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Abstract
In 1980, Métivier characterized the analytic (and Gevrey) hypoellipticity of 𝐿2-
solvable partial linear differential operators by a priori estimates. In this note, we
extend this characterization to ultradifferentiable hypoellipticity with respect to
Denjoy–Carleman classes given by suitable weight sequences. We also discuss
the case when the solutions can be taken as hyperfunctions and present some
applications.
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INTRODUCTION

In this work, we study the regularity of solutions of linear partial differential equations within the framework of Denjoy–
Carleman classes defined by appropriate weight sequences. In fact, our principal concern here is to what extend a result
due to G. Métivier (cf. [8]), proved in the study of analytic and Gevrey regularity, could still be valid in this more general
set up.
More precisely, in [8], a characterization of analytic hypoellipticity is presented for 𝐿2-solvable linear partial differential

equations in terms of a very precise a priori inequality. The author alsomentions that a similar characterization for Gevrey
hypoellipticity is also valid, and in [1] the result is extended for pseudodifferential operators.
In this work, we are able to extend this Métivier result for what we call here admissible weight sequences (see Defini-

tion 1). The corresponding Denjoy–Carleman classes contain the Gevrey classes of order 𝑠 ≥ 1 properly. It is important to
note that it is irrelevant in our presentation if the classes are either quasi-analytic or non–quasi-analytic.

This is an open access article under the terms of the Creative Commons Attribution License, which permits use, distribution and reproduction in any medium, provided the
original work is properly cited.
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2518 CORDARO and FÜRDÖS

One of the main points in Métivier’s argument is to give a positive answer to a question related to the concept of solv-
ability: Assume that 𝑃 = 𝑃(𝑥, 𝐷) is a real analytic, linear partial differential operator in an open set Ω ⊆ ℝ𝑛, which is
𝐿2-solvable and Gevrey hypoelliptic of some order 𝑠 ≥ 1. Take 𝑓 ∈ 𝑠(Ω), an open set 𝑈 ⋐ Ω, and let 𝑢 ∈ 𝐿2(𝑈) solve
𝑃𝑢 = 𝑓 in 𝑈 with minimum 𝐿2-norm. Automatically 𝑢 ∈ 𝑠(𝑈). Is it possible to bound the Sobolev norms of 𝑢|𝑉 , where
𝑉 ⋐ 𝑈 is another open set, in terms of the Gevrey norms of 𝑓|𝑈?
This is what is achieved by Métivier when 𝑠 = 1. The extension to the Gevrey case of arbitrary order is straightforward.

Indeed, Métivier’s argument in the analytic case is based on an interpolation method for which the choice of suitable
subsequences of (𝑗!)1∕𝑗 ∼ 𝑗 (in this case the subsequences are explicitly described) is needed. The main difference in the
Gevrey case is that now subsequences of (𝑗!𝑠)1∕𝑗 ∼ 𝑗𝑠 are needed, which can be obtained from the ones of the real analytic
case after applying the uniform deformation 𝑗 ↦ 𝑗𝑠, cf. [1].
This deformation argument is no longer possible in the Denjoy–Carleman case. The situation is now much more deli-

cate, and the determination of the class of weight sequences for which the result is valid is indeed one of the key points in
our work (see Definition 1). Moreover the proof of ourmain result requires several new insights, which we believe justifies
its publication.
After we discuss several results onweight sequences andDenjoy–Carleman classes in Section 1, we state ourmain result

in Section 2 (Theorem 1) and prove some consequences of it. Section 3 is devoted to the proof of Theorem 1. Finally, in
Section 4, we extend our result to the hyperfunction set up and discuss the case of Hörmander’s sum of squares operators.

1 PRELIMINARIES ONWEIGHT SEQUENCES AND THE CORRESPONDING
DENJOY–CARLEMAN CLASSES

We say that a sequence of positive numbers 𝐌 = (𝑀𝑘)𝑘 is a weight sequence if 𝑀0 = 1, 𝑀1 ≥ 1, and 𝐌 is logarithmic
convex, that is,

𝑀2
𝑘
≤ 𝑀𝑘−1𝑀𝑘+1, ∀𝑘 ∈ ℕ, (1)

and

lim
𝑘→∞

𝑘
√
𝑀𝑘 = ∞. (2)

If𝐌 is a weight sequence, the Denjoy–Carleman class  {𝐌}(Ω), Ω ⊆ ℝ𝑛 open, of ultradifferentiable functions associated
to𝐌, consists of all functions 𝑓 ∈ (Ω), for which the following holds: For every compact set 𝐾 ⊆ Ω, there are constants
𝐶, ℎ > 0 such that

sup
𝑥∈𝐾

|𝐷𝛼𝑓(𝑥)| ≤ 𝐶ℎ|𝛼|𝑀|𝛼|
for all 𝛼 ∈ ℤ𝑛

+. It follows from (1) that  {𝐌}(Ω) is an algebra with respect to the pointwise addition and multiplication of
functions. If𝐌 = (𝑘!)𝑘, then  {𝐌}(Ω) = (Ω) is the space of analytic functions on Ω, More generally, the Gevrey classes
𝑠(Ω), 𝑠 ≥ 1, are the Denjoy–Carleman classes associated to the weight sequences 𝐆𝑠 = (𝑘!𝑠)𝑘.
In order to be able to impose further properties on the classes, we need to discuss some additional conditions on the

weight sequences we shall deal with. On the set of weight sequences, we can establish the following relation: If𝐌 and𝐍
are two weight sequences, we set

𝐌 ⪯ 𝐍 ∶⟺ ∃𝐶, ℎ > 0 ∶ 𝑀𝑘 ≤ 𝐶ℎ𝑘𝑁𝑘 ∀𝑘 ∈ ℤ+.

The relation ⪯ is both reflexive and transitive. When we also consider the equivalence relation ≈ given by

𝐌 ≈ 𝐍 ∶⟺ 𝐌 ⪯ 𝐍 ∧ 𝐍 ⪯ 𝐌

and identify any pair𝐌,𝐍 with𝐌 ≈ 𝐍, then ⪯ is also antisymmetric, that is, ⪯ is a partial order. We may write𝐌 ⪹ 𝐍
if𝐌 ⪯ 𝐍 and𝐍  𝐌.
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CORDARO and FÜRDÖS 2519

It is easy to see that  {𝐌}(Ω) ⊆  {𝐍}(Ω) if𝐌 ⪯ 𝐍. Thus, if𝐌 satisfies

∃𝐶, ℎ > 0 ∶ 𝑘! ≤ 𝐶ℎ𝑘𝐌𝑘, 𝑘 ∈ ℤ+, (3)

then(Ω) ⊆  {𝐌}(Ω).
We finally introduce a condition taken from [4]:

∃𝐴 > 0 ∶ ∀𝑗, 𝑘 ∈ ℤ+ ∶ 𝑀𝑗+𝑘 ≤ 𝐴𝑗+𝑘𝑀𝑗𝑀𝑘. (4)

Condition (4) implies in particular that  {𝐌}(Ω) is closed under differentiation and that 𝐌 ⪯ 𝐆𝑠 for some 𝑠 > 1, see
Matsumoto [7].
If𝐌 is a weight sequence, then we are also going to use the following sequences:

𝜇𝑘 =
𝑀𝑘

𝑀𝑘−1
, Λ𝑘 =

𝑘
√
𝑀𝑘.

We note that (1) gives that Λ𝑘 ≤ 𝜇𝑘 for all 𝑘 ∈ ℕ and therefore by (2), it follows that

lim
𝑘→∞

𝜇𝑘 = ∞. (5)

Furthermore, (3) is equivalent to the existence of 𝛿 > 0 such that

𝑘 ≤ 𝛿Λ𝑘. (6)

From (4), it follows that there is 𝜎 > 0 such that

Λ𝑘+1 ≤ 𝜎Λ𝑘. (7)

It is easy to see that (7) is the condition (M2’) of Komatsu [4] written in terms of the sequence (Λ𝑘)𝑘. This condition is
sufficient to guarantee that  {𝐌} is closed under differentiation.

Definition 1. A weight sequence satisfying properties (3) and (4) will be referred to as an admissible weight sequence.

Clearly the Gevrey sequences 𝐆𝑠 are admissible weight sequences for any 𝑠 ≥ 1.
A more general family of admissible weight sequences is defined as follows: Let 𝑠 ≥ 1 and 𝜎 ≥ 0. The weight sequence

𝐍𝑠,𝜎 is given by 𝑁𝑠,𝜎
𝑘

= (𝑘!)𝑠(log(𝑘 + 𝑒))𝜎𝑘. It is easy to see that 𝐍𝑠,𝜎 is admissible for any choice of 𝑠 ≥ 1 and 𝜎 ≥ 0.
Furthermore,𝐍𝑠,0 = 𝐆𝑠 for all 𝑠 ≥ 1 and we have for 𝑠 ≥ 1 fixed that

𝐆𝑠 ⪹ 𝐍𝑠,𝜎 ⪹ 𝐆𝑠′

for all 𝜎 > 0 and every 𝑠′ > 𝑠.
In order to present aweight sequence that is not admissible, let 𝑞 > 1 be a parameter. The sequence𝐋𝑞 given by 𝐿𝑞

𝑘
= 𝑞𝑘

2

is a weight sequence, which satisfies (3) and (7). However, since𝐆𝑠 ⪹ 𝐋𝑞 for all 𝑠, 𝑞 > 1, we conclude that𝐋𝑞 cannot satisfy
(4) for any 𝑞 > 1.

Lemma 1. Let𝐌 be an admissible weight sequence. Then there is a constant 𝜎 > 1 such that the following holds: For each
𝑘 ∈ ℕ, there is a sequence (𝑘𝑗)𝑗 such that Λ𝑘0 ≤ Λ𝑘 and

𝜎𝑗−1Λ𝑘 ≤ Λ𝑘𝑗 ≤ 𝜎𝑗Λ𝑘, 𝑗 ∈ ℕ.

Proof. We note that due to (1) the sequence (Λ𝑚)𝑚 is increasing and that Λ𝑚 → ∞ for 𝑚 → ∞ by (2). Furthermore, we
can assume that 𝜎 > 1 in (7).
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2520 CORDARO and FÜRDÖS

Now fix 𝑘 ∈ ℕ. We construct the sequence 𝑘𝑗 iteratively. First set 𝑘0 = 𝑘. Then Λ𝑘0 = 𝜎0Λ𝑘. Since Λ𝑚 → ∞, there has
to be some 𝑚 > 𝑘 such that Λ𝑘 < Λ𝑚. Now let 𝑚0 be the smallest integer such that Λ𝑘 < Λ𝑚0

, in particular this means
Λ𝑘 = Λ𝑚0−1 since the sequence (Λ𝑚)𝑚 is nondecreasing. Then, we have Λ𝑚0

≤ 𝜎Λ𝑚0−1 = 𝜎Λ𝑘. It follows that the set
𝑇𝑘1 = {𝑚 ∈ ℕ ∶ Λ𝑘 < Λ𝑚 ≤ 𝜎Λ𝑘} is nonempty. We choose 𝑘1 to be the greatest element of 𝑇𝑘1 .
Now assume that we have chosen 𝑘𝑗 as the greatest number in 𝑇𝑘𝑗 = {𝑚 ∈ ℕ ∶ 𝜎𝑗−1Λ𝑘 < Λ𝑚 ≤ 𝜎𝑗Λ𝑘}. There again

has to be some𝑚 > 𝑘𝑗 such that Λ𝑘𝑗 < Λ𝑚. Let𝑚𝑗 be the smallest integer > 𝑘𝑗 such that Λ𝑘𝑗 < Λ𝑚𝑗
, which also implies

that Λ𝑘𝑗 = Λ𝑚𝑗−1. It follows that Λ𝑚𝑗
≤ 𝜎Λ𝑚𝑗−1 = 𝜎Λ𝑘𝑗 ≤ 𝜎𝑗+1Λ𝑘. Thence, 𝑇𝑘𝑗+1 = {𝑚 ∈ ℕ ∶ 𝜎𝑗Λ𝑘 < Λ𝑚 ≤ 𝜎𝑗+1Λ𝑘} is

nonempty and we choose 𝑘𝑗+1 to be the greatest element in 𝑇𝑘𝑗+1. □

Definition 2. Let𝐌 be a weight sequence. The weight function associated to𝐌 is given by

𝜔𝐌(𝑡) = sup
𝑘∈ℤ+

log
𝑡𝑘

𝑀𝑘
, 𝑡 ≥ 0. (8)

We recall that the associatedweight function𝜔𝐌 is a continuous and increasing function on the positive real line, cf. [6].

Lemma 2. 1 Let𝐌 be an admissible weight sequence. Then the associated weight function satisfies the following estimate:

𝜔𝐌(Λ𝑘) ≤ 𝐻𝑘, ∀𝑘 ∈ ℕ, (9)

for some constant𝐻 ≥ 1.

Proof. Since𝜔𝐌 is a continuous and increasing function, we have that𝜔𝐌(Λ𝑘) ≤ 𝜔𝐌(𝜇𝑘) for all 𝑘 ∈ ℕ. Hence it is enough
to show that 𝜔𝐌(𝜇𝑘) ≤ 𝐻𝑘. By Mandelbrojt [6], we know the following fact:

∀𝑘 ∈ ℕ ∶ 𝜔𝐌
(
𝜇𝑘

)
= log

𝜇𝑘
𝑘

𝑀𝑘
.

According to Matsumoto [7], condition (4) is equivalent to

∃𝐷 > 0 ∀𝑘 ∈ ℕ ∶ 𝜇𝑘 ≤ 𝐷Λ𝑘.

Here, we can choose 𝐷 = 2𝐴, where 𝐴 is the constant from (4). It follows that

𝜇𝑘
𝑘
≤ 𝐷𝑘𝑀𝑘,

which in turn implies that

𝜔𝐌(𝜇𝑘) = log
𝜇𝑘
𝑘

𝑀𝑘
≤ 𝐻𝑘,

where𝐻 = log𝐷. Since we can assume without loss of generality that 𝐷 ≥ 𝑒, we have that𝐻 ≥ 1. □

We need also to dwell a little bit on the functional analytic structure of Denjoy–Carleman classes, for more details see
[4]. We shall use the following notation: If𝑈 ⊆ ℝ𝑛 is an open subset, then(𝑈) denotes the space of all bounded, smooth
functions on 𝑈, which have all its derivatives also bounded. For each weight sequence𝐌 and all open sets 𝑈 ⊆ ℝ𝑛, we
can define a norm on (𝑈) by

‖𝑓‖𝐌,𝑈,ℎ = sup
𝛼∈ℤ𝑛

+

‖𝐷𝛼𝑓‖𝐿∞(𝑈)
ℎ|𝛼|𝑀|𝛼| .

The resulting Banach space is

𝐌,ℎ(𝑈) = {𝑓 ∈ (𝑈) ∶ ‖𝑓‖𝐌,𝑈,ℎ < ∞}.
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CORDARO and FÜRDÖS 2521

Clearly we have 𝐌,ℎ1(𝑈) ⊆ 𝐌,ℎ2(𝑈) if ℎ1 ≤ ℎ2 and thus there is a continuous and injective map 𝜗
ℎ2
ℎ1
∶ 𝐌,ℎ1(𝑈)⟶𝐌,ℎ2(𝑈), which is compact if ℎ1 < ℎ2 by [4, Proposition 2.2]. We can then introduce the classes of global ultradifferen-

tiable functions on 𝑈:

{𝐌}(𝑈) = indℎ>0𝐌,ℎ(𝑈) = ind𝓁∈ℕ𝐌,𝓁(𝑈).

We observe that {𝐌}(𝑈) is a (DFS)-space and thus, in particular, a webbed space [5, p. 63, (8)]. Notice also that

{𝐌}(𝑈) = {𝑓 ∈ (𝑈) ∶ ∃ℎ > 0 such that ‖𝑓‖𝐌,𝑈,ℎ < ∞}. (10)

Next we localize the preceding concepts. The (local) Denjoy–Carleman class associated to the weight sequence𝐌 on
the open set Ω ⊆ ℝ𝑛 is defined as

 {𝐌}(Ω) = proj𝑈⋐Ω{𝑀}(𝑈).

As before, we have

 {𝐌}(Ω) =
{
𝑓 ∈ (𝑈) ∶ ∀𝑈 ⋐ Ω ∃ℎ > 0 such that ‖𝑓‖𝐌,𝑈,ℎ < ∞

}
.

It is easy to see that {𝐌}(𝑈) and  {𝐌}(Ω) are algebras with respect to the pointwise operations. We are going to
occasionally refer to 𝑓 to be of class {𝐌} in Ω if 𝑓 ∈  {𝐌}(Ω).

2 THE CONCEPT OF {𝐌}-HYPOELLIPTICITY: STATEMENT OF THEMAIN RESULTS

Definition 3. LetΩ ⊆ ℝ𝑛 be an open set and𝐌 be aweight sequence. If𝑃 = 𝑃(𝑥, 𝐷) is a linear partial differential operator
with coefficients in  {𝐌}(Ω), then 𝑃 is {𝐌}-hypoelliptic in𝑈 if given 𝑢 ∈ ′ ( 𝑈) the following holds: If𝑉 ⊆ 𝑈 is open and
if 𝑃𝑢|𝑉 ∈  {𝐌}(𝑉), then 𝑢|𝑉 ∈  {𝐌}(𝑉).
Furthermore, 𝑃 is {𝐌}-hypoelliptic at 𝑥0 ∈ Ω if there is a neighborhood 𝑈0 of 𝑥0 such that 𝑃 is {𝐌}-hypoelliptic in 𝑈0.

Métivier [8] gave a criterion for analytic (and Gevrey) hypoellipticity at a point in the case of differential operators 𝑃
with analytic coefficients in Ω, which satisfy the following condition:

There is a continuous operator 𝑅 ∶ 𝐿2(Ω) → 𝐿2(Ω) such that 𝑃𝑅 = Id. (H)

Bove, Mughetti, and Tartakoff [1] extended this characterization to Gevrey hypoellipticity of analytic pseudodifferen-
tial operators.
Our aim is to generalize Métivier’s result to {𝐌}-hypoellipticity. In order to do so, we need to introduce a weighted

Sobolev norm: For an open set 𝑈 ⊆ ℝ𝑛, a weight sequence𝐌, and 𝑘 ∈ ℕ, we set

|||𝑢|||𝑈,𝐌,𝑘 =
∑
|𝛼|≤𝑘 Λ

𝑘−|𝛼|
𝑘

‖𝐷𝛼𝑢‖𝐿2(𝑈).
Our main result is the following theorem:

Theorem 1. Let 𝐌 be an admissible weight sequence, Ω ⊆ ℝ𝑛 be an open set, and 𝑃 be a differential operator with
ultradifferentiable coefficients of class {𝐌} inΩ, which satisfies (H).
Then, 𝑃 is {𝐌}-hypoelliptic at a point 𝑥0 ∈ Ω if and only if there is a neighborhood𝑈0 ⊆ Ω of 𝑥0 such that for all open sets

𝑉 ⋐ 𝑈 ⊆ 𝑈0, there are constants 𝐶, 𝐿 > 0 such that for all′(𝑈) and all 𝑘 ∈ ℤ+, we have

𝑃𝑢 ∈ 𝐻𝑘(𝑈)⟹ 𝑢 ∈ 𝐻𝑘(𝑉), (11)

‖𝑢‖𝐻𝑘(𝑉) ≤ 𝐶𝐿𝑘
(|||𝑃𝑢|||𝑈,𝐌,𝑘 + 𝑀𝑘‖𝑢‖𝐿2(𝑈)). (12)
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2522 CORDARO and FÜRDÖS

It follows immediately from condition (11) that if a differential operator 𝑃 is {𝐌}-hypoelliptic at 𝑥0 for some admissible
weight sequence𝐌, then 𝑃 is smooth hypoelliptic at 𝑥0. Furthermore we have the following corollaries.

Corollary 1. Let𝐌 and𝐌′ be two admissible weight sequences such that𝐌 ⪯𝐌′. Moreover, letΩ ⊆ ℝ𝑛 be an open set and
𝑃 be a differential operator with  {𝐌}(Ω)-coefficients of class {𝐌} such that (H) holds. If 𝑃 is {𝐌}-hypoelliptic at 𝑥0 ∈ Ω, then
𝑃 is {𝐌′}-hypoelliptic at 𝑥0.

Proof of Corollary 1. If we set Λ𝑘 = (𝑀𝑘)
1∕𝑘 and Λ′

𝑘
= (𝑀′

𝑘
)1∕𝑘, then𝐌 ⪯𝐌′ implies that there are constants 𝐶1, ℎ such

that Λ𝑘 ≤ 𝑘
√
𝐶1ℎΛ

′
𝑘
for all 𝑘 ∈ ℕ. We can assume that 𝐶1, ℎ ≥ 1. Thus, we conclude that

|||𝑢|||𝑈,𝐌,𝑘 =
∑
|𝛼|≤𝑘 Λ

𝑘−|𝛼|
𝑘

‖𝐷𝛼𝑢‖𝐿2(𝑈)
≤ ∑

|𝛼|≤𝑘 𝐶
(𝑘−|𝛼|)∕(𝑘)
1 ℎ𝑘−|𝛼|(Λ′

𝑘

)𝑘−|𝛼|‖𝐷𝛼𝑢‖𝐿2(𝑈)
≤ 𝐶1ℎ

𝑘|||𝑢|||𝑈,𝐌′,𝑘.

If 𝑃 is {𝐌}-hypoelliptic at 𝑥0, then there is a neighborhood 𝑈0 of 𝑥0 such that for all 𝑉 ⋐ 𝑈 ⊆ 𝑈0 the condition (11)
holds and (12) is satisfied for𝐌 and for some constants 𝐶2, 𝐿 independent of 𝑘, and 𝑢 ∈ ′(𝑈). Hence

‖𝑢‖𝐻𝑘(𝑉) ≤ 𝐶2𝐿
𝑘
(|||𝑃𝑢|||𝑈,𝐌,𝑘 + 𝑀𝑘‖𝑢‖𝐿2(𝑈))

≤ 𝐶2𝐿
𝑘
(
𝐶1ℎ

𝑘|||𝑃𝑢|||𝑈,𝐌′,𝑘 + 𝐶1ℎ
𝑘𝑀′

𝑘
‖𝑢‖𝐿2(𝑈))

= 𝐶1𝐶2(ℎ𝐿)
𝑘
(|||𝑃𝑢|||𝑈,𝐌′,𝑘 + 𝑀′

𝑘
‖𝑢‖𝐿2(𝑈))

and therefore 𝑃 is {𝐌′}-hypoelliptic at 𝑥0. □

As a special case we obtain the following:

Corollary 2. Let 𝑃 be a differential operator with analytic coefficients in Ω ⊆ ℝ𝑛 satisfying (H). If 𝑃 is analytic hypoelliptic
at some point 𝑥0 ∈ Ω, then 𝑃 is {𝐌}-hypoelliptic at 𝑥0 for all admissible weight sequences𝐌.

3 PROOF OF THEOREM 1

We start by introducing the Ehrenpreis–Hörmander cut-off functions: For all pairs of open sets 𝑉 ⋐ 𝑈 ⊆ ℝ𝑛, there exists
a sequence 𝜒𝑘 ∈ (𝑈) with 𝜒𝑘|𝑉 ≡ 1 for all 𝑘 ∈ ℕ0 satisfying

|𝐷𝛼𝜒𝑘(𝑥)| ≤ 𝑄|𝛼|𝑘|𝛼|, |𝛼| ≤ 𝑘.

We will call such a sequence an Ehrenpreis–Hörmander cut-off sequence, which is supported in 𝑈 and centered in 𝑉.
Ehrenpreis–Hörmander cut-off sequences have been heavily used in local andmicrolocal regularity theory in the analytic
and ultradifferentiable category.

Lemma 3. Let (𝜒𝑘)𝑘 be an Ehrenpreis–Hörmander cut-off sequence supported in an open set 𝑈 ⊆ ℝ𝑛. If 𝐌 is a weight
sequence satisfying (3), then there is a constant 𝛾 > 0 such that for all 𝑘 ∈ ℕ and 𝑢 ∈ 𝐻𝑘(𝑈), we have

|||𝜒𝑘𝑢|||ℝ𝑛,𝐌,𝑘 ≤ 𝛾𝑘|||𝑢|||𝑈,𝐌,𝑘.

Proof. Note first if 𝑢 ∈ 𝐻𝑘(𝑈), then 𝜒𝑘𝑢 can be extended to an element of 𝐻𝑘(ℝ𝑛) by setting 0 outside 𝑈. We note also
that (6) gives that there is some 𝛿 > 0 such that 𝑘 ≤ 𝛿Λ𝑘.
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CORDARO and FÜRDÖS 2523

The Leibniz rule gives

𝐷𝛼(𝜒𝑘𝑢) =
∑
𝛽≤𝛼

(𝛼
𝛽

)
𝐷𝛽𝜒𝑘𝐷

𝛼−𝛽𝑢.

Thus, we obtain

‖𝐷𝛼(𝜒𝑘𝑢)‖𝐿2(ℝ𝑛) ≤ ∑
𝛽≤𝛼

(𝛼
𝛽

)
𝑄|𝛽|𝑘|𝛽|‖𝐷𝛼−𝛽𝑢‖𝐿2(𝑈)

≤ ∑
𝛽≤𝛼

(𝛼
𝛽

)
𝑄|𝛽|𝛿|𝛽|Λ|𝛽|

𝑘
Λ
|𝛼|−|𝛽|−𝑘
𝑘

|||𝑢|||𝑈,𝐌,𝑘

=
∑
𝛽≤𝛼

(𝛼
𝛽

)
(𝑄𝛿)|𝛽|Λ|𝛼|−𝑘

𝑘
|||𝑢|||𝑈,𝐌,𝑘.

It follows that

|||𝜒𝑘𝑢|||ℝ𝑛,𝐌,𝑘 =
∑
|𝛼|≤𝑘 Λ

𝑘−|𝛼|
𝑘

‖𝐷𝛼(𝜒𝑘𝑢)‖𝐿2(ℝ𝑛)

≤
[ ∑
|𝛼|≤𝑘

∑
𝛽≤𝛼

(𝛼
𝛽

)
(𝑄𝛿)|𝛽|

]|||𝑢|||𝑈,𝐌,𝑘,

and we have proven the lemma since there is a constant 𝛾 > 0 such that

∑
|𝛼|≤𝑘

∑
𝛽≤𝛼

(𝛼
𝛽

)
(𝑄𝛿)|𝛽| ≤ 𝛾𝑘.

□

Proposition 1. Let𝐌 be an admissible weight sequence,Ω be a neighborhood of𝑥0, and let𝐸 be a Banach space continuously
injected in 𝐿2(Ω). If we suppose that there is an open set 𝑈0 ⊆ Ω such that 𝑢|𝑈0

∈  {𝐌}(𝑈0) for all 𝑢 ∈ 𝐸, then for any 𝑉 ⋐
𝑈 ⋐ 𝑈0 and all Ehrenpreis–Hörmander cut-off sequences (𝜒𝑘)𝑘 supported in 𝑈 and centered on 𝑉, there exist constants
𝐶, 𝛾 > 0 such that

|𝜉|𝑘𝜒𝑘𝑢 ∈ 𝐿2(ℝ𝑛), (13)

‖‖‖|𝜉|𝑘𝜒𝑘𝑢(𝜉)‖‖‖𝐿2(ℝ𝑛)
≤ 𝐶𝛾𝑘𝑀𝑘‖𝑢‖𝐸 (14)

for all 𝑘 ∈ ℕ and 𝑢 ∈ 𝐸.

Proof. We have that the restriction map

𝑇𝑈 ∶ 𝐸 ⟶ {𝐌}(𝑈),

𝑓 ⟼ 𝑓|𝑈,
for 𝑈 ⋐ 𝑈0 is a well-defined mapping. If (𝑓𝑗)𝑗 is a sequence, which converges in 𝐸 to 0 and 𝑓𝑗|𝑈 → 𝑔 in {𝐌}(𝑈), but
this implies that ‖𝑓𝑗 − 𝑔‖𝐿2(𝑈) → 0 since ‖ . ‖𝐿2(𝑈) ≤ 𝐶 sup𝑈 | . | for a constant only depending on 𝑈. On the other hand,‖𝑓𝑗‖𝐿2(Ω) → 0 since 𝐸 is continuously injected in 𝐿2(Ω). It follows that 𝑔 = 0 and thus the graph of 𝑇𝑈 is closed. By the
version of the closed graph theorem given in [5, p. 56, (1)], we have that 𝑇𝑈 is continuous. If we denote the unit ball in 𝐸 by
𝐵1, then we deduce that 𝑇𝑈(𝐵1) is bounded and thence there is some ℎ > 0 such that 𝑇𝑈(𝐵1) ⊆ 𝐌,ℎ(𝑈), which gives that
𝑇𝑈(𝐸) ⊆ 𝐌,ℎ(𝑈). The closed graph theorem for Banach spaces implies now that 𝑇𝑈 is continuous from 𝐸 to 𝐌,ℎ(𝑈).
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2524 CORDARO and FÜRDÖS

We denote the norm of this map by 𝐶𝑇 and obtain for |𝛼| = 𝑘 that

‖‖‖𝐷𝛼
(
𝜒𝑘𝑢

)‖‖‖𝐿2(ℝ𝑛)
≤ ∑

𝛽≤𝛼

(𝛼
𝛽

)
(𝑄𝑘)|𝛽|ℎ|𝛼|−|𝛽|𝑀|𝛼|−|𝛽|‖𝑢‖𝑈,𝐌,ℎ

≤ ∑
𝛽≤𝛼

(𝛼
𝛽

)
(𝑄𝛿)|𝛽|Λ|𝛽|

𝑘
ℎ|𝛼|−|𝛽|Λ|𝛼|−|𝛽|

𝑘
‖𝑢‖𝑈,𝐌,ℎ

≤ ∑
𝛽≤𝛼

(𝛼
𝛽

)
(𝑄𝛿)|𝛽|ℎ|𝛼|−|𝛽|𝑀|𝛼|𝐶𝑇‖𝑢‖𝐸

≤ 𝐶𝑇(𝑄𝛿 + ℎ)
𝑘
𝑀𝑘‖𝑢‖𝐸.

Since Λ𝑘 is increasing and by (6), there is some 𝛿 > 0 such that 𝑘 ≤ 𝛿Λ𝑘. It follows that

‖‖‖|𝜉|𝑘𝜒𝑘𝑢‖‖‖2𝐿2(ℝ𝑛)
≤ 𝑛𝑘𝐶2ℎ2𝑘1 𝑀2

𝑘
‖𝑢‖2𝐸,

where ℎ1 = 𝑄𝛿 + ℎ. □

If𝐌 is a weight sequence, it is easy to see that

∫
(
Λ𝑘 + |𝜉|)2𝑘||𝑢̂(𝜉)||2 𝑑𝜉 = ∫

||||(Λ𝑘 + |𝜉|)𝑘𝑢̂(𝜉)||||
2

𝑑𝜉

≤
𝑘∑

𝓁=0

(𝑘
𝓁

)2
Λ2(𝑘−𝓁)
𝑘 ∫

||||𝜉|𝓁𝑢̂(𝜉)|||2 𝑑𝜉
≤ 4𝑘

∑
|𝛼|≤𝑘 Λ

2(𝑘−|𝛼|)‖𝐷𝛼𝑢‖2
𝐿2(ℝ𝑛)

≤ 4𝑘
(|||𝑢|||ℝ𝑛,𝐌,𝑘

)2

(15)

for every 𝑢 ∈ 𝐻𝑘(ℝ𝑛) and 𝑘 ∈ ℤ+. We are also going to use the space

𝐺{𝐌} =
{
𝑢 ∈ 𝐿2(ℝ𝑛) ∣ 𝑒𝜔𝐌(|𝜉|)𝑢̂ ∈ 𝐿2(ℝ𝑛)

}
.

Then, 𝐺{𝐌} ⊆  {𝐌}(ℝ𝑛) is a Hilbert space with respect to the topology inherited by 𝐿2(ℝ𝑛).

Lemma 4. Let𝐌 be an admissible weight sequence and 𝑘 ∈ ℕ. Then, every 𝑢 ∈ 𝐻𝑘(ℝ𝑛) can be written in the form 𝑢 =∑∞
𝑗=0 𝑢𝑗 with the 𝑢𝑗 ∈ 𝐺{𝐌} satisfying:

∞∑
𝑗=0

Λ2𝑘
𝑘𝑗

(‖𝑢𝑗‖2𝐿2(ℝ𝑛)
+ 𝑒

−2𝜔𝐌(Λ𝑘𝑗 )‖𝑢𝑗‖2𝐺) ≤ 𝐶𝛾𝑘
(|||𝑢|||ℝ𝑛,𝐌,𝑘

)2
, (16)

where the constants 𝐶, 𝛾 > 0 are independent of 𝑘, 𝑗, and (𝑘𝑗)𝑗 is the sequence from Lemma 1.

Proof. We may set 𝑘−1 = 0 and

𝑢𝑗(𝑥) = (2𝜋)−𝑛 ∫
Λ𝑘𝑗−1≤|𝜉|≤Λ𝑘𝑗

𝑒𝑖𝑥𝜉𝑢̂(𝜉) 𝑑𝜉.

For |𝜉| ≤ Λ𝑘𝑗 , we conclude that

‖𝑢𝑗‖𝐺 ≤ 𝑒
𝜔𝐌(Λ𝑘𝑗 )‖𝑢𝑗‖𝐿2(ℝ𝑛).
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CORDARO and FÜRDÖS 2525

On the other hand, in the case Λ𝑘𝑗−1 ≤ |𝜉|, we note first that for 𝑗 ≥ 2 we have

Λ𝑘𝑗 ≤ 𝜎𝑗Λ𝑘 ≤ 𝜎2Λ𝑘𝑗−1 ≤ 𝜎2(Λ𝑘 + |𝜉|).
Moreover, Λ𝑘1 ≤ 𝜎Λ𝑘 ≤ 𝜎2(Λ𝑘 + |𝜉|) and Λ𝑘0 = Λ𝑘 ≤ 𝜎2(Λ𝑘 + |𝜉|) since 𝜎 ≥ 1 and |𝜉| ≥ 0.
Hence, due to (15),

∞∑
𝑗=0

Λ2𝑘
𝑘𝑗
‖𝑢𝑗‖2𝐿2(ℝ𝑛)

≤ 𝜎4𝑘 ∫ (|𝜉| + Λ𝑘)
2𝑘||𝑢̂(𝜉)||2 𝑑𝜉 ≤ 𝛾𝑘

(|||𝑢|||ℝ𝑛,𝐌,𝑘

)2
for some 𝛾 > 0. □

Lemma 5. Assume that𝐌 is an admissible weight sequence and that 𝐸 is a Banach space, which is continuously injected in
𝐿2(Ω). If there is an open set 𝑈0 ⊆ Ω such that 𝑢|𝑈0

∈  {𝐌}(𝑈0) for every 𝑢 ∈ 𝐸, then for all 𝑉 ⋐ 𝑈0, there exists a constant
𝐶 such that for all 𝑘 ∈ ℕ and every sequence 𝑢𝑗 ∈ 𝐸, 𝑗 ∈ ℤ+, satisfying

∞∑
𝑗=0

( |𝜉|
Λ𝑘𝑗

)2𝑘(‖𝑢𝑗‖2𝐿2(Ω) + 𝑒
−2𝜔𝐌(Λ𝑘𝑗 )‖𝑢𝑗‖2𝐸) = Φ2

𝑘
(𝐮) < ∞, (17)

the series 𝑢 =
∑

𝑗 𝑢𝑗 converges in 𝐿
2(Ω) and 𝑢|𝑉 ∈ 𝐻𝑘(𝑉) with

‖𝑢|𝑉‖𝐻𝑘(𝑉) ≤ 𝐶𝑘+1Φ𝑘(𝐮).

Proof. For 𝑘 = 1, the condition (17) implies that 𝑢 converges absolutely in 𝐿2(Ω). By Proposition 1 we have that for all open
sets 𝑉 ⋐ 𝑈 ⋐ Ω and for every Ehrenpreis–Hörmander cut-off sequence 𝜒𝑘 ∈ (𝑈) centered in 𝑉, there are constants
𝐶0, 𝛾 > 0 such that for all 𝑘 ∈ ℤ+ and all 𝑢 ∈ 𝐸:

‖‖‖‖‖‖
( |𝜉|
𝛾Λ𝑘

)𝑘

𝜒𝑘𝑢(𝜉)

‖‖‖‖‖‖𝐿2(ℝ𝑛)

≤ 𝐶0‖𝑢‖𝐸. (18)

We introduce the following functions:

𝜃(𝑗, 𝜉) = 𝑒
−𝜔𝐌(Λ𝑘𝑗 )

( |𝜉|
𝛾Λ𝑘𝑗

)𝑘𝑗

,

𝑔𝑗(𝜉) = (1 + 𝜃(𝑗, 𝜉))𝜒𝑘𝑗𝑢𝑗.

By (18), we have that

‖𝑔𝑗‖𝐿2(ℝ𝑛) ≤ ‖𝑢𝑗‖𝐿2(Ω) + 𝐶0𝑒
−𝜔𝐌(Λ𝑘𝑗 )‖𝑢𝑗‖𝐸,

which implies that

∞∑
𝑗=0

Λ2𝑘
𝑘𝑗
‖𝑔𝑗‖2𝐿2(ℝ𝑛)

≤
∞∑
𝑗=0

Λ2𝑘
𝑘𝑗

[‖𝑢𝑗‖𝐿2(Ω) + 𝐶0𝑒
−𝜔𝐌(Λ𝑘𝑗 )‖𝑢𝑗‖𝐸]2.

The sum inside the bracket on the right-hand side can be viewed as the inner product of the two vectors (1, 𝐶0) and
(‖𝑢𝑗‖𝐿2(Ω), 𝑒−𝜔𝐌(Λ𝑘𝑗 )‖𝑢𝑗‖𝐸). Then applying the Cauchy–Schwarz inequality gives

∞∑
𝑗=0

Λ2𝑘
𝑘𝑗
‖𝑔𝑗‖2𝐿2(ℝ𝑛)

≤ (
1 + 𝐶20

)
Φ𝑘(𝐮)

2 < ∞. (19)
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2526 CORDARO and FÜRDÖS

It is clear that the function 𝑣 =
∑∞

𝑗=0 𝜒𝑘𝑗𝑢𝑗 coincides with 𝑢 on 𝑉. It suffices to show that 𝑣 ∈ 𝐻𝑘(ℝ𝑛) satisfies the
estimate:

‖𝑣‖𝐻𝑘(ℝ𝑛) ≤ 𝐶𝑘+1Φ𝑘(𝐮).

We have that

‖𝑣‖𝐿2(ℝ𝑛) ≤
∞∑
𝑗=0

‖𝑢𝑗‖𝐿2(Ω) ≤ 2Φ𝑘(𝐮) (20)

and thus it will be enough to show that |𝜉|𝑘𝑣 ∈ 𝐿2(ℝ𝑛) and

‖‖‖|𝜉|𝑘𝑣(𝜉)‖‖‖𝐿2(ℝ𝑛)
≤ 𝐶𝑘+1Φ𝑘(𝐮) (21)

holds, where 𝐶 > 0 is independent of 𝑘. We write

|𝜉|𝑘𝑣(𝜉) = ∞∑
𝑗=0

(
1 + 𝜃(𝑗, 𝜉)

)−1
𝑔𝑗(𝜉)|𝜉|𝑘

and conclude that

|𝜉|2𝑘||𝑣(𝜉)||2 ≤
(

∞∑
𝑗=0

|𝑔𝑗(𝜉)|2Λ2𝑘
𝑘𝑗

)
Θ(𝜉),

where

Θ(𝜉) =
∞∑
𝑗=0

( |𝜉|
Λ𝑘𝑗

)2𝑘(
1 + 𝜃𝑗(𝑗, 𝜉)

)−2
.

Hence (21) (and thus the lemma) is proven by (19) and the estimate

‖Θ(𝜉)‖𝐿∞(ℝ𝑛) ≤ 𝐶𝑘+1, (22)

where 𝐶 is some constant independent of 𝑘. In order to establish (22), we set

Ψ𝑗(𝜉) =

( |𝜉|
Λ𝑘𝑗

)2𝑘(
1 + 𝜃𝑗(𝑗, 𝜉)

)−2
.

If 𝑒2𝐻𝛾Λ𝑘𝑗 ≤ |𝜉|, where𝐻 is the constant from (9), then we have that

Ψ𝑗(𝜉) ≤
( |𝜉|
Λ𝑘𝑗

)2𝑘

𝑒
2𝜔𝐌(Λ𝑘𝑗 )𝛾2𝑘𝑗

( |𝜉|
Λ𝑘𝑗

)−2𝑘𝑗

≤ 𝛾2𝑘

( |𝜉|
𝛾Λ𝑘𝑗

)2(𝑘−𝑘𝑗)

𝑒
2𝜔𝐌(Λ𝑘𝑗 )

≤ (𝛾𝑒2𝐻)2𝑘 exp
(
2𝜔𝐌(Λ𝑘𝑗 ) − 4𝐻𝑘𝑗

)
≤ (𝛾𝑒2𝐻)2𝑘 exp

(
2𝐻𝑘𝑗 − 4𝐻𝑘𝑗

)
≤ (𝛾𝑒2𝐻)2𝑘𝑒−2𝐻𝑘𝑗
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CORDARO and FÜRDÖS 2527

by Lemma 2. This gives

∑
𝑒2𝛾Λ𝑘𝑗≤|𝜉|

Ψ𝑗(𝜉) ≤ (
𝛾𝑒2𝐻

)2𝑘 ∞∑
𝑗=0

𝑒−2𝐻𝑗 ≤ 𝐶1
(
𝛾𝑒2𝐻

)2𝑘
.

On the other hand, if 𝑒2𝐻𝛾Λ𝑘𝑗 ≥ |𝜉|, then we estimate
Ψ𝑗(𝜉) ≤

( |𝜉|
Λ𝑘𝑗

)2𝑘

.

If we set 𝑗0 = min{𝑗 ∈ ℤ+ ∣ 𝛾𝑒2𝐻Λ𝑘𝑗 ≥ |𝜉|} for a fixed 𝜉, then we have that
Ψ𝑗(𝜉) ≤

( |𝜉|
Λ𝑘𝑗

)2𝑘

≤
( |𝜉|
Λ𝑘𝑗0

)2𝑘(
Λ𝑘𝑗0

Λ𝑘𝑗

)2𝑘

≤ (
𝛾𝑒2𝐻

)2𝑘
𝜎𝑗0−𝑗+1

and conclude that

∑
|𝜉|≤𝑒2𝐻𝛾Λ𝑘𝑗

Ψ𝑗(𝜉) ≤ (
𝛾𝑒2𝐻

)2𝑘
𝜎

∞∑
𝑗=𝑗0

𝜎−𝑗 ≤ (
𝛾𝑒2𝐻

)2𝑘
𝜎

∞∑
𝑗=0

𝜎−𝑗 ≤ 𝐶2
(
𝛾𝑒2𝐻

)2𝑘
.

□

If 𝑃 is a differential operator with smooth coefficients, then we set

0(𝑈) = {𝑢 ∈ 𝐿2(𝑈) ∣ 𝑃𝑢 = 0}

for an open set 𝑈. Clearly 0(𝑈) is a closed subspace of 𝐿2(𝑈).
Proposition 2. LetΩ ⊆ ℝ𝑛 be open,𝐌 be an admissible weight sequence. Furthermore, assume that 𝑃 is a linear differential
operator with  {𝐌}(Ω)-coefficients.
If 𝑃 is {𝐌}-hypoelliptic at some point 𝑥0 ∈ Ω, then there is a neighborhood𝑈0 of 𝑥0 such that for all open sets𝑉 ⋐ 𝑈 ⊆ 𝑈0,

there are constants 𝐶, ℎ > 0 such that for all 𝑘 ∈ ℤ+ and all 𝑢 ∈ 𝐿2(𝑈) with 𝑃𝑢 = 0, we have

‖𝑢‖𝐻𝑘(𝑉) ≤ 𝐶ℎ𝑘𝑀𝑘‖𝑢‖𝐿2(𝑈). (23)

Proof. If 𝑉 ⋐ 𝑈 are open sets and ℎ > 0, then we set

‖𝑢‖∙
𝑉,𝐌,ℎ

= sup
𝑘∈ℕ0

‖𝑢‖𝐻𝑘(𝑉)

ℎ𝑘𝑀𝑘

for 𝑢 ∈ (𝑈). We define

𝐻𝐌,ℎ(𝑉) = {𝑢 ∈ (𝑈) ∣ ‖𝑢‖𝑉,𝐌,ℎ < ∞}

and introduce

𝐻{𝐌}(𝑉) = indℎ>0𝐻𝐌,ℎ(𝑉).
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2528 CORDARO and FÜRDÖS

We note that if 𝑢 ∈ 𝐌,ℎ(𝑉), then

‖𝑢‖2
𝐻𝑘(𝑉)

=
∑
|𝛼|≤𝑘 ‖𝐷𝛼𝑢‖2

𝐿2(𝑉)

≤ 𝐶2
∑
|𝛼|≤𝑘 ℎ

2|𝛼|𝑀2|𝛼|

≤ 𝐶2𝑀2
𝑘

𝑘∑
𝑗=0

ℎ2𝑘
∑
|𝛼|=𝑗 1

≤ 𝐶2𝑀2
𝑘

𝑘∑
𝑗=0

(𝑛 + 𝑗 − 1
𝑗

)
ℎ2𝑗

≤ 𝐶2𝑀2
𝑘

𝑘∑
𝑗=0

(𝑘
𝑗

)
ℎ2𝑗

(𝑛 + 𝑗 − 1)!(𝑘 − 𝑗)!

(𝑛 − 1)!𝑘!

≤ 𝐶2𝑀2
𝑘

(𝑛 + 𝑘 − 1
𝑘

)(
1 + ℎ2

)𝑘
≤ 𝐶2𝑀2

𝑘
2𝑛−12𝑘

(
1 + ℎ2

)𝑘
.

Hence there is a constant 𝐴 such that

‖𝑢‖∙
𝑉,𝐌,ℎ1

≤ 𝐴‖𝑢‖𝑉,𝐌,ℎ,

where ℎ1 = 2(1 + ℎ2). Thus, we obtain that there is a continuous embedding

𝜄𝑉 ∶ 𝐌,ℎ(𝑉)⟶ 𝐻𝐌,ℎ1(𝑉)

and consequently

{𝐌}(𝑉)⟶ 𝐻{𝐌}(𝑉).

Since 𝑃 is {𝐌}-hypoelliptic at 𝑥0, we know that there is a neighborhood 𝑈0 ⊆ Ω of 𝑥0 such that 𝑢|𝑉 ∈ {𝐌}(𝑉) for
all 𝑢 ∈ 0(𝑈) and all pairs 𝑉 ⋐ 𝑈 ⊆ 𝑈0. Then similarly to the proof of Proposition 1, we observe that the graph of the
restriction map

𝑇𝑉 ∶ 0(𝑈)⟶ {𝐌}(𝑉)

is closed. Hence the Closed Graph Theorem of De Wilde implies that 𝑇𝑉 is continuous and therefore the map

𝑆𝑉 = 𝜄𝑉◦𝑇𝑉 ∶ 0(𝑈)⟶ 𝐻{𝐌}(𝑉)

is continuous. Again as before in the proof of Proposition 1, we thus can conclude that for all 𝑉 ⋐ 𝑈, there exists ℎ > 0
such that the map 𝑢 ↦ 𝑢|𝑉 is continuous from 0(𝑈) to 𝐻{𝐌}(𝑉), which is equivalent to the existence of some constant
𝐶 > 0 such that

‖𝑢‖∙
𝑉,𝐌,ℎ

≤ 𝐶‖𝑢‖𝐿2(𝑈) ∀𝑢 ∈ 0(𝑈). □

Proof of Theorem 1. Assume first 𝑃 satisfies (11) and (12). If 𝑢 ∈ ′(𝑈), 𝑈 being an open subset of 𝑈0 is such that 𝑃𝑢 ∈ {𝐌}(𝑈), then by (11) we have that 𝑢|𝑉 ∈ (𝑉) for any 𝑉 ⋐ 𝑈. In particular, 𝑢 ∈ 𝐻𝑘(𝑉) for all 𝑘 ∈ ℕ0. We observe also
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CORDARO and FÜRDÖS 2529

that we have for a weight sequence𝐌 that

|||𝑃𝑢|||𝑈,𝐌,𝑘 =
∑
|𝛼|≤𝑘 Λ

𝑘−|𝛼|
𝑘

‖𝐷𝛼(𝑃𝑢)‖𝐿2(𝑈)
≤ 𝐶0

∑
|𝛼|≤𝑘 Λ

𝑘−|𝛼|
𝑘

ℎ|𝛼|0 𝑀|𝛼|
≤ 𝐶0

∑
|𝛼|≤𝑘 Λ

𝑘−|𝛼|
𝑘

Λ|𝛼|
𝑘
ℎ𝑘0

≤ 𝐶0𝑀𝑘

∑
|𝛼|≤𝑘 ℎ

|𝛼|
0

≤ 𝐶1ℎ
𝑘
1𝑀𝑘

for some constants 𝐶1, ℎ1 > 0 independent of 𝑘. Thence, (12) implies that

‖𝑢‖𝐻𝑘(𝑉) ≤ 𝐶𝐿𝑘
[|||𝑃𝑢|||𝑈,𝐌,𝑘 + 𝑀𝑘‖𝑢‖𝐿2(𝑈)]

≤ 𝐶𝐿𝑘
[
𝐶1ℎ

𝑘
1𝑀𝑘 + 𝐶′𝑀𝑘

]
≤ 𝐶2ℎ

𝑘
2𝑀𝑘

for some 𝐶2, ℎ2 > 0. Since ‖𝐷𝛼𝑢‖𝐿2(𝑉) ≤ ‖𝑢‖𝐻|𝛼|(𝑉), it follows that 𝑢 is ultradifferentiable of class {𝐌} in 𝑉. Since 𝑉 ⋐ 𝑈
is arbitrary, we have actually that 𝑢 ∈  {𝐌}(𝑈).
On the other hand, assume now that 𝑃 is a differential operator, which is {𝐌}-hypoelliptic in a neighborhood𝑈0 of and

satisfies (H), that is, there is a continuous map 𝑅 ∶ 𝐿2(Ω) → 𝐿2(Ω) such that 𝑃𝑅 = Id.
If

𝐺{𝐌} = {𝑢 ∈ 𝐿2(ℝ𝑛) ∣ 𝑒𝜔𝐌(|𝜉|)𝑢̂ ∈ 𝐿2(ℝ𝑛)}

is the space from Lemma 4, then we set 𝐺̃{𝐌} = {𝑓|Ω ∣ 𝑓 ∈ 𝐺{𝐌}}. The map

𝐺{𝐌} ∋ 𝑓 ⟼ 𝑅(𝑓|Ω) ∈ 𝐿2(Ω)

is injective and

𝐸 = {𝑅(𝑓) ∣ 𝑓 ∈ 𝐺̃{𝐌}}

is a Banach space with the norm inherited from 𝐺{𝐌}. It is clear that the injection 𝐸 → 𝐿2(Ω) is continuous and since 𝑃 is
{𝐌}-hypoelliptic in Ω, we can infer the following fact: For all 𝑢 ∈ 𝐸, we have that 𝑃𝑢 ∈ 𝐺̃ is of class {𝐌} in 𝑈0, but this
implies 𝑢 is of class {𝐌} in 𝑈0. Hence we can use Lemma 5.
Let 𝐶0 be the constant appearing in Lemma 5 and 𝑉 ⋐ 𝑈 ⊆ 𝑈0 be arbitrary open sets. We choose an Ehrenpreis–

Hörmander cut-off sequence 𝜒𝑗 ∈ (𝑈) centered in 𝑉. Let 𝑢 ∈ ′(𝑈) be such that 𝑃𝑢 ∈ 𝐻𝑘(𝑈). We set 𝑓 = 𝜒𝑘𝑃𝑢. By
Lemma 3, we have that

|||𝑓|||ℝ𝑛,𝐌,𝑘 ≤ 𝛾𝑘|||𝑃𝑢|||𝑈,𝐌,𝑘 (24)

for some constant 𝛾 independent of 𝑘. According to Lemma 4, we can write

𝑓 =
∞∑
𝑗=0

𝑓𝑗

with 𝑓𝑗 ∈ 𝐺{𝐌} and

∞∑
𝑗=0

Λ2𝑘
𝑘𝑗

(‖𝑓𝑗‖2𝐿2(ℝ𝑛)
+ 𝑒

−2𝜔𝐌(Λ𝑘𝑗 )‖𝑓𝑗‖2𝐺) ≤ 2𝛾𝑘1
(|||𝑓|||ℝ𝑛,𝐌,𝑘

)2
.
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2530 CORDARO and FÜRDÖS

Setting 𝑣𝑗 = 𝑅(𝑓𝑗|Ω) ∈ 𝐸, we obtain that

∞∑
𝑗=0

Λ2𝑘
𝑘𝑗

(‖𝑣𝑗‖2𝐿2(Ω) + 𝑒
−2𝜔𝐌(Λ𝑘𝑗 )‖𝑣𝑗‖2𝐸) ≤ 2(1 + ‖𝑅‖2)𝛾𝑘1(|||𝑓|||ℝ𝑛,𝐌,𝑘

)2
,

where ‖𝑅‖ is the norm of 𝑅 in(𝐿2(Ω)). The series 𝑣 = ∑∞
𝑗=0 𝑣𝑗 converges in 𝐿

2(Ω) by Lemma 5 and furthermore we have
that 𝑣|𝑉 ∈ 𝐻𝑘(𝑉) and

‖𝑣|𝑉‖𝐻𝑘(𝑉) ≤ 𝐶𝑘+11 |||𝑓|||ℝ𝑛,𝐌,𝑘 (25)

for some constant 𝐶1 independent of 𝑘.
We obtain actually that

𝑃((𝑢 − 𝑣)|𝑉) = 0.

Since 𝑃 is {𝐌}-hypoelliptic in 𝑈0, it follows that 𝑢 − 𝑣 ∈  {𝐌}(𝑉). Applying Proposition 2, we infer that for each open set
𝑊 ⋐ 𝑉, there is a constant 𝐶2 > 0 independent of 𝑢 (and 𝑣) such that

∀𝑘 ∈ ℤ+ ∶ ‖(𝑢 − 𝑣)|𝑊‖𝐻𝑘(𝑊) ≤ 𝐶𝑘+12 𝑀𝑘‖(𝑢 − 𝑣)|𝑉‖𝐿2(𝑉). (26)

We note also that 𝑣 = 𝑅(𝑓|Ω) and therefore
‖𝑣‖𝐿2(Ω) ≤ ‖𝑅‖‖𝑓‖𝐿2(ℝ𝑛) ≤ ‖𝑅‖‖𝑃𝑢‖𝐿2(𝑈). (27)

Furthermore, it is easy to see that

𝑀𝑘‖𝑃𝑢‖𝐿2(𝑈) ≤ |||𝑃𝑢|||𝑈,𝐌,𝑘. (28)

We are now able to finish the proof:

‖𝑢‖𝐻𝑘(𝑊) ≤ ‖𝑣‖𝐻𝑘(𝑊) + ‖𝑢 − 𝑣‖𝐻𝑘(𝑊)

≤ 𝐶𝑘+11 |||𝑓|||ℝ𝑛,𝐌,𝑘 + 𝐶𝑘+12 𝑀𝑘‖𝑢 − 𝑣‖𝐿2(𝑉)
≤ (𝐶1𝛾)

𝑘+1|||𝑃𝑢|||𝑈,𝐌,𝑘 + 𝐶𝑘+12 𝑀𝑘

[‖𝑢‖𝐿2(𝑉) + ‖𝑣‖𝐿2(𝑉)]
by (24), (25), and (26). Applying (27) and (28), we see that

𝑀𝑘‖𝑣‖𝐿2(𝑉) ≤ ‖𝑅‖ |||𝑃𝑢|||𝑈,𝐌,𝑘.

Hence we have shown that there are constants 𝐶, ℎ > 0 such that for all 𝑘 ∈ ℤ+ and every 𝑢 ∈ ′(𝑈) with 𝑃𝑢 ∈ 𝐻𝑘(𝑈),
the following estimate holds:

‖𝑢‖𝐻𝑘(𝑉) ≤ 𝐶ℎ𝑘
[|||𝑃𝑢|||𝑈,𝐌,𝑘 + 𝑀𝑘‖𝑢‖𝐿2(𝑈)]. □

4 THE HYPERFUNCTION CASE—FINAL REMARKS

Denote by B the sheaf of (germs of) hyperfunctions in ℝ𝑛. We strength the definition of hypoellipticity in the following
way:

Definition 4. Let 𝑈 ⊆ ℝ𝑛 be an open set and 𝐌 be a weight sequence. If 𝑃 = 𝑃(𝑥, 𝐷) is a linear differential operator
with real-analytic coefficients, then 𝑃 is {𝐌}-hypoelliptic in𝑈 in the hyperfunction sense if given 𝑢 ∈ B(𝑈), the following
holds: If 𝑉 ⊆ 𝑈 is open and if 𝑃𝑢|𝑉 ∈  {𝐌}(𝑉), then 𝑢|𝑉 ∈  {𝐌}(𝑉).

Furthermore, 𝑃 is {𝐌}-hypoelliptic at 𝑥0 ∈ 𝑈 in the hyperfunction sense if there is a neighborhood 𝑈0 of 𝑥0 such that
𝑃 is {𝐌}-hypoelliptic in 𝑈0 in the hyperfuntion sense.
A close look at the proof of Theorem 1 leads to the following result:
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CORDARO and FÜRDÖS 2531

Theorem 2. Let𝐌 be an admissible weight sequence and 𝑃 be a differential operator with real analytic coefficients in Ω
satisfying (H).
Then, 𝑃 is {𝐌}-hypoelliptic at a point 𝑥0 ∈ Ω in the hyperfunction sense if and only if there is a neighborhood 𝑈0 ⊆ Ω of

𝑥0 such that for all open sets 𝑉 ⋐ 𝑈 ⊆ 𝑈0, there are constants 𝐶, 𝐿 > 0 such that for all B(𝑈) and all 𝑘 ∈ ℤ+, we have

𝑃𝑢 ∈ 𝐻𝑘(𝑈)⟹ 𝑢 ∈ 𝐻𝑘(𝑉), (29)

‖𝑢‖𝐻𝑘(𝑉) ≤ 𝐶𝐿𝑘
(|||𝑃𝑢|||𝑈,𝐌,𝑘 + 𝑀𝑘‖𝑢‖𝐿2(𝑈)). (30)

An operator 𝑃 = 𝑃(𝑥, 𝐷) in an open set𝑊 ⊆ ℝ𝑛 will be said to belong to the Hörmander classℌ(𝑊) if it can be written
in the form

𝑃 =
𝜈∑
𝑗=1

𝑋2
𝑗 ,

where each 𝑋𝑗 is a real-valued, real analytic vector field defined in 𝑊 and the following condition is satisfied: The Lie
algebra spanned by 𝑋1,… , 𝑋𝜈 has rank equal to 𝑛 at any point of𝑊.
It can be proved that every point in𝑊 has an open neighborhood Ω such that if 𝑃 ∈ ℌ(𝑊), then 𝑃 (and also its trans-

pose!) satisfy (H). In particular, Theorem 2 applies to 𝑃 ∈ ℌ(𝑊) restricted to Ω. It is also well known (cf. [3]) that given
𝑃 ∈ ℌ(𝑊) and𝑥0 ∈ 𝑊, then there is 𝑠0 ≥ 1 so that𝑃 is {𝐆𝑠0}-hypoelliptic at𝑥0. According toCordaro–Hanges [2], it follows
that 𝑃 is {𝐆𝑠0}-hypoelliptic at 𝑥0 in the hyperfunction sense. By an elementary extension of Corollary 1 to this hyperfunc-
tion set up, it follows that 𝑃 is then {𝐌}-hypoelliptic at 𝑥0 in the hyperfunction sense for every admissible weight sequence
𝐆𝑠0 ⪯ 𝐌.
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