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Abstract 

A spherical CR-structure on a smooth (2n-1 )-manifold M is a max­

imal collection of distinguished charts modeled on the boundary ollc; 
of the complex hyperbolic space where coordinate changes are restric­

tions of transformations from PU(n,1). There exists a. development 

map d : M - 8Hc, where M is the universal covering of M, which 

is local diffeomorphism. We study properties of the development 

maps and holonomy groups of spherical CR-structures on compact 

3-dimensional manifolds. Also we give constructions of fundamental 

domains for some discrete subgroups of PU(2,l). 

1 Introduction 

A geometrical structure on a real analytic n-manifold M is a maximal collec­

tion of charts modeled on an n-dimensional homogeneous space X of a Lie 

group G whose coordinate changes are restrictions of transformations from 

G. We call such a structure an (X, G)-structure. We say in this case the man­

ifold M is an (X, G)-manifold or is modeled on (X, G). Important examples 

of these structures include all locally homogeneous Riemannia.n structures 

as well as conformally flat, affinelly flat, projectively flat and spherical CR­

structures. Recall that a geometrical structure on a n-manifold M is called 



conformally Aat if X = S" and G = SO(n+l, 1) is the group of conformal 
transformations of X where dim X ~ 2. A geometrical structure is call~d a 
spherical CR-structure if X= s2n-l is the boundary of the unit ball in C" 
and G = PlJ(n, I) is the group of biholomorphisms of the unit ball acting on 
its boundary by CR-automorphisms. The analogy between both structures 
is clear as conformally flat structures are modeled on the boundary of real 
hyperbolic space and spherical CR-structures are modeled on the boundary 
of complex hyperbolic space. 

Besides the many parallels between spherical CR-geometry and confor­
mally flat geometry, they have important differences. For instance, it is 
known that the 3-dimensional torus has a conformally flat structure, but it 
has no spherical CR-structure. Another interesting example is a 2-torus bun­
dle over the circle. This manifold admits a conformally flat structure if and 
only if the attaching map of the bundle is periodic and it admits a spherical 
CR-structure if and only if its attaching map A E SL(2, Z) has infinite or­
der but all its eigenvalues are ±1 (Gl]. There are also very interesting open 
questions. One knows that hyperbolic 3-manifolds are conformaIJy flat, but 
we do not know any example of spherical CR-structure on any member of 
this class of. manifolds. Similarly, trivial and some non-trivia.I circle bundles 
over a surface S of genus g ~ 2 have conformally flat structures (GLT,Ka] 
and some Seifert fiber spaces have spherica.l CR-structures (BS), but we know 
nothing about the existence of spherical CR-structures on the trivial circle 
bundle over S. One of the main tools in the study of a geometrical structure 
is the development map and its holonomy homomorphism. The purpose of 
this paper is to study the development map of 3-dimensional closed spherical 
CR-manifolds. 

Recall now the notions of development map and holonomy of a (X, G)­
manifold. For details and proofs, see (KP, Ku, T). 

Development theorem. Let M be an (X, G)-manifold, and let p : M -+ 
M denote the universalcoveringof M with covering group ,r1 (M). Then there 
exists a pair ( d, d· ), where d : }.{ -+ X is an (X,G)-local diffeomorphism and 
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d• : 1r1 (M) -+ G is a homomorphism satisfying the equivariance condition 

do1==J-("f)od 

for all 'YE :ir 1 (M). 

The map d is called a development map for the (X, G )-structure. The 
homomorphism d· is called the holonomy homomorphism and the group r• = 
J•(:iri(M)) is called the holonomy group for the (X, G)-structure. 

A pair ( d, d•) is called a development pair and is a usefull globalization 
of an (X, G) -structure defined by local coordinates. The development map 
pulls back the (X, G)-structure from X to M and thus defines an (X, G)­
structure on M. The holonomy homomorphism d• determines the action of , 
7r1(M) on M by (X, G)-automorphisms. Thus a development pair completely 
determines the {X, G)-structure on M. Moreover, if (J,J•) is another pair for 
the same (X,G)-structure, then there exists h E G such that d = ho J and 
d·b) =ho d('Y) o h-1 for all..., E 1r1(M). 

There are some results describin1~ development pairs for general (X, G)­
structures, but the most complete picture has been obtained only for confor­
mally flat structures. 

As for spherical CR-structures we know only few results in this direc­
tion. First, we notice that the spherical homogeneous CR-manifolds have 
been classified by Burns and Shnider (BS]. Recently Miner [M] has classified 
spherical CR-structures on closed manifolds with amenable holonomy group. 
Finally, Kamishima and Tsuboi have obtained a classification of closed spher­
ical CR-manifolds admitting nontrivial CH-veclor fields !KT}. 

The main results of this paper a1re Lhe following. 

Theorem 3.1. Let M be a closed three-dimensional spherical CR-manifold 
with infinite fundamental group. Then the following conditions are equiva­
lent: 

a) d(M) = D =I- S3
, 

b) d : M -+ D is a covering map., 
c) The holonomy group r· = J•(1r1(M)) acts discontinuously on D. 
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We will call geometric circles on the boundary of the complex hyperbolic 
space Hl; the intersections of S3 with the boundaries of totally geodesic 
submanifolds of real dimension 2 in Hl;. 

A spherical CR-structure on a 3-manifold M will be called special if the 
holonomy group r• leaves invariant a geometric circle in S3

• 

Theorem 3.2 . Let M be a closed 3-manifold with a special spherical 
CR-structure. Suppose that 1r(M) is infinite. Then d is not surjective and 
the holonomy group r· is discrete. 

These results show the difference between conformally flat and spherical 
CR-structures on closed 3-dimensional manifolds, see, for instance (Ka), (K], 
[GKaml], [GKam2). 

As noted by Goldman IG2), in general, the development maps of confor­
mally flat structures on closed 3-dimensional manifolds fail to be covering 
maps onto their images. Using the opera(tion of connected sums on spheri­
cal CR-structures (BSJ, (F), we construct spherical CR-structures on closed 
3-dimensional manifolds whose development maps are surjective but not cov­
ering onto their images. 

Finally, we construct explicit fundamental domains for some discrete sub­
groups of PU(2, 1 ). 

The first author had partial support by CNPq. The second author was 
supported by FAPESP. 

2 Preliminaries. 

2.1 Complex hyperbolic space and its boundary. 
2.1.1 Let C"+2 denote the complex vector space, equipped with the Hermi­
tian form 

b(z, w) = -Z1W1 + Z2W2 + · · · + Zn+2Wn+2 

Consider the following subspaces in ChH. 

Vo = { z E C"+ 2 
: b( z, z) = 0 } 
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V = { z E cnt2 : b(z, z) < 0 } 

Let P: cn+2 \ {O} -+ cpn+t be th,e canonical projection onto the complex 

projective space. Then Hc+1 = P(V) equipped with the Bergman metric 

is the complex hyperbolic space. The orientation preserving isometry group 

of Hc+i is PU ( n + 1, 1) acting by linear projective transformations. Also 

PU(n + 1, I) is the group of biholomorphic transformations of Hc+i. 
Put s2n+i = P(Vo). Then s2n+1 is the boundary of Hc+I. We may 

consider He/ 1 and s2n+ 1 as the unit ball and the unit sphere in cn+1. The 

group of CR-authomorphisms of S211+1 is AutcR(S211+1) = PU(n + l, l) . 

2.1.2 We notice that a maxima) amenable subgroup of PU(n+l,l) is iso­

morphic to the semidirect product l'-l ~ (U(n) x C·) where His the Heisen­

berg group. AutcR(H) may be identified with the stabilizer in PU(n+l, I) 

of a point in S211+1• Then AutcR(H) is a maximal amenable subgroup of 

PU(n+l,l) [BS). 

2.1.3 The nontrivial elements of PU(n + 1, 1) fall into three general con­
jugacy types, depending on the number and location of their fixed points. 

Elliptic elements have a fixed point in H'c/ 1 • Parabolic elements have a single 

fixed point on s2n+1. Loxodromic elements have exactly two fixed points on 

S2"+1. This exausts all possibilities, see [CG} for details. 

2.1.4 Totally geodesic submanifolds in Hl;. 

There are two kinds of totally geodesic submanifolds of real dimension 2 

in H'/:; : complex geodesics (represented by HI; C //'/;) and totally real 

geodesic 2-planes (represented by Hl._ C H'/;). Each of these totally geodesic 

submanifold is a model of the hyperbolic plane. 

Theorem 2.1 {[CG]) Let M be a totally geodesic submanifold in H'I:; and 

let l(M) be the stabilizer of M in PU(2, 1 ). Then we have the following. 

i) If M = Ht then J(M) is isomorphic to U(l) x PU(l, 1), 

ii) If M = Hi then l(M) is isoirnorphic to PS0(2, 1). 
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We will need also the following 

Theorem 2.2 ([CG}) Let G be a subgrioup of SUo(n, 1 ), such that there is 
no point in 1rg 1 = He/ I u S2"+ I or proper, totally geodesic sub man if old in Hc/ 1 which is invariant under G. Then G is either discrete or dense in SUo(n, l ). 

2.2 Uniformization Theorems. 
We recall that a manifold M of dimension 2n+ 1 has a spherical CR-structure if M is modeled by the pair (S2"+ 1, PU(n + 1, 1 )). Therefore we have the development pair 

2.2.1 Consider an arbitrary subgroup G c>f PU(n+ 1, 1 ). Let a E He,+ 1
• The limit set of G is defined to be the set L(G) = G(a) n S2"+ 1

• It is easy to see that L{ G) does not depend on a. 

2.2.2 Let M be a spherical CR-manifold, p: M-+ M the universal covering with deck transformation group f = ,r1(M), d : M -+ S 2"+1 a developing map and d· : r - PU(n + 1, 1) a corresponding holonomy homomorphism. Set D = d(A1 ), r· = d·(r) and let N(f•) = S2"+1 \ L(f•). 

Theorem 2.3 (cutting lemma) Suppose M is a closed manifold with a spherical CR-structure such that L( r•) contains more than one point. Let No be lht union of llic components of N(f•) wl1ich have a non-empty intersection with D. Let N0 = d- 1{N0 ). Then dlNo : No-+ N0 is a covering map. 

Remark. For closed conformally flat manifolds this theorem was proved by Kulkarni-Pinkall [KP). A slight modification of their arguments gives the proof for spherical CR-structures. 
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Theorem 2.4 ((M]) Let M he a compact spherical CR-manifold with amenable 

holonomy group. Then Mis finiteli, covered by the sphere S2"+1 or a Hopf 

manifold S1 x S2", or a compact infranilmanifold. 

Corollary 2.1 Suppose M is a closed man if old with a spherical CR-structure 

such that S 2"+ 1 \ D consists of one or two points. .Then d : M -+ D is a 

homeomorphism and Mis finitely covered by a Hopf manifold or an infranil­

manifold. 

Corollary 2.2 Let M be a compact spherical CR manifold such that the limit 

set L(f•) is finite. Then d: M-+ D is a homeomorphism and Mis finitely 

covered by S2"+1 or a Hopf manifold, or an infranilmanifold. 

3 Spherical CR-manifolds whose development 

maps are not surjective 

Theorem 3.1 Let M he a closed three-dimensional spherical CR-manifold 

with infinite fundamental group. Then the following conditions are equiva­

lent: 
a) d(M) = D::; S3 , 

b) d: M - D is a covering map, 

c) The holonomy group r• = J•1(,r1(M)) acts discontinuously on D. 

Proof: Step 1. We will show tha.t a) implies b). Suppose that S3 \ D 

consists of only one point x0 . Then the holonomy group r· fixes x0 • Applying 

corollary 2.1 ( see section 2.2), we obtain that in this case Mis finitely covered 

by either a Hopf manifold or a.n infranilmanifold and dis a homeomorphism. 

Now suppose that S3 \ D contains at least two points. Since S3 \ D is 

closed and invariant under r• it contains the limit set L(f•) of the group r· 
(CG). It follows from the cutting lemma that in this cased : M -+ D is a 

covering map. 
Step 2. We will show that a) implies c). For the reasons explained above, 

we may assume that S3 \ D conta.ins at least two points. Therefore, if the 

7 



group r• is discr<'lc, it acts discontinuously on D {CG]. Hence. if c) is not 
satisfied, then r· is not discrete. It follows from theorem 2.2 that we only 
have the following cases : 

i) r· has a fixed point in Hl;, 
ii) r· is dense in PU(2, 1), 
iii) r· has a fixed point Xo E S3, 
iv) r• leaves invariant a two point set {xi, :i:2} C S3, 
v) r· leaves invariant some totally geodesic submanifold in Ht; of real 

dimension 2. 
Note that case i) is impossible, because M would then be modeled by the 

pair (S3, U(2)) . It would then be CR-equivalent to a spherical space form 
S1 / F, where Fis a fiuite subgroup of U(2), which contradicts our assumption 
on the fundamental group. 

Suppose that case ii) holds. Since PU(2, 1) acts transitively on S3 and r• 
is dense in PU(2, l ), it follows that for any two points a, b E S3

, there exists a sequence { hn} Cr• such that limn--oo hn (a) = b. By taking a E S3 
\ D and b E D, we obtain a contradiction to the openness and invariance of D under r·. 

Consider now case iii). Using an appropriate stereographic projection 
(see section 5.1) we may identify S3 \ {x0 } with the Heisenberg group H, 
where x0 corresponds to oo. We may suppose that r• contains non-elliptic 
elements since case i) has already been considered. Thus there exists an 
element h E r•, h is either loxodromic or parabolic, such that h( oo) = oo. 
Suppose that oo E D. Take a point a E S3 \ D. Then limn--oo h±"(a) = oo. It contradicts the openness and invariance of D. Therefore oo E S3 \ D. By 
applying the arguments in the proof a) =:> b), we deduce that d : M - D is a homeomorphism. This implies that r• is discrete and hence, we have arrived to a contradiction. 

Suppose that case iv) holds. Then, passing if necessary to a subgroup 
of index 2 and choosing again a suitable stereographic projection, we may 
assume that f•(O) = 0 and f•(oo) = oo. Also we may assume that r• contains 
loxodromic elements since cases i) and iii) have been considered. Thus there 
exists a loxodromicelement h Er• such that h(O) = 0 and h(oo) = oo. When {O, oo} C D we take a point a E S3\D. Then li111n--oo h"(a) E {0, oo} and we 
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have again a contradiction to the openness and invariance of D. Therefore 

we may assume that oo E SJ\ D and achieve a contradiction by applying 

the arguments in step 1. 

The proof of the theorem will be finished in the next section. 

3.1 Spherical CR-structures on 3-manifolds with spe-

cial holonomy. 

3.1.1 Consider the complex hyperbolic space H'l; and its boundary 8H'l; == 

S3 • We will call C-circles the intersections of SJ with the boundaries of 

totally geodesic complex submanifolds HJ:; in H'/;. Analogously, we call R­
cirdes the intersections of SJ with the boundaries of totally geodesic real 

submanifolds Hlt, in H'/:;. A subset J( C SJ will be called a geometric circle 
if 1( is either a C-circle or a R-cirde. 

3.2 We will say that a spherical CR-structure on a 3-mauifold M is special 

if the holonomy group r• leaves invariant a geometric circle K in S3 • 

Theorem 3.2 Let M be a closed 3-manifold with a special spherical CR­

structure. Suppose that ,r(M) is infinite. Then d is not surjective and the 

holonomy group r· is discrete. 
' 

Proof: Let K be a geometrical circle invariant under r· and D = S3 \ /(. 

We know that L(f•) C /\. If L(f•) is finite, then by applying corollary 2 

in section 2.2 we obtain that d: M -+ S3 \ L(f•) is a homeomorphism and 

therefore r• is discrete. Since 1r1 (M) is infinite, L(r•) f- 0. 
Suppose now that l(f•) is infinite. We have two cases Lu consider. 

If L(f·) is a proper subset of K, then S3 \ L(f•) is simply connected. 

By applying the cutting lemma, we obtain that d : M -+ S3 
\ L( r•) is a 

homeomorphism and r· is discrete .. 
If L(f•) =/{,then it follows from the cutting lemma that d: M \ 

d- 1 (/() -+ S3 \ J( is a covering map and thus, d induces a monomorphism 

d.: ,r1(M\d- 1(1())---+ ,r1(SJ\/() ~ Z. Suppose that d(Ai}nl(;. 0. Then, 

using remark 5.5 in (KP), we have that d(M) = SJ. A generator of 7r 1(SJ\K) 
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can be presented by a circle lying in a small neighbourhood of p E /(. Since 
d is a local homeomorphism it implies that d. is surjective. It follows that 
d. is an isomorphism and therefore d must be one to one. A contradiction. 

Thus, we have obtained that d(M) n }( = 0. It is easy to see that in this 
case d( M ) = S3 \ I( and d : M -+ S 3 \ /( is a covering map. 

3.2.1 In what follows we suppose that d(M) = D. 

3.2.2 Case 1. Suppose that K is a C-circle. Then it follows that AutcRD ::: 
U(l) x PU(l, 1) (see section 2.1.4). Let G be the restriction of AutcRD onto 
Kor, equivalently, to the totally geodesic submanifold in H'b with boundary 
/(. 

We have the following exact sequence 

p 

I - U(l) - AutcRD-+ G-+ 1 

The U(l )-orbit of any point a E D is a generator of ,r 1(D) ~ Z . Hence we 
get an exact sc-quence 

0 -+ R -+ AutcRb .!.+ G -+ I 

where b is the universal covering of D. The exact sequences are related in 
the following way : 

(I) 
0 -+ R 

! 
I -+ U(J) -+ AutcnD 

Since 1(M) = D and dis a covering map, we may identify the universal 
covering M of the manifold M with band AutcRM with AutcRD. Therefore 
we have the development pair 

(deu-, dev): (AutcRD, D) -+ (AutcRD, D) 

Hence, we may think of r = 1r1(M) as a subgroup of Autcnb and J• = devjr . 
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r is a discrete cocompact subgroup of AutcnD. Hence, in particular, the 

intersection Rn f is cyclic and we have the following diagram 

0 -+ H --i► f l+ p(f•) -
{2) ! ! l 

1 -+ H• -► r· .!. p(f•) -+ l 

where H = R n r and H• = U ( 1) n r•. 
Sometimes H• will be called the rotation component of r-. 
Since U(l) acts trivially in Ht, :9 E r• and p(g) have the same action in 

Ht;. In particular, L(f•) = L(p(f•)). 
We will show next that p(f•) is discrete. 

Assume that p(f-) is not discrnte. Then, by applying theorem 2.2 in 

section 2.1.4 to p(f•) we obtain the following cases: 

(i) p(f•) has a fixed point x E HI_;, 
(ii) p(f•) has a fixed point :r E J(, 
(iii) p(f•) leaves invariant some two-point set {x1, x2 } C [(, 

(iv) p(f•) is dense in G. 
As in step 2 of the proof of Tht~rem 3.1 , we obtain t.hat cases (i)-(iii) 

are impossible. 
Consider case (iv). Since p(f•) is finitely generated it follows from corol­

lary 4.5.5 in (CG] that p(f·) contains elliptic elements of i11finite order. Let 

h. be an elliptic element of infinite order in p(f•) and let -y. = u.h. be an 

element in r• such that p(-y•) = h., where u. E U( 1 ). It is clear that "Y• is 

elliptic of infinite order and therefore limn-oo -y: = 1. 

Take an element "Y E r such that d·(-y) = 1•- Then it follows from 

diagram ( 1) that we can compose "Y with an element h E R to obtain the 

element , 1 = h-y such that lim,._00 ;i = 1. 

Since every element of R commutes with r, we have h, 11] = b., '1] for all 

,, E r. Therefore, in particular, b1',,] E r for all ,, E r. As limn-00 bi' ,, 1 = 1 

and r is discrete we obtain that [-y., q) = 1 for all '1 E r. It follows that -y. 

commutes with every element of r •. Since h. / 1, it follows that p( r·) must 

be abelian and hence we have again cases (i)-(iii) above, which, as shown, 

are impossible. 
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Thus, we have shown that p(P) is discrete. 
Suppose now tha.t r· is not discrete. Since p(r•) is discrete, it follows 

from diagram (2) tha.t r• is not discrete if a.nd only if /( er(d• : r -+ f•) is 
trivial. ln this case, the rotation component H• ::! Z. 

As rand r• a.re finitely generated, by passing to subgroups of finite index, 
we may assume that f• is torsion-free. 

Thus, we ha.ve that p(f•) is discrete, torsion-free, non-solvable, finitely 
generated subgroup of G. Then we know that p(f-) is either a finitely gen­
erated non-abelia.n free group or isomorphic to the fundamental group of a 
closed surface of genus ~ 2. 

Suppose that p(f•) is a free group. Then L(p(f•)) = L(f•) is a Cantor 
set lying in K. This contradicts the fact that L(f•) = K . 

The final cla.im is that p(f•) cannot be isomorphic to the fundamental 
group of a closed surface of genus ~ 2. ' 

Assume that p( r•) is isomorphic to the fundamental group of a closed 
surface of genus ~ 2. Then it follows from diagram (2) that the manifold M 
is homeomorphic to a circle bundle over a closed hyperbolic surface {S). On 
the other hand, under our hypothesis, Mis: modeled on the pair (AutcRD, D) 
and therefore, as a circle bundle, it has nonzero Euler number {BS, G3). 
It is well known that in this case r has no subgroups isomorphic to the 
fundamental group of a closed surface 0£ genus ~ 2 {S]. Since d• : r -+ r• is an isomorphism, diagram (2) shows again that we have arrived to a 
contradiction. 

Thus we have proved that in case l th1e holonomy group is discrete. 

3.2.3 Case 2. Suppose now that K is a R-circle. Then it follows from 
theorem 2.1 in section 2.1.4 that AutcRD is the image of the imbedding 
S0(2,1) -+ PU(2, 1) obtained by composing the imbedding S0(2,1 )-+ U(2, 
l) with projectivization. 

Let D be a universal covering of D. As in Case 1, since d(.M) = D, we 
may identify a universal covering M of the manifold M with D and AutcRM 
with AutcRD. 

The following has been obtained in {BS). 
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Proposition 3.1 D is isomorphic to the unit tangent circle bundle of the 

two dimensional real hyperbolic space Hl. 

Therefore we have that 

and the result we need follows from theorem 7.2 in [KR). 

3.3 End of proof of theorem 3.1 

3.3.1 Suppose now that case v) in step 2 occurs. Note, first of all, that 
L(r•) CK. For, if L(r■) = /\' we obtain that d{M) = S 3 \/(and we can 
finish the proof applying Theorem :J.2. If L(f•) is a proper subset of K then 
S3 \ L( r·) is simply-connected andl we are in the situations of step 1. The 
proof there shows that r· is discrete. 

3.3.2 Step 3. b) implies a) and c) implies a). We note first that the 
implication b) ~ a) is trivial, since M is noncompact, while S3 is compact 

and simply-connected. 
Let us show that c) ~ a). If d(M) = S3, then since r• acts discontinu­

ously and S3 is compact, r• is a finille group. In this case r· is purelly elliptic 
and consequently is a subgroup of 1Lhe unitary group U(2). Thus M is mod­
eled by the pair (S3 , U(2)). Since M is close, it implies that its fundamental 
group is finite, which contra.diets the hypothesis of the throrem. 

3.3.3 One sees that we proved that a~ b and a<=> c. Thus the theorem 

is proved. 
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4 Spherical CR-structures on S1- bundles 
over surfaces. 

4.1 Standard spherical CR-structures on S1-bundles 
over surfaces. 

Let H, denote a group isomorphic to the fundamental group of a closed 
orientable surface S, of genus g ~ 2. Suppose that p : H, --+ P(U(2, 1)) is 
a homomorphism. We say that p is a discrete embedding if and only if p is 
injective and its image p(H,} is a discrete subgroup of PU(2, l). 

There are two special kinds of discrete imbeddings of H, into PU(2,1). 

4.1. 1 Let Ill; be a totally geodesic complex submanifold in H'/;. We will 
consider Ht as the set {(z1, z2) E B2 : z1 = O}. 

Assume now that H11 is a. discrete subgroup of SL(2,R) ~ SU(l, I) and 
suppose that H, is generated by 1 1 , • • ·, 12:,, with 

Let ff II act on H'j; by 

This action corresponds to the standard imbedding of SU ( 1, 1) into PU (2, 
I) given by composing the embedding U(l,1)--+ U(2, I) 

A-[~ ~ll 
with projectivization U(2, 1)--+ PU(2, 1). We denote He the image of H, 
corresponding to this embedding. 

Let De= S3 
\ l<c, where Kc= oHb. Then He acts discontinuously 

on De and the limit set of He equals Kc. It is well known [ BS, G3), that 
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I 
the manifold M(He) = De/ He is homeomorphic to the circle bundle over 
S, whose Euler number is 1-g. 

Thus we have that any S 1 -bundle over S1 with Euler number e = 1-g 
admits a uniformizable spherical CH-structure. 

4.1.2 Let Hi be a totally geodesic real submanifold in lll:,. As the identity 
component SO(2, 1 )0 ~ PS L(2, R), there exists a discrete embedding H, 
into PU(2, 1) given by 

H,-+ S0(2, 1) c U(2, I)-+ PU(2, 1) 

We denote Ha the image of H1 corresponding to this embedding. 
Let Da = S3 \ Ka, where /(a= {}Hlt_. Then Ha acts discontinuously on 

Da and the limit set of Ha equals l(a. The manifold M(Ha) = Da/ Ha is 
homeomorphic to a circle bundle over S, whose Euler number is 2g-2 [BS), 
(KR). 

Thus we have tliat any circle bundle over S, with Euler number <' = 2g -
2 admits a uniformizable spherical CR-structure. 

4.1.3 The spherical CR-structures on S 1-bundles constructed above will be 
called standard. 

4.1.4 Note that in both cases above the spherical CR-structures on S 1-
bundles over S, are special and their holonomy groups coincide with discrete 
embeddings H, constructed in 4.1.1 and 4.1.2. 

4.2 Non-standard spherical CR-structures on S 1-bundl, 
over surfaces. 

In this section we will construct special spherical CR-structures on S 1-bundles 
over closed orientable surfaces of genus g ~ 2 with arbitrary Euler numbers 
e;c 0. 
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4.2.1 Before describing the constructions, we establish the following nota­
tions. E(g, e) will denote a circle bundle over a closed orientable surface 
of genus g~ 2 with Euler number e, r will denote the group of deck trans­
formations of the universal covering spaeie of E(g, e). Recall that r has a 
presentation : 

i=g 

r. =< a1, b1 1 • • •, ag, b,, h Il(ai, bi) :::: he I h central> 
i=l 

4.2.2 Consider the standard spherical CR-structure on E(g, e) constructed 
in 4.l.l. Let d· : r-+ r· C PU(2, 1) be the corresponding holonomy homo­
morphism, r• be the holonomy group. Thi~n d• has a cyclic kernel, generated 
by h, and 

i=, 

r• = d(f·) ~ f/ < h >=< a 1 ,bi,··•,as,,bs, Il[a;, b,) = 1 >=He. 
i=l 

Diagram (2) in this case becomes 

0 -+ H --+ r l. p(f) --+ 1 

l l l 
1 -+ I --+ r· ~► r· --+ I 

Let U1c be a cyclic subgroup of U(l) o•f order k~ 1. Consider the group 
q =< r•, U1c > generated by r• and U1c. It is clear that fi is a discrete 
subgroup of PU(2, 1 ), fi acts discontinuo,usly on De, the limit set L(q) = 
/(e, rk is the direct product of U1c and r· I r· is a subgroup of q of index 
k, r; acts without fixed points on De. 

Next note that fi is the holonomy group of the spherical CR-manifold 
M1i = De/r'i which is uniformizable by ft (see section 4.3). 

Diagram (2) in this case becomes 

0 -+ H --+ f1c l. p(f1c) -+ 1 
i l l 

1 --+ U1c --+ f't " r· --I• -+ 1 
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Let M 1 = Dc/r·. As was shown above M1 ~ E(g, 1 - g). 
Consider the covering M1 -+ M1c induced by the inclusion r• C r;. 

Then it is easy to see that the manifold M1 is a k-fold cyclic covering of M1c 
obtained by dividing M1 by the action of the cyclic subgroup of order k in 
S1 • Therefore, M1c is a S1-hundle over S,. It follows from lemma 3.5 in IS] 
that the Euler number of M1c equals k(l-g). Thus M1c e! E(g, k(J - g)). Since 
1-gj0 for any k ~ 1, E(g,k) is a (g-1)-fold covering of M1c. 

Lifting the spherical CR-structure on M1c to E(g, k) and noting that E(g, 
k) is homeomorphic to E(g, -k), we obtain the following theorem. 

Theorem 4.1 Let E(g,e) be a circle bundle over a closed orientable surface 
of genus g~2 with non zero Euler number e. Then E(g,e) admits a spherical 
CR-structure. 

Remark. In general, the spherical CR-structure on E(g, e) constructed 
above is not uniformizable. We will discuss this in the next section. 

I 

4.3 Kleinian and non-Kleiinian structures. 

The most natura) class of (X,G)-structures arises as follows. Let D be an 
open connected subset of X and r be a subgroup of G which leaves D invari­
ant and where it acts freely and disc1ontinuously. Then the manifold M = 
D/f clearly admits a natural (X,G)-structure. We will call such a. structure 
on M l(leinian or uniformizable. More generally, an (X,G)-structure on a 
manifold M will be called uniformizable or Kleinian if it is (X,G)-equivalent 
to a Kleinian structure defined as above. Two (X,G )-structures on M are 
called commensurable if they have (X,G)-equivalent finite coverings. We will 
call an (X,G)-structure on M virtually uniformizable or virtually l(leinian if 
it is commensurable to a. Kleinian structure. Finally, we will call an (X,G)­
structure on M almost Kleinian if d: M -+ d(.M) is a covering map. 

A problem of basic geometric inti~rest is to find criteria for an (X, G)­
structure to be Kleinian, virtually 1-Cleinian or almost Kleinian. For the 
c-a.se of conformally flat structures this problem was considered in [GI], (K], 
(GKaml), (GKam2), [KP], (GK). Theorems 3.1 and 3.2 are the first step in 
this direction for spherical CR-structures. 
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4.3.1 The standard spherical CR-struclLures on S1-bundles over closed ori­
entable surfaces S9 of genus g~2 constructed in 4.1 provide examples of 

Kleinian structures. 

4.3.2 Now we present examples of virtualy Kleinian but non-Kleinian spher­

ical CR-structures on S1-bundles over S1 . 

Example 1. Let M1 = E(g, 1 - g) be the S1-bundle over S, equipped 
with the standard spherical CR-structure constructed in 4.1.1. Then the 

holonomy group of this structure is r• = d·(r) ~ 1r1(S9 ). 

Take g-1 = kn, where k and n are positive integers greater then 1. Con­
sider the k-fold covering p1c : M" -+ M 1 with the defining subgroup r• C r, 

Tlten Alie~ E(9, - u). 
Define the spherical ·CR-structure on Mir by lifting the spherical CR­

structure 011 M 1 • L<'I d" : M -+ De be the corresponding d(•velopment 
map. It follows from the construction that /( erd; = Herd• n r1c =< hie >. 
Hence Llw holonomy group r; = di(f-) of this spherical CR-structure on M 1 

coincides with r·. We see that the spherical CR-manifold M 1 is uniformized 
by its holonomy group r·, while Mir is not. Thus Mk provides an example 
of virtually Kleinian structure which is not Kleinian. 

Remark. IL is easy to see that the same arguments work for the spherical 
CR-mauifolds constructed in 4.1.2. 

Example 2. Here we consider in more detail the spherical CR-manifolds 
constructed in the proof of theorem 4.2. 

Let r; =< r·, U1. > , where r· is the group constructed in 4.1.1 and U1c C 

U (I) is a finite cyclic group of order k ~ 1. Then as was shown in section 

4.2.2 the quotient M1c = Dc/r; is a spherical CR-manifold homeomorphic 
Lo E(g, k( 1-g)) and I'; is its holonomy i~roup, that is, M1r is uniformizable. 

Suppose that k and g-1 are both primitive integers. Then there are only 
three non-trivia.I finite covers of M1r which are S1-bundles over S9 : 

i) Pk : E(g, 1 - g) - M1c, 
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ii) P,-1 : E(g, -k) - M1c, 
iii) P1c(i-•> : E(g, -1)-+ M1c. 
Define the spherical CR-structure <m these manifolds by lifting the spher­

ical CR-structure on M1c. Then in case:s i) and ii) the structures are Kleinian 
a.nd their holonomy groups are subgroups of r; of index k and g-1 respec­
tively. In case iii) the structure is mot Kleinian and its holonomy group 
coincides with fi. 

Example 3. Let M ~ E(g, 2g - 2) be the S1-bundle over S11 equipped 
with the standard spherical CR-structure constructed in 4 .1.2. We know that 

II 

r = 1r1(M) =< a1, b1, ···,a,, b1 , h: IJ[ai, bi)= h21
-

2
, h central> . 

i=I 

Consider the 2-fold covering P2 : M2 -+ M corresponding to the subgroup 
f2 Cr, 

r2 =< a1,b1,··•,a11 ,b1 ,h2 >. 
Then M2 ~ E(g,g - 1 ). Define a spherical CR-structure on M 2 using p,. 

We have that E(g,g - 1) is homeomorphic to E(g, 1 - g), so M 2 can be 
equipped with a standard spherical CR-structure as in 4 .1.1. 

Thus, we see that the manifold M:1 admits two spherical CR-structures: 
one of them is Kleinian, while the other is not. Of course, these structures 
are not CR-equivalent. 

4.3.3 In this section we present an example of a spherical CR-manifold N 
with infinite fundamental group which has a surjective development map, 
that is, a spherical CR-structure on the manifold N which is not almost 
Kleinian. 

Let M" be the spherical CR-manifold constructed in example 1 in 4.3.2, 
where k > l. 

Let d1c : M -+ De be the development map and p : M -+ M" be the 
universal cover of M. 

Let BC M• be a small open ball in M". It is easy to see that d1c(p- 1 (M"\ 
B)) = d1c(M) = De. 
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Take any closed 3-dimensional sphe1rical CR-manifold M with infinite fun­
damental group. Let B' be a small open ball in M. We may define a spherical 
CR-structure on the connected sum N = MklM along the boundaries Band 
B' using the construction in (BS), [F). · 

Let d : N --+ S3 be the development map of this spherical CR-structure. 
Then it follows from the above that d(N) n L(M) -:/ 0, where L(M) is the 
limit set of the holonomy group of the: spherical CR-structure on M. Since 
the limit set L(N) of the holonomy groiup of N is obviously infinite it follows 
from Remark 5.5 in [KPJ that d(JV) = S3 • 

5 Fundamental domaiins. 

In this section we give explicit constructions of fundamental domains for some 
discrete subgroups of the group of conformal transformations of the one-point 
compact.ificat ion H of the Heisenberg g;roup. For a notion of conformality on 
H the rcad<>r is refered to Koranyi and Reimann [KoR). 

5.1 The stereographic projectiori and thlr Heisenberg 
group. 

The mapping 

C: { Z1 == 
Z2 :: 

..!!!!.L 
l+w, 
~ 
J+w, 

is usually n~fcr<'<l tu as the Cay/ey transform. The Cayley transform maps 
the unit ball 

B = { w E C2 
: lw1 12 + lw212 < 1 } 

biholomorphically onto 

The Cayley transform leads to a B;eneralized form of the stereographic 
projection. This mapping ,r : S3 \ {-1~2 } -+ R 3, where S3 = 8B and e2 = 
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(I, 0) E C 2 , is defined as the composition of the Cayley lrausform restricted 
to S3 \ {-e2 } followed by the projection 

The stereographic projection ,r can be extended to a mapping from S3 

onto the one-point compactification it3 of R 3• 

The Heisenberg group His the set of pairs [t, z] E Rx C with the product 

(t, z) · [t', z'] = [t + t' + 2/m(zz'), z + z'I 

Using the stereographic projection we can identify S3 
\ { -e 2 } with H and 

S 3 with the one-point compactification H of H. 

5.2 The Heisenberg group acts on itself by left translations. Heisenberg 
translations by (0, v) for vE Rare callled vertical translations. 

Positive scalars A E R+ act on H lby Heisenberg dilations: 

If m E U(l), then m acts on H by 

m: (t,z} - [t,mz) 

m is called a Heisenberg rotation. 
The Heisenberg inversion of H is defined on H \ {origin} by 

t z 
h: (t,z}-+ (- f' + lzl4' it - lzl21 

Note that h = 1r o j o :ir- 1 where j is the involution 

j : I { 
w' = 
~ = 
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The map ri1 defined by 

m : It, z] -• [-t, z] 

All these actious extend trivially to :u. It is well known that the group G 
of transformations of H generated by all Heisenberg translations, dilations, 
rotations and h coincides with ,r-1 oPU(2, l)o,r and the group G =< G, m > 
is the group of all conformal transformations of H (KoR). 

5.3 The Heisenberg norm assigns to g =[t, z) in H the nonnegative real 
number 

lgl = (lzl4 + t2
)
11• 

The fuud iou d(g,g') = lg-1g'I defines a distance on H. Heisenberg transla­
tions and rolatious are isomelries with r,espect to this distance. Furthermore, 
ld.,gl = -\lgl anJ l1i19I = IYI• 

5.4 We will call the Heisenberg sphere (H-sphere) with center a and radius 
p the set 

S(a,p) = {g e H: d(a,g) = p } 

5.5 Let S he llw II-sphere with center al the origin and radius 1. It is easy 
to see that h(S) = S, h(ext S) = intS, where intS = {g E H : d(O,g) < 1 ), 
extS = {g E // : d(O,g) > 1 }. Thus, we see that h has some features 
of the usual euclidean inversions in spheres, and it is natural to call h the 
inversion i11 the II-sphere S. 

Example 1. Let r =< h > be the group generated by h. Then it follows 
from above that F = intS is a fundamental domain for r. 

5.6 It is usefull to consider the following transformation 

• t -z 
I = mo h : [t, z] - [t2 + lzl"' it+ lz l:21• 
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Observe that I leaves invariant Sas well as the circles lzl2 = vT=t, ltl < 1, 
and l(intS) = extS. 

Define / 11 = go I o g-1, where g iis either a Heisenberg translation or a 
Heisenberg dilation. It is easy to see tlnat the H-sphere S9 = g(S) is invariant 
under 19 and lg(intSg) = e:ctSg. We will also call 111 the inversion in S11 • 

5. 7 Example 2. Let S1 and S2 be the H-spheres of radius 1 centered at 
the points 01 = [-1,oJ and O] = (1, 0) respectively. Consider the inversions 

1'1 = I,1 and 1'2 = 161 in S1 and S2, where g1 = (1, 0) and 92 = I-?, 0) are 
the vertical translations. A simple cakulation shows that ;, leaves invariant 
S;, i :f. j, furthermore, -Yi leaves invariant the circle c = S1 n S2 • 

Let r =< ,1, ,-2 >. A direct verification gives that F = ext(Si) n e:ct(S2) 

is a fundamental domain for r. 
We also note the presentation of f': 

5.8 Example 3. Let S(0,..\) be the H-sphere with radius A centered at 
the origin, that is, S(0,..\) = dA(S), where dA is a Heisenberg dilation; and 
let S(h,l) be the H-sphere with radiu:s 1 centered at the point (h,0], that is, 
S(h,l) = th(S), where th = [h,0J is a vertical translation. 

Consider now the corresponding inversions 

in S(O,..\) and S(h,l) respectively. 
Calculations show that S(0,..\) is invariant under lh if and only if ..\4 = 

h2 - 1. On the other hand, it is also seen that under this condition on ,\ 
and h, S(h,l) is invariant under h. F111rthermore, the circle S(0,..\)nS(h,l) is 
invariant under both /" and I:,.. 

Also it is easy to see that S(h,"2,1) is invariant under both /(j-l)./l and 
/(;+1)./l• j E Z. The circle S((j-1)✓2,..\)nS(j./2,1) is invariant under both 
lc;-i>v'l and I;,n· 
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For each integer n ~ 2, consider the following family L of spheres: 

S0 = S(O, 1), S1 = S(h,t I), 

s~ = S(O, ~) ' s; = S(-h;, I), 

where I S j S n, h1 = ...fij and ~ = (2n2 
- I )114

• 

Nexl define the transformations "Yo, -y~, -y1, "}'~, • • • "Yn, ;~ as follows 

for 1 S j Sn. 
Let f'(n) =< 10,')'~,'Yi,1;,-•·-Yn,'i':" > be the group generated by the 

lransformations defined above. 
It is clear Lhat r leaves invariant D = H \ {t-axis}. 
Now let r I)(' tlw "spherical polyhedron" bounded by the II-spheres S,, s; 

for O ~ j ~ n, th11t is, P = F, where 

\Ve call an edge of P the circle c which is the intersection of two spheres in 
L. A parl of the boundary of P lying on S, E L between two edges will be 
called the side of P. 

It follows fro111 I he construction tha.t we have the following: 
i) Pis co111part, 
ii) For Pach side A of P there exists a transformalion i'A E hi,1;} such 

that P n 1 4 (/>) = A. 
iii) For t·ad1 si<le A of I' there exists a side A' such that 1A o 1 .1, = 1 ( of 

c:ourse , A = A' and 1'A = i'A•, 
iv) For eacl1 e<lge c of P there exists a sequence Ai,•··, A1 of sides of P 

such that 1,t 1 o · · · o 'YA. = I and 

v) The polyhedra P, ')',4 1 (P), · · ·, ")',4 1 o · · · o ")'A,_1 (P) do not have pairwise 
common interior points. 
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\,Ve· kuow I fiat Lil<' t-axis completed l,y oc is tlw i111ag•· of ,1 C -<·ird1· iu S:I, 

it corresponds under the stereograµhic projcctiou 1r tn tlw .sd { ( 11• 1 , wl) E 

S3 , w2 = 0 }. Therefore, one can introduce a complete Hic111a1111ia11 metric 

on D = H\ { t-axis} invariant under the group r (see, for instance, IKTI). 

Applying similar arguments to those in the proof of the Poincare's Poly­

hedron theorem [Ma}, we conclude that the construction above yields a fun­

damental domain F for r. Furthermore, the limit set L(f) of r equals the 

t-axis completed by oo. 
Since r is finitely generated, there exists a torsion-free subgroup 1'0 o{ 

finite index in r. Then M(fo) = D/r O is a circle bundle over a closed 

hyperbolic surface with non-zero Euler number ( see section 4 ). 

5.9 Klein's combination theorem. 

Theorem 5.1 Let f 1 and f2 be discrete subgroups of PU{2, I} with funda­

mental domains F1 and F2 • Suppose that F1 U F2 = S 3 and F = F1 n F2 is 

connected and non-empty. Then r =< f 1, f 2 > is discrete witli fundamental 

domain F. 

5.10 Example 4. Consider the following conformal transformation of 8: 

The action of this transformation on H under stereographic projection ,r 

corresponds to 

• .1 + lzl2 
- it + 2iz . 1 - lzl2 + it 

h: [t,z)-+ (Reil I 12 ·t 2 · ,rl I 12 ·, ?' ) + Z - l. - lZ + Z - l - -ZZ 

Let r 1 = f(no) be the group constructed in example 3 for any fixed no > 1 

and F1 be its fundamental domain. Let f 2 = ho f Io k- 1 and F2 = h(F1)­

We see that the limit set L(f 2) of the group f 2 is the unit circle centered at 

the origin 
L(f 2) = { g = (t, z) : 11911 = 1 , t = 0 } 
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The boundary of F2 is the boundary of the solid torus having L(f 2 ) 

as its core. It is clear that there exists a Heisenberg dilation d. such that 

d.(8F2) lies in the complement of all the balls bounded by S;, j = 0, · · ·, n, 
and St, k = 1, - - ·, n. Having defined such s, choose n 1 such that d.(8F2) C 

intS(O, ,\1 ), where ..\1 = (2n~ -1 )114 • Let r~ = r(n1 ) be the group constructed 
in example 3 corresponding to n = n 1 and F; be its fundamental domain. 

Let r; = d~f 2d;1 . Then F; = d.(F2 ) is a fundamental domain for r;. 
One sees that the complement(Ft) C FJ, i,j = 1, 2, i =/:- j. It follows that 
the conditions of Klein's combination theorem are satisfied and therefore 
r =< r~, r2 > is discrete with the fundamental domain F = F; n F~. 

The limit set L(f) is quite complicated. In particular, it contains the 
f-orbit of {TU d)i(T)}, where T is thie t-axis completed with oo. 

If r0 is a subgroup of finite index in r without torsion, then M(r 0 ) = 
R(r )/r o is an asplicric manifold. Here, R(f) = H \ L(r) is the regular set 
of r. 

One can show that M(f 0 ) is a torus sum of two S1-bundles over a compact 
hyperbolic surface. 

M ( 1'0 ) provides the first example of an a.spheric manifold with a spherical 
CR-structure which is not a Seifert manifold. 
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