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INTRODUCTION

In this work, we study the regularity of solutions of linear partial differential equations within the framework of Denjoy-
Carleman classes defined by appropriate weight sequences. In fact, our principal concern here is to what extend a result
due to G. Métivier (cf. [8]), proved in the study of analytic and Gevrey regularity, could still be valid in this more general
set up.

More precisely, in [8], a characterization of analytic hypoellipticity is presented for L?-solvable linear partial differential
equations in terms of a very precise a priori inequality. The author also mentions that a similar characterization for Gevrey
hypoellipticity is also valid, and in [1] the result is extended for pseudodifferential operators.

In this work, we are able to extend this Métivier result for what we call here admissible weight sequences (see Defini-
tion 1). The corresponding Denjoy—Carleman classes contain the Gevrey classes of order s > 1 properly. It is important to
note that it is irrelevant in our presentation if the classes are either quasi-analytic or non-quasi-analytic.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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One of the main points in Métivier’s argument is to give a positive answer to a question related to the concept of solv-
ability: Assume that P = P(x, D) is a real analytic, linear partial differential operator in an open set Q C R”, which is
L2-solvable and Gevrey hypoelliptic of some order s > 1. Take f € G*(Q), an open set U € Q, and let u € L?>(U) solve
Pu = f in U with minimum L?-norm. Automatically u € G*(U). Is it possible to bound the Sobolev norms of u|y,, where
V € U is another open set, in terms of the Gevrey norms of f|;?

This is what is achieved by Métivier when s = 1. The extension to the Gevrey case of arbitrary order is straightforward.
Indeed, Métivier’s argument in the analytic case is based on an interpolation method for which the choice of suitable
subsequences of (j!)1// ~ j (in this case the subsequences are explicitly described) is needed. The main difference in the
Gevrey case is that now subsequences of (j!*)}// ~ j* are needed, which can be obtained from the ones of the real analytic
case after applying the uniform deformation j — j5, cf. [1].

This deformation argument is no longer possible in the Denjoy-Carleman case. The situation is now much more deli-
cate, and the determination of the class of weight sequences for which the result is valid is indeed one of the key points in
our work (see Definition 1). Moreover the proof of our main result requires several new insights, which we believe justifies
its publication.

After we discuss several results on weight sequences and Denjoy-Carleman classes in Section 1, we state our main result
in Section 2 (Theorem 1) and prove some consequences of it. Section 3 is devoted to the proof of Theorem 1. Finally, in
Section 4, we extend our result to the hyperfunction set up and discuss the case of Hormander’s sum of squares operators.

1 | PRELIMINARIES ON WEIGHT SEQUENCES AND THE CORRESPONDING
DENJOY-CARLEMAN CLASSES

We say that a sequence of positive numbers M = (M), is a weight sequence if My, = 1, M; > 1, and M is logarithmic
convex, that is,

M} < My_1Myy1, Vk €N, €))
and
klirn /M, = . )

If M is a weight sequence, the Denjoy-Carleman class £M}(Q), Q C R" open, of ultradifferentiable functions associated
to M, consists of all functions f € £(Q), for which the following holds: For every compact set K C €, there are constants
C, h > 0 such that

sup |D*f(x)] < Ch|“|M|a|
x€eK

for all « € Z". 1t follows from (1) that EMI(Q) is an algebra with respect to the pointwise addition and multiplication of
functions. If M = (k!);, then EM}(Q) = A(Q) is the space of analytic functions on Q, More generally, the Gevrey classes
G*(Q), s > 1, are the Denjoy-Carleman classes associated to the weight sequences G* = (k!%)y.

In order to be able to impose further properties on the classes, we need to discuss some additional conditions on the
weight sequences we shall deal with. On the set of weight sequences, we can establish the following relation: If M and N
are two weight sequences, we set

M=<N :< 3C,h>0: M, <ChN, Vkez,.
The relation < is both reflexive and transitive. When we also consider the equivalence relation ~ given by
M~N < M=XN A NM

and identify any pair M, N with M ~ N, then < is also antisymmetric, that is, < is a partial order. We may write M 3 N
ifM<NandN £ M.

85UB017 SUOWWOD BAIe.D 3(gedldde ayy Aq pausenob ale ssjole YO ‘8sn JO Sa|N. 10j AIq1T 8UIUO 8|1 UO (SUO N IPUOD-PUe-SWBIWI0D" A8 1M Ae.q Ul UO//:Sdny) SUORIPUOD pue se L 8y 88S *[7202/20/2] Uo ARiqiTauliuo A8|Im ‘|1zelg - Ojned Ces Jo AluN Aq Z&T00EZ0Z BUeW/Z00T 0T/I0P/LI00 A8 | Im A elq 1jeuljuo//Sdny Woiy pepeojumod ‘. ‘v202 ‘919222ST



CORDARO and FURDOS &A:gg&lhéﬁ'%lé‘)ﬁHE 2519

It is easy to see that £M}(Q) € £N}(Q) if M < N. Thus, if M satisfies
AC,h>0 : k! <Ch'My, kez,, (3)

then A(Q) C EM(Q).
We finally introduce a condition taken from [4]:
JA>0: Vj,ke€Z,: My <ATMM,. 4)
Condition (4) implies in particular that £M}(Q) is closed under differentiation and that M < G* for some s > 1, see

Matsumoto [7].
If M is a weight sequence, then we are also going to use the following sequences:

Ay = /M.

We note that (1) gives that A <y for all k € N and therefore by (2), it follows that

lim My = ©0. (5)

k—o0

Furthermore, (3) is equivalent to the existence of § > 0 such that
k < 85A. (6)
From (4), it follows that there is ¢ > 0 such that
Agy1 < 0. (7

It is easy to see that (7) is the condition (M2’) of Komatsu [4] written in terms of the sequence (Ay),. This condition is
sufficient to guarantee that £ is closed under differentiation.

Definition 1. A weight sequence satisfying properties (3) and (4) will be referred to as an admissible weight sequence.

Clearly the Gevrey sequences G® are admissible weight sequences for any s > 1.

A more general family of admissible weight sequences is defined as follows: Let s > 1 and o > 0. The weight sequence
N59 is given by Nf{’o = (k!)*(log(k + e))°k. It is easy to see that N*° is admissible for any choice of s > 1 and o > 0.
Furthermore, N0 = G* for all s > 1 and we have for s > 1 fixed that

G* ;é NS é Gs’
forall o > 0 and every s’ > s.
In order to present a weight sequence that is not admissible, let g > 1 be a parameter. The sequence L4 given by LZ = qk2
is a weight sequence, which satisfies (3) and (7). However, since G* 3 L for all s, g > 1, we conclude that LI cannot satisfy

(4) for any g > 1.

Lemma 1. Let M be an admissible weight sequence. Then there is a constant o > 1 such that the following holds: For each
k € N, there is a sequence (k;); such that Ay, < Ay and

O'j_lAk < Akj < O'jAk, ] e N.

Proof. We note that due to (1) the sequence (A,,),, is increasing and that A,, — oo for m — oo by (2). Furthermore, we
can assume that o > 1in (7).
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Now fix k € N. We construct the sequence k; iteratively. First set ky = k. Then Ay, = o%A;. Since A, — oo, there has
to be some m > k such that Ay < A,,. Now let m,, be the smallest integer such that A, < A, , in particular this means
Ay = Ay, since the sequence (A,,),, is nondecreasing. Then, we have A, < oA, _; = o/A. It follows that the set
T ’1‘ ={meN: Ap <A, <0oA;}is nonempty. We choose k; to be the greatest element of T’l‘.

Now assume that we have chosen k; as the greatest number in Tj.‘ ={meN: o/7IA < A,, <0/A}. There again
has to be some m > k; such that Akj < Ay, Let m; be the smallest integer > k; such that Akj < Amj, which also implies

that Ay, = Ap,—y. It follows that Ay, < 0Ny, = oA, < o/*1A,. Thence, ijﬂ ={meN: oA <A, <dITIALis

nonempty and we choose k;; to be the greatest element in Tj.‘ - O

Definition 2. Let M be a weight sequence. The weight function associated to M is given by

k
wpm(t) = sup log L t>0. ®)
kez, M

We recall that the associated weight function wy is a continuous and increasing function on the positive real line, cf. [6].
Lemma 2. ! Let M be an admissible weight sequence. Then the associated weight function satisfies the following estimate:
wpm(A) < Hk, Vk e N, 9)
for some constant H > 1.

Proof. Since wy, is a continuous and increasing function, we have that wy(Ay) < wp(uy) for all k € N. Hence it is enough
to show that wy(uy) < Hk. By Mandelbrojt [6], we know the following fact:

k

Vk eN : wpm (px) = log ;—i

According to Matsumoto [7], condition (4) is equivalent to
AD>0VkeN: u <DAy.
Here, we can choose D = 2A, where A is the constant from (4). It follows that
uy < DFMy,

which in turn implies that

ik
wm(ue) = log ﬁi < Hk,

where H = log D. Since we can assume without loss of generality that D > e, we have that H > 1. |
We need also to dwell a little bit on the functional analytic structure of Denjoy-Carleman classes, for more details see
[4]. We shall use the following notation: If U C R" is an open subset, then B(U) denotes the space of all bounded, smooth

functions on U, which have all its derivatives also bounded. For each weight sequence M and all open sets U C R", we
can define a norm on B(U) by

" 1D f o
M,U,h = sup —————
acZ”} h|a|M|oc|

The resulting Banach space is

Bump(U) ={f € BWU) : |Ifllmun < oo}.
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Clearly we have By j,, (U) C By, (U) if hy < h; and thus there is a continuous and injective map SZf : By, (U) —
Bw,n,(U), which is compact if h; < h; by [4, Proposition 2.2]. We can then introduce the classes of global ultradifferen-
tiable functions on U:

BM(U) = indj,s 0By p(U) = indgen B¢ (U).
We observe that BM}(U) is a (DFS)-space and thus, in particular, a webbed space [5, p. 63, (8)]. Notice also that
BM(U) = {f € BU) : 3h > 0such that || f |y .y, < oo} (10)

Next we localize the preceding concepts. The (local) Denjoy-Carleman class associated to the weight sequence M on
the open set Q C R” is defined as

EM(Q) = proj, o BM(U).
As before, we have
EM(Q)={fe&WU): YU €Q Ih>O0suchthat|fllypy < oo}

It is easy to see that BM}(U) and £MK(Q) are algebras with respect to the pointwise operations. We are going to
occasionally refer to f to be of class {M} in Q if f € £M(Q).

2 | THE CONCEPT OF {M}-HYPOELLIPTICITY: STATEMENT OF THE MAIN RESULTS

Definition 3. Let Q C R" be an open set and M be a weight sequence. If P = P(x, D) is a linear partial differential operator
with coefficients in £/M}(Q), then P is {M}-hypoelliptic in U if given u € D’ (U) the following holds: If V C U is open and
if Pu|, € EMY(V), then u|, € EMI(V).

Furthermore, P is {M}-hypoelliptic at x, € Q if there is a neighborhood Uy, of x, such that P is {M}-hypoelliptic in Uj,.

Métivier [8] gave a criterion for analytic (and Gevrey) hypoellipticity at a point in the case of differential operators P
with analytic coefficients in Q, which satisfy the following condition:

There is a continuous operator R : L?*(Q) — L*(Q) such that PR = Id. (H)

Bove, Mughetti, and Tartakoff [1] extended this characterization to Gevrey hypoellipticity of analytic pseudodifferen-
tial operators.

Our aim is to generalize Métivier’s result to {M}-hypoellipticity. In order to do so, we need to introduce a weighted
Sobolev norm: For an open set U C R", a weight sequence M, and k € N, we set

k—
Nulllome = D, AL ID Ul 2,

Jee|<k
Our main result is the following theorem:
Theorem 1. Let M be an admissible weight sequence, Q C R" be an open set, and P be a differential operator with
ultradifferentiable coefficients of class {M} in Q, which satisfies (H).

Then, P is {M}-hypoelliptic at a point x, € Q if and only if there is a neighborhood U, C Q of x, such that for all open sets
V € U C U,, there are constants C, L > 0 such that for all D'(U) and all k € Z ., we have

Pu e HY(U) = u € HK(V), €1}

lullgrqvy < CLE(HIPullly mx + Micllull2w))- (12)
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It follows immediately from condition (11) that if a differential operator P is {M}-hypoelliptic at x, for some admissible
weight sequence M, then P is smooth hypoelliptic at x,. Furthermore we have the following corollaries.

Corollary 1. Let M and M’ be two admissible weight sequences such that M < M’. Moreover, let Q C R" be an open set and
P be a differential operator with €™M} (Q)-coefficients of class {M} such that (H) holds. If P is {M}-hypoelliptic at x, € Q, then
P is {M'}-hypoelliptic at x,.

Proof of Corollary 1. If we set A, = (M;)*/* and A;{ =M I’{)l/ k then M < M’ implies that there are constants Cy, i such
that A, < 4/C;hA, for all k € N. We can assume that Cy, h > 1. Thus, we conclude that

k—
Mullloame = Y, A “NID%ull 20y

|| <k

k— k) k— k—la
< Z Ci leeD/( )hk |a|(A;€) ”Dotu”Lz(U)

| <k

< CLRM||[ullly my k-

If P is {M}-hypoelliptic at x,, then there is a neighborhood U, of x, such that for all V € U C U, the condition (11)
holds and (12) is satisfied for M and for some constants C,, L independent of k, and u € D’(U). Hence

lull vy < CoL (1Pl + Micllullow) )

< GLE(CrRM11Pullly & + CLR*M llull2w))
= Clcz(hL)k(Hlpul”U,M’,k + M;{”u”LZ(U))
and therefore P is {M’}-hypoelliptic at x,. O
As a special case we obtain the following:
Corollary 2. Let P be a differential operator with analytic coefficients in Q C R" satisfying (H). If P is analytic hypoelliptic
at some point x, € Q, then P is {M}-hypoelliptic at x, for all admissible weight sequences M.
3 | PROOF OF THEOREM 1

We start by introducing the Ehrenpreis—-Hormander cut-off functions: For all pairs of open sets V€ U C R", there exists
asequence y, € D(U) with yi|y =1 for all k € N, satisfying

D%y ()| < QIlkll, || < k.

We will call such a sequence an Ehrenpreis-Hormander cut-off sequence, which is supported in U and centered in V.
Ehrenpreis—Hormander cut-off sequences have been heavily used in local and microlocal regularity theory in the analytic
and ultradifferentiable category.

Lemma 3. Let (i), be an Ehrenpreis—Hormander cut-off sequence supported in an open set U C R". If M is a weight
sequence satisfying (3), then there is a constant y > 0 such that for allk € N and u € H*(U), we have

Hxeulllremr < V<N ullyme

Proof. Note first if u € H*(U), then yj,u can be extended to an element of H*(R") by setting 0 outside U. We note also
that (6) gives that there is some § > 0 such that k < §A.
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The Leibniz rule gives

D)= Y, (Z)Dﬁka“—ﬁu.

pza

Thus, we obtain

)Qlﬁlklﬁl ”Da_ﬁulle(U)

™ R

1Dt r2mny < Z (
B<a

I\

2 () QP18 A A il
B«
= 3 (5) @A il e

B=a

It follows that

k—
clllreae = 2 A 1D Cran) gy

|| <k

< l >y (g)@a)'ﬁ'] ullly e

la|<k B<a

and we have proven the lemma since there is a constant y > 0 such that

2 T (g)ao<r

la|<k B<a O
Proposition 1. Let M be an admissible weight sequence, Q be a neighborhood of x, and let E be a Banach space continuously
injected in L*(Q). If we suppose that there is an open set U, C Q such that uly, € EM(U,) for all u € E, then for any V €
U € U, and all Ehrenpreis-Hormander cut-off sequences (y;), supported in U and centered on V, there exist constants
C,y > O such that

€1 xiu € LAR™), (13)
iz, .., < Cr Miule (14)

forallk e Nandu € E.

Proof. We have that the restriction map

Ty : E— BM(U),

f— flus

for U € U, is a well-defined mapping. If (f;); is a sequence, which converges in E to 0 and f;|y — g in BM(U), but
this implies that || f; — gllz2(yy — 0since ||. |[z2yy < Csupy, | .| for a constant only depending on U. On the other hand,
lfjllz2(@) — O since E is continuously injected in L*(Q). It follows that g = 0 and thus the graph of Ty, is closed. By the
version of the closed graph theorem given in [5, p. 56, (1)], we have that T¢; is continuous. If we denote the unit ball in E by
By, then we deduce that T(;(B;) is bounded and thence there is some h > 0 such that T;(B;) € By, ,(U), which gives that
Ty(E) € Byp(U). The closed graph theorem for Banach spaces implies now that T, is continuous from E to Byy ;(U).
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We denote the norm of this map by Cr and obtain for |¢¢| = k that

= (a0

a
< 1Bl plal=161 g
LZ(R")_%<5>(QI{) P Miag-ig il
<y ( ) Q&) I8 A
fsa

< X (5) @) hie=Flag Crlul

<

< Cr(Q3 + ) My |ullp.

Since Ay is increasing and by (6), there is some § > 0 such that k < §A. It follows that

< n*C?n* M} ||ull2,

11 7| o

where h; = Q5 + h. O

If M is a weight sequence, it is easy to see that

2
/(Ak+|§|)2"|a(£)|2d5=/‘(Ak+|§|)’“ dt

2( A [grac| ag

£=0 (15)
4k Z A2k~ |ot|)”Docu”

|a|<k

I/\

L2(Rn)

2
< 41wl lgr i)
for every u € H*(R") and k € Z,,. We are also going to use the space
Gy = {u € L2(R") | emUEDy € L2(R™M)}.
Then, Gy C© EMK(RM) is a Hilbert space with respect to the topology inherited by L2(R").

Lemma 4. Let M be an admissible weight sequence and k € N. Then, every u € H*(R") can be written in the form u =
Z;io u;j with the u; € Gy satisfying:

—2wpm(Ag ;) 2
ZAZ"(uu gy + €M 13 ) < C7F (i) (16)

where the constants C,y > 0 are independent of k, j, and (k;); is the sequence from Lemma 1.

Proof. We may set k_; = 0 and

u;(x) = 2m)™" / e () de.

Akj_y SIEISA;
For €| < Ay;, we conclude that

wm(A ;)

lujlle < e ™ llujlli2qmn)-
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On the other hand, in the case Ay, < |€|, we note first that for j > 2 we have
Ay, S 0lN < PNy < (A +IED.

Moreover, A, < oAy < 0*(Ag + |€]) and Ay = A < 0*(Ag + |€]) since o > 1and [£] > 0.
Hence, due to (15),

a®[ g < v* (ulllge i)’

o0

2k
X AN 12, gy < 0 / (HEZ!
j=0

for some y > 0. O

Lemma 5. Assume that M is an admissible weight sequence and that E is a Banach space, which is continuously injected in
L*(Q). If there is an open set Uy C Q such that uly, € EMY(U,) for every u € E, then for all V € Uy, there exists a constant
C such that for all k € N and every sequence u; € E, j € Z,, satisfying

o 2k

B .
Z <E (”uj”iz(g) +e “M k])”uj”é) = q)i(u) < o0, a7
Jj=0 J

the seriesu = Zj u; converges in L%(Q) and u|, € HY(V) with
uly Il < CF ().

Proof. For k = 1, the condition (17) implies that u converges absolutely in L?(Q). By Proposition 1 we have that for all open
sets V € U € Q and for every Ehrenpreis—Hormander cut-off sequence y, € D(U) centered in V, there are constants
Co,7 > Osuch thatforallk € Z, and allu € E:

(ﬂ>km<§>

< Gollullg. (18)

L2(Rn)

We introduce the following functions:

kj
G(j,g):e_wM(Akf)< |§| ) ,

iz
g,(&) = (1 +6(. )7 0.

By (18), we have that

—om(Ak;)
lgjll2n < lujllzac + Coe™ ™ [luj g,
which implies that
3 A lg 1% < 3 Al iz + Coe™ gl |
kj 8j L2(R) = k;j jHL2(Q) 0 jHE] -
j=0 Jj=0

The sum inside the bracket on the right-hand side can be viewed as the inner product of the two vectors (1, Cy) and
—COM(Ak.

(lllz2 ) e J)||u illg)- Then applying the Cauchy-Schwarz inequality gives

oo

> Ai’}fugjuiz(w) < (1+C2)@(u)? < 0. (19)
j=0
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It is clear that the function v = Z;io XicjUj coincides with u on V. It suffices to show that v € H*(R") satisfies the

estimate:
0k emy < CFF L@ ().

‘We have that

oo
Ivllz2ny < Y lujllz2ia) < 205(w)
j=0

and thus it will be enough to show that |£|*0 € L?>(R") and

Kk, k+1
[HECE! BUELe st ACY
holds, where C > 0 is independent of k. We write
. < -l
E1F0(6) = D1 (1+6(),6)  g;©)IENF
j=0

and conclude that
1£17]0®)]” < (Z |gj(5)|2Az’;>®<§>,
Jj=0

where

j=0 j

2k
=W 2
o® =Y (E (1+0,G.8) "
Hence (21) (and thus the lemma) is proven by (19) and the estimate

10(E)| ooy < CFFL,

where C is some constant independent of k. In order to establish (22), we set

2k
() = <%> (1+ ej(j,g))_z-

If e2H Ak, < |§|, where H is the constant from (9), then we have that

—2k

2k ,~
w6 < <1|\ikj> esz(Akj)yzkj</|\iklj>

2(k—kj)
< J/Zk |§| e2wM(Akj)
- YAk,

< (ye’)* exp (ZwM(Akj) —4Hk ,-)
< (ye’)* exp (2Hk; — 4Hk;)

< (]/QZH)Zke_Zij

(20)

@4y

(22)

85UB017 SUOWWOD BAIe.D 3(gedldde ayy Aq pausenob ale ssjole YO ‘8sn JO Sa|N. 10j AIq1T 8UIUO 8|1 UO (SUO N IPUOD-PUe-SWBIWI0D" A8 1M Ae.q Ul UO//:Sdny) SUORIPUOD pue se L 8y 88S *[7202/20/2] Uo ARiqiTauliuo A8|Im ‘|1zelg - Ojned Ces Jo AluN Aq Z&T00EZ0Z BUeW/Z00T 0T/I0P/LI00 A8 | Im A elq 1jeuljuo//Sdny Woiy pepeojumod ‘. ‘v202 ‘919222ST



o MATHEMATISCHE
CORDARO and FURDOS NACHRICHTEN

by Lemma 2. This gives

o0

3w < (red) Y e < ¢y (vedH)

ey <lél Jj=0

2k

On the other hand, if e2” YA, > |§], then we estimate

W(§)<<|§|>

If we set j, = min{j € Z, | yeZHAk)_ > | €|} for a fixed &, then we have that

2k
€] || Ak,
ly(g)<< "f> (E) <Ak1>

< (yeZH)Zko.jo—j+1

2k

2k

and conclude that

Z ¥;(8) < (re) GZUJ< Zkaia_jscz(yem)

€]<e?fy Ay J=Jo j=0
If P is a differential operator with smooth coefficients, then we set
Po(U) = {u € L*>(U) | Pu = 0}

for an open set U. Clearly P,(U) is a closed subspace of L>(U).

2k

2527

Proposition 2. Let Q C R" be open, M be an admissible weight sequence. Furthermore, assume that P is a linear differential

operator with £M}(Q)-coefficients.

If P is {M}-hypoelliptic at some point x, € Q, then there is a neighborhood U, of x, such that for all open setsV € U C U,,

there are constants C,h > 0 such that forallk € Z and allu € L?(U) with Pu = 0, we have
Nl gy < CREMyllull 20,

Proof. If V € U are open sets and h > 0, then we set

ull sup 2l ey
u = sup ———
V.M,h keN, hkMk

for u € £(U). We define
Hy (V) ={u € EWU) | lullymn < oo}
and introduce

HM(V) = indysoHy y (V).

(23)
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We note that if u € By ,(V), then

2 — a2
ll} gy, = 2 ID%ull?,
lal<k

2 2|a| A g2
<c? ), reimy,
el <k

k

<Cm? Zth Z 1

Jj=0 lal=j

j=0 J
K\ (n+j— DItk = j)!
<CM; ) <j>h2] (n = DIKI
Jj=0

< C2Mp2n 2R (14 hZ)k.

Hence there is a constant A such that
el g < Allttlly g
where h; = 2(1 + h?). Thus, we obtain that there is a continuous embedding
v @ Bmp(V) — Hyp, (V)
and consequently
BM (V) — HIMY(V),

Since P is {M}-hypoelliptic at x,, we know that there is a neighborhood U, C Q of x, such that u|,, € BM}(V) for
all u € Py(U) and all pairs V € U C U,. Then similarly to the proof of Proposition 1, we observe that the graph of the
restriction map

Ty : Po(U) — BM(V)
is closed. Hence the Closed Graph Theorem of De Wilde implies that Ty, is continuous and therefore the map
Sy = tyoTy : Py(U) — HMK(V)

is continuous. Again as before in the proof of Proposition 1, we thus can conclude that for all V' € U, there exists h > 0
such that the map u +~ u|y, is continuous from P,(U) to H™M}(V), which is equivalent to the existence of some constant
C > 0 such that

Il pp o < Cllullizwy — Yu € Po(U). 0

Proof of Theorem 1. Assume first P satisfies (11) and (12). If u € D'(U), U being an open subset of U, is such that Pu €
EMY(U), then by (11) we have that u|,, € £&(V) for any V € U. In particular, u € H*(V) for all k € N,,. We observe also
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that we have for a weight sequence M that

k—
NPulllyax = Y, A ID“Cwl 2w

la|<k

k—=laly |
<Cy Y AT My

|| <k

ke  lad i
<Cy )0 AN R

|| <k

< CoMi Y hl!

la|<k
< CiRE My
for some constants Cy, h; > 0 independent of k. Thence, (12) implies that
llull gy < CLE[NPullly i + Micllull 2w
< CLK[CyhE My + €My
< CyhEMy

for some C,, h, > 0. Since [|[D%ul|r2¢vy < |ullgixiyy, it follows that u is ultradifferentiable of class {M} in V. Since V € U
is arbitrary, we have actually that u € £M}(U).

On the other hand, assume now that P is a differential operator, which is {M}-hypoelliptic in a neighborhood U, of and
satisfies (H), that is, there is a continuous map R : L*(Q) — L*(Q) such that PR = Id.

If

Gy = {u € L2(R") | e¥mU8Dg € L2(R™)}
is the space from Lemma 4, then we set Gy = {flq | f € Gy} The map
Gy  f +— R(fla) € L*(Q)
is injective and
E={R(f)| f € Gy}

is a Banach space with the norm inherited from Gyyyy. It is clear that the injection E — L*(Q) is continuous and since P is
{M}-hypoelliptic in Q, we can infer the following fact: For all u € E, we have that Pu € G is of class {M} in Uj, but this
implies u is of class {M} in U,. Hence we can use Lemma 5.

Let Cy be the constant appearing in Lemma 5 and V € U C U, be arbitrary open sets. We choose an Ehrenpreis—
Hormander cut-off sequence y; € D(U) centered in V. Let u € D'(U) be such that Pu € HX(U). We set f = y; Pu. By
Lemma 3, we have that

ek < VENIPUllly vk 24

for some constant y independent of k. According to Lemma 4, we can write

0
=21
=0
with f} (S G{M} and

had —2wp(Ag,) 2
ZAilj<||fj||iz(w)+e o ”fjHZG) <27 (I M)
j=0
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Setting v; = R(fj|q) € E, we obtain that

i —op(AL) 2
XA (022 g+ M oI ) < 20+ IRIPPE (IS s aae)
=0

where ||R|| is the norm of R in £(L?(Q)). The series v = Z;io v; converges in L*(Q) by Lemma 5 and furthermore we have
that v|,, € H¥(V) and

loly ey < CEFUIE N T Rn ik (25)

for some constant C; independent of k.
We obtain actually that

P((u—v)ly) = 0.

Since P is {M}-hypoelliptic in Uy, it follows that u — v € £M}(V). Applying Proposition 2, we infer that for each open set
W € V, there is a constant C, > 0 independent of u (and v) such that

VkeZ, o 1=Vl < CEP Ml — 0)ly i), (26)
We note also that v = R(f|q) and therefore
lollzz) < IR 2wy < IRIIPUllL2().- 27)
Furthermore, it is easy to see that
MilPull 2y < [11Pullly mk- (28)
We are now able to finish the proof:
1l zeewy < WNollkewy + T — vl geew)
< CYPIA M Mk + €5 Micllu = w2
< CPullly ik + C5 T Mic[Ilull 2y + 0ll2ar)]
by (24), (25), and (26). Applying (27) and (28), we see that
Millvllzzery < IRIHTPulllymk-

Hence we have shown that there are constants C, h > 0 such that for all k € Z, and every u € D'(U) with Pu € H k),
the following estimate holds:

lull ey < CRE[INPullly ke + Micllull 2] - O

4 | THE HYPERFUNCTION CASE—FINAL REMARKS

Denote by B the sheaf of (germs of) hyperfunctions in R"”. We strength the definition of hypoellipticity in the following
way:

Definition 4. Let U C R" be an open set and M be a weight sequence. If P = P(x, D) is a linear differential operator
with real-analytic coefficients, then P is {M}-hypoelliptic in U in the hyperfunction sense if given u € B(U), the following
holds: If V C U is open and if Pu|, € EM}(V), then u|,, € EM(V).

Furthermore, P is {M}-hypoelliptic at x, € U in the hyperfunction sense if there is a neighborhood U, of x, such that
P is {M}-hypoelliptic in Uy, in the hyperfuntion sense.
A close look at the proof of Theorem 1 leads to the following result:
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Theorem 2. Let M be an admissible weight sequence and P be a differential operator with real analytic coefficients in Q
satisfying (H).

Then, P is {M}-hypoelliptic at a point x, € Q in the hyperfunction sense if and only if there is a neighborhood U, C Q of
X such that for all open sets V € U C U,, there are constants C,L > 0 such that for all B(U) and all k € Z, we have

Pu € HY(U) = u € HX(V), (29)

Nullgkery < CLE(HPullly Mk + Micllull2)- (30)

An operator P = P(x, D) in an open set W C R" will be said to belong to the Hérmander class $(W) if it can be written
in the form

P= ZV:Xj

J=1

where each X is a real-valued, real analytic vector field defined in W and the following condition is satisfied: The Lie
algebra spanned by X7, ..., X,, has rank equal to n at any point of W.

It can be proved that every point in W has an open neighborhood Q such that if P € $(W), then P (and also its trans-
pose!) satisfy (H). In particular, Theorem 2 applies to P € $H(W) restricted to Q. It is also well known (cf. [3]) that given
P € $(W)and x, € W, then thereis sy > 1so that P is {G%}-hypoelliptic at x,. According to Cordaro-Hanges [2], it follows
that P is {G%}-hypoelliptic at x; in the hyperfunction sense. By an elementary extension of Corollary 1 to this hyperfunc-
tion set up, it follows that P is then {M}-hypoelliptic at x, in the hyperfunction sense for every admissible weight sequence
G% <M.
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