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Abstract
Let 𝐾 and 𝑆 be locally compact Hausdorff spaces and let 𝑋 be a strictly convex

Banach space of finite dimension at least 2. In this paper, we prove that if there exists

an isomorphism 𝑇 from 𝐶0(𝐾,𝑋) onto 𝐶0(𝑆,𝑋) satisfying

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ = 𝜆(𝑋),

then 𝐾 and 𝑆 are homeomorphic. Here 𝜆(𝑋) denotes the Schäffer constant of 𝑋.

Even for the classical cases 𝑋 = 𝓁𝑛𝑝 , 1 < 𝑝 < ∞ and 𝑛 ≥ 2, this result is the 𝑋-valued

Banach–Stone theorem via isomorphism with the largest distortion that is known so

far, namely 𝜆(𝑋) = min
{
21∕𝑝, 21−1∕𝑝

}
. On the other hand, it is well known that this

result is not true for 𝑋 = 𝐑, even though 𝐾 and 𝑆 are compact Hausdorff spaces.
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theorems
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1 INTRODUCTION

For a locally compact Hausdorff space 𝐾 and a Banach space 𝑋 we denote by 𝐶0(𝐾,𝑋) the space of 𝑋-valued continuous

functions on 𝐾 which vanish at infinity, provided with the supremum norm. If 𝑋 is the scalar field 𝐑 or 𝐂, this space is denoted

by 𝐶0(𝐾).
The well-known Banach–Stone theorem states that the existence of an isometric isomorphism 𝑇 from 𝐶0(𝐾) onto 𝐶0(𝑆)

implies that 𝐾 and 𝑆 are homeomorphic [2,26]. Amir [1] and Cambern [6] independently extended the Banach–Stone theorem

for certain isomorphisms 𝑇 with distortion ‖𝑇 ‖‖‖‖𝑇 −1‖‖‖ greater than 1. More precisely, they proved that if 𝑇 is an isomorphism

from 𝐶0(𝐾) onto 𝐶0(𝑆) satisfying

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ < 2, (1.1)

then 𝐾 and 𝑆 are homeomorphic. In [7] Cambern showed that the result of Amir–Cambern do not remain true if we replace

(1.1) by

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ = 2, (1.2)

see also the Cohen result in [13].

Various authors, beginning with Jerison [22], have considered the problem of determining geometric properties of 𝑋 which

allow generalizations of the Banach–Stone theorem to the 𝐶0(𝐾,𝑋) spaces. We stress that Cambern [8] generalized the
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Amir–Cambern theorem to the vector-valued case by proving that if 𝑋 is a finite-dimensional Hilbert space and 𝑇 is an isomor-

phism from 𝐶0(𝐾,𝑋) onto 𝐶0(𝑆,𝑋) satisfying

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ <
√
2, (1.3)

then 𝐾 and 𝑆 are homeomorphic.

Recently in [16] this last theorem has been improved showing that it remains true if we replace (1.3) by

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ =
√
2. (1.4)

These results naturally lead us to look for other vector-valued Banach–Stone theorems via isomorphisms with large distortion

similar to that in (1.4). In other words, the following question arises naturally.

Problem 1.1. When do isomorphisms of 𝐶0(𝐾,𝑋) spaces with large distortion determine the locally compact spaces 𝐾?

In the present paper, we will consider this problem and turn our attention to a class of Banach spaces that contains the Hilbert

spaces, i.e. the strictly convex spaces. Recall that a real normed linear space𝑋 is said to be strictly convex if for any given distinct

vectors in the closed unit sphere 𝑆𝑋 , the midpoint of the line segment joining them must not lie in the closed unit sphere.

Historically, the property of a space being strictly convex has been part of the hypotheses in many of the vector-valued

Banach–Stone theorems, including that of Jerison mentioned above, see for instance [3,4,9–11,14,18,20–23,27].

The main aim of this work is to prove Theorem 1.3. It is a stronger vector-valued Banach–Stone theorem for all finite-

dimensional strictly convex spaces. Before establishing it we recall the following parameter introduced by Schäffer [17,25] for

Banach spaces 𝑋:

𝜆(𝑋) = inf{max{‖𝑥 − 𝑦‖, ‖𝑥 + 𝑦‖} ∶ ‖𝑥‖ = 1 and ‖𝑦‖ = 1}.

Note that by the parallelogram law it follows that if 𝑋 is a Hilbert space of finite dimension at least 2, then 𝜆(𝑋) =
√
2.

Furthermore, 𝜆(𝑋) ≤
√
2 for every Banach space with dimension greater than or equal to 2 [17, Theorem 2.5] and 𝜆(𝐑) = 2.

So, in contrast with the result quoted in (1.2) we have the following extension of the result named in (1.4).

Theorem 1.2. Let 𝑋 be a strictly convex space of finite dimension at least 2. Suppose that 𝐾 and 𝑆 are locally compact
Hausdorff spaces and that 𝑇 is an isomorphism from 𝐶0(𝐾,𝑋) onto 𝐶0(𝑆,𝑋) satisfying

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ = 𝜆(𝑋).

Then 𝐾 and 𝑆 are homeomorphic.

Theorem 1.2 is an immediate consequence of our main result, namely.

Theorem 1.3. Let 𝑋 be a strictly convex space of finite dimension at least 2 and let 𝑀 = 𝜆(𝑋)1∕2. If 𝐾 and 𝑆 are locally
compact Hausdorff spaces and there exists an isomorphism 𝑇 from 𝐶0(𝐾,𝑋) onto 𝐶0(𝑆,𝑋) satisfying

‖𝑓‖
𝑀

≤ ‖𝑇 (𝑓 )‖ ≤ 𝑀‖𝑓‖,
for every 𝑓 ∈ 𝐶0(𝐾,𝑋), then 𝐾 and 𝑆 are homeomorphic.

Proof of Theorem 1.2. Assume that 𝜏 is an isomorphism satisfying the hypotheses of Theorem 1.2. Then putting

𝑇 = 𝜏‖𝜏−1‖𝜆(𝑋)−1∕2 and 𝑀 = 𝜆(𝑋)1∕2, it is easy to check that 𝑇 satisfies the hypotheses of Theorem 1.3. □

Observe that Theorem 1.2 is also an improvement of [11, Main Theorem] in the case where 𝑋 is a strictly convex space of

finite dimension greater than or equal to 2. Indeed, in that theorem the hypothesis on the isomorphism 𝑇 is

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ < 𝜆(𝑋).

Notice also that even in the case where 𝑋 = 𝓁𝑛𝑝 , the real 𝑛-dimensional 𝑙𝑝 spaces, 1 < 𝑝 < ∞ and 𝑛 ≥ 2, the following imme-

diate corollary of Theorem 1.2 was only known when 𝑝 = 2, i.e. the result mentioned in (1.4).
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Corollary 1.4. Let 1 < 𝑝 < ∞ and 𝑛 ≥ 2. Suppose that 𝐾 and 𝑆 are locally compact Hausdorff spaces and that 𝑇 is an
isomorphism from 𝐶0

(
𝐾,𝓁𝑛𝑝

)
onto 𝐶0

(
𝑆,𝓁𝑛𝑝

)
satisfying

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ = min
{
21∕𝑝, 21−1∕𝑝

}
,

then 𝐾 and 𝑆 are homeomorphic.

Proof. It is enough to recall that according to [17, Theorem 3.1], for every 1 < 𝑝 < ∞ and 𝑛 ≥ 2, we know that

𝜆
(
𝓁𝑛𝑝

)
= min

{
21∕𝑝, 21−1∕𝑝

}
.

□

The result cited in (1.4) was the first vector-valued Banach–Stone theorem obtained via isomorphism with distortion
√
2.

However, by using Theorem 1.2 we can provide new vector-valued Banach–Stone theorems via isomorphism with that large

distortion. Indeed, in view of Theorem 1.2 it suffices to show that there is a finite-dimensional strictly convex space 𝐸 with

𝜆(𝐸) =
√
2 which is not a Hilbert space. Indeed, let 𝑈 be the operator of rotation by 45◦ on 𝐑2. Fix 𝑝 > 2 and denote by ‖ ⋅ ‖𝑝

the norm of 𝓁2
𝑝 . Define 𝐸 to be 𝐑2 endowed with the norm

‖𝑥‖𝐸 = max
{‖𝑥‖𝑝, ‖𝑈 (𝑥)‖𝑝} .

Since ‖ ⋅ ‖𝑝 is invariant under rotation by 90◦, it follows easily that 𝑈
(
𝐵𝐸

)
= 𝐵𝐸 , where 𝐵𝐸 denotes the closed unit ball

of 𝐸. Moreover, recall that a result due to Gao and Lau [17, Proposition 2.8] ensures that every 𝑋 =
(
𝐑2, ‖ ⋅ ‖𝑋) such that

𝑈
(
𝐵𝑋

)
= 𝐵𝑋 has 𝜆(𝑋) =

√
2. Therefore, 𝜆(𝐸) =

√
2. Since ‖ ⋅ ‖𝐸 is the maximum of two strictly convex norms, it is clear

that ‖ ⋅ ‖𝐸 is strictly convex. Finally, it is easy to check that

‖𝑒1‖𝐸 = ‖𝑒2‖𝐸 = 1 and ‖𝑒1 + 𝑒2‖𝐸 =
√
2, (1.5)

where
{
𝑒1, 𝑒2

}
is the canonical basis of 𝐑2.

Suppose by contradiction that ‖ ⋅ ‖𝐸 is determined by an inner product ⟨⋅, ⋅⟩𝐸 . Then (1.5) implies that
{
𝑒1, 𝑒2

}
is an orthonor-

mal basis with respect to ⟨⋅, ⋅⟩𝐸 . Therefore, ⟨⋅, ⋅⟩𝐸 coincides with the usual inner product on𝐑2 and consequently, ‖ ⋅ ‖𝐸 = ‖ ⋅ ‖2,

but this is a contradiction.

In view of Theorem 1.2 we introduce the following definition.

Definition 1.5. Let 𝑋 be a Banach space with 𝜆(𝑋) > 1. We will say that 𝑋 is a Banach–Stone–Schäffer space whenever the

existence of an isomorphism 𝑇 from 𝐶0(𝐾,𝑋) onto 𝐶0(𝑆,𝑋) satisfying

‖𝑇 ‖ ‖‖‖𝑇 −1‖‖‖ = 𝜆(𝑋)

implies that 𝐾 and 𝑆 are homeomorphic.

In opposition to Corollary 1.4, it follows from [11, Remark 4.7] that every infinite-dimensional 𝑙𝑝 space, 2 ≤ 𝑝 < ∞, is not a

Banach–Stone–Schäffer space. Then, it would be interesting to know the solution to the following intriguing problem.

Problem 1.6. Suppose that 𝑋 is a Banach–Stone–Schäffer space.

(1) Is it true that 𝑋 is a finite-dimensional space?

(2) Does it follow that 𝑋 is a strictly convex space?

2 ON THE SCHÄFFER CONSTANT OF FINITE-DIMENSIONAL STRICTLY
CONVEX SPACES

This section concerns the doubles of vectors 𝑥 and 𝑦 for which the infimum defining the Schäffer constant 𝜆(𝑋) is reached.

Proposition 2.3 will be fundamental in the proof of our results. In order to prove this proposition we initially recall two geometric

properties of strictly convex spaces of dimension 2. The first one is a result due to Gao and Lau [17, Lemma 2.2.i] and the second

one is part of the well-known Monotonicity lemma [24, Proposition 31].
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Lemma 2.1. Let 𝑋 be a two-dimensional space and let 𝑥 ∈ 𝑋. Then, there exists 𝑦 ∈ 𝑆𝑋 such that

‖𝑥 + 𝑦‖ = ‖𝑥 − 𝑦‖ = inf
𝑧∈𝑆𝑋

max{‖𝑥 + 𝑧‖, ‖𝑥 − 𝑧‖}.
Proposition 2.2. Let 𝑋 be a two-dimensional strictly convex space and fix 𝑥 ∈ 𝑆𝑋 . Suppose that 𝑥1, 𝑥2 ∈ 𝑆𝑋 are in some
closed halfspace 𝐻 determined by the line {𝑡𝑥 ∶ 𝑡 ∈ 𝐑} and ‖𝑥 + 𝑥1‖ = ‖𝑥 + 𝑥2‖. Then 𝑥1 = 𝑥2.

Proposition 2.3. Let 𝑋 be a strictly convex space of finite dimension at least 2.

(1) If 𝑥, 𝑦 ∈ 𝑆𝑋 satisfy max{‖𝑥 + 𝑦‖, ‖𝑥 − 𝑦‖} = 𝜆(𝑋), then

‖𝑥 + 𝑦‖ = ‖𝑥 − 𝑦‖ = 𝜆(𝑋).

(2) Let 𝑋2 be a two-dimensional subspace of 𝑋. For each 𝑥 ∈ 𝑆𝑋2
there exists at most one 𝑦 ∈ 𝑆𝑋2

, up to sign, such that

‖𝑥 ± 𝑦‖ = 𝜆(𝑋).

(3) Suppose that {𝑥1, 𝑥2, 𝑥3} ⊂ 𝑆𝑋 satisfy

‖𝑥𝑖 ± 𝑥𝑗‖ = 𝜆(𝑋), for all 𝑖 ≠ 𝑗.

Then {𝑥1, 𝑥2, 𝑥3} is linearly independent.
(4) For each 𝑥 ∈ 𝑆𝑋 , the set

{𝑦 ∈ 𝑆𝑋 ∶ ‖𝑥 ± 𝑦‖ = 𝜆(𝑋)}

has empty interior with respect to the topology of 𝑆𝑋 .

Proof.

(1) Let 𝑋2 ⊂ 𝑋 be a plane containing 𝑥 and 𝑦. By using Lemma 2.1, we fix 𝑦′ ∈ 𝑆𝑋2
= 𝑆𝑋 ∩𝑋2 such that

‖𝑥 + 𝑦′‖ = ‖𝑥 − 𝑦′‖ = 𝜆(𝑋).

Since max{‖𝑥 + 𝑦‖, ‖𝑥 − 𝑦‖} is assumed, we suppose without loss of generality that ‖𝑥 + 𝑦‖ = 𝜆(𝑋). Then

‖𝑥 + 𝑦‖ = ‖𝑥 ± 𝑦′‖.
It is easy to see that {𝑦, 𝑦′} or {𝑦,−𝑦′} is contained in a closed halfspace determined by the line {𝑡𝑥 ∶ 𝑡 ∈ 𝐑}. Then, by

Proposition 2.2, 𝑦 = 𝑦′ or 𝑦 = −𝑦′, and this completes the proof of this item.

(2) It suffices to apply the Proposition 2.2.

(3) Suppose that {𝑥1, 𝑥2, 𝑥3} is linearly dependent and fix a plane 𝑋2 ⊂ 𝑋 such that {𝑥1, 𝑥2, 𝑥3} ⊂ 𝑆𝑋2
. By hypothesis, we

have that

‖𝑥1 ± 𝑥2‖ = 𝜆(𝑋) and ‖𝑥1 ± 𝑥3‖ = 𝜆(𝑋).

So, by the item 2 of the proposition, 𝑥2 = ±𝑥3. Therefore,

{‖𝑥2 + 𝑥3‖, ‖𝑥2 − 𝑥3‖} = {0, 2},

this is a contradiction with ‖𝑥2 ± 𝑥3‖ = 𝜆(𝑋).
(4) Put

𝑃 (𝑥) = {𝑦 ∈ 𝑆𝑋 ∶ ‖𝑥 ± 𝑦‖ = 𝜆(𝑋)}.

Pick 𝑦 ∈ 𝑃 (𝑥) and 𝑋2 a two-dimensional subspace of 𝑋 containing 𝑥 and 𝑦. Then, by the item 2 of the proposition,

(𝑋2 ∩ 𝑆𝑋) ∩ 𝑃 (𝑥) contains at most 𝑦 and −𝑦. Therefore, 𝑦 is not an interior point of 𝑃 (𝑋), otherwise (𝑋2 ∩ 𝑆𝑋) ∩ 𝑃 (𝑥)
would have infinitely many points. □
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3 SPECIAL SETS ASSOCIATED TO ISOMORPHISMS BETWEEN 𝑪𝟎(𝑲,𝑿)
SPACES

Next we turn our attention to the proof of Theorem 1.3. So, from now on 𝑀 is the positive number such that 𝑀2 = 𝜆(𝑋) and

𝑇 is an isomorphism of 𝐶0(𝐾,𝑋) onto 𝐶0(𝑆,𝑋) satisfying

‖𝑓‖
𝑀

≤ ‖𝑇 (𝑓 )‖ ≤ 𝑀 ‖𝑓‖, (3.1)

for every 𝑓 ∈ 𝐶0(𝐾,𝑋).
In a recent study of maps 𝑇 satisfying (3.1) [16] it was introduced some classes of subsets Γw(𝑘, v) and Γv(𝑠,w) of 𝑆 and 𝐾

respectively, where 𝑘 ∈ 𝐾 , 𝑠 ∈ 𝑆 and v and w are suitable elements of 𝑋.

In order to prove Theorem 1.3, we will need to state some new properties of these sets in the particular case where𝑀2 = 𝜆(𝑋).
Thus, in this short section we will remember some definitions and results concerning such sets.

Let 𝑘 ∈ 𝐾 , 𝑓 ∈ 𝐶0(𝐾,𝑋) and v ∈ 𝑋. Following [16, p. 323] we set

𝜔(𝑘, 𝑓 , v) = max{‖𝑓‖, ‖𝑓 (𝑘) − v‖}.
Moreover, if v and w ∈ 𝑋 with v ≠ 0 satisfies ‖w‖ = ‖v‖∕𝑀 , following [16, p. 323], we also set

Γw(𝑘, v) =
{
𝑠 ∈ 𝑆 ∶ ‖𝑇𝑓 (𝑠) − w‖ ≤ 𝑀𝜔(𝑘, 𝑓 , v), for all 𝑓 ∈ 𝐶0(𝐾,𝑋)

}
.

Analogously, for 𝑠 ∈ 𝑆, w and v ∈ 𝑋 with w ≠ 0 and ‖v‖ = ‖w‖∕𝑀 , we set

Γv(𝑠,w) =
{
𝑘 ∈ 𝐾 ∶ ‖‖‖𝑇 −1𝑔(𝑘) − v‖‖‖ ≤ 𝑀𝜔(𝑠, 𝑔,w), for all 𝑔 ∈ 𝐶0(𝑆,𝑋)

}
.

Let us recall the following basic properties of these sets. The proof of Proposition 3.1 is essentially the same proof of [15,

Proposition 3.2] and [16, Proposition 2.1]. We leave it to the reader to transpose to our context.

Proposition 3.1. Let 𝑘 ∈ 𝐾 and let v ∈ 𝑋 ⧵ {0}.

(1) There exists w ∈ 𝑋 such that Γw(𝑘, v) ≠ ∅.
(2) Let v,w ∈ 𝑋. Then for all 𝑡 ≠ 0, we have Γw(𝑘, v) = Γ𝑡w(𝑘, 𝑡v).
(3) Suppose that 𝑠 ∈ Γw(𝑘, v) and Γz(𝑠,w) ≠ ∅ for some v,w, z ∈ 𝑋. Then Γz(𝑠,w) = {𝑘}.

4 THE SCHÄFFER CONSTANT 𝝀(𝑿) AND THE SPECIAL SETS 𝚪𝐰(𝒌, 𝐯)

The objective of this section is to present a close relationship between the Schäffer constant 𝜆(𝑋) and the special sets Γw(𝑘, v)
mentioned in the previous section. More precisely, we will prove the following proposition. For each v ∈ 𝑋 ⧵ {0} we will denote

v̂ = v∕‖v‖.

Proposition 4.1. Suppose that 𝑠 ∈ Γw(𝑘, v) ∩ Γw′(𝑘′, v′) for some v, v′, w, w′ ∈ 𝑋, with 𝑘 ≠ 𝑘′. Then

(1) ‖‖‖ŵ ± ŵ′‖‖‖ = 𝜆(𝑋);

(2) Suppose that ‖v‖ = ‖v′‖ = 𝑐. Then, for all 𝑓 ∈ 𝐶0(𝐾,𝑋) satisfying

𝜔(𝑘, 𝑓 , v) = 𝜔(𝑘′, 𝑓 , v′) = 𝑐∕2,

we have

𝑇𝑓 (𝑠) = (w + w′)∕2.

Proof. By Proposition 3.1.2 we may assume that ‖v‖ = ‖v′‖ = 𝑐. According to Urysohn's lemma, fix 𝑓 ∈ 𝐶0(𝐾,𝑋) such that

‖𝑓‖ = 𝑐∕2, 𝑓 (𝑘) = v∕2 and 𝑓 (𝑘′) = v′∕2.
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It is easy to check that

𝜔(𝑘, 𝑓 , v) = 𝜔(𝑘′, 𝑓 , v′) = 𝑐∕2. (4.1)

Then, since 𝑠 ∈ Γw(𝑘, v) ∩ Γw′(𝑘′, v′), we have

‖𝑇𝑓 (𝑠) − w‖ ≤ 𝑀𝑐∕2 and ‖𝑇𝑓 (𝑠) − w′‖ ≤ 𝑀𝑐∕2. (4.2)

(1) It follows by (4.2) that ‖w − w′‖ ≤ 𝑀𝑐 and since

‖w‖ = ‖w′‖ = 𝑐∕𝑀 and 𝑀 = 𝜆(𝑋)1∕2,

we obtain

‖‖‖ŵ − ŵ′‖‖‖ ≤ 𝜆(𝑋).

On the other hand, by Proposition 3.1.2 we have

𝑠 ∈ Γw(𝑘, v) ∩ Γ−w′(𝑘′,−v′).

Then, repeating the argument replacing v′ and w′ by −v′ and −w′, respectively, we deduce that

‖‖‖ŵ + ŵ′‖‖‖ ≤ 𝜆(𝑋).

So, it follows that

max
{‖‖‖ŵ + ŵ′‖‖‖ , ‖‖‖ŵ − ŵ′‖‖‖

}
≤ 𝜆(𝑋).

But then by the definition of 𝜆(𝑋) we infer that

max
{‖‖‖ŵ + ŵ′‖‖‖ , ‖‖‖ŵ − ŵ′‖‖‖

}
= 𝜆(𝑋).

By Proposition 2.3.1 this implies that
‖‖‖ŵ ± ŵ′‖‖‖ = 𝜆(𝑋), as we wished.

(2) Since ‖w‖ = ‖w′‖ = 𝑐∕𝑀 , 𝑀 = 𝜆(𝑋)1∕2 and by the item 1 of the proposition,
‖‖‖ŵ − ŵ′‖‖‖ = 𝜆(𝑋), we conclude that

𝑀𝑐∕2 = ‖w − w′‖∕2.
Notice that (4.1) is a sufficient condition for (4.2) to hold. Then, by using the equation above in (4.2) we see that

‖𝑇𝑓 (𝑠) − w‖ ≤ ‖w − w′‖∕2 and ‖𝑇𝑓 (𝑠) − w′‖ ≤ ‖w − w′‖∕2.
Thus, since 𝑋 is strictly convex it follows that 𝑇𝑓 (𝑠) = (w + w′)∕2. □

5 ON THE SUBSETS 𝚪𝐰(𝒌, 𝐯) OF 𝑲 CONTAINING IRREGULAR POINTS

The aim of this section is to establish Proposition 5.1. It allows us to relate the vectors v and w involved in the construction of

certain special sets Γw(𝑘, v).
Following [16, p. 325] a point 𝑠 ∈ 𝑆 will be said irregular if there exist two different points 𝑘 and 𝑘′ ∈ 𝐾 such that

𝑠 ∈ Γw(𝑘, v) ∩ Γw′(𝑘′, v′) for some v,w, v′ and w′ ∈ 𝑋. Analogously, we will say that a point 𝑘 ∈ 𝐾 is irregular if 𝑘 ∈
Γv(𝑠,w) ∩ Γv′(𝑠′,w′) for some different points 𝑠 and 𝑠′ ∈ 𝑆 and v,w, v′ and w′ ∈ 𝑋.

Recall that since 𝑋 is strictly convex, for all 𝑥, 𝑦 ∈ 𝑋 with 𝑦 ≠ 0, if

‖𝑥 + 𝑦‖ = ‖𝑥‖ + ‖𝑦‖, (5.1)

then 𝑥 = 𝑡𝑦 for some 𝑡 ∈ 𝐑 [12, p. 404].
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Proposition 5.1. Suppose that 𝑘 ∈ 𝐾 and that 𝑠 is an irregular point of 𝑆. If 𝑠 ∈ Γw1
(𝑘, v1) ∩ Γw2

(𝑘, v2) for some
v1, v2,w1,w2 ∈ 𝑋, then

‖ŵ1 ± ŵ2‖ ≤ ‖v̂1 ± v̂2‖.
Proof. In virtue of Proposition 3.1.2 we may assume that ‖v1‖ = ‖v2‖ = 1. Hence ‖w1‖ = ‖w2‖ = 1∕𝑀 . Since 𝑠 is irregular,

there exists 𝑘′ ∈ 𝐾 , 𝑘′ ≠ 𝑘 and vectors v′ and w′ ∈ 𝑋 with ‖v′‖ = 1 and ‖w′‖ = 1∕𝑀 such that 𝑠 ∈ Γw′(𝑘′, v′). According to

Proposition 4.1.1 we have

‖‖‖ŵ′ ± ŵ𝑖
‖‖‖ = 𝜆(𝑋), for all 𝑖 ∈ {1, 2}. (5.2)

Since 𝑘 ≠ 𝑘′ by Urysohn's lemma there exist 𝑓 and 𝑓 ′ ∈ 𝐶0(𝐾) satisfying:

(i) 𝑓 (𝐾), 𝑓 ′(𝐾) ⊂ [0, 1];
(ii) 𝑓 (𝑘) = 𝑓 ′(𝑘′) = 1;

(iii) The supports of 𝑓 and 𝑓 ′ are disjoint.

Put

ℎ1 = 𝑓 ⋅ (v1∕2), ℎ2 = 𝑓 ⋅ (v2∕2) and ℎ′ = 𝑓 ′ ⋅ (v′∕2).

It is easy to check that

𝜔
(
𝑘, ℎ′ + ℎ1, v1

)
= 𝜔

(
𝑘′, ℎ′ + ℎ1, v′

)
= 1∕2.

Thus, by Proposition 4.1.2 we have

𝑇 (ℎ′ + ℎ1)(𝑠) =
w′ + w1

2
. (5.3)

In the same way we obtain

𝑇 (ℎ′ − ℎ1)(𝑠) =
w′ − w1

2
, (5.4)

and

𝑇 (ℎ′ + ℎ2)(𝑠) =
w′ + w2

2
. (5.5)

By combining (5.3), (5.4) and (5.5) we infer that

𝑇ℎ1(𝑠) = w1∕2, 𝑇 ℎ2(𝑠) = w2∕2 and 𝑇ℎ′(𝑠) = w′∕2.

Hence we have that

‖‖‖‖
w1
2

+
w2
2

± ‖v̂1 + v̂2‖w′

2
‖‖‖‖ = ‖𝑇 (ℎ1 + ℎ2 ± ‖v̂1 + v̂2‖ℎ′)(𝑠)‖ ≤ 𝑀 ‖‖ℎ1 + ℎ2 ± ‖v̂1 + v̂2‖ℎ′‖‖ =

𝑀‖v̂1 + v̂2‖
2

,

where the last equality is due to (iii). Since

‖w1‖ = ‖w2‖ = ‖w′‖ = 1∕𝑀,

we infer that

‖‖‖‖‖
ŵ1 + ŵ2‖v̂1 + v̂2‖ ± ŵ′

‖‖‖‖‖ ≤ 𝑀2 = 𝜆(𝑋). (5.6)

Now we are in a position to show that ‖ŵ1 ± ŵ2‖ ≤ ‖v̂1 ± v̂2‖. We will prove that ‖ŵ1 + ŵ2‖ ≤ ‖v̂1 + v̂2‖. The proof of the

other inequality is analogous.
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Assume then that

‖ŵ1 + ŵ2‖ > ‖v̂1 + v̂2‖, (5.7)

and from this we will derive a contradiction.

Claim. {w′,w1 + w2} is linearly independent.

Suppose the contrary. We have that w′,w1 and w2 are in the same plane, then by (5.2) and Proposition 2.3.2, we conclude

that {w1,w2} is linearly dependent. Since w1 and w2 are colinear, have the same norm and (5.7) holds, we deduce that w1 = w2.

Therefore, since we are supposing that {w′,w1 + w2} is linearly dependent, {w′,w1} is linearly dependent, which contradicts

(5.2).

It follows immediately by the above claim that{
ŵ1 + ŵ2‖v̂1 + v̂2‖ + ŵ′,

ŵ1 + ŵ2‖v̂1 + v̂2‖ − ŵ′
}

(5.8)

is linearly independent. Put

𝑎 = 1
2
+

‖v̂1 + v̂2‖
2‖ŵ1 + ŵ2‖ ,

and

𝑏 = 1
2
−

‖v̂1 + v̂2‖
2‖ŵ1 + ŵ2‖ .

Observe that by (5.7) we have that 𝑎, 𝑏 > 0. Moreover 𝑎 + 𝑏 = 1 and

̂(
ŵ1 + ŵ2

)
± ŵ′ = 𝑎

(
ŵ1 + ŵ2‖v̂1 + v̂2‖ ± ŵ′

)
− 𝑏

(
ŵ1 + ŵ2‖v̂1 + v̂2‖ ∓ ŵ′

)
.

So, by (5.1), (5.8) and (5.6) we conclude that

‖‖‖ ̂(ŵ1 + ŵ2) ± ŵ′‖‖‖ < 𝑎
‖‖‖‖‖
ŵ1 + ŵ2‖v̂1 + v̂2‖ ± ŵ′

‖‖‖‖‖ + 𝑏
‖‖‖‖‖
ŵ1 + ŵ2‖v̂1 + v̂2‖ ∓ ŵ′

‖‖‖‖‖ ≤ 𝜆(𝑋),

a contradiction with the definition of 𝜆(𝑋). □

6 IRREGULAR POINTS OF 𝑲 AND 𝑺 VIA TWO AUXILIARY FUNCTIONS

At this point in the paper it is convenient to introduce two functions Φ ∶ 𝐾 → (𝑆) and Ψ ∶ 𝑆 → (𝐾) given by

Φ(𝑘) =
⋃

{Γw(𝑘, v) ∶ v,w ∈ 𝑋, v ≠ 0 and ‖w‖ = ‖v‖∕𝑀},

and

Ψ(𝑠) =
⋃

{Γv(𝑠,w) ∶ v,w ∈ 𝑋,w ≠ 0 and ‖v‖ = ‖w‖∕𝑀}.

Proposition 6.1. Let 𝑘 ∈ 𝐾 . Suppose that Φ(𝑘) is not a singleton set. Then 𝑘 is an irregular point.

Proof. Pick two different points 𝑠, 𝑠′ ∈ Φ(𝑘). So, there are v, v′, w and w′ ∈ 𝑋 such that

𝑠 ∈ Γw(𝑘, v) and 𝑠′ ∈ Γw′(𝑘, v′).

By Propositions 3.1.1 and 3.1.3 there exist z and z′ ∈ 𝑋 satisfying

𝑘 ∈ Γz(𝑠,w) ∩ Γz′ (𝑠′,w′),

hence 𝑘 is irregular. □
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Before we prove another property of the irregular elements of 𝑆 we will need to establish a simple consequence of the well-

known Brouwer's invariance of domain theorem, i.e. the statement that if 𝑈 is an open subset of 𝐑𝑛 and 𝑓 ∶ 𝑈 → 𝐑𝑛 is an

injective continuous map, then 𝑓 (𝑈 ) is open and 𝑓 is a homeomorphism between 𝑈 and 𝑓 (𝑈 ) [5], [19, p. 954]. Then, the proof

of next proposition is a standard exercise that we leave to the reader.

Proposition 6.2. Let ℎ ∶ 𝐴 ⊂ 𝑆𝑋 → 𝑆𝑋 be a continuous injective map. If 𝐴 has non-empty interior then ℎ(𝐴) has non-empty
interior.

Proposition 6.3. Let 𝑘 ∈ 𝐾 . Suppose that Φ(𝑘) is not a singleton set. Then Φ(𝑘) has only irregular elements.

Proof. By Proposition 6.1 applied to Ψ(𝑠), it suffices to prove that for all 𝑠 ∈ Φ(𝑘), Ψ(𝑠) is not a singleton set. Assume by

contradiction that Ψ(𝑠) is a singleton set for some 𝑠 ∈ Φ(𝑘). Since 𝑠 ∈ Φ(𝑘), there exist v and w ∈ 𝑋 such that 𝑠 ∈ Γw(𝑘, v). By

Propositions 3.1.1 and 3.1.3 there exists z ∈ 𝑋 satisfying Γz(𝑠,w) = {𝑘}. Then 𝑘 ∈ Ψ(𝑠) and therefore Ψ(𝑠) = {𝑘}. This allows

us, by virtue of Propositions 3.1.1 and 3.1.3, to define a map 𝜙 ∶ 𝑆𝑋 → 𝑆𝑋 by

{𝑘} = Γ 𝜙(w)
𝑀

(𝑠,w), for all w ∈ 𝑆𝑋.

Notice that 𝜙 is well defined and it has the following properties:

(a) 𝜙 is continuous and injective. Indeed, for each w1,w2 ∈ 𝑆𝑋 , we have that

𝑘 ∈ Γ 𝜙(w1)
𝑀

(𝑠,w1) ∩ Γ 𝜙(w2)
𝑀

(𝑠,w2),

and, since 𝑘 is an irregular point, by Proposition 5.1,

‖𝜙(w1) ± 𝜙(w2)‖ ≤ ‖w1 ± w2‖.
The continuity of 𝜙 follows from this inequality with “−”. On the other hand, assume that 𝜙(w1) = 𝜙(w2) for some

w1,w2 ∈ 𝑋. Then by the above inequality with “+” we conclude that 2 = ‖w1 + w2‖. Thus, by the characterization of

the strictly convex spaces mentioned in (5.1), w1 = w2.

(b) According to Proposition 6.1 𝑘 is an irregular point. So, there exist 𝑠′ ∈ 𝑆, 𝑠′ ≠ 𝑠 and w′, z′ ∈ 𝑋 such that 𝑘 ∈ Γz′(𝑠′,w′).
We claim that

𝐼𝑚𝜙 ⊂
{
𝑦 ∈ 𝑋 ∶ ‖‖‖ẑ′ ± 𝑦

‖‖‖ = 𝜆(𝑋)
}
. (6.1)

Indeed, for each w ∈ 𝑆𝑋 , we have that

𝑘 ∈ Γ 𝜙(w)
𝑀

(𝑠,w) ∩ Γz′ (𝑠′,w′),

and then by Proposition 4.1.1 it follows that
‖‖‖ẑ′ ± 𝜙(w)‖‖‖ = 𝜆(𝑋), and we are done.

Finally, by (a) and Proposition 6.2 it follows that 𝐼𝑚𝜙 has non-empty interior. Consequently, according to (6.1) the set{
𝑦 ∈ 𝑋 ∶ ‖‖‖ẑ′ ± 𝑦

‖‖‖ = 𝜆(𝑋)
}

has non-empty interior. But this is a contradiction with Proposition 2.3.4. □

7 𝚽(𝒌) HAS AT MOST 2 ELEMENTS, FOR ALL 𝒌 ∈ 𝑲

Our main purpose in this section is to prepare the proof of Proposition 8.1, which asserts that Φ(𝑘) is a singleton set for each

𝑘 ∈ 𝐾 . So, we will prove the following proposition.

Proposition 7.1. The cardinality of Φ(𝑘) is at most 2, for every 𝑘 ∈ 𝐾 .

Proof. Suppose that there are three distinct elements 𝑠1, 𝑠2, 𝑠3 ∈ Φ(𝑘). For each 1 ≤ 𝑖 ≤ 3, by the definition of Φ(𝑘), fix v𝑖 and

w𝑖 such that 𝑠𝑖 ∈ Γw𝑖
(𝑘, v𝑖). By Proposition 3.1.2 we may assume that ‖v𝑖‖ = 𝑀 and consequently ‖w𝑖‖ = 1, for 1 ≤ 𝑖 ≤ 3.
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Now, by using Proposition 3.1.1, fix z𝑖 ∈ 𝑋, ‖z𝑖‖ = 1∕𝑀 such that Γz𝑖(𝑠𝑖,w𝑖) ≠ ∅, for 1 ≤ 𝑖 ≤ 3. So, by Proposition 3.1.3

we conclude that

Γz1(𝑠1,w1) = Γz2(𝑠2,w2) = Γz3(𝑠3,w3) = {𝑘}. (7.1)

Pick 𝑔1, 𝑔2, 𝑔3 ∈ 𝐶0(𝑆) such that

(a) 𝑔𝑖(𝑆) ⊂ [0, 1];
(b) 𝑔𝑖(𝑠𝑖) = 1;

(c) The supports of 𝑔1, 𝑔2 and 𝑔3 are mutually disjoint.

Then, define for each 1 ≤ 𝑖 ≤ 3, ℎ𝑖 = 𝑔𝑖 ⋅ (w𝑖∕2).
It's straightforward that for each 𝑖 ≠ 𝑗,

𝜔
(
𝑠𝑖, ℎ𝑖 + ℎ𝑗,w𝑖

)
= 𝜔

(
𝑠𝑗 , ℎ𝑖 + ℎ𝑗,w𝑗

)
= 1∕2.

Thus, according to (7.1) and Proposition 4.1.2, we have that

𝑇 −1(ℎ𝑖 + ℎ𝑗
)
(𝑘) =

z𝑖 + z𝑗
2

, for all 𝑖 ≠ 𝑗.

So, by the linearity of 𝑇 −1 and combining the equations above, we obtain that

𝑇 −1ℎ𝑖(𝑘) =
z𝑖
2
, for all 1 ≤ 𝑖 ≤ 3.

Therefore for each pair 𝜎, 𝜃 ∈ {−1, 1},

‖‖‖‖
z1
2

+ 𝜎
z2
2

+ 𝜃
z3
2
‖‖‖‖ = ‖𝑇 −1(ℎ1 + 𝜎ℎ2 + 𝜃ℎ3)(𝑘)‖ ≤ 𝑀‖ℎ1 + 𝜎ℎ2 + 𝜃ℎ3‖ = 𝑀

2
,

where the last equality is a consequence of (c).

But since ‖z1‖ = ‖z2‖ = ‖z3‖ = 1∕𝑀 , it follows that

‖ẑ1 + 𝜎ẑ2 + 𝜃ẑ3‖ ≤ 𝑀2 = 𝜆(𝑋). (7.2)

On the other hand, by (7.1) and Proposition 4.1.1 we see that

‖ẑ𝑖 ± ẑ𝑗‖ = 𝜆(𝑋), for all 𝑖 ≠ 𝑗. (7.3)

It follows by Proposition 2.3.3 that {ẑ1, ẑ2, ẑ3} is linearly independent. Consequently {ẑ1 + ẑ2 + ẑ3, ẑ1 + ẑ2 − ẑ3} is also linearly

independent.

Hence by (7.3), the characterization of strictly convex spaces cited in (5.1) and (7.2), we obtain that

2𝜆(𝑋) = 2‖ẑ1 + ẑ2‖ < ‖ẑ1 + ẑ2 + ẑ3‖ + ‖ẑ1 + ẑ2 − ẑ3‖ ≤ 2𝜆(𝑋),

this contradiction completes the proof of the proposition. □

8 𝚽(𝒌) HAS ONLY ONE ELEMENT, FOR ALL 𝒌 ∈ 𝑲

We are now in position to state the key proposition for proving Theorem 1.3.

Proposition 8.1. Φ(𝑘) is a singleton set for every 𝑘 ∈ 𝐾 .

Proof. Assume that there exists 𝑘 ∈ 𝐾 such that Φ(𝑘) is not a singleton set. Then, by Proposition 7.1 there are 𝑠1, 𝑠2 ∈ 𝑆, with

𝑠1 ≠ 𝑠2, such that Φ(𝑘) = {𝑠1, 𝑠2}. For each 𝑖 ∈ {1, 2} put

𝑉𝑖 = {v ∈ 𝑆𝑋 ∶ 𝑠𝑖 ∈ Γw(𝑘, v) for somew}.
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It follows from the definition of Φ(𝑘) that 𝑉1 and 𝑉2 are non-empty. Moreover, according to Proposition 3.1.1

𝑆𝑋 = 𝑉1 ∪ 𝑉2.

Moreover, let us see that the sets 𝑉1 and 𝑉2 are closed. We will prove that 𝑉1 is closed and the proof for 𝑉2 is analogous. Pick

(v𝑖)𝑖∈𝐼 ⊂ 𝑉1 converging to some v ∈ 𝑆𝑋 . We need to show that v ∈ 𝑉1. For each 𝑖 ∈ 𝐼 , fix w𝑖 such that ‖w𝑖‖ = 1∕𝑀 and

𝑠1 ∈ Γw𝑖
(𝑘, v𝑖), since (w𝑖)𝑖∈𝐼 is bounded, it admits a convergent subnet, so we may assume that (w𝑖)𝑖∈𝐼 converges to some w,

with ‖w‖ = 1∕𝑀 . Given 𝑓 ∈ 𝐶0(𝐾,𝑋), since for each 𝑖 ∈ 𝐼 , 𝑠1 ∈ Γw𝑖
(𝑘, v𝑖), we have

‖𝑇𝑓 (𝑠1) − w𝑖‖ ≤ 𝑀𝜔(𝑘, 𝑓 , v𝑖), for all 𝑖 ∈ 𝐼,

but then, since v𝑖 → v and w𝑖 → w, we derive that

‖𝑇𝑓 (𝑠1) − w‖ ≤ 𝑀𝜔(𝑘, 𝑓 , v).

Therefore, 𝑠1 ∈ Γv(𝑘,w) and consequently v ∈ 𝑉1, as we wished.

Therefore, at least one of these sets has non-empty interior. So, we suppose without loss of generality that 𝑉1 has non-empty

interior.

We define 𝜙 ∶ 𝑉1 → 𝑆𝑋 as follows. Given v ∈ 𝑉1, pick w ∈ 𝑋 such that 𝑠1 ∈ Γw(𝑘, v). Then, by Propositions 3.1.1 and 3.1.3,

fix z ∈ 𝑋 such that Γz(𝑠1,w) = {𝑘} and put 𝜙(v) = 𝑀2z. Observe that 𝜙 has the following properties:

(a) 𝜙 is continuous and injective. Indeed, given v1, v2 ∈ 𝑆𝑋 , let w1,w2 ∈ 𝑋 be as in the definition of 𝜙. Then

𝑠1 ∈ Γw1
(𝑘, v1) ∩ Γw2

(𝑘, v2).

By Proposition 6.3 we know that 𝑠1 is an irregular point. Thus, by using Proposition 5.1, we get that

‖ŵ1 ± ŵ2‖ ≤ ‖v1 ± v2‖. (8.1)

Moreover, we have that

Γ 𝜙(v1)
𝑀2

(𝑠1,w1) ∩ Γ 𝜙(v2)
𝑀2

(𝑠1,w2) = {𝑘}.

On the other hand, according to Proposition 6.1 we know that 𝑘 is also an irregular point. Hence by Proposition 5.1 and

(8.1) we see that

‖𝜙(v1) ± 𝜙(v2)‖ ≤ ‖ŵ1 ± ŵ2‖ ≤ ‖v1 ± v2‖.
The continuity of 𝜙 follows from this inequality with “−” and the injectivity of 𝜙 follows from the inequality with “+” and

the strict convexity of 𝑋.

(b) There exists some z ∈ 𝑆𝑋 such that

𝜙(𝑉1) ⊂ {𝑦 ∈ 𝑋 ∶ ‖𝑦 ± z‖ = 𝜆(𝑋)}. (8.2)

Indeed, since 𝑉2 is non-empty, there are v′ and w′ ∈ 𝑋 such that 𝑠2 ∈ Γw′(𝑘, v′). By Propositions 3.1.1 and 3.1.3, there

exists z′ ∈ 𝑋 such that Γz′(𝑠2,w′) = {𝑘}.

Given v ∈ 𝑉1, pick w ∈ 𝑋 such that Γ 𝜙(v)
𝑀2

(𝑠1,w) = {𝑘}. Then

𝑘 ∈ Γ 𝜙(v)
𝑀2

(𝑠1,w) ∩ Γz′ (𝑠2,w′),

and by Proposition 4.1.1, we have that

‖‖‖𝜙(v) ± ẑ′‖‖‖ = 𝜆(𝑋).

So z = ẑ′ satisfies the stated property.
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Now, since 𝑉1 has non-empty interior and (a) holds, it follows by Proposition 6.2 that 𝜙(𝑉1) has non-empty interior. But then,

by (8.2), it follows that

{𝑦 ∈ 𝑋 ∶ ‖𝑦 ± z‖ = 𝜆(𝑋)}

has non-empty interior, a contradiction with Proposition 2.3.4. □

9 COMPLETING THE PROOF OF THE MAIN THEOREM

The great work to prove Theorem 1.3 of this paper has already been made in the preceding sections. Here, we finish the proof of

this theorem by showing that 𝐾 and 𝑆 are homeomorphic. Thanks to Proposition 8.1 we can define two functions 𝜑 ∶ 𝐾 → 𝑆

and 𝜓 ∶ 𝑆 → 𝐾 by

Φ(𝑘) = {𝜑(𝑘)} and Ψ(𝑠) = {𝜓(𝑠)}.

Therefore, it suffices to prove that the functions 𝜑 ∶ 𝐾 → 𝑆 and 𝜓 ∶ 𝑆 → 𝐾 are continuous and 𝜓 = 𝜑−1. The proof of these

facts is now direct and follows step by step that of [16, Proposition 6.1].
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