance prediction is considered in the important works of Zacks and Solomon (1981) and
Zacks (1981), using a Bayesian equivariant approach. .

The approach we follow to find the MREP, whenever it exists, is ﬁrst to characterize
the class of all equivariant predictors and then, within this class? find the one with minimum
risk. For the simple location model, the task of finding the MREP using the squared error
loss function is made easier by exploring some relationships with the B(L)UP.

The finite population is indexed by P = {1,...,N}, where N is known. Associated
with unit k, there is an unknown quantity y; and it is considered that y = (y1,...,un)
assumes its values on a space Y and is a realization of a vector Y (Nz1), of independent
random variables such that

O Y ~ F(),

where Fy € F = {F¢,£ € Ip}, and Ilg is a subspace of RV of dimension p. However, no
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distinction is made between y and Y.

To gain information about a function of y, that might be, for instance, the population
total, T(y) = Zfil ¥i, a sample s of size n(> p) is selected from P. Let r = P — s be the
. -unobserved part of P. After s has been selecled, we may reorder (without loss of generality)
y = (¥s,¥r), in such a way that y, = (y1,...,¥n) and y; = (¥n41,...,yn) correspond,
respectively, to the observed and unobserved parts of y. Then, we may write T(y) =
Yics Ui + Lier Yir in such a way that predicting T'(y) is then equivalent to predicting
To(ye) = Lier ¥i = (N = n)jr. Optimal (best unbiased) prediction of T(y) is considered
- in Rodrigues et al. (1985). Bayesian prediction of T(y) is considered in Bolfarine et al.
(1987) and minimax prediction is considered in Bolfarine (1987).

Section 2 presents some important and general results for developing a theory of
equivariant prediction in finite populations. Equivariant prediction under the location
sampling model is considered in Section 3. The results of Section 3 are generalyzed in
Section 4 to the general linear model, where it is shown that the ratio and regression
estimators are MREP. In Sections 5 and 6, the scale and location-scale superpopulation

models are considered. Pitman type predictors are introduced in Sections 3, and b under
squared error loss functions.

2. A GENERAL FORMULATION FOR EQUIVARIANT
PREDICTION IN FINITE POPULATIONS

As specified in the introduction, y = (y1,. .., yn) 2ssumes its values in a sample space
:J’, and is distributed according to (1).

We shall say that a transformation g of Y onto itself leaves model (1) invariant if the
distribution of -

(2 Y =9y =(9¥s,9yr) = (¥5,¥7)

is again a member F, say Fe (y),where
(3) f' =g Ev

and § is the one to one transformation of the parametric space Ilg induced by g. A class
of transformation leaving a model invariant can be assumed to be a group (Zacks, 1971,
Lehmann, 1985) and so, g and § generate group structures on ) and Ilg, respectively. As
a consequence, for any mtegra.ble function ¥, :

@) - Ed¥(ey)] = Ee (YO -
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. Similar results hold for ¥(y,) and ¥(y.).
Since our main interest is on predicting the population total T(y) (taking values on
a set H), applying g to y leads to

T(y*) = T(gy) = §T(y),

where § generates a group of transformations of { into itself. So, predictor T(y,) of T(y)
is called equivariant if, for every transformation ¢ and all y,,

(5) T(gy,) = §T(v.).
Since the problem of predicting T(y) in terms of y, and T(gy) in terms of gy, represent

the same physical situation, expressed in a new coordinate system, a loss fuction L should
be invariant, that is, i

(6) L(T(gy.)i T(gy)) = L(T(ya): T(¥))-
Let the risk function of any predictor f’(y.) be defined as

- RE&TG) = BT T
When (6) holds, we shall say that the problem of predicting T(y) is invariant on the basis
of model (1), with respect to the transformations (2) and (3). By restricting attention to
predictors satisfying (5) and loss functions satisfying (6), we have from (4),

Theorem 2.1. If T(y,) is an equivariant predictor in a problem which is invariant with
respect to a transformation g, then

R(gé; T(y.) = Rl& T(y,))

Infinite population versions of Theorem 2.1 can be found in Zacks (1971)and Lechmann
(1983). Note also that Theorem 2.1 implies that R[E; T(y.)] is consta.nt on the orbits of
the group generated by the transformtions g. - -

A group of transformations is said to be transitive if for any two points there is a
transformation taking the first point into the second.

Corollary 2.1. Under the assumptions of Theorem £.1, if the group of transformations
generated by § is transitive over Ilq, then, for any predictor T(y.), Rl¢; T(y,)] is constant,
that is, independent of €.

The result of Corollary 2.1 simplifies considerébly the task of finding an MREP, since
it is sufficient to find the equivariant predictor with the smallest risk within the class of
all equivariant predictors. In the following sections, the results of this section are applied
to location, scale and location—scale superpopulation models.



3. THE SIMPLE LOCATION MODEL

In this section it is considered that y;,...,yn are independent and
@ i ~ F(yi = 0),

i=1,...,N, where # € R and P has density f. Model (7) remains invariant under the
transformations

(8) yi=yitcand * =6+,

i =1,...,N. The population total T(y) when expressed in the new coordinale system,

becoma T(y*) = T(y)+ Ne¢, and so, according to (5), a predictor T(y,), to be equivariant
should satisfy

© 1(ys) = T(v.) + Ne.

A predictor satisfying (9) is called a location—equivariant predictor. According to (6), the
loss function should satisfy J

(10) L(T(y.) T()) = &T(ys) - T(¥)),

that is, be a function of the difference T(y.) T(y) only. Note that the squared error loss
functmn

(11) ' LTy T)) = (T(ya) - T(y)),

satisfies condition (10).

Lemma 3.1 Under the iransformations (8), the bias, variente and risk functions of any
location-equivariant predictor are all constant, that is, independent of 6.

Lemma 3.1 follows from Corollary 2.1, since the group generated by transformations
(8) is transitive.

A predictor T*(y,) of T(y) is said to be the B(L)UP of T(y) if it is unbiased, that is,
@) Ea[T"(y,) = T(y)] = 0, for all 6 and (i3) Es[T"(v,) - T)I* < Eo[T(y,) — T(y)I?, for all
6 and any other (linear) unbiased predictor T'(y,), where Ey[.] is the expectation operator
with respect to model (7). A general characterization of the BUP of T(y) is considered
in Rodrigues et al. (1985). The result that follows relates B(L)UP and MREP in finite
populations.



. Theorem 3.1. Let the loss fuction be squared error. Then, under model (7),(i) an MREP
of T(y) is unbiased and (i) if the B(L)UP ezists and is equivariant if is an MREP.
Application 3.1. Let y1,...,yn, be independent and y; ~ N(8;0?), where o? is
known. Then it is well known that Tx(y,) = Ng, (the usual expansion predictor), where
s = Lic. Vi/n, is the BUP of T(y). Since T(y,) is location—equivariant, it follows from
Theorem 3.1 that T’E(y,) is the MREP.

‘The result that follows establishes a least favorable property of the normal distribution

in finite populations.

Theorem 3.2, Let y,; «++1YN, be independent end distributed according to F(y;—0), whick
belongs o the class of all univariate distributions having a density, where Ely;] =0, and
Varly] = o? is known, i=1,...,N. Let rg be the risk function of the MREP of T(y), with
respect to the disiribution F. Then, rp takes on ils mazimum value when F is N(6;0?).
Proof. According to Application 3.1, the MREP of T under the N (6;0%) is '.f's(y,), with
tisk ry = 02 N(N — n)/n. Since the risk of T(y,) is ry, whatever be F, the MREP for
any F must have risk rp < ry, and the result follows.

The following result establishes the optimality of Tg(y,) under a more general set
up than that of Application 3.1. We provide an alternative proof to this fact that easily
generalizes to more general situations.

Lemma 3.2. Lety;,...,yn be independent and suppose that Ely;] = 6, and Var[y:] = o2,
i=1,...,N, which we call the W-model. Then, Ta(y.) is the BLUP of T(y) under the
- W-model. )

Proof. The model that follows by adding the normality assumption to the W-model, we
call the N-model. Therefore, it is easily checked that, for any linear predictor, T(y,) =
Y ies Cili, for some known constants c (note that Tx(y,) is a linear predictor), Ew|[T'(y,)-
T(y)]? = En[T(y,) = T(y)]*. Now the result follows from the optimality of Tg(y,) under
the N-model. Ew[.J(En[.]) denotes the expectation operatof defined with respect to the
W(N }-model.

Application 3.2. If the normality assumption is dropped from the Application 3.1, it
follows from Lemma 3.2 and Theorem 3.1 that T(y,) is the MREP within the class of all
linear predictors.

Application 3.3. Suppose now that yy,...,y~ are independent and distributed according
to the density e==9;y; > 0,i = 1,..., N. It follows from Theorem 1 in Rodrigues et al.
(1985) that the BUP of T'(y), based on the observed sample y, = (y1,...,¥n), is

T*(y4) =g, + (N =)y - 1/n),
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. where y,(1) = min(y1,...,yn). Now, since f"(y.) is equivariant, it is, according to Theo-
rem 3.1, the MREP of T(y).

To derive an explicit and general expression for the MREP with respect to model (7),
let's begin by finding the most general location equivariant predictor.
Lemma 3.3. Let To(y,) = ng, + Toz(y,) be any equivariant predictor of T(y) under
model (7). Then, T(y,) is equivariant if and only if T(y) = To(y.) — w(z,), where z, =
(z1ye+0s2n-1), and zi=Yi —yn,i=1,...,n -1,

The proof parallels that of Theorem 3.1.2 in Lehmann (1983), and so, is omited. The
next theorem provides a general characterization for the MREP under model (7). The
proof is also omited.

Theorem 3.3. The MREP of T(y) with respect to any loss function satisfying (10) s
given by

(12) T*(y.) = To(ya) = w*(2.),

where w*(z,) minimizes

(13) : Eo{A[T(y,) ~ w(za) ~ T(y)llz), ’

and T,(y,) is any location—equivariant predictor with finite risk function.
In (13), E,{.] means that the expectation operator is computed with respect to 8 =0,
according to Corollary 2.1.

" Corollary 3.1. Under the squared error loss fuction (10), the MREP of T(y) is T‘(y,)
of (12), with

(14) w'(z,) = Eo[ToZ(YJ) - Tp(y,)lz.), :

where, T()’) = nj, + Tﬂ(y')a T(y) = ng + Tz(y¢), and TZ()F:) = El’Er vi = (N = n)gr.
From Corollary 3.1, TE(y,) is the MREP under a distribution F if and only if
E,[g,lze] = 0, a result that holds if and only if F is the normal distribution (see Ka-
an, Linik and Rao, 1965). Therefore, Tg(y.) is the MREP only under the normal model.
The next theorem presents a Pitman-location predictor for finite populations.

Theorem 3.4. The MREP of T(y) with respect to the squared squared error loss function
(11) s

f_w uf(yy — Yn — u)du
f_ Fyn —tyeo oy yn —u)du

6
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)

. Proof. It is easily seen that To(y,) = nf, + (N — n)ya is cquivariant. According to

Corollary 3.1, under the squared error loss function (11), the MREP of T(y) is T(y,) =
To(y,) — w*(z,), where w*(z,) = (N — n)E,[(yn = §r)|2,) = E,[ynlz,}, since §, and z, are
independent and E,[§jr) = 0. Therefore, (15) follows from the fact that

f:ouf(yh---.y..)du
fjoeof(yl —Us.eiy¥Un —u)du,

a result that follows from (7.2.9) in Zacks (1971).

Eqlynlzs) = yn —

We refer to predictor (15) as the Pitman-location predictor of the population total
T(y), by its similarities with the well known Pitman estimator of location.

Application 3.4. let 4y,...,yn be independent and distributed according to the density
flyi-0)=1,-1/2<y;—0<1/2,i=1,...,N, and zero otherwise. Since, after some
algebraic manipulations , E,[yn|2,] = yn — (Vu2) + Vs(n))/2, it follows from (15) that the
MREP of T(y) is '

T(Yl) =nj, +(N - ")(yt(l) + !Ia(z))/2,

where Vo(1) = miﬂ(w gy Vn)) and Ys(n) = max(yl pecey Vn)'

The main resuits of this section extends easily to the case of stratified populations.

4, THE GENERAL LINEAR MODEL

In this section, it is considered that associated with unit i there is a rando:m variable
yi, where

(16) vi~Flyi— &), - :

y wl
i=1,...,N, F has densily f, and £ = ({1,...,&n) € IIg, & p—dimensional subspace of
RN. It follows that model (16) remains invariant under the transformations

(17) vi=yitcand & =&t

with ¢; € Iq,i = 1,...,N. Therefore, when expressed in the new coordinate system a
predictor T(y, ) should satisfy

: N
(18) CHEFCAT I

f=1



.

» which is the equivariance condition under (17). Therefore, the problem of predicting T'(y)
remains invarint under the transformations (17) if (10) is valid, a condition satisfied by
the squared error loss function (11). Lemma 3.1 continues to hold in the present situation,

. since (17} induces a transitive group on Ilg. Similarly for Theorem 3.1.

Let £, be the weighted least squares estimate of £ based on y,, that is, é= (é15..-,€N)
minimize 3 ;¢,(vi — £)?/0?, where Var[y;] = 0? is known, subject to the restriction that
€ € IIg. The following theorem is a direct extension of Theorem 3.1.

Theorem 4.1. If the y; are independent and N(¢i;07),i=1,...,N, the BUP of T(y),

(19) : T.(yn) =nj, + Z&o

i€r .

where §; is the weighted least squares estimator of &, is the MREP of T(y).

If th.e normality assumption is dropped, it follows, by extending Lemma 3.2 to the
present situation, that T*(y,) in (19) is the MREP of T(y) in the class of all linear
predictors.

Application 4.1. Let yi,...,y~ be independent and where y; ~ N(Bz;;02z;), i =

.»N. 1t is well known that the BUP of T(y) in the present situation (¢ = z;8,i =
1,...,N),is

(20) 5 T.(Yl) = nj, + leﬂ Z E_'E'_y.
i€r =1 i€s Ti

the usual ratio estimator. In this case, the subspace Il has dimension 1 and is generated by
the vector x' = (z3,...,2x). Since T*(y,) in (20) is e.quivariant under the transformations
(17), it follows from Theorem 4.1 that 7*(y,) is the MREP. If the normality assumption
is dropped, T"(y,) in (20) is the MREP of T(y,) within the class of all linear equivariant
predictors.

Application 4.2. Let y,...,yn be independent and where y; ~ N(a + fz;;0?), i =
.y N. It is well known that the BUP of T(y) in the present situation (¢; = a+ fz;,i =
.,N)is

?

(21) T‘(YJ) = Ng, +N(X -X )ﬁ;

the usual ratio estunator, where f = 2ies(Ti— X)i/ Lieal®i —X.)2 is the least squares
estimator of 4, X = YN z;/N, and X, = E‘e‘ z;/n. In this case, the subspace IIg has
dimension 2 and is generated by the vectors (1,...,1) and-(zy,...,2x). Since T*(y,) is
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equivariant under the transformations (17), it is, according to Theorem 4.1, the MREP of

T(y). If the normality assumption is dropped, it is the MREP within the class of all linear
equivariant predictors,

5. EQUIVARIANT PREDICTION UNDER SCALE MODELS
In this section, it is considered that y,...,yn are independent and
(22) v~ = f(5)
1 T T y
i=1,...,N. Model (22) remains invariant under the transformations
(23) yi=byiand r* = b1, >0,

i =1,...,N. Under the transformations (23), it follows that T((y) = 5T(y). Therefore,
predictor T(y,) is equivariant under the transformations {(23), provided

(29 Ty*) = 87(v.)-

A predictor satisfying (24), is called a scale-equivariant predictor. Then, the problem of
predicting T(y) remains invariant under the transformations (23) provided

LE. 5 T(y) = A [T—(’—)‘ﬂ] .
Note that the squared error loss funct'ion

(25) L) T(y)) = CEAZ TN,

satisfies the required condition.

Now, since the group of transformations induced by (23) is transitive, it follows from
Corollary 2.1 that the risk function of any equivariant predictor is constant. So, one might
expect an MREP to exist. As before, let T(y) = ng, + T3(y), be the population total,
where T5(y) = (N — n)§,. The result that follows parallels that of Theorems 3.3 for the
location model. The proof is omited. :

Theorem 5.1. Let Ty(y) = ng, +Ty2(y,) be any cquivariant predictor. Then, a necessary
and sufficient condition for f‘(y,) =ny, + f‘;(y,) to be scale-equivariant is that f‘g(y,) =
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Toa(Ya)/w(2s), where 2, = (Y1/Yn, .., Yn—1/Yns [Ynl/yn). If there is @ number w*(z,) that
minimszes

(26) E, {A[ ;’((zy')) Tu(y,) ] IZ.}
then
@) T(72) = s+ 2L

is an MREP of T(y).

In (26) above, B[] indicates that the expectation operator is taken with respect to
r = 1, according to Corollary 2.1.
Corollary 5.1. Under the squared error loss function (25), the MREP of T(y) is T*(y.)
of (27), with ]

P2
wo(z') = gl{ToZ(y')lzl] .
By [Toz(ya)Ta(yr)lzs]

Application 5.1, Let Yiree o, UN be independent and where y; ~ {-c""/",i =1,...,N.
1t is easily checked that Ty = nfj, + (N — n)j, is scale equivariant. Now, §,., §, and z, are
independent (Basu's Theorem). Therefore, it follows from Corollary 5.1, with respect to
the squared error loss function (25) that °

- El [ﬁ? Iz.] n + 1
w'(z,) = =
( ‘) El[.ﬁaﬁrlzvl n
since Ei[§2] = (n + 1)/n, and E;[.] = Ei[jr] = 1. From (27), it follows that the MREP
of T(y) is given by

T'(y,) = ny, + (N — n)<=2C2— Z'E' L g

-

Application 5.2. Suppose now that y;,...,yn are mdept:ndent and such that y; ~
U(0,8),i = 1,...,N, and U stands for the uniform distribution. It is easy to sec that
predictor T, (y,) = ng, + (N — —1)Ys(n), Where y,(ny = maz(y1, ..., ¥n), is scale-equivariant.
Since y,(n) is independent of z,, it follows from Corollary 5.1, under squared error loss
function, that
() = Efylin)) __2AntD)

B [yc(n)]El [yr] n+2
From (27), it follows that the MREP of T(y) is

- . 2
T*(y,) =njs +(N - n)%%%jyl(”)'
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"Under squared error loss function and after some algebraic manipulations, it can be
ghown that the general form of the MREP of T(y) is

o 25,4 g )
T (y‘) =nf, + (N —n) j‘jow‘:n+l fluyr, ..., uyg)du

where ¢ = Ej[yi] and we call this predictor, the Pitman-scale predictor of T(y).

6. EQUIVARIANT PREDICTION UNDER
LOCATION-SCALE MODELS

Suppose now that yy,...,yn are independent and where .

(28) yi ~ %f("i =8,

T

i =1,...,N, with both parameters unknown. Model (28) remains invariant under the
transformations

(29) v =byi+a,6* =b9+aandr* =br,

where b > 0. Under the transformations (29), it follows that T(y*) = a+bT(y). Therefore,
it follows that a predictor T'(y,) is equivariant under (29) provided '

(30) T(ys) = a+1(y.)-

A predictor satisfying (30) is called a location—scale equivariant predictor. Also, the
problem of predicting T(y) remains invariant under transformations (29) if .

@) LA TR = A [&"—T{—’ﬂ .

Note that the loss function (25) satisfies condition (31). Note also that the transformations
(29) induces a transitive group. Therefore, according to Corollary 2.1 the risk function of
any location scale equivariant predictor is constant.

Lemma 6.1. Suppose there ezists an MREP T‘(y,) of T(y) under model (28), for each
fized (known) T, with respect to the transformalions (8) and that T*(y,) is independent

of T and satisfies (50). Then, T(y,) is an MREP of T(y) among all predictors satifying
(30) when T is unknown.

1



Application 6.1. Let y,...,yn be independent and y; ~ N(8; 0?),i=1,...,N, both
parameters being unknown. It follows from Application 3.1 and Lemma 6.1 that TE(y,)
is the MREP of T(y) under the transformations (29). '

The theorem that follows provides an explicit and general expression for the MREP
under the location-scale model (28) by first finding the most general equivariant predictor.
Theorem 6.1. Let T,,(y,) = ny, + T,g(y,) be any location-scale equivariant predictor.
Then, f‘(y,A) = nf, + Tz(y,) is location equivariant if end only if ff‘z(y,) = f',z(y,) -
w(z,)8,(y.),where §; (bys) = bbx(y,) and

z, =( Y1=—VYn . lyu—l =) yn').

Yn1—yn" "' Yn-1—Yn

The MREP is given by

(32) T*(v2) = g + Foa(y,) ~ w*(zs)os(32),

where w*(z,) minimizes
(33) Poa{AlTer(ya) — w'(20)61(y4) ~ To(yr)llz. }-

As before, T(y) = ng, + Ta(y,), where I(y,) = (N —n)j, corresponds to the sum of
the units not in the sample. In (83), E,,1.] is the éxpectation operator taken with respect
tod=0andr=1,

Corollary 6.1. Under the squared error loss function (25), it follows that the MREP o}
T(y) is T(y,) in (52), with :

5 A Eo,l{[j:‘oz(y-) 3 TJ(Yr)lsl(YJ),zc} v
Hoh= Eoa (v )l

>

Application 8.2. Let y,,... ¥~ be independent and
1
i~ —emnhiny, 5 g,

i = 1,...,N, where § and T are unknown. It is clear that T(y,) = nf, + (N -
n)y,(l)(f‘.z(y,) = (N - n)y,u)), where Ysr) = min(y1,...,yn), is location equivari-
ant. Also, let §;(y,) = Yieslvi = Ys(1))- Note that §(y,) satisfies 61(by.) = bS1(y.).
By using Basu’s Theorem, it follows that T.g(y;) and §y(y,) are independent of each
other and also independent of z,. Therefore, from Corollary 6.1, it follows that w*(z,) =

12



—(N = n)(n - 1)/n?, so that the MREP of T(y,), using the squared error loss function
(25) is i

T‘(y,) =nj, + (N —n) (y.m +em— E(U. = Un(l)))

i€s

Application 6.3. Let y1,...,yn be independent and such that f(y) = 7,0 —7/2 <
i € 0+ 7/2, and zero otherwise, i =1,... , N. Therefore, it follows from Lemma 6.1 and
Application 3.4 that

T*(ya) = nfs + (N = n)(¥a01) + Vo2 )/2

is the MREP of T(y) with respect to the squared error loss function (25).
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