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ANALYZING SMOOTH AND SINGULAR DOMAIN
PERTURBATIONS IN LEVEL SET METHODS*

ANTOINE LAURAINT

Abstract. In the standard level set method, the evolution of the level set function is deter-
mined by solving the Hamilton—-Jacobi equation, which is derived by considering smooth boundary
perturbations of the zero level set. The converse approach is to consider smooth perturbations of the
level set function and to find the corresponding perturbations of the zero level set. In this paper, we
show how the latter approach allows us to analyze not only smooth perturbations of the level set,
but also singular perturbations in the form of topological changes. In particular, it is an appropri-
ate framework for analyzing splitting and merging of components. In this way, we establish a link
between the Gateaux derivative with respect to the level set function and the shape and topological
derivatives. In the smooth case, we determine a transformation of the zero level set, defined as the
flow of a vector field, which corresponds to the perturbation of the level set function. For topological
changes, we study the cases of splitting or merging and creation of an island or a hole, and provide
asymptotic expansions of volume and boundary integrals.
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1. Introduction. Since its inception, the level set method [25, 27] has proven
extremely popular for numerical modeling of complex shape evolutions. The principal
reason for its popularity is the ability to perform topological changes such as merging
and splitting of two shapes in a simple way, thanks to the implicit representation
of the geometry. Indeed, in prior boundary variation-based methods for modeling
shape evolution, such as splines or explicit boundary parameterizations, performing
topological changes was tedious.

The foundation of the original level set algorithm, as presented in [25, 27], is an
evolution approach. Given a vector field V' perturbing the zero level set {2,. o) of an
initial level set function ¢(+,0), the evolution of ¢ is determined by a Hamilton—Jacobi
equation

(1) Ovp(a,t) + V(x) - Vo(a,t) = 0,

which is obtained by differentiating ¢(x(t),t) with respect to t, for a particle x(t) on
the boundary 9€. +), moving with speed V. An aspect which is rarely discussed in
the literature is that the assumption that the particle z(t) is moving with a regular
speed V implies that one is considering a smooth perturbation of the zero level set
Q4(.,0), in the sense that the corresponding transformation of €. o) is a diffeomor-
phism; see, for instance, [8, section 9.4.3, p. 29]. Therefore, it seems that topological
changes should not occur when solving (1). However, numerical methods for solving
(1) are based on a notion of weak solutions, the so-called viscosity solutions, which
do not necessarily satisfy (1) everywhere. In particular, (1) is typically not satisfied
at a point where a topological change occurs. The drawback for shape optimization
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problems is that, when V is chosen to provide a descent direction for a given cost
functional considering smooth boundary perturbations, the viscosity solution will not
necessarily lead to a decrease of the cost functional, in particular when a topological
change of §2,(. ;) occurs. Therefore, there is a gap between the desired update of the
level set function and the actual evolution of the shape in the numerical practice,
which has rarely been addressed in the literature so far; see, however, [2, 17], which
we discuss further.

The converse approach consists in considering perturbations ¢ + th of a level set
function ¢, which now depends only on z, and determining the corresponding pertur-
bation Qg4 of Qg. If smooth perturbations of €2, are implicitly assumed, then the
perturbed level set €44, can be described using the flow of a vector field V = V (k).
Thus, for smooth perturbations of €4, this approach is equivalent to the evolution
approach. However, it is easily observed that a smooth perturbation ¢ + th of ¢ can
also lead to a topological change of 24 such as merging and splitting. Therefore,
this framework is appropriate to analyze topological changes in the level set method.
The approach of perturbing ¢ rather than Q4 is common in the literature on level set
methods; its origin can be traced to [31] (see also [7, 9, 26] or [30] for a review). How-
ever, it has been used only for analyzing smooth boundary perturbations. Roughly
speaking, one usually represents integrals on Q4 using H(¢), where H is the Heaviside
function, and upon differentiating with respect to ¢, a Dirac mass §(¢) appears, which
yields integrals on the boundary 0€24. Although not explicitly stated, this implies that
smooth boundary perturbations of {24 are considered. These two approaches have also
been studied in the calculus of variations, where both perturbations of the dependent
variable and perturbations of the domain via diffeomorphisms are considered; see [15,
Chapter 3]. The aim of the present paper is to perform a rigorous mathematical study
of the approach based on perturbing ¢, and to show how it allows one to analyze and
model smooth perturbations as well as topological changes of €.

The analysis of topological changes in the level set method is an important issue
for the study of the convergence of the method for shape optimization problems. It is
also important for numerical methods; indeed, even if topological changes by merging
and splitting occur naturally in the numerics, the variation of the cost functional
is not under control if the analysis of the topological change is not performed. In
particular, for the task of minimizing some objective functional, the analysis allows one
to determine whether or not a specific topological change has the effect of decreasing
the functional.

The framework presented in the present paper has several interesting features.
First of all, since ¢ is the variable and lives in a vector space, the usual notions
of differentiation are available, such as the Fréchet and Géateaux derivatives of the
functional. One of the main features of the present paper is to precisely relate the
Gateaux derivative with respect to ¢ of a general objective functional with the shape
and topological derivatives; see [28, 29]. This provides a unified notion of domain
derivative, since we show that the Gateaux derivative for smooth perturbations of ¢
may correspond to the shape derivative or to the topological derivative, depending on
the configuration. Also, we relax the standard condition of the level set method, i.e.,
that ¢ be a distance function in a neighborhood of 9§24, by letting ¢ be any function
with a nonvanishing gradient on the boundary. When we want to consider topological
changes, we slightly relax this condition by allowing |V¢| to vanish at isolated points
of the boundary. Still, the gradient should not vanish on a set of positive measure
intersecting the boundary; otherwise, one could not guarantee the differentiability of
the cost functional, and the model would be pointless. When ¢ does not have critical
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points on 0§y, small perturbations of ¢ lead to smooth perturbations of 4.

Even if this framework allows one to analyze topological changes, the question of
the differentiability of a general cost functional J(¢) with respect to these topological
changes remains challenging. The purpose of this paper is to study quantitatively
the continuity and differentiability properties of certain cost functionals J(¢). For
topological changes by merging/splitting, we study the two-dimensional case, which
is more singular than for higher dimensions, and leads to nondifferentiability of the
functional; see [17].

Topological changes for level set methods have been analyzed in [2, 17]. In [17],
differentiability properties of the volume of the zero level set €24 with respect to
perturbations of ¢ are obtained in dimension d > 2. However, asymptotic expansions
of the cost functionals are not computed. In the present paper, we are interested in
quantitative results, as we have the application to optimization problems in mind.
Thus, we compute the first term of the asymptotic expansion for cost functionals
defined as volume or boundary integrals. In [2, 3], a different approach to level set
methods is introduced, which does not rely on the Hamilton-Jacobi equations and
smooth perturbations of the domain, but is based instead on the topological derivative
[28]. In these papers, the functional also depends on ¢, and the authors consider both
smooth boundary perturbations resulting from perturbations of the level set function
and topological changes in the form of drilling a hole, but topological changes of the
type splitting/merging are not studied. To compute asymptotic expansions for shape
functionals defined as volume integrals in [2], the author uses the coarea formula.
Here we use a different approach, based on the implicit function theorem.

We also mention phase field models, where a diffusive layer with positive thickness
models the interface, as an alternative to level set methods. The main advantage
is that topological changes occur naturally in this framework, also for multiphase
problems, and the sensitivity of the cost functional is easier to compute than in level
set methods. The principal drawback is that the front location is represented only
approximately. The thickness of the diffusive layer can be driven to zero to simulate
the sharp interface, but this is costly from the numerical point of view. From the
analytical point of view the study of the sharp interface limit requires an asymptotic
analysis which can also be involved. It is actually an active field of research in the
phase-field community; see, for instance, [4, 24] for the Allen—Cahn/Cahn-Hilliard
system, [5] for structural optimization, and also [11, 14].

The first part of the present paper, from section 2 to the end of section 3, is
dedicated to a thorough analysis of the smooth case. We show how the smooth
perturbation of €, generated by a perturbation of ¢ can be described by the flow of a
nonautonomous vector field V. In this way, we can relate the Gateaux derivative of the
objective functional with the shape derivative of the corresponding shape functional.

The second part of the paper, corresponding to section 4, deals with the analysis of
the singular case, i.e., the case where V¢ may vanish at isolated points on the bound-
ary 0Q. In this case, topological changes such as splitting/merging or creation of an
island /hole may occur. For the creation of a hole or an island, we provide an asymp-
totic expansion of the cost functional and establish a link with the notion of topological
derivative. For splitting/merging, we study the two-dimensional case for volume and
boundary integrals. We show that the cost functionals are not differentiable but are
continuous with respect to the splitting/merging, and we provide an asymptotic ex-
pansion. The main ingredient for analyzing the case of splitting/merging is to use a
parameterized Morse lemma, to transform ¢ into a quadratic function locally around
a nondegenerate critical point.
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2. Shape derivative. In shape optimization, one studies continuity and differ-
entiability properties of shape functionals J : Q + J(Q) € R, where Q C RY. The
concept of shape derivative [8, 29] is based on the speed method (also known as the ve-
locity method), which is used for building a parameterized family of shapes Q;. When
Q = Q4 is the subzero level set of a smooth function ¢, we can consider ¢ as the
variable; i.e., we introduce the functional J(¢) := J(€4). The objective of sections 2
and 3 is to determine the flow of the subzero level set €14, as expressed in the speed
method, which corresponds to a small perturbation of ¢. In this way, we can relate
the Gateaux derivative of J with respect to ¢ with the shape derivative of J(€4).

First we recall the notions of Eulerian semiderivative and shape derivative of a
shape functional. Let £2(D) be the set of subsets of D C R? compactly contained
in D, where D C R? is open and bounded. In this paper, we use the notation
V' for nonautonomous vector fields, i.e., vector fields which depend on ¢, and 6 for
autonomous vector fields. Define for k >0 and 0 < a <1

(2) cke(D,RY) := {0 € C**(D,R?) | 6 has compact support in D},

and define C¥(D,R?) in a similar way. For 7 > 0, consider a vector field V €
C([0,7);C%Y(D,R)) and the associated flow 7)Y : D — R4, t € [0,7], defined for
each zg € D as T (zg) := z(t), where z : [0, 7] — R? solves

(3) x(t) = V(x(t),t) fortel0,7], x(0)=xo.

We will use the simpler notation 7; = 7} when no confusion is possible. Since
V(-,t) € COY(D,R?), we have by Nagumo’s theorem [22] that for fixed ¢ € [0,7] the
flow T; is a homeomorphism from D onto itself, and maps boundary onto boundary
and interior onto interior. We also introduce the family of perturbed domains

(4) Q =TV (Q).
The following definitions can be found in [8].

DEFINITION 2.1. Let J : Py — R be a shape function defined on some admissible
set Py C P(D):

(i) The Eulerian semiderivative of J at  in direction V € C([0,7];C%(D,R%))
is defined by, when the limit exists,

e T () = T(Q)
(5) dpJ(Q)(V) = }1\{‘% ; .
For 6 € COY(D,RY) and Q; := TP (Y), we define the Eulerian semiderivative
dpJ(Q)(0) in the same way.
(ii) J is shape differentiable at Q) if it has a Eulerian semiderivative at 2 for all
V € C([0,7];C(D,RY)) and the mapping

dpJ(Q):C([0,7];C(D,RY)) = R, V = dgJ(Q)(V)

is linear and continuous. In this case, we define the shape derivative d.J ()
as dJ(Q) :=dgJ(Q).

The following well-known result shows that the Eulerian semiderivative in direc-
tion V only depends on V(+,0) if it is continuous in the appropriate topology. This
result will be useful to prove Theorem 3, which states that the shape derivative of a
shape function [J(€2) coincides with its Gateaux derivative with respect to a function
¢ when € is defined as the zero sublevel set of ¢.
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7);CH(D,RY)), dp T (Q)(V) exists

THEOREM 1. Let k > 0. If for all V € C(]0,
)) — R is continuous, then

and the map V — dpJ(Q)(V) : C([0,7]; Ck(D,R¢
AT @QV(-0)) = dpT (V) for all V € ([0, 7]; CH(D, RY)).

Proof. See [8, Theorem 3.1(ii), p. 474]. 0

Next we recall the structure theorem of Zolésio, which states that the shape
derivative only depends on the normal component of the trace of the perturbation
field on 9f). This result will also be useful for the proof of Theorem 3.

THEOREM 2 (structure theorem). Assume 0 is compact and of class CkT1,
k > 0. Assuming J is shape differentiable at Q and the shape derivative dJ ()
is continuous for the Ck(D,R%)-topology, then there exists a linear and continuous
functional g : C*(02) — R such that for all 0 € C*(D,R?),

(6) dT(2)(0) = g0 - n).

Proof. See [8, Corollary 1, pp. 480-481]. d

Notation. We use D for derivatives (or partial derivatives) with respect to the
space variable x and D? for the second derivative with respect to . When the function
is scalar, we use V instead of D for the first derivative with respect to z. The notation
()T is used for the transpose of a matrix and (-)~" for the transpose of the inverse.
We denote by 1 : R — R% z + x the identity and by xa the indicator function of
a set A. We denote by z +— ch(z) the hyperbolic cosine function and by z +— sh(x)
the hyperbolic sine function. Throughout the paper we denote by ¢ a generic positive
constant which may vary from line to line.

3. Geometric flow corresponding to perturbations of the level set func-
tion. Let Q4 := {z € D | ¢(x) < 0}, where ¢ € C*(R?). In the rest of the paper,
we will use the simpler notation Q, = {¢ < 0}. In the paper, we assume that the
boundary 9Q4 = {¢ = 0} does not intersect 9D. Given a shape functional 7, we may
recast it as a functional of the level set function ¢ by introducing J(¢) := J ().
Typical functionals considered in this context are

Jl(gb):\/Q Fl(x,u¢(x),Vu¢(x))dw and J2(¢): 50 Fz(x,u¢(x),Vu¢(m)) dsg,

where u4 is a function which depends on ¢ through €14. Often, uy is the solution of a
partial differential equation. In this paper, we treat the cases where F; and F5 only
depend on z and not on 4.

The advantage of recasting J as a function of ¢ is that we have access to the
standard notions of derivatives in vector spaces. Let us assume for simplicity that
¢ € H(D), where H(D) is a vector space of functions on D. For h € H(D), the
Gateaur semiderivative of J at ¢ in the direction h is defined as, if the limit exists,

e J(@+th) = J(9)
daJ(9)(h) = lim ” :

The functional J has a Gdteaux derivative if h — dgJ(¢p)(h) is linear and continuous.
We may also define the Fréchet derivative dpJ(¢p)(h) as

J(@+h) =J(¢) +drJ($)(h) + o(||h]|l(D))-
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In fact, all the usual notions of differentiation in vector spaces are available in this
framework.

In this section, we study the case |V¢| > 0 on 9Q4. We show that the Gateaux
derivative of J corresponds to the shape derivative of J for certain vector fields 6
depending on h. This is the main result of this section; see Theorem 3. For this, we
first determine in Lemma 3.2 the geometric flow of the domain €24 corresponding to
perturbations ¢ + th of the level set function ¢; i.e., we determine a transformation
T which is the flow of a nonautonomous vector field V' such that Qg 4 = T(Q4g,1).
When |V¢| vanishes at an isolated point of 94, a perturbation of ¢ may generate a
topological change of €24, and the situation is more involved. In this case, the Gateaux
derivative of J does not always exist; see section 4. We start with a lemma which
provides the auxiliary function & used to define 7" in Lemma 3.2.

LEMMA 3.1. Assume ¢,h € C°(D), 0Q4 C D, and |V¢| > 0 on 0Qy. Then there
exist 79 > 0 and a C* function & : D x (—79,79) — R satisfying the following:

(i) a(z,0) =0 for all z € D.

(ii) a(-,t) € C(D) for allt € (—79,70).

(iii) (¢ +th)(z + a(z,t)Ve(x)) =0 for all x € 0Ny and t € (—19, 7).

(iv) dra(z,0) = —h(z)|Ve(x)|~2 for all z € 0Qy.

Proof. Let zg € 99y, and let B(0,1) be the unit ball of R?. Let ¢ = (¢/,&,) €
B(0,1), with & = (&1,...,&i—1). Since 0y is C*°, there exist a neighborhood X,
of zg and a bijective map ¢ € C*(B(0,1), X,,), with (71 € C*(X,,,B(0,1)) and
¢(0) = o, such that {(B(0,1) N {& = 0}) = 9Q4 N X, and ((B(0,1) N {& < 0}) =
int(Qy) N X,,. We apply the implicit function theorem with

®:(B(0,1)N{&=0}) x RxR =R,
(€, t,a) = (6 +th)(C(£,0) + aVe(((€, 0))).

Note that ® is C*°, and we have ®(0,0,0) = ¢({(0)) = ¢(xo) = 0 since zg € 9Qy. We
compute

D0 ®(0,0,0) = Vo(xq) - Vo(z) = |Vo(xo)|? > 0.

As a consequence, the implicit function theorem yields the existence of a neighborhood
Vio X (—Tuy, Tuy )s Where Vy, is a neighborhood of 0 in R, and of a unique function
@ Vo X (=Tug, Tzg) — R of class C* such that «(0,0) = 0 and

(7) (¢ t,all 1) = (o +th)(C(E,0) + (€, 1) Ve(((£,0))) = 0.
Taking t = 0 in (7), we get
(I)(gla 0, a(glv 0)) = ¢(C(£/7 0) + a(f’, O)V(b(C(f/a 0))) =0,

which implies that ¢(£,0) + «(£',0)Ve(¢(£,0)) € 9Q4. Since ((&,0) € 99y, we
obtain |V¢(¢(£',0))] # 0. Reducing the neighborhood V,, if necessary, we then
necessarily have «a(¢’,0) = 0 for all ¢ in V,,,. Now, taking the derivative with respect
to t of (7) at t = 0, and using a(&’,0) = 0, we compute

which yields

(8) dra(€',0) = —h(¢(€,0))[VS(C(E,0)7%  for all & € Vy,.
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Note that (8) is well-defined since |V¢(((£',0))| # 0. Introduce the notations

C(2) = Q@) @), @) = (G @), G (@),

where (j, Cj_l, j =1,...,d, are the components of ¢ and (!, respectively, and the
function

~ —~

A (Vo) X (—Tags Tay) = R, (z,t) = a(C 1(55)715)’

which is C*° by composition. Although o and ¢ depend on z(, we can show, using
the uniqueness of «, that & is actually independent of zy. Since 9Q4 is compact,
using a partition of unity and the independence of @ on xg, we can define the function
a: 00y X (—719,70) — R for some 79 > 0. Then for some x € 90y there exist zo, ¢, a,

and a neighborhood X,, 3 « defined as above so that (= (z) = (¢/,0) and (! (z) = ¢’
for some ¢ € R4, This yields, in view of (7),

(¢ + th)(z +a(z, ) Ve(r))

©) = (¢ +th)(¢(€,0) + a(¢, t)Ve(¢(£',0))) =0 for z € 9Oy and t € (—79,T0).

Since 99y is also C™ and 00y C D, we can extend & to a C* function @ : D x
(=70, 70) — R which satisfies @(z,0) = 0 for all z € D and a(-,t) € C°(D) for all
t € (—70,70), which proves items (i) and (ii). Item (iii) is due to (9). Item (iv) is a
consequence of (8) and z = ((¢’,0) for z € 0. O

LEMMA 3.2. Assume ¢,h € C®(D), 0Qy C D, and |V¢| > 0 on 0Qy. Then there
exist 1 > 0 and a transformation T : D x (—11,71) — D such that the following hold:
i) TeC=®(D x (—m,71),D).

(Vi) T(8§2¢, t) = 8Q¢+th fOT‘ allt € (—’7’1, ’7'1).
Proof. We start with the proof of items (i), (ii), and (iii). Define the function

(10) T :D x (=719, 70) = R,
(z,1) = 2 + a(z, 1) Ve(z),

where & and 7y are given by Lemma 3.1. In view of item (iii) of Lemma 3.1, we have
(11) T(,:ZZ, t) € 8Q¢+th for x € 3Q¢

The function T is C*° since & and ¢ are C*°. In view of items (i) and (ii) of Lemma
3.1, it satisfies T'(x,0) = z for € D, and T(x,t) = z for (x,t) € ID x (=79, 70).
Then, in view of item (iv) of Lemma 3.1, we have

(12) 0T (x,0) = dra(x,0)Vo(x) = —h(x)|V(x)| >Vé(z) for € 9y.
This proves items (i), (ii), and (iii) for 7, < 79.

Proof of item (iv). First we prove surjectivity. For y € D, define g(z,t) :=
y — a(z,t)Vé(x). Using that @(z,0) =0 for all z € D we have

Dg(z,0) = —Dla(z, t)Vé(z)]1=0 = —Vé(z) ® Va(z,0) — a(z,0)D*¢(z) = 0.
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This yields

l9(z1,t) — g(x2,t)| = [Dg(w2 + 12 (21 — 22), 1) (21 — 22)]
= |Dg(w2 + nz(x1 — 22),0) (21 — 22) + DO g(w2 + N2 (T1 — 22), M) (21 — T2)
= [tDOrg(x2 + nz(x1 — T2), Met) (21 — x2)],

where 1, € (0,1) and n; € (0,1). Thus we obtain, for [t| < 71 < 79,
lg(21,t) — g2, )] < |1 — @] - [t] - [| DO(AV )| oo (D (—71 7))

We can choose 71 < 7 sufficiently small to obtain [t| - || DO (aV )| oo (Dx (—71,7)) < 1
for all |[t| < 7y. Thus, for fixed ¢, g is a contraction on D, which implies that there exists
a fixed point z € D such that g(x,t) = x, which yields T'(z,t) = z+a(z, t)Vo(x) = v,
so this shows that T'(-,¢) : D — D is surjective.

Now we prove injectivity. Let 21 and x5 in D be such that

T(.Tl,t) =21+ @(ml,t)qu(xl) =9+ 5[(1‘2, t)V(b(xg) = T($2,t).
Similarly to the proof for surjectivity, this yields
|21 — 22| = |@(z1,t) V(1) — a(z2, ) VO(22)]
< |z — o] - [t] - |1DO(@V Q)| oo (D (—71,7)) < Ll — 22,

where L < 1 for 7; small enough. Thus, we must have 1 = x5, which proves the
injectivity, and so the bijectivity of T'(-,t) : D — D is proved for 7 < 7.
Proof of items (v) and (vi). Now we prove that T(Q4,t) = Q4. Define

Se :={z€Qy | 0 <d(z,00) < e},

where d(z, 092) is the distance of z to the set 9. Since Q4 is C*°, and since ¢(z) =0
and |V¢(x)| # 0 for x € 08y, there exists ¢g > 0 such that for € < g, for each z € S,
there exists a unique projection xg € 9§24 of  on 9§24 and we have

e |z — o] .
(13) TS0 g Y )

Let us assume that 0 < ¢ < gg, and introduce the function
P:Dx(—71,71) = R, (z,t) = (¢ + th)(T(z, 1)),

which is C*° by composition. Let x € S¢, which implies ¢(z) < 0, and let = be its
unique projection on 9Qg4. We have P(x¢,t) = (¢ + th)(T(zo,t)) = 0, which follows
immediately from (11). We proceed with the following Taylor expansions:

P(x,t) = P(xo,t) + (xz — x0) - VP (20 + n(x — 20), 1)
= (x —x0) - VP(20,0) + (z — zp) - [VP(z0 + n(x — x0),t) — VP(x0,0)]
1) = w) VP01 D).
with n € (0,1) and

T — :L'()) ) [VP(»TO + 77(35 — 1’0),15) — VP((E(), 0)]

_
L= (x — xp) - VP(z0,0)
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We also observe that
vp<.'1}07 O) = DT($07 O)TV¢<T(x07 0))

and
DT(QE(), t) =7+ V¢($o) & V@(JZQ, t) + &(xo, t)DZ(b(l‘o),

where 7 is the identity matrix. Since a(z,0) = 0 for all z € D, we have Va(zg,0) = 0,
so we get DT'(xg,0) =Z and VP(zg,0) = V(o). In view of (13), we have

(15) (x — o) - Vo(xo) = —|z — mo| - |[Vd(x0)] <0  for z € S..

Now we define the constant

D1 = min 1 infzean, |Vo(7)| 7
2 Supief,fe(—ﬁ,ﬂ) ”DZIP("E? {)”2 + Supieﬁje(_ﬂj—l) ‘atvp(i'v E)| ’

Note that the two suprema in the definition of 7; are finite since P is C> and D is
compact. Thus, 7; > 0 since infzcpq, |[V@(Z)| > 0 due to the compactness of 9. If
we choose [t| < ny and € < 71, then we obtain, using (15), n € (0,1), |z —xo| < & <y,
and the definitions of 7; and L, the estimate

|2 — 2o - [VP(z0 + n(z — x0),t) — VP(0,0)|
[z — ol - [Vo(zo)|
< ‘77(73 - l‘o)| SUPzeD te(—71,71) HDQP('fv ﬂHQ =+ |t| SUDzeD te(—71,71) |8tV'P(§7,£>|
- inffean) |V¢(i’)|
m

< — < 1.
~ 2m

|L] <

Thus we get, using (14), (15) and Va(xg,0) = 0, and taking into account |¢t| < n; and
e < ny, that for x € S,

P(z,t) = (p+th)(T(z,t)) = (x—x0)-Vd(xo) (1 + L) = —|z—20]|- |Vo(20)|(14+L) < 0.
This implies that

(16) T(z,t) € Qpqqp,  for all [t] <y and z € S..

Now define K, := Q4\S:. Clearly, K. is compact. Let € K,; then we have ¢(x) < 0,
and since P is C™, there exists no(z) > 0 such that P(z,t) = (¢ + th)(T(x,t)) < 0
for |t] < mo(x). Since K. is compact, we have 7y := mingcx, no(z) > 0. Thus, for
[t| <o and z € K, we get (¢ + th)(T(z,t)) < 0. This implies that

(17) T(z,t) € Qpyep,  for all [t] <np and z € K,.

Combining (16) and (17), we obtain

(18) T(Qy,t) C Qe for all [¢] < min(n,n2).

Using a similar argument, we can show that there exists 13,14 > 0 such that

(19) T(D\m, t) C D\ Quyen,  for all |t| < min(ng, na).
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Choosing 71 = min(ny, 2, 73,74) > 0, and combining (18) and (19), we show that

(20) T(Qg,t) = Qe forall |t| <7y
and
(21) T(D\m, f,) =D \ Q¢+th for all |t| <T.

Indeed, assume y € Qg 4. Since T'(-,t) is bijective for ¢ < 7y, there exists € D
such that y = T'(z,t), and x cannot be in D\ Qg; otherwise, y = T'(z,t) € D\ Qp1n
in view of (19), so z € Q,. Now if z € 9y, then we have proved in (11) that
y = T(z,t) € 0Np4n, which is also impossible since y € Qy44p. Thus, x € Q4 and
we get (20). Property (21) is obtained in a similar way. Since T'(+,t) is a bijection for
t < 71 and by using 1y < 7y, we also get

T(@Q¢,t) = 8Q¢+th for all ‘t| < 7.

This proves item (vi) and concludes the proof. |

Let T be given by Lemma 3.2. We will sometimes use the notation T} instead of
T(-,t) for convenience. We denote by T, ! the inverse function of T} for fixed . Let
us introduce the C*° vector field

V:Dx (-m,m) = RY,

(22) I .
($7t)’_>ata(Tt (.%‘),t)V(b(Tt (CC)),

where & is given by Lemma 3.1. Observe that

(23) V(a,0) = 0Ty (2),0)Ve(Ty (x)) = drai(,0)Ve(x)
and, in view of item (iv) of Lemma 3.1,

(24) V(2,0) = —h(z)|Vé(z)| 2Vp(z) for x € 9Qy.

This leads to the main result of this section.

THEOREM 3. Let ¢ € C(D), and let [V¢| > 0 on 0Qy. Let h € C>*(D) and
0 € C>®(D,R%) be such that

(25) 0= —h|Ve| 2Veé  on 00y.

Let J be a shape functional, and assume that J is shape differentiable at Qg4 and that
the shape derivative dJ (Qy) is continuous for the C¥(D,R%)-topology for some k > 0.
Then J(¢) := J(Qy) has a Gateaux derivative at ¢ in direction h, which is equal to
the shape derivative of J at Qg in direction 0, i.e.,

(26) dgJ(9)(h) = dT (24)(0).

Proof. Let & be given by Lemma 3.1, let T be given by Lemma 3.2, and define
V using (22). Note first that V'(-,0) and 8 coincide on 994 due to (24) but need not
be equal outside of 9Qy. In view of (22), we have V(T'(x,t),t) = da(z,t)Vo(x) =
;T (x,t). Thus, the restriction of T to D x [0, 71), still denoted by T for convenience,
is the solution of

T (x,t) = V(T (x,t),t) for (x,t) € D x[0,71),

27
@7 T(x,0) =2 forzeD.
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By hypothesis, the shape derivative of J at {4 in direction V exists and is given by
(see Definition 2.1(ii))

Using Theorem 1, we have dJ(Q4)(V(-,0)) = dJ(2¢)(V). In view of Theorem 2,
(23), and the fact that a(-,t) € C°(D) for all t € (—79, 70), there exists a function g
such that d7(Q¢)(V(-,0)) = g(V(-,0)ja0, - n), where n is the unit outward normal
vector to Q4. Now, since V satisfies (24) and 0 satisfies (25), we obtain

dT (Q)(V(+0)) = g(V(,0)j00, - n) = 9(0)ae, - n) = dT (2)(0).

This allows us to write

t\0 t N0 t
=dJ(Q)(V(-,0)) = dT (Q4)(0).
Thus, J has a Gateaux semiderivative at ¢ in direction h. Since § — dJ(€Q4)(0) is
linear and continuous, and 6 is linear and continuous with respect to h on 9§24 in view

of (25), we have that h — dgJ(¢)(h) is linear and continuous and J has a Gateaux
derivative at ¢ in direction h. 0

Remark 1. Note that the vector field 6 can be associated with a flow
0, T(x,t) =0(T(x)) for (z,t) € D x [0,71),
T(z,0) =2 forx € D.

-

The flow T is in general different from 7' defined in (27), even though the shape
derivatives dJ(Q4)(0) and dJ(Q4)(V(-,0)) are equal. Indeed, higher-order shape
derivatives are in general different.

Remark 2. There are various ways to choose 6 in Theorem 3. For instance,

hV ¢
28 -7
29 Vol + ¢
is an admissible choice, as it satisfies § = —h|V¢| =2V on 9, and we also have

|Vo|? + ¢ > 0 in D since V| > 0 on {¢ = 0}.

Note that the relation (25) is directly related to the Hamilton-Jacobi equation in
the level set method. Indeed, taking the scalar product of (25) with V¢ we obtain,
rearranging the terms, h460-V¢ = 0. In the traditional level set framework, ¢ is a func-
tion of time and space ¢(z,t). To establish the correspondence with the Hamilton—
Jacobi equation, the perturbation h of the level set function in our framework plays
the role of the time derivative 0;¢. Thus, we formally recover the Hamilton—Jacobi
equation (see [25, 27]):

(29) Op(x,t) +0(x) - Vo(x,t) =0  on 08,.

Using that the outer normal vector to Q, is given by n = V¢|V¢| ™!, one also recovers
the level set equation in the usual way:

(30) Op(z,t) +0(x) - n(x)|Vo(x,t)| =0  on 0Qy.
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This comparison shows more clearly the difference between the evolution approach
and the approach where ¢ is perturbed. In the evolution approach, the vector field 6
is given, for instance through the calculation of the shape derivative, and the corre-
sponding perturbation of d;¢ of the level set function can be computed using (29) or
(30), as is done, for instance, in [1, 12, 16, 18, 21]. In the converse approach, one first
considers a perturbation h of the level set and deduces the corresponding boundary
perturbation 8. So the two points of view are somehow the reverse of each other, as
was observed in [26]. In fact, in the approach where ¢ is perturbed, the computation
of 0 is only an intermediary step, and eventually the Gateaux derivative of J depends
only on h.

Then one can use the particular structure of the shape derivative. On one hand,
if Q4 has enough regularity, it is often possible to write the shape derivative in the
form of a boundary expression

(31) dT ($2)(0) = Yp0 -,
a0,

where ¢, : 024 — R. On the other hand, a more general way to write the shape
derivative is to use a domain expression of the type

(32) dJ(Q4)(0) = S DO+ H 40,
Qy

where .7 4 and 7 4 are appropriate tensors; see [10, 13, 18, 19] for details. In view
of (26), and replacing 6 satisfying (25) in (31), we obtain the explicit expression for
the Gateaux derivative

(33) deT(9)(h) = — /a DIV 0 = - /8 bVl
@ 3

where we have used that n = V@|V¢|™' on 0Q,. Expression (33) shows how the
Gateaux derivative dgJ(¢)(h) can be written explicitly as a function of h. If one uses
expression (32) to compute dgJ(¢)(h), it seems that the Gateaux derivative depends
on the choice of §. However, this is not the case since the shape derivative (32)
satisfies Theorem 2; indeed, this implies that the shape derivative only depends on
019 = —h|Vp|"2V¢ in view of (25).

For instance, one may choose 6 as in (28), and using (32) we obtain another
possible explicit expression for the Gateaux derivative:

_ : hve (Ve
0ot == [| o0 (i) + e (e

Expressions (33) and (34) may be used to find a descent direction h for a minimization
algorithm.

To close this section, we prove a variant of Lemma 3.2, which will be needed to
treat the case where V¢ is allowed to vanish at an isolated point on the boundary
0.

LEMMA 3.3. Assume ¢,h € C®(D), |[V¢| >0 on 0Q \ {p} and V¢(p) = 0. Let
A C D be an open set containing p and such that Q4 \ A is a smooth manifold with
boundary. Then there exist 71 > 0 and T : D X (—71,71) — D such that the following
hold:
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S COO(D X (—Tl,Tl),D).
z,0) =z forx € D, and T(z,t) = x for (z,t) € D x (—71,71).
z,0) = —h(x)|Vé(z)| 2V (x) for z € 004 \ A.
(+,t) : D — D is bijective for all t € (—71,71).
(v) T(Qp \ A, t) = Qpan \T(A,t) for allt € (—11,71).
(vi) T(09¢ \ A, t) = Opysn \ T(A,t) for allt € (—11,m1).

Proof. The proof is an adaptation of the proofs of Lemmas 3.1 and 3.2. Since
004 \ A is compact, we obtain similarly to Lemma 3.1 a C* function & : (094 \ A) x
(—=70,70) — R for some 79 > 0, such that

(35) (¢ +th)(z+ &z, t)Ve(x)) =0 for (x,t) € (92 \ A) X (=70, 70)-

Since 094 \ A is assumed to be a smooth manifold with boundary, we can extend &
to a C* function @ : D X (—70,79) — R which satisfies &(x,0) = 0 for all 2 € D and
a(-,t) € C(D) for all t € (—7p,70). Then the function T can be defined as in (10).
Note that, contrarily to Lemma 3.2, we now have T'(Q4,t) # Qg1 in general since
we do not control the behavior of T inside the set A.

Properties (i), (ii), (iii), and (iv) follow immediately or in the same way as in the
proof of Lemma 3.2. Properties (v) and (vi) can be obtained by a small modification
of the corresponding part of the proof of Lemma 3.2 that we describe here. Starting
from a point = € Qg4 \ A, we prove in the same way as for (18) that

(36) T(Qu \ A, t) C Qppn \T(A,t) for all |t| < min(n, n2).
Similarly to (19), we also get

(37)  T((D\ Q) \ A1) C (D\Quren) \T (A1) for all [t] < min(rs, na).
Defining 7y := min(n1, 72, 13, m4) > 0, we obtain from (36) and (37) that

(38) T(Q¢ \ .A, t) = Qd)thh \T(.A7 t) for all ‘t| < T1,
(39) T((D\ Q) \ A, t) = (D\ Qyran) \ T(A,t)  for all |t < 7.

To prove (38), take, for instance, y € Qgy4n \ T(A, ). Since T'(-,t) is bijective, there
exists © € D such that y = T(x,t). The point x cannot belong to (D \ Q) \ A;
otherwise, y = T'(x,t) would belong to (D \ Qg441) \ T(A,t) according to (37), which
is impossible. We also cannot have © € A; otherwise, y = T(x,t) € T(A,t). Also
x € 00y \ A is impossible; otherwise, y = T'(z,t) € 0Qg4, in view of (35). This
implies € Qg \ A, which proves (38). One can prove (39) in a similar way, and (v)
and (vi) immediately follow. d

4. Analyzing topological changes of the level set. In Theorem 3, it is clear
that the crucial assumption is |V¢| > 0 on 99Q4. In level set methods, the same
condition is required, and often ¢ is initialized as a distance function, so we have
[IVo| = 1 at t = 0 and ¢ is regularly reinitialized so that |V¢| stays close to 1 in
numerical methods. Note that for the analysis of section 3, the value of |V¢| is
irrelevant, as long as it remains positive, but for a numerical implementation of this
approach, keeping |V¢| = 1 might be useful for stability.

As explained in the introduction, the Hamilton—Jacobi equation does not allow
one to consider topological changes on a theoretical level. Still, topological changes are
a natural feature of level set methods if one considers only ¢ as the variable instead
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of considering variations of the level set {24. Consider, for instance, the situation
where the graph of ¢ presents two bumps facing downwards and ¢ > 0. Then there
exist critical times ¢; > to > 0 such that 24_; has two connected components for
ty >t > tg and only one component for ¢ > t1; i.e., these two components merge at
t = t;. In this example, a very simple variation of ¢ leads to a topological change
of 14, but it is unclear how this topological change could be modeled precisely using
the Hamilton—Jacobi equation.

Since the topological changes seem to occur in a continuous manner for smooth
perturbations of ¢, we naturally expect J(¢) to be continuous with respect to the
variation of ¢. For the optimization procedure, we also need to determine whether
J(¢) is differentiable with respect to ¢ when a topological change occurs, which is
a more difficult question to handle. Indeed, several different types of topological
changes may occur depending on the properties of ¢ and h. For instance, if J(¢)
depends on the solution u of a partial differential equation defined on €24, then the
differentiability of J(¢) will depend on the differentiability of u, with respect to ¢,
and this requires a different asymptotic analysis for each type of partial differential
equation.

In this section, we will see that, in two dimensions and for volume integrals,
topological changes of the type “creation of a island” and “drilling of a hole” lead
to differentiability of the functional, whereas topological changes of the type “split-
ting/merging” lead to nondifferentiability but are continuous. For boundary integrals,
splitting or merging also lead to nondifferentiability. When the functional is not dif-
ferentiable, we can still compute an asymptotic expansion with respect to t.

To study the differentiability of J(¢) in cases of topological changes, the main
idea is to use a parameterized Morse lemma in the vicinity of the point where the
topological change occurs; see [17]. Topological changes occur in the neighborhood of
points p where ¢(p) = 0 and V¢ (p) = 0, if ¢ is sufficiently smooth. Since V¢ (p) = 0
for some point p of the boundary, this explains why we introduced Lemma 3.3. In
a small neighborhood of p, if the Hessian of ¢ is not singular, the function ¢ can be
approximated by a quadratic function D?¢(p)z - 2, and we can use this property to
compute an asymptotic expansion of J(¢ + th) with respect to ¢.

A critical point p satisfies Vo(p) = 0 and a degenerate critical point is a critical
point such that det D?¢(p) = 0. If det D?¢(p) # 0, then the critical point is nonde-
generate. When a critical point is nondegenerate, we can use Morse’s lemma to find
a local coordinate system such that ¢ can be written in a standard form. We recall
here this classical result for the convenience of the reader; see, for instance, [20] for a
proof.

THEOREM 4 (Morse lemma). Let p be a nondegenerate critical point of ¢ €
C>®(R%). Then there exist 0 < q < d and a diffeomorphism 1 in a neighborhood X of
p such that

q d
(40) oW(@) ==Y ai+ Y al+ o).
i=1 i=q+1

The integer ¢ in Theorem 4 is called the indez of the nondegenerate critical point
p, and the right-hand side of (40) is the normal form of ¢ locally around p. Depending
on the value of ¢, the perturbation ¢+ th, with h(p) # 0, may induce several types of
topological changes. In the case d = 2, for ¢ small enough, we separate three different
cases. When g = 0, the topological change corresponds to the creation of a new small
connected component, a so-called island. When ¢ = 1, the topological change is a
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merging or a splitting of two components which are connected by a single point at
t = 0. The nature of the topological change (merging or splitting) depends on the
value of h(p). When ¢ = 2, the topological change corresponds to the creation of a
“hole” in Q.

In this paper, we treat the case where p is a nondegenerate critical point. The case
where p is degenerate could also be interesting, but is more difficult since det D?¢(z) =
0 and ¢ cannot be represented as a quadratic function in a neighborhood of p. In this
case, we would have more complicated topological changes of {24. However, it is not
clear yet whether the case of a degenerate p would be useful for applications.

Since we are interested in the situation where the perturbed level set function
¢ + th depends on t, we now give a parameterized version of the Morse lemma which
will be useful for our analysis. Without loss of generality, we assume in the rest of
the paper that the critical point p coincides with the origin 0 € R<.

THEOREM 5 (Morse lemma with parameters). Let F : R x R — R be a smooth
map in a neighborhood of (0,0), where we use coordinates x; in R and t in R, and
(0,0) means x; =0 for 1 <i < d andt = 0. Assume that VF(0,0) =0 and D*F(0,0)
is nonsingular. Then there ezist a neighborhood X = X x (—72,72) of (0,0) in R% x R
and a map ¥ : R x R — R? with the following properties:

(i) We have that 1(0,0) = 0, Y is smooth, and ¥(-,t) is a diffeomorphism
of X onto ¥(X,t) for each t € (—7o,72). Denoting by 1»~1(-,t) the inverse
function of (-,t) for fized t, the function (z,t) — =1 (x,t) is smooth on
Ute(f‘l'z,‘l'g) w(X7 t) X {t}

(ii) We have the normal form

q d
(41) F(y(x,t),t) = F(0,0) = Y a7+ Y a7 +v(t),
i=1 i=q+1

where 0 < ¢ < d and v : (—72,72) — R is a smooth map satisfying v(0) = 0

and v'(0) = 9, F(0,0).
(iii) We have

2d/2

V(=1)7det D*F(¢(0,1), 1)

Proof. The normal form (41) can be found, for instance, in [6, p. 97]. However,
in [6], the regularity with respect to ¢ of ¢ and item (iii) are not discussed; therefore,
we provide here the additional results. The proofs of (i) and (ii) that we present here
follow the ideas from [6, p. 97] and [20, pp. 224-228].

Proofs of (i) and (ii). We prove (i) and (ii) for the case d = 2. For d > 3, the
result can be proved by induction; see [6]. Define F(z,t) := F(x,t) — F(0,t). We
have F(0,t) = 0 for all £. Due to the assumptions on F, we have VF(0,0) = 0 and
D2F (0,0) is nonsingular. Applying the implicit function theorem, there exist g > 0
and a smooth function w : (=1, 7o) — R? with w(0) = 0 such that VF(w(t),t) = 0.
Next, we introduce the function

(43) F(x,t) = F(a +w(t), t) — F(w(t),t).
We compute §(0,¢) = 0, which yields

(42) | det Dip(0,1)] =

1 1
Sz, t) = / di%'(sx,t)ds =x- / V§(sz,t)ds = x101(z,t) + x292(2, ),
0 0

S
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where L
gi(x,t) ::/ 0z, F(sx,t)ds fori=1,2.
0

Observe that the g;’s are smooth in x and t. We also have
1 o~
310, 4) ::/ 0,50, )ds = 0y, F(w(t),t) =0 fori —1,2.
0

Using the same method, we obtain smooth functions g; : R2 x R — R? such that
gi(x,t) = z - gi(x,t). Denoting g;1 and g;2 the components of g;, we get F(z,t) =
27;2,]-:1 TiZjQij (.Z‘,t). Deﬁning Q5ij = %(gij + gji)> we obtain ®ij = iji and

(44) Fxt) =Y wiw;®i(x,t).

ij=1

Differentiating (44) twice at z = 0, we get

(45) 65(0,1) = 507, 50,0, ij=12

We compute D?F(0,t) = Dzﬁ(w(t),t). Since D?F(0,0) = D2ﬁ(0,0) is nonsingular
and § is smooth, we have that D2F(0,t) is invertible for all ¢t € (=9, 7o), reducing
7o if necessary. This shows that det &(0,t) # 0 for all ¢ € (=g, o), where the entries
of & are the &;;, ¢,j = 1,2. By continuity, there also exists a neighborhood Xy of 0
such that det &(x,t) # 0 for (z,t) € Xo X (—n0,M0)-

Assume now that [&11(0,0)] > [$22(0,0)|. If |&22(0,0)| > |&11(0,0)|, one can
proceed first to the change of variables y; = 3, y2 = 1. Then we have &11(0,0) # 0.
Reducing 1y and Xy if necessary, we also have that &qq(x,t) # 0 for (z,t) € X X
(=n0,m0). In view of (44), we have the following identity:

(21611 + 22612)? + (G118 — B2,)z3
Sy

(46) F(x,t) = for (z,t) € Xo % (=10, 1n0)-

Introduce the smooth function
up : R? x R — R?,
(47) ’
(1’7 t) — (1’1611(1’1, xTa, t) + $2®12(1’1, xra, t)7 1'2)7

which satisfies uo(0,t) = 0. The Jacobian matrix of uy at x = 0 is

Duo(0,) = (6”60”” 612?’”) .

Since &11(0,t) # 0 for all t € (—no, 7o), the matrix Dug(0,t) is invertible for ¢ €
(—10,m0)- Consider the function

® : R? x R? x (=19,1m0) — R?,
(%,y,t) = UO(gjat) - Y,

which satisfies ®(0,0,0) = 0. Since D®(0,0,0) = Dug(0,0) is invertible, applying
the implicit function theorem we obtain a neighborhood X7 x (—n1,11) of (0,0), with
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0 <n <mnoand X; C Xp, and a smooth function g : X1 x (—n1,m1) — R2, with
10(0,0) = 0, such that

‘D(ﬂ’o(:% t)7 Y, t) = UO('ELO(ZJ, t)’ t) —y=0,
which yields ug (4o (y,t),t) = y. Then we compute, using (46) and (47),

2 2
Yy 61162 — 6 .
L + S { 5L 12] o Ug.

(48) S(ido(y,t),1) =

- B0
Now introduce the function
uy 2 X1 % (—=n1,m) — R?,

(49) (1) = < Y1 G118 — B3,

(G3

‘611 ° a0|1/27y2

1/2
Oﬁo) .

Reducing X7 and 7; if necessary, u; is smooth on its domain of definition due to
®11(0,0) # 0 and the smoothness of & and 4p. The Jacobian matrix (with respect to
y)aty=0Iis

611 0 @i | /2 0
Duy(0,1) = w2 |12 :
ul( ) O ’ @11@;?1 622 o ﬂo

which is nonsingular. Proceeding similarly as in the case of ug, we apply the implicit
function theorem and we obtain a neighborhood Xs X (—n2,72), with 0 < 1y < 1y,
and a smooth function @y : Xo X (—n2,7m2) — Xi, with 41(0,0) = 0, such that
u1(G1(z,t),t) = z. Then we compute, using (48) and (49),

F(ho(t1(2,1),1),t) = 0127 + 0223,

where o; = 1 for i =1, 2.

Now consider the case |$1(0,0)] = [622(0,0)]. On one hand, the subcase
|611(0,0)] > 0 can be treated as above; on the other hand, the subcase |&11(0,0)| = 0
can be reduced to the former case using a linear coordinate change; see [20, p. 227].

Using the definition (43), we get

(50)  F(to(an(z,1),t),t) = F(io(ay(z,1),t) +w(t), t) — F(w(t),t) = 0127 + 5923
Introducing the function

¥ Xo X (=n2,m2) = R?,
(z,t) = Gg(t1(z,t),t) + w(t)

and using F(z,t) = F(z,t) — F(0,t), we get, in view of (50),
F('l/)(zat)vt) - F(w(t)vt) = 0'12% + 0—2257

which yields (41) for d = 2, 75 = 12, and v(t) := F(w(t),t) — F(0,0) and considering
that the index ¢ in (41) is the number of negative eigenvalues of D?F(0,0); see [20,
p. 228].

We also compute

V'(0) := 9, F (w(0), 0) + VF (w(0),0) - ' (0) = 8, F(0,0) + VE(0,0) - w'(0) = 9,F(0,0),
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where we have used the fact that VF(0,0) = 0.

For fixed ¢t € (—72,72), we have that @;(-,t) is a diffecomorphism of X» onto
11 (Xo, t) with inverse uq (+, t) since ug (i1 (z,t),t) = z. Also, tg(+,t) is a diffeomorphism
of 41(Xs,t) onto (i1 (Xa,t),t) with inverse ug(+,t) since ug(to(y,t),t) = y. Thus,
for fixed t € (—7a,72), ¥(+,t) is a diffeomorphism of X5 onto @y (i; (X2, t),t)+w(t) with
inverse ¥ 71(-,t) : @ = uy (ug(z —w(t),t),t). Choosing X = X», we have that (z,t)
¢~ (@, t) is smooth on U, _,, .,y ¥(X,t) x {t}, and with (0,0) = dg(@1(0,0),0) +
w(0) = 0 we have proved (i).

Proof of (iii). Differentiating (41) with respect to z, we get

(51) Dy(z,t) ' VE(p(x,t),t) = (—1, T2, ..., —Tg, Tgi1, - -+, Td) -

At z = 0 this yields D¥(0,¢)TVF(1(0,t),t) = 0. According to (i), the Jacobian
matrix D(0,) is nonsingular on (—72, 72), which yields

(52) VE((0,1),t) =0.
Now we differentiate two times (41) with respect to « and take x = 0, which yields
(53)  D*¢(0,t)VE((0,1),t) + Dip(0,8)T D2F(4(0,t),£) Dip(0, t) = 2M,

where M € R4*? is a diagonal matrix with the first ¢ entries equal to —1 and the
other entries equal to 1. Using (52), we get

(54) Di(0,t)TD?F(4(0,t),t)Dp(0,t) = 2M.

Note that (54) does not allow us to determine D(0,¢) in a unique way in general.
This is due to the fact that there is not a unique v satisfying (41).
Denote by \;, i = 1,...,d, the eigenvalues of D?F(0,0), ordered such that

A <A< <A <0< Aggr <50 < A

Note that A\; # 0 for all i = 1,...,n since D?F(0,0) is nonsingular. Taking the
determinant of (54) yields (42). Note that

d d
(55) det D*F(1(0,0),0) = det D*F(0,0) = [[Ai = (=) [ ] 1Adl,
i=1 i=1
so that for ¢ small enough, the square root in (42) is well-defined. |

At t = 0, (54) yields the following expression of D?F(0,0):
(56) D?F(0,0) = 2D(0,0)" " MD(0,0) .

This leads to the following lemma, which states that D?F(0,0) has the same eigen-
values as H := 2D (0,0)~1D(0,0)~ T M. This result is useful in sections 4.3 and 4.5
(see also Lemma A.2) for calculating asymptotic expansions of cost functions defined
as boundary integrals; indeed, the matrix H appears naturally in these calculations.

LEMMA 4.1. Let F, v, and q be as in Theorem 5. Let M € R4*?¢ be a diagonal
matriz with the first q entries equal to —1 and the other entries equal to 1, and let
H :=2D(0,0)"1Dv(0,0)"TM. Then H and D*F(0,0) have the same eigenvalues
Xi, 1 <14 <d, and the eigenvectors w; of H associated with \; satisfy

(57) (wi, Mw;) =0 forall 1 <i# j<d.
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Proof. For two nonsingular square matrices H; and Hs, it is known that Hy Ho
and HoH; are similar and have the same eigenvalues. Choosing H; := 2D (0,0)~!
and Hy := D1(0,0)"T M, we obtain in view of (56) that D?F(0,0) = HsH; and
H = H,H> have the same eigenvalues.

Since D?F(0,0) is symmetric, there exists an orthonormal basis of eigenvectors
u; associated with \;. So we have

2Dv(0,0) " T MD(0,0) tu; = D?F(0,0)u; = \u;.
Multiplying by D(0,0)~! on both sides, we get
HDy(0,0) " s = A Dip(0,0) " us,

which shows that w; := D(0,0)"tu; # 0 is an eigenvector of H associated with \;.
The converse statement is proven in a similar way.
Finally, we compute for i # j,

(wi, Mwj) = (D(0,0) ™ g, MDY(0,0) ™ uz) = (Dp(0,0)™ T MD(0,0) ™ uz, uy)

2

which proves the claim. 0

1 by
= §<D2F(O7O)ui7uj) = —(ui,uj) = 0,

Since our objective is to compute integrals depending on Qg4 = {¢ + th < 0},
formula (42) for the Jacobian determinant will be useful with F(z,t) = ¢(x) + th(x).
Thus, we rewrite Theorem 5 with F(x,t) = ¢(z) +th(x) below for convenience. Since
D2F(0,0) = D%¢(0), the eigenvalues of D?¢(0) are denoted by A;.

COROLLARY 4.2. Let 0 be a nondegenerate critical point of ¢ : R? — R. Then
there exist a neighborhood X = X x (—72,72) of (0,0) in RY x R and a map 1 :
R? x R — R? with the following properties:

(i) We have that ¥(0,0) = 0, %? is smooth, and (-, t) is a diffeomorphism
of X onto ¥(X,t) for each t € (—1a,72). Denoting by ¥~1(-,t) the inverse
function of (-, t) for fized t, the function (x,t) — = 1(xz,t) is smooth on
Ute(_7—277—2) QZ](X? t) X {t}

(ii) We have the normal form

q d
(58) o) + th(p(z, 1) = ¢(0) = D_af + Y @i +v(b),

i=q+1
where 0 < ¢ < d and v : (—72,72) — R is a smooth map satisfying v(0) = 0
and v'(0) = h(0).
(iii) We have

2d/2
V(=17 det[D26(4(0, 1)) + tD?h(y (0, 1))]

4.1. Creation of an island: Case of volume integrals. In this section, we
assume g = 0, and p = 0 is a nondegenerate critical point of ¢. In order to obtain a
topological change with a small perturbation of ¢, we also assume that ¢(0) = 0. Let
f € C>(D), and consider the volume functional

(59) | det Dy(0,1)] =

(60) Ji(¢) = | f(z)dx.

Qg
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In view of Theorem 4, since ¢ = 0, the point p = 0 is a strict local minimum of ¢ and
det D2¢(0) > 0. Let X = X x (—72,72) be the neighborhood given by Corollary 4.2.
If necessary, X can be reduced so that ¢(z) > 0 for all z € X \ {0}. We choose the
function h with a compact support in X.

If h(0) > 0, then we have for ¢ > 0 small enough

Qprtn ={r €D | p(z) +th(z) <0} ={z € D | ¢(z) <0} = Qy ae.

Thus, in this case, the following Géateaux semiderivative exists:

(61) daJ1(¢)(h) = }1\% Ji(¢+ ”? —Ji(9)

=0.

If h(0) < 0 and ¢ > 0, then the set Qg4 ¢, is different from Qg4 and we have, in fact,
for ¢ small enough, that Qg ¢, \ Q¢ = Qgien N X, and the Gateaux semiderivative is
not zero. Using Corollary 4.2, we get, using the change of variables z — ¥(x,t),

T+ th) — Ty () = /Q S = [ (. 0)]det Do(a 1),

where B; := ¢, 1 (Qp14n N X). In view of (58), #(0) = 0, and ¢ = 0, we observe that

d
(62) B = {fo < —v(t)} .

Note that for ¢ small enough, B; is not empty since v(0) = 0 and +'(0) = h(0) < 0.
Using a Taylor expansion about (0,0), we get

(63) ; f((x, 1)) det Dip(x, t)] da = ; f((0,0)) det Dy(0,0)|dx + R(t),

where R(t) is a small remainder. Using (59) at ¢ = 0 and ¢(0,0) = 0, we get

2d/2
/(1) det D2(0)

d
022 T Inl~21B(0, =0 (D) + R(t)
i=1

Ji(¢ +th) — Ji(¢) = f(0)

|Bi| + R(t)

where B(0, /—v(t)) is the ball of radius y/—v(t) and center 0. We also observe that

d d - d/2
T 1M 215(0. /=000 = o)1 = [T Il 15 (o,

where T is the Gamma function, € denotes the d-dimensional ellipsoid with semi-axis
A;1/27 . A;l/z, and |€| is the volume of €.

In view of Corollary 4.2(ii), we have v(t) = th(O) ertlng the next term
of the Taylor expansion in (63), one gets R(t) = o(| B(0, \/—v . Thus we obtain
the following result.
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THEOREM 6. Let f,h,¢ € C°(D), and let J; be defined in (60). Let 0 be a
nondegenerate critical point of ¢ with index ¢ = 0, ¢(0) = 0, t > 0, and h(0) < 0.
Let & be the d-dimensional ellipsoid with semi-azis )\1_1/2, .. .,)\;1/2, where \;, i =

1,...,d, are the eigenvalues of D*¢(0). We have the expansion
(64) J1(¢ +th) = Ji(¢) = f(0)|2h(0)|2|€[t¥? + o(t?).

We observe that in d = 2 dimensions, we obtain the Gateaux semiderivative

A+ th) — h(9)
(65) dai(6)(h) = lim t

— 2£(0)|n(0)] - |¢].

In view of (61), the semiderivative is not linear with respect to h; therefore, the
Gateaux derivative does not exist in two dimensions. However, in higher dimensions
d > 3, we see from (64) that the main term is of order t%/2; therefore, we get

. Ji(p+th) — Ji(¢)
dgJi(¢)(h) = }12% "

=0.

Combining this result with (61), we see that in dimension d > 3, J; admits a Gateaux

derivative ; . !
daJ1(9) (k) = lim 1@+ t>f 1(9)

=0

since the Gateaux semiderivative is trivially linear and continuous with respect to h.

This result shows that in dimension d > 3, the topological perturbation corre-
sponding to the creation of an island is “too weak” to appear in the derivative of J;.
One obtains a semiderivative dgJ1(¢)(h) different from zero only in two dimensions.
We can expect this property to be true also for certain shape functionals depending
on the solution of a partial differential equation. Also, even if the Gateaux derivative
is zero, an asymptotic expansion such as (64) is useful from an optimization perspec-
tive, as it can be used to find a descent direction. Basically, we observe that the
sign of Ji(¢ + th) — J1(¢) in (64) depends only on the sign of f(0), which is the
expected result for functional (60). Expansion (64) also shows that when d is odd,
the %th—semiderivative does not exist.

There is a natural connection between expansion (64) and the notion of topological
derivative [28] that we discuss now. Fix w C R?, and set w, := {y € R? : e 71y € w}.
Assume that there exist dpJ(0) € R and p(g) > 0 such that p(¢) — 0 as € — 0, and
the following expansion is valid:

(66) J(QUwe) = T () = p(e)dr T (0) + o(p(e))-

Then drJ(0) is called the topological derivative of J at 0. In the case of the functional

7(Q) = /Q f(z)dz,

it is easy to see that we have, up to a scaling factor, dpJ(0) = f(0) and p(e) =
|we| = O(e?). Therefore, comparing drJ(0) with (65), we see that in two dimensions
drJ(0) and dgJi(¢)(h) only differ by the multiplication with a positive constant.
In fact, we expect this property to also be true when the functional J depends on
the solution of a partial differential equation. From an optimization perspective, this
means the two derivatives provide similar descent directions. However, in dimension

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



4348 ANTOINE LAURAIN

d >3, drJ(0) and dgJi(¢)(h) do not coincide since dgJi(¢)(h) = 0. Still, d7J(0)
coincides (still up to the multiplication by a positive constant) with the first term of
the expansion of (64). Note that the topological derivative is not a derivative in the
usual sense; it is in fact the first term of an asymptotic expansion, as seen in (66), so
it is more meaningful to compare drJ(0) with the first term of the expansion of (64)
rather than dgJi(¢)(h). The conclusion is that there is a large intersection between
the concept of the Gateaux derivative of Ji(¢) and the concept of the topological
derivative for shape functionals.

4.2. Creation of a hole: Case of volume integrals. Here we assume ¢ = d,
so that p = 0 is a strict local maximum of ¢ and det(D?¢(0)) > 0. The procedure to
compute the Gateaux derivative of Jj is the same as in section 4.1. Thus we obtain
the following result.

THEOREM 7. Let f h,¢ € C>®(D), let J; be defined as in (60), and let € be
defined as in Theorem 6. Let 0 be a nondegenerate critical point of ¢ with index
g=d, $(0) =0, t >0, and h(0) > 0. Then we have the expansion

(67) Ji(¢+ th) — Ji(¢) = —F(0)[20(0)|/?|&[t¥/2 + o(t/?).

From Theorem 7, we can draw conclusions similar to those in section 4.1 about
the existence of the Gateaux derivative of J;, depending on the dimension, and the
similarity with the topological derivative. Note that in this case, the topological
derivative dr 7 (0) is defined as

(68) J(Q\we) = T(Q) = p(e)dr T (0) + o(p(e)),
which yields for this functional dpJ7(0) = —f(0).

4.3. Creation of an island: Case of boundary integrals. In this section,
we make the same assumptions as in section 4.1 and consider the boundary integral

(69) Ja(¢p) = () dsg.
GO

If h(0) > 0 and ¢t > 0, we have dgJa(¢)(h) = 0, as in section 4.1. If h(0) < 0 and
t > 0, then using Corollary 4.2 and the change of variables z — ¥ (x,t), we get

o+ th) — Ja() = / f@) dse= [ Fb(@0)=(t) s,

Q4 nNX 2B,

with B; given by (62), and z(t) := |M (z, t)ng, |, where np, is the unit outward normal
vector to B, and M (x,t) := det Dy(z,t)Dy(z,t)~ T is the cofactor matrix of Dy (z,t).
Using a Taylor expansion about (0,0), we get

. f@(x,t)| det DY (z,t)| - |DY(x,t) " "ng,| ds,

= | F(2(0,0))[ det Dy(0,0)| - [Dy(0,0) T ng, | dss + R(1),

(70)

where R(t) is a small remainder. Considering the next terms in the asymptotic ex-
pansion (70), we can show that R(t) = o(t(?~1)/2). Using (59) at t = 0, 1(0,0) = 0,
and ¢ = 0, we get

2d/2

1) v/det D2¢(0) Joan,

Jo(¢ 4 th) — Jo(¢) = |D(0,0) " "ng,| ds, + R(t).
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Let M and H be as in Lemma 4.1. We have here M = 7 due to ¢ = 0. Then, in
view of Lemma 4.1, we have

1D¥(0,0)~Tng, |2 = (Dw(0,0)~Dib(0,0)~ Tns,, ns,) = %(Hngt,n5t>.

Due to M =Z, the matrix H is symmetric, and there exists an orthogonal matrix @
such that H = QDQT, with © := diag(A1, ..., \q). Thus, we obtain

1
/ 1D9(0,0) " Tng, | dse = —= [ (®QTns,, QTng, )2 ds,.
OB, V2 B,

Define G(x) := Q. Since @ is an orthogonal matrix, we have g* (r)=Q 'z =Qx,
G=1(0B,) = 0B, |det DG(z)| = 1 on 8By, and |DG(x)™ "ng-1(sp,)(z)| = 1 on 9B,.
Using the change of variables  — G(x) and the fact that ngt( ) = |v(t)| "2z, we
obtain

1
7 ®Q ngs,,Q ng,)'/? ds,
OB,

1
=% /1(68 )<5‘3QTQTLBHQTQHBJ1/Q| det DG(x)| - |DG ()" Tng-1(o5,)(x)| dsq

1 (—o(t) 2
B \/5 OB \/§ OB

with By = { Z?Zl x? < 1}. This yields, using v(t) = th(0) + o(t),

<©nl§z’ n5t>1/2 dS»L = <©n15’1 s n81>1/2 dSw,

(—2th(0))(@—1)/2
det D2¢(0)

(1) a6+ th) — Ja(6) = £(0) /@ (O )2 dss £ R,

Thus, the main term in the asymptotic expansion (71) is independent of ¥, as ex-
pected.

Further, define F(z) := ®~/2z. Note that ®~!/2 is well-defined since the eigen-
values are positive due to ¢ = 0. We have DF(z) = ©®~'/2. Using the change of
variables z — F(x), we obtain

Se = / tas, = [ JdetDF@) - [DF(@) g, ()] ds.
a¢ F-1(oe€)

(72) H N7V (Dng,,ng, )Y ds,
_ 0B,

- \/det D2¢(O) 0B,

where the ellipsoid € is defined in Theorem 6. Finally, combining (72) and (71), we
obtain the following result.

THEOREM 8. Let f,h,¢ € C>®(D), let Jo be defined as in (69), and let Sg¢ be
defined as in (72). Let 0 be a nondegenerate critical point of ¢ with index q¢ = 0,
$(0) =0, t >0, and h(0) < 0. Then we have the expansion

<©n61,n81>1/2 dsg,

(73) Jo(¢ + th) — Jo(¢) = f£(0)|2h(0)] 47D/ 2Set (= 1/2 4 o(¢(d=1/2),
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! !

¢ >0 ¢+th>0 ¢+th>0
<0 <0
¢ 4 > ¢+th<0¢>+th<0} >
o+ th ¢ +th
<0 <0
¢>0 ¢+th>0 o+th>0

(a) Initial configuration when (b) Merging at ¢ > 0 and (c) Splitting at ¢ > 0 and
t=0. h(0) < 0. h(0) > 0.

Fic. 1. Topological changes of the type splitting/merging (also known as Morse transitions) of
the set Qgi4n = {¢ + th < 0} occurring in the neighborhood of a point p with Morse index ¢ =1 in
two dimensions.

We observe that for d = 2, the Gateaux semiderivative of Jo(¢+th) does not exist
in general due to the term ¢'/2 in (73), and for d = 3, we have Gateaux semiderivatives
but no Gateaux derivative. For d > 4, the Gateaux derivative exists and is equal to
Z€ero.

The case of a creation of a hole for boundary integrals, i.e., for ¢ = d and h(0) > 0,
can be treated analogously. We obtain the same expansion as (73) but with a minus
sign.

4.4. The splitting/merging case for domain integrals. In this section, we
treat the case where the Morse index satisfies 0 < g < d, which leads to a merging or
splitting in the vicinity of the point where V¢ vanishes; see Figure 1. The results of [17,
Theorem 2] show that for J; given by (60) and f = 1, we have that Jy(¢+th) — J1(¢)
is not differentiable with respect to t for d = 2 but is differentiable for d > 3. For
arbitrary f, with f(0) # 0, we should obtain the same result. In any dimension, the
variation of the cost functional far from the splitting/merging point yields a term
of order t; indeed, this corresponds to the situation studied in Lemma 3.3. This
term is similar to the usual shape derivative. On one hand, the expansion of the
cost functional in a small neighborhood of the splitting/merging point yields a term
of order ¢|Int| in d = 2 dimensions; therefore, the variation of the cost functional
far from this point is negligible and goes into the remainder. On the other hand,
the variation of the cost functional far from the splitting/merging point in d > 3
dimensions is no longer negligible since J;(¢ + th) is differentiable. Therefore, the
procedure for the asymptotic expansion for d = 2 is different from the case d > 3.

In this paper, we compute the asymptotic expansion for the case d = 2, which
implies ¢ = 1. This means that the nondegenerate critical point p = 0 is a saddle
point of ¢, and, in view of Theorem 4, ¢ is locally diffeomorphic to a function ¢ o v
whose zero level set is the union of two cones connected at their vertex; see Figure 1.
The main result of this section is the asymptotic expansion of a domain integral in
the splitting/merging case.

THEOREM 9. Let d =2, g =1, and f,h € C>®(D). Let Ji(¢) be given by (60),
and let 0 € 0Qy be a critical, nondegenerate point of ¢. Assume that f(0) # 0,
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h(0) # 0, and |[V¢| > 0 on 904 \ {0}. Then det D?*¢(0) < 0 and we have

2h(0)£(0)

(74) Ji(¢+th) — Ji(¢) = —W

t/In(t)| + O(t).

Remark 3. In Theorem 9, the assumption h(0) # 0 is required so that merging
or splitting occurs. The case h(0) < 0 corresponds to a merging locally around 0, and
the case h(0) > 0 corresponds to a splitting of Q4; see Figure 1.

Proof. Since ¢ = 1, applying Corollary 4.2, there exists a set X=Xx (=72, 72)
such that

P2, t)) + th(p(z,t)) = ¢(0) — 22 + 22 + v(t)  for all (z,t) € X.

For convenience, we use the notation t; := (-, t) and the notation v, * for the inverse
function of 1, for fixed ¢t. Let X C X be open and such that 0 € X. Let 73 be such
that 0 < 73 < min(7q, 72), where 77 is given by Lemma 3.3. Introduce, for 0 < t < 73,

wo =Yy () NX ={z € X | —a]+a3 <0},
wr =P Qo) VX ={z e X | —2f +23 < —v()}.
In the proof, we assume h(0) < 0; the case h(0) > 0 can be treated in a similar

way. In view of Corollary 4.2(ii) and ¢ > 0, we have v(t) < 0 for ¢ sufficiently small.
Therefore, wg C wy. We shall continue with the decomposition

Ji(¢p+th) — Ji(¢) = I + Iz + I3,

where

]1 ;:/ f(l‘)d:ﬁ —/ f(fl?)dl‘, IQ = g(O’t)/ ld.T,
Qpttn \Pe(X) Q5 \tho (X) wi\@o

IS = / g(x,t) - g(O,t)dm,
wi \Wo

where we have used the changes of variables x — ¢ (z,t) and x — 9 (z,0) inside the
integrals and we use the notation

g(x,t) == f((x,1))| det Dip(z, 1)].

Next we estimate the terms I;, i = 1,2, 3. We show that the term of order ¢|In(t)]
in (74) comes from I, while the other terms are of order ¢ and enter the remainder.
To compute I, we need the expansion of the volume |w; \ @g|. It has been shown in
[17] that in two dimensions, this expansion is of order ¢In(t), and therefore J(¢ + th)
is not differentiable. Our goal here is to compute the precise value of the coefficient
of the expansion of Is.

Step 1: Calculation of Is. In view of the simple geometry of w;, we can use
explicit calculations to estimate I5. We introduce the rotation r(u) = z = (z1, z2),
with u = (u1, u2), T1 = (U1 —u2)/v2, and xo = (uy+us)/V/2, so that 2ujus = x3 —27.
This yields

rHwe \@o) = {(u1,u2) € r7HX) | 0 < 2uqug < —v(t)}.
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FiG. 2. The sets E1, E2, S, E}, E}, and ST.
We can now choose the neighborhood X such that r=*(X) = (—7rg,79)? for some
ro > 0. Since r is a rotation, we take
(75) X =1r((=7r0,70)%) = {z € R? | |x1| + |z2| < V2ro}.
Since the intersection of the line us = w7 and of the curve us = —v(t)/2u; for uy >0

is the point (y/—v(t)/2, /—v(t)/2), we can partition r~*(w; \ @Wp) into six regions
(76) rNw \@o) = By UE,USUET UE] U St

where S := [0, \/—v(t)/Q}Z,

E1 = {(Ul,UQ) € RQ —'U(t)

—v(t
7<u1<roand0<uQ<J ,
2 2’U1

and Fs is the image of E; for the reflection with respect to the line us = uq, while
EI, E;, St are the images of Ey, Ey, S for the reflection with respect to the line
ug = —uq, respectively; see Figure 2. Using (76) and a change of variables inside the
integral, it is easy to see that

t ro —v(t
/ ld:n:/ ldu = 2/8] + 4B, | = —2"0 14 o(t)
wi \Wo r—1(w¢\wWo) 2 /*’1’2(75) 2uq

= —v(t) — 2v(t)(In(ro) — In(v/—v(t)/2)) = —h(0)t|In(t)| + O(2),
where we have used that v(t) = th(0)+O(t?). Using (59) at t = 0 and the smoothness
of ¢ with respect to ¢, obtained in Corollary 4.2, we get

9(0,1) = f(¥(0,1))[ det Dy (0,t)| = f(¥(0,0))] det Dy (0,0)| + O(t)
2f(0)

(77) ENErTEO) +0(t).
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Observe that — det(D?¢(0)) > 0 since ¢ = 1. Finally, we obtain

2h(0)(0)
—det(D6(0)

I, =— t|In(t)| + O(t).

Note that the leading term of I is independent of the choice of the parameter rg;
indeed, all the terms depending on 7o are in the remainder O(t).
Step 2: Estimate of Iy. Introducing g, (u,t) := g(r(u),t), we have

I = / g 1) — g(0,t)de = / g, t) — .0, )du
wi \Wo r~1(ws\Wo)
-/ w - Vgo (n(u, ), t)du,
~ 1wt \wo)

where n(u,t) € 77 (w; \ Wo). A straightforward explicit calculation provides

2
B < Y 100 lem(rnemeciomy [ luddu=0()

i=1 =1 (we\wo)

Step 3: Estimate of I;. We use the decomposition I; = I1; + I12, with

Ly = / f(x)da - / f(z)dz,
Qg en\Tt (Yo (X)) Q4 \o(X)

IED) ::/ f(x)dgc—/ f(z)dz,
Qg ren\Pe(X) Qo1 \Tt (Yo (X))

where T is the restriction to D x [0, 73] of T given by Lemma 3.3. We observe that
the assumptions of Lemma 3.3 are satisfied, choosing A = )y(X), since |[V¢| > 0 on
0y \ ¥o(X). In view of item (v) of Lemma 3.3, we have

T (24 \ ¢0(X), 1) = Qo an \ T (o (&), ).

Using the change of variables © — T;(x), we get

(78) Ly = /Q oy ST @ )4t DT 0]~ f@)

In view of Lemma 3.3, we have T' € C*°(D x [0, 73], D) and T'(-,0) = Z. Thus, reducing
73 if necessary, we have |det DT (z,t)| = det DT (z,t) > 0 for all (x,t) € D x [0, 73],
and using a Taylor expansion, we get

[T11] <t \ Yo (X)] - [|0¢(f o T'det DT)|| Loo (D x[0,74)-

For I15, we can write |I12| < |I121] + |[122|, where

I101 = / f(z)dx —/ f(z)dz,
QeptenNipy (X)© Qg enNpo (X))

L9 = / f(@)dx — / f(x)dz.
Qg1 tnNho(X)° Qg1 tnNV(Te (o (X)))e
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Then we also have

Fov= [ @0 = vz = = [ @)t = Xoon)ds
Qgtth Q

b+th

- [ F@) (0 — X)),
Qop+tnN( P (X) Ao (X))

where A denotes the symmetric difference of two sets. To estimate |I121], we proceed

with the change of variables x — 1o(x) inside the integral. Note that, if necessary, we

can reduce the size of X and 73 to have (X)) Ao(X) C (X)) for t € [0, 73] since

X C X. Thus, we have 95 (Qgrn N (e (X)Atho(X))) C X, and we can proceed with

the change of variables x — () in I121. This yields

[T121] <

9(z,0) (XX - x;g) dx

/1Pol(9¢+thﬂ(¢t(X)A¢0(X)))
<l Ollico) [ = xs

where X} := Vo (1:(X)). Applying Lemma A.1, with V = X and T(-,t) = ¢y ' o ¢,
we get

dx,

(79) (X, 2) < ent,
where c; := [|0; (1 * o )l oo (@ [0,75))- TO continue the estimate of |I121(, introduce
X = {z € R? | V2(ro — a1t) < |1 | + |za| < V2(ro + e1t)}.

Estimate (79) implies EAE C X; and ’XX — XA?t| < Xg,- It follows that

iz < DlgC:, 0) =0 /X X,z = O(1),

We proceed in a similar way to estimate I122, which yields

|1122| < ||g(70)||L°°(X) /X ‘XX - X¢51(Tt(¢0((y))) dx = O(t)

Thus, we obtain |I12| < |[I121] + |[122] = O(t). Finally, gathering the previous results,
we obtain (74). 0

4.5. The splitting/merging case for boundary integrals. The proof of
Theorem 9 cannot be straightforwardly extended to the case of boundary integrals.
Some of the ideas of the proof of Theorem 9 can be used, but most of the time we
are facing more complicated estimates. The first term of the expansion for boundary
integrals is of order #'/2, which is more singular than the term t|In(¢)| obtained for
domain integrals. The main result is the following.

THEOREM 10. Letd=2,q=1,t >0, and f,h € C>°(D). Let J3(¢) be given by
(69), and let 0 € 9Ny be a critical, nondegenerate point of ¢. Assume that f(0) # 0,
h(0) # 0, and |Vp| > 0 on 99y \ {0}. Denote by At > 0 > X\~ the eigenvalues of
D%¢(0). Then det D*¢(0) < 0 and we have

1/2

h(O) t1/2—|—0(t1/2),

(80) o6+ th) = 1o(9) = ¢ F0) | bz gy
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where cg = (AT, =A7) if h(0) < 0 and cg = cp(=A7, A1) if h(0) > 0, with
+oo
co(a,b) :==2v2 [—(a +b)1/2 +/ 2(ach(u)? 4 bsh(u)?)Y/? — e“(a + b)1/2du} .
0
Remark 4. Using 0 < —A\~ sh(u)? < —A~ ch(u)?, we get for h(0) < 0,

+oo
¢ < 2V2 {—W — AT +/ 2" eh(w)® = A7 ch(u))'/? — e (A — )\_)1/2du}
0
< =2V2(\T = A)Y2 L ov2(0t — A2 =,

In a similar way, we also have cg < 0 for h(0) > 0. Thus, we observe that inde-
pendently of the sign of h(0), the sign of Ja(¢ + th) — J2(¢) is equal to the sign of
—f(0). Indeed, roughly speaking, £ is similar to two cones touching at their vertex
locally around 0. After a merging or a splitting, the two cones are rounded at their
vertex or are merging, so that the perimeter decreases locally around 0; therefore, the
perimeter of 0€, should be larger than the perimeter of 0Qy44p; see Figure 1.

Proof. Step 1: Geometry and notations. In view of Corollary 4.2, we can choose
73 with min(7y, 72) > 73 > 0, where 7y is given by Lemma 3.3, and a neighborhood S
of 0 such that for all 0 < t < 73, ¢;1(89¢+th) N S coincides exactly with the points
satisfying —2? + 23 = —v(t) in S. Throughout the proof, we assume h(0) < 0; the
case h(0) > 0 will be discussed in the conclusion. Thus, we have —v(t) > 0 for ¢
sufficiently small.

We choose

S :=[—51,51] X [=52,80] and w;:={reS| —a?+22=—vt)},

with s; > 0 sufficiently small and sy := \/s7 — v(73) > 81 so that 1, (0Qs4n) NS =
w;. Let ng, be a unit normal vector to wy, chosen such that ng,(z1,22) - (0,1) =
sign(zq). Introduce

wpi={r eS| — 2] +25=—v(t) and x5 > 0},

@i i={r eS| -2+ 3= —v(t) and x5 < 0}.
The exponents “n” and “s” stand for “north” and “south,” respectively. Introduce,
for t > 0, wp® := {z € wp | 1 > 0} and wi™ = {z € wi | z1 < 0}, so that
wi = w;° U w", where the exponents “ne” and “nw” stand for “north-east” and
“north-west,” respectively. Let 0 < § < 1/2, and introduce

w5 ={rem|0<m < g0,

The sets @y, @°, @;™, @5, and @5 are defined in a similar way, with “se” and
“sw” corresponding to “south-east” and “south-west,” respectively. See Figure 3 for
a description of the geometry.

We also define Cy, := {zo2 = (1)1} NS, k=1,2,C¢:={x € Cy | z; > 0},
CiV =={z € C1 [ 21 <0}, and C7 == {z € C{° | e!'=% > 21 > 0} and the normal
vectors ne, = ((—1)%,1)/v/2.

Step 2: Decomposition of Ja(¢p + th) — Ja($). We write

Jo(¢p +th) — Jo(¢) = I + Iz + I3,
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S1

v

T

F1G. 3. The sets w = wi Uw] = wp®* Uwp™ Uwi® UwiY and S = [—s1,51] X [—s2, s2].

where

(81) I = / f(z) dsy —/ f(z) dsg,
g4 en\Pe(S) 0\ %0 (S)

L= f@)ds, B [ f(x) ds,.
O 4tn NP1 (S) 9026Nho(S)

To compute I3, we would like to use the change of variables © — ¥o(x). However, the
set 004 N1ho(S) is not smooth since it has a pinch at the point 0; therefore, one needs
to be careful with the change of variables. We also have V¢(0) = 0, so the normal
Vector N, (0) is not well-defined. To define I3 properly, consider the splitting

I3 = — ds, = — ds, — ds,.
(82) I /8 L /w @ s /w o @

Then we can apply the change of variables x — () in each integral; this gives

(83) I3 = _/c gc, (z) ds, — /c ge, () dsg,

where

(84)  ge.(@) = f(¥(x,0))|det DY(x,0)| - [Dp(x,0) Tne, |, k=1,2.
Step 3: Decomposition of Iy. For t > 0, introduce the notation

(85) gr(z,t) := g1(x, t)|g2(x, t)gs(x, t)],
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with g1 (z,t) == f(i(x,t))| det Dyp(x, 1), ga(,t) := D(a,t)7T, gs(x,t) = ne, (2).
Using the change of variables © — ¢;(x), we get

I, = F(W(x,)z(t) ds, = / gr(z,t) dsg,
Wt wt
where z(t) := |[M(z,t)nw, (z)| and M(z,t) := det(Dv(x,t))Dy(z,t)~ T is the cofactor
matrix of Di(x,t).
A key feature of the proof is that the main term of the expansion of Iy will cancel
with Is. We use the decomposition Iy = I3 + I35, where

Iy ::/ gr(x,t) dsg, I5 :z/ gr(x,t) dsg.

Note that I5 can be computed similarly to I3 due to the symmetry, so we compute
only I3 in what follows.
Now we use the decomposition I3 = I3, + I3, + 155, where

@y=/<m@w—muﬁm@mw%mwm%

n
t

ef—/)m@OMmmw%wwwwwum%uwwwm
154 :7/ (x,0)|g2(x,0)g3(x,t)| dss.

Step 4: FEstimates for I3, and I3,. In view of Theorem 5(i), the functions 3 and
(z,t) = 1~ 1(z,t) are smooth in S x [0, 73] for 7'3 small enough. Hence, since |n, (x)| =
1, we have that |go(,t)g3(z,t)| = |Dy(x,t)~ Tng, (x)| is uniformly bounded on S x
[0, 73]). Also, g1 is smooth for ¢ sufficiently small, so we obtain

(86) I3 = O).

For I3,, we compute

oo (e t) — ol 0)gs(r D). (ga(e D) + ol gl 8)
Qrﬁﬁ“m 92 Dgs (2, 2)] + |g2(z, 0)ga, ) s

For s; and 75 sufficiently small, we have that g;(x,0), g3(x,t), and ga2(z,t) + g2(x, 0)
are uniformly bounded on S x [0, 73], and there exists a constant ¢ > 0 such that

|92(x7t)93(‘r7t)‘ + |92(xa 0)93(x7t)| Z c on S x [077—3]
due to D(0,0) being nonsingular. Since g5 is smooth in S x [0, 73], we obtain
(87) I3y = O(t).

Step 5: Estimate for I3;. We proceed with the decomposition I3y = I35 + 153,
where

s ::/ 91(,0)|g2(x,0)gs(x,t)| dsz, 5y ::/ 91(x,0)|g2(x,0)gs(z,t)| dsg.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



4358 ANTOINE LAURAIN
The integral I35 can be estimated in the same way as I35, so we focus on I35 in what
follows.
Using the notation ¢ := /—v(t), the curve @w}® can be parameterized by
(88) z(s,t) = (s, (s* + 52)1/2> for 0 < s < s1.

To simplify the notations, introduce K := IS and G;(s,t,t) := gi(z(s,t),t) for i =
1,2,3. We have

s1
I = K = / G (s,£,0)|Ga (5.1, 0) Gl (5. £, )] . ds
0

(89) = K1(0,4) + K1 (t,51) + Ka(0, 1) + Ks(t, 51)
+ K3(0,e17°) 4+ K3(e'7%,51) + Ky,
with
252 4 £2 1/2
Je = (52—1—52> )
and

az

K]_(G,]_, GQ) = / (G]_(S,t,o) - Gl (57070))‘G2<8?ta 0)G3(S7t7t)|j6 dS,

Kg(al, GQ) = Gl(S, 0, 0) (|G2(S, t, O)Gg(s, t, t)| — |G2(S, 0, O)Gg(s, t, t)|) js dS,

ay

Ks(a,a2) := / G1(s5,0,0) (|G2(s,0,0)G3(s,t,t)| — |Ga(s,0,0)nc,|) je ds,

Ky = G1(s,0,0)|G2(s,0,0)nc, |je ds.
0

Since the integrands in K7(0,t) and K3(0,t) are clearly uniformly bounded with
respect to (s,t), we have

(90) |K1(0,8)] + [K2(0,t)| = O(t).

To estimate Kj(t,s1), we use v'(0) = h(0) and we observe that there exists
e € (0,1), with

G1(57t70) - Gl(sa 070) = tv.gl(x(sant)vo) : atx(sant)

—h(0)

= tangl(x(sa 7715)7 0) 2(82 — nth(o))l/Q '

Using the fact that s* —n;h(0) > s?, due to h(0) < 0, and the smoothness of g1, we
get the estimate, for some constant ¢ > 0,

(91) [K1(t, s1)| < ct /:1 s 1ds = ct(In(s1) — In(t)) = O(t|In(t)]).

To estimate Ks(t,s1), we write

" (G560 ‘
Ks(t, = G1(s,0,0 e ds,
2( 81) /t 1(8 ) |G2(87ta O)G?)(S?t?t” + |G2(87 070)G3(57tat)|j §
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with & := (Ga(s,t,0) &+ Ga(s,0,0))G3(s,t,t). Then we proceed as in the estimate
for Ki(t,s1). We also need the fact that the denominator in Ks(t,s1) is bounded
uniformly from below, which is done in a similar way as for the estimate of I5,; see
(87). Thus, we obtain

(92) |K2(t, s1)] = O(t]In(t)]).
Step 6: Estimate for K3(¢'7% s1). We have

(¢, ¢)
|G2(s,0,0)G5(s,t,t)| + |G2(s,0,0)ne, |

S1
K10, s1) — / 615,00 jeds,
n

with ¢ := Gy(s,0,0)(G3(s,t,t) £ ne,). For reasons similar to those in the estimate
of Ks(t, 1), the denominator in K3(¢'7%, s;) is uniformly bounded from below. Then
G1(s,0,0), G2(s,0,0), and G3(s,t,t) + ne, are also uniformly bounded, so we get for
some constant ¢ > 0,

S1 S1
Ky (e, 51)] < c/ (G (5, £,1) — ne | ds = c/ e, (2(s,1)) — ne, | ds.
- cl—6

el 1—

In view of the parameterization (88), a quick calculation yields

(=s, (s> +eH)'/?)
252 4 g2

(93) N, (x(s,1)) = for z(s,t) € wi®,

and then
1/2

ds.

- s1 {(\/232 +e2 —V25%)2 + (V252 + 22 — V252 + 52)2}
K3(e'7% s1)| <c
K=, 51)l / VT

Proceeding with the change of variables s = eu, a straightforward calculation yields
(94) Ks(e17% 51) = O(e'19).

Step 7: Estimate for K3(0,e'7?). We use the decomposition K3(0,e'7%) = K3y +
K3o + K33 + K34, with

el-6

K3y = / (Gl(S,0,0) - 91(0’0)) (|G2(8,0,0)G3(8,t,t)| - |G2(Sa070)nC1‘)js ds,
0

K32 = / a1 (0,0) (lGQ(S,0,0)Gg(S,t,t)‘ — |gg(0,O)G3(S,t,t)|)jE dS,
0

K33 = / 9 (Ov 0) (|92(0v O)ncl| - |G2(S’ 07 O)ncl D ja dS,
0

€
K34 = / 91(07 O) (ng(Ou 0)G3(37t7t)| - |g2(070)n01 DJE ds.
0
To estimate K31, we use

G1(s,0,0) = 91(0,0) = sVg1(x(1s,0),0) - 95(15,0) = sVg1(2(n5,0),0) - (1, 1)
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for some 7, € (0,'7%). Since Vg;(z(ns,0),0) is uniformly bounded on (0,&'~%)

get

, We

1-6

£
(95) K| < c/ sds = O(2).
0
In a similar way, we get
(96) | Kso| + | Kss| = O(77).

Step 8: Estimate for K34. Since g2(0,0) = Dv(0,0)~T, we have
Kar=0:0,0) [ |D0(0.0) T | = 0:0.0) [ |Du(0.0) Tne,| = Kan + Kasa
ws @S

with

00 Kin=0i0.0) [ |D60.0) Tna| - 0:(0.0) [ |Du(0.0) Tne,|

W5 ct
09 Kuai=0:0.0) [ |D6(0.0) Tne,[ = 0:(0,0) [ |Du(0.0) Tne,|.
Ci%s @i

Further, K341 contributes to the main term of the asymptotic expansion (80) , whereas
K342 cancels with a part of K4 from (89).
Step 9: Estimate for Ky and Is. We decompose (82) in the following way:

(99) Is = —/ f(z) ds, —/ f(z) dsy = I5° + I3V + IgQ,
%o (C1) 1o (C2)

with

I3¢ = —/ f(z) dsgy, I3V := —/ f(x) ds,, I$?:= —/ f(z) dsg.
o (C1) 1o (CTY) $o(C2)

Now denote L := Ky + I§°, where K is defined in (89). Using a change of variables
x — o(x) in IF°, we can define L = Ly + Ly + L3 + Ly, with
s1
Ly = s Gi (Sa 0, O)‘G2(S> 0, O)nc1 I(.]e - \/5) ds,
61—5

L= / (G1(5.0,0) — 1(0,0))[Ga(s.0, 0)ne, | G — v/2) ds,

L= | 1(0,0) (1Ga(5, 0, 0)nc, | — |g2(0. 0 |) Gie — V3 ds,

Li= [ 0:0.0)l92(0.00me, (G ~ V) ds.
0
In the same way as we treated K31, K32, and K33 in step 7, we get
(100) |La| + |Ls| = O(£272).
Now we have

(282 + 52)1/2 _ (252 + 262)1/2

(s2 + £2)1/2 ds.

51
L :/1 G1(5,0,0)[Ga (5,0, 0)nc,|
N
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Using the fact that G1(s,0,0) and G3(s, 0,0) are uniformly bounded on [¢'~?, 5], and
the change of variables s = cu, we get

Li| < cs/ml (2u® +2)12 - (2u® + 2
= s (u2 +1)1/2

S1€ 1
101 = iy Lisy
(101) 05/6,5 (u + 1)172((2u2 + 2)1/2 4+ (2u? 4 1)1/2) u=0(>E"°)

Finally, in view of (98), it is easy to verify that
(102) Ly + Kyun = 0.

Step 10: Estimate of I5. Gathering the decompositions obtained in the previous
steps, we have

L+ I3=13 + 1+ I35+ I35 + 15 + I3
= Kl(O,t) + Kl(t, 81) + KQ(O,t) + Kg(t,sl) + Kg(O,El_[s) + K3(€1_6,81) + K4
+ I3+ Iy + Iy + 15+ I° + IS + 152,

where we have used (89) and (99). Then using K4 + I§® = L = Ly + Lo + L3 + Ly,
K3(0,6'7%) = K31 + K3z + K33 + Ks4, and K3y = Kau1 + Kaug we get

IQ —+ Ig = I;l —+ ISZ —+ Kl(O,t) —+ Kl(t,sl) + KQ(O,t) —+ Kg(t,sl) + Kgl —+ K32 —+ K33
+ Kaq1 + Kago + K3(e27%, 81) + I8y + I3 + I3Y + IS* + Ly + Ly + L3 + La.

Gathering the estimates (86), (87), (90), (91), (92), (94), (95), (96), (100), (101), we
obtain

31|+ [132] = O(t),
|K1(0,t) + K1 (t,51) + K2(0,t) + Ko (t, 1) + Ks(e1 7%, 51)| = O(t] In(t)| + £1+°),
| K31 + K32 + Kas| + | La| + |Ls| = O(*72),
L] = O+,

Using these estimates and (102), we get
I+ I3 =Ky + I + I+ Y + 152 + Ry, Ri=O(t+t|In(t)] + e+ 4 £27%),

Regarding the sum I35 + 15+ I3V +I§2, observe that I33" is similar to I35, except that
the integral is on the north-west branch w;". Also, I5 is similar to I3, except that
the integral is on the southern part of ;. Using the symmetries of w;, the estimates
obtained in the previous steps can be straightforwardly adapted. This yields three
other terms similar to K341 but with the integrals on the other branches “nw,” “sw,”
and “se.” Thus, we get, in view of (97),

L4+ 13=K+Ry, with Ry=0O(+t|In(t)+ et 42729,

where

(103) K= 91(0,0)/

wWt,s

1D(0,0) Ty — 1(0,0) /c DY(0,0) Tncl,
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with C5 := {z € C | |v1| < '}, wi5:= {x € @y | |21| < €' 7%}, and nc being either
ne, or ne,. In view of Lemma A.2 and h(0) < 0, we have

(104) L+I3=K+Ry= ngl(o, 0)v/ —’U(t)/2 + Rs,

with ¢1(0,0) = £(0)| det Dt(0,0)| and Rz = O(t|In(t)| + t(1H+9)/2 1 $1=9) = o(¢1/2),
Step 11: Estimate of I. In view of (81), we use the splitting Iy = I11 + I12, with

Iy = / f(z) dsy —/ f(z) dsg,
O +tr\Tt (Y0 (S)) 92 \Yo(S)

Iy = / f(z) dsy —/ f(z) dsg,
gy en\Ve(S) g en\Tt(0(S))

where T is the restriction to D X [0, 73] of the function T given by Lemma 3.3 (using
that 73 < min(7z,71)), and we choose A = 1)(S) in Lemma 3.3. To compute I1, we
use the change of variables © — T;(z) in the first integral; this yields

I, = / F(T(2, 1)) det DT(z,1)| - DT (2, t) Tnu(x)] — f(x) dss,
924\ Yo (S)

where n4 is the unit outward normal vector to Q4 \ ¥o(S). In view of Lemma 3.3, we
have T € C*°(D x [0, 73], D) and T'(-,0) = 1. Thus, using a Taylor expansion we get
(105)  [I11] < t|0% \ $o(S)] - 0¢(f o T|det DT - DT~ "1 |)|| = (D [0,75)) = O(1).-

Note that |det DT'| and |DT~Tny| are smooth with respect to t if 73 is small enough
since T'(-,0) =1 and |n;| = 1.
We also have

Iy = / (@) (Xpi(S)e = XTy (o (S))e) A5z
OQepttn
=— / F(@) (X (8) = XTo(00(5))) dSa
Nyt

= / F(@) (X, (0 (8)) — Xepe(S)) Sz
3(2¢+th,mgt

where & = ¥(S)AT:(¥o(S)) and A denotes the symmetric difference of two sets.
To estimate I12, we proceed to the change of variables © — ¢ () in the integral. This
gives

(106) Ly = / gr(z,t)(xg, — Xg) dsz,
Yy (00 +enNEL)

where gr(z,t) := f((z,t))| det Dy (z,t)| - |Dy(z,t)~ Tna(x)|, with ny a unit outward

normal vector to 1, ' (Qpen), and Sy := 1y H(Ti(vo(S))).
Applying Lemma A.1 with V = S and T (-, t) = ;' o T} 0 ¢y, we get

(107) dH(‘SNS/‘\t) S C3t7
where c3 = [|0;(p 1 o T o Yo)ll Lo (Sx[0,7))- Thus, we have SAS, C &, where
&, :=8\S;, with

S;r = [—81 — Cgt, s1 + Cgﬂ X [—82 —c3t, so + C3t],

S, = [—s1 + cat, 51— c3t] X [—s2 + c3t, 52 — c3t],

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



DOMAIN PERTURBATIONS IN LEVEL SET METHODS 4363

and [xg —Xg,| < Xg,- The set &, can be seen as a “thickened” boundary of S. Using
(106) and ¥, (0o NE) C SAS, C &,, we get

IR P—

Xg, 45z
¥y (0 4enNEL)

(108) < ||/g\F||L°°(6-,-3><[O,T3])/ 1 ds,.
P (8 1en)NS

Reducing § and 73 if necessary, we have &; C X for t < 73, where X is the neighbor-
hood of 0 given by Corollary 4.2. Thus, in view of Corollary 4.2, we have the normal
form (58) in G, so the set ¢, 1 (OQy141) N S, is the union of four arcs which can be
parameterized using (58). For instance, the north-eastern arc can be parameterized
by

(S, (s* + 82)1/2) for s € [s1 — c3t, 51 + cst].

Thus, we obtain

s1+cst 2 2\ 1/2
/ 1 ds, < 4/ (282“2> ds = O(t).
O (0100 NG s1—egt \ 57 TE€E

Finally, in view of (108), we obtain
(109) L = O(t).

Step 11: Conclusion. We gather (104), (105), (109) and use v(t) = th(0) + o(t)
to obtain

Jo(p+th)— ()= +L+Is=I1+Tas+ 1+ 15

h 1/2 [
(110) _ <3 f(0)] det Dw((; 0)[¢'/2/=h(0) PR

with Ry = O(t|In(t)| 4+ t(1F9/2 1 1179) = o(t!/2). We also have, in view of (59),
24/2 2
V(=1)4det D2$(0) /= det D24(0)

Observe that h(0) and det D2¢(0) are both negative, so the square roots are well-
defined, and we have proved (80) in the case h(0) < 0.
The case h(0) > 0 can be deduced from the case h(0) < 0 by observing that

| det Dy (0,0)| =

ONpten = {p+th=0} ={—¢—th=0}.

Thus, replacing ¢ by —¢, we can apply the previous results. We obtain the same
asymptotic expansion as (110), except that cg’ is defined using the eigenvalues AT >
0> A~ of —D2¢(0) instead of (A*,A7). Since AT = —A~ and A~ = —A*, we obtain
(80). d

5. Conclusion. In this paper, we have shown how perturbing ¢ rather than
in the level set method allows us to model and analyze both smooth and singular
perturbations of the level set {14. For smooth perturbations, we have obtained results
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in any dimension and shown that the Gateaux derivative with respect to ¢ coincides
with the shape derivative.

For topological changes corresponding to the creation of an island or a hole, we
have shown a correspondence with the notion of topological derivative in any dimen-
sion. For topological changes by merging and splitting, we have studied boundary
and volume integrals in two dimensions. It is known that topological perturbations
of the domain lead to smoother perturbations of the functionals when the dimension
increases, so we also expect these functionals to be differentiable in three or higher
dimensions. This expectation is reinforced by the results of [17], where it is shown
that the volume functional is differentiable for d > 3.

For applications in shape optimization, one needs to perform the analysis of topo-
logical changes by splitting/merging when the objective functional depends on the
solution to some partial differential equation. This would be useful, for instance, to
analyze level set methods used in structural mechanics. These problems are beyond
the scope of this paper but could be the topic of further research. The additional
difficulty is that the asymptotic analysis of the solution of the partial differential
equation around the splitting/merging point is required; see, for instance, [23] for a
related problem. The boundary and volume integrals studied in the present paper,
although not involving partial differential equations, are useful for applications since
they often appear in applications, for instance to penalize the volume or perimeter.

Appendix A.

LEMMA A.1. Let ¥ > 0, and let T : R? x [0,7] — R? be a smooth function
satisfying T(-,0) = 1. Let V C R? be compact, and denote V; := T(V,t). Let dyg
denote the Hausdorff distance for compact sets. Then

dy (V, Vo) < H|OT | wx o7
Proof. Let y € ﬁt; then there exists € V such that y = T (x,t), and thus
d(y, V) < d(y,z) = [T(z,t) = T(2,0)| < t|OT || wx(o.m)-
In a similar way, let € V, and denote y = T (x,t). Then
d(, Vi) < d(,y) = [T (1) = T(x,0)] AT |~ wxio.m)-

Using the estimates above we get

dy(V, V1) = max (SUP d(y,V),sup d(z, ﬁt)) <O T ||l o (vx[o,7))- o
ye\/}t zeV

LEMMA A.2. Assuming h(0) < 0, and with K defined in (103), we have
K = g1(0,0)/—v(t)/2 + %,
with R = O(e1+%) and
cg = — 2v2(0F — A)1/2

(111) T 2\/5/+00 2()\+ Ch(u)2 - sh(u)2)1/2 — eu()\+ — )\7)1/2du.
0
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Proof. Let H be defined as in Lemma 4.1, and recall that M = diag(—1,1). In
view of Lemma 4.1, H is diagonalizable and has the same eigenvalues as D?¢(0).
Denote these eigenvalues by A7, AT, with A= < 0 < AT. Since H is diagonalizable,
there exist matrices Q and ® := diag(A™, A7), such that H = QDQ~!, where the first
and second columns of @ are Di(0,0)"u™ and D(0,0)'u~, respectively, where
ut,u™ are the eigenvectors of D?¢(0) associated with AT, A\~. We compute

1 1/2
IDU0.0) | = (D00.0) Ty DH(0.0) T2 = (G M 1, )
1

V2

Let us denote 8,5, 1 <1, j < 2, the coefficients of Q). Recall that e = \/—v(t). We use
the parameterization z(s) = (esh(s),ech(s)) of w}§ for £ > 0 and s € [0, argsh e79].

This yields
(= shis),ch(s)
=t (sh(s)? 4 ch(s)2)1/2’

where ngne is the restriction of ng, to @y®. A straightforward calculation gives

<©Q_1an“Qant>l/2-

2 1A P(sh(s), ch(s)) = A~ P(ch(s),sh(s))
2 det Q(sh(s)? + ch(s)?) ’

where P(u,v) := —B11822u? — B12B21v% + (B11 512 + B21 B22)uv. In view of Lemma 4.1,
we have

|DY(0,0) ™ Tngne

t

(D(0,0) " ut, MD(0,0)"'u™) = 0.

Since D (0,0) " tu™ and D1(0,0)"1u~ are the two columns of Q, this yields 311512 =
B21P22. Thus, we get

(B11B22)(B12B21) = (B11B12) (B21B22) = (B11B12)* > 0;

consequently, 811822 and B120821 have the same sign. Further,

Bi1Bi2 + Ba1fBaz = 2811812 = 201/ (B11512) (B21 Baz),

where o7 is the sign of 811812. This yields

P(u,v) = —B11B22u* — Br2B21v® + 201/ (B11B12) (B21 Pz )uv.
= 02(\511[322|u2 + |512521|’02 + 20102\/(511512)(521522)11’0)
= 02(\/|B11B22|u + o/ \ﬁ12/321|v)27

with o9 = sign(—f11822) and o := 0103. Using this result, and denoting o¢ the sign
of det @, we get

B 5 020Q [AT(u1sh(s) + opg ch(s))? — A~ (u1 ch(s) + opg sh(s))?]
[DY(0,0) nazye* = 2(sh(s)? + ch(s)?) ’

_ [1B11Ba2| and  [|B12fan]
FU=A et Q) B2 = det QI

with
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Since A~ < 0 < AT and |[D¢(0,0)” Tngne|? > 0, we must have o20¢ = 1 in view of
the above expression. We also have

2 _ 2 |/812/621‘ - |611/822|
125 M |detQ‘ .

Since det Q = [11822 — B12021 and (11822 has the same sign as [12/521, we get

,u% —,u% =00 = 1.
Thus, there exists £ € R such that p; = sh(§) and ps = ch(§), and we have
1D (0,0) Ty
_ 1 AT (sh(&) sh(s) + o ch(€) ch(s))? — A~ (sh(€) ch(s) + o ch(£) sh(s))?

> sh(s)? + ch(s)2 ’
1M ch(s + 0€)? — A~ sh(s + 0€)>
T2 sh(s)? + ch(s)? '

Considering that the parameterization for @} is z(s) = (esh(s),ech(s)) and using

the result above yields
/ |D(0,0)™ Tngne |
w7

B 1 argshe™° AT Ch(S + U§)2 — A~ bh(S + 0'5)2 2
= E/O [ sh(s)? 4 ch(s)?

£(sh(s)? + ch(s)?)Y%ds

c argsha‘*‘; 1/2
= AT ch(s 4+ 0€)? — A" sh(s + 0€)?] /" ds.
V2
0

Now, using the change of variables u = s + 0§, we get

c argshe™ g +0o&

\@af

For @}, we use the parameterization z(s) = (esh(s), —e ch(s)) for s € [0, argsh 79,
which yields the normal vector

[ 1D00.0) Ty = Y2 qu.

t,6

[AT ch(u)® — A~ sh(u)?]

o (=sh(s),—ch(s)
T (Gh(5)2 + ch(s)2) 72

Thus, the calculation of the integral on the branch w; is the same as the calculation

on w,', but with o replaced by —o, so we obtain

e argsh e —o€

7% —o€

For the two other branches “nw” and “sw,” we have, due to symmetries,

1/2 du.

/ . [ D(0,0)™ Tngsye [\ ch(u)? — A~ sh(u)?]

t,6

/ D(0,0) T, | = / D(0,0) Tne
@ w3

ne
Wi.s

[ 1Dw(0.0) Tzl = [ 1D60,0) T
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Now we compute the second integral appearing in K; see (103). Recalling the
definition C{'% = {zx €Cy|e'™% >z >0}, we have

/ |D¥(0,0)" Tne, | = V26 7°[D1(0,0) Tne, | = ' H(DQ T Mne,,Q e, )/
CTS%
+prl 1\ _ y—prl 1, \71/2
A P(J5,95) = A" P(J5,95)
det )

_ 10

1 4 _ 1/2
= —" 0 M (a1 + op2)® = A (1 + op2)?] /

V2
= %5175 [)\+ — /\*]1/2 |sh(€) + o ch(é)| = \%51—6 [)\Jr )\7] 1/2 ¢

On Cs% :={z € Cy | e'% > 21 > 0} we compute

MP(-L L)y \xpL L)
- _ 15
[ 1D60.0) ey = & o

se
2,6

Next we have

argshs_(erUg s
/ eldu = 6argshs_ +o€ eog —_ 605(676 + 1+ 6725 o 1)
of

=% (1 + V1 +625) — %8 =2e7%7° + My — e,

with |1 = O(e?). Thus, we get

_ 1 _11/2
|DY(0,0)" Tne, | = —=e' 0 AT — X et
/cz‘z 1= }

argsh e +0o€

€ _q1/2
=— DT =2\ / Udu — Ry +e7C .
2\/5[ ] (ag camThTe

Now we introduce the decomposition K = I3V 4 ¢ 4+ %€ 4 ™V, with

K™ = g,(0,0) / 1D(0,0) Ty | — 1(0,0) /c D(0.0) e,

@S
c argshe % 4o¢ N ) B 011/2 N _q1/2 el
€ _q1/2
—g1(0,0)—= [AT =X 7€ L Ry,
91( )2\/5[ ] € 2
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and Ry = O(¢'1?), and a similar definition for the other terms. Then

argshe™ °40& m
AT ch(w)? — A~ sh(w)?]? = It = A 12 S qu
[ (u) (u)

¢ 2
B /““gsh““’ﬁ (At = A7)e™2 4+ 2(AF + A7)
ot A[A* ch(u)? — A= sh(u)?]/? 42 AT — A-]/? eu
= ®¢(0f) + N,
with
o AT — A )e 2 4 2N + AT
B(0€) = / ( Je T/Z( A7) oy du
ot 4[ATch(u)? — A= sh(u)?]/" + 2[At — A7/ “ev
and
i At = A )e 2 2Nt + AT
Iiﬁs\:/ ( o )
argshe=94+0¢ 4 [A1 ch(u)? — A= sh(uw)?]/7 + 2[AT — A~ /" ev
< /°° ~td —argshe™"—o¢ e 7% 0(e%)
<c e “du = ce = = O(e°).
argshe=%+0¢ e 0 4142

Thus, we obtain

K™ = 1(0,0)——=d(0€) — g1(0,0)—— [AT — A"]"?e7€ 4 :y,

€

V2 2v2

with By = O(e'?). We also have K% = K"® due to symmetries.
A similar calculation yields

K% := 4,(0,0) / 1D(0,0) T, | — 1(0,0) / D(0,0) Tne,|
wfiﬁ C;is

= 1(0,0) = A=A et 4,

£
ﬁ(‘b(—o’f) = 91(0, 0)2\7@
with Rs = O(e!*?) and K™ = K*°. Finally, we obtain
’C — ’CSW + Kne _"_ ’Cse _"_ ’CHW
=21(0,0) 5(2(-08) + $(o€)) ~ 91(0,0)
= Ko(f) + ma
with | = O(e'*?) and
Ko(€) = V201(0,0)2(D(—€) + @()) — v291(0,0)e [\* = A7) ch(©).
We compute

dKo(§)
d§

AT —)7] 1/2 (€78 +e %) + R

<

VB (0,0)=(— @ (=) + (€)) — VI (0,00 [\ — A ] sh(¢)
= V2g1(0,0)e [—(A* ch(€)? = A" sh(6))V2 + (AT — A)l/ze;]
+29,(0,0)¢ [A* ch(E)? = X sh(©)1/7 — ("~ X V2]

— V2g,(0,0)e [T — A7]?sh(e) = 0.
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Thus, Ko(&) is constant and we have

1/2

Ko(€) = Ko(0) = 2v/2¢1(0,0)=®(0) — V291 (0,0)e [\t — A7]

Defining cg as in (111), we get Ko(0) = cggl (0,0)y/—v(t)/2, proving the lemma. 0O
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