Received: 25 January 2018 Revised: 30 August 2018 Accepted: 10 September 2018 ’

DOL: 10.1002/mana.201800038 Cuf;)%caktefgr
MATHEMATISCHE
ORIGINAL PAPER NACHRICHTEN

Isomorphisms of Cy(K, X) spaces with large distortion

El6i Medina Galego | André Luis Porto da Silva

University of Sdo Paulo, Department of Math-

ematics, IME, Rua do Matdo 1010, Sdo Paulo, Abstract
Brazil Let K and .S be locally compact Hausdorff spaces and let X be a strictly convex
Correspondence Banach space of finite dimension at least 2. In this paper, we prove that if there exists

El6i Medina Galego, University of Sao Paulo,
Department of Mathematics, IME, Rua do
Matdo 1010, Sdo Paulo, Brazil. ” T ” HT—I H — ),(X),
Email: eloi@ime.usp.br

an isomorphism 7" from Cy(K, X) onto C,(.S, X) satisfying

then K and S are homeomorphic. Here A(X) denotes the Schiffer constant of X.
Even for the classical cases X = f;, 1 < p < oo andn > 2, this result is the X -valued
Banach—Stone theorem via isomorphism with the largest distortion that is known so
far, namely A(X) = min {21/ p 21-1/ 1’}. On the other hand, it is well known that this
result is not true for X = R, even though K and .S are compact Hausdorff spaces.
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1 | INTRODUCTION

For a locally compact Hausdorff space K and a Banach space X we denote by Cy(K, X) the space of X-valued continuous
functions on K which vanish at infinity, provided with the supremum norm. If X is the scalar field R or C, this space is denoted
by Cy(K).

The well-known Banach—Stone theorem states that the existence of an isometric isomorphism 7' from Cy(K) onto C;(S)
implies that K and .S are homeomorphic [2,26]. Amir [1] and Cambern [6] independently extended the Banach—Stone theorem
for certain isomorphisms 7" with distortion ||7°|| ”T‘l ” greater than 1. More precisely, they proved that if T is an isomorphism
from Cy(K) onto C(:S) satisfying

I <2, (1.1)

then K and .S are homeomorphic. In [7] Cambern showed that the result of Amir—Cambern do not remain true if we replace
(1.1) by

ITIl HT‘1|| =2, (1.2)
see also the Cohen result in [13].

Various authors, beginning with Jerison [22], have considered the problem of determining geometric properties of X which
allow generalizations of the Banach—Stone theorem to the Cy(K, X) spaces. We stress that Cambern [8] generalized the
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Amir—Cambern theorem to the vector-valued case by proving that if X is a finite-dimensional Hilbert space and T is an isomor-
phism from Cy(K, X) onto Cy(:S, X) satisfying

ITIl HT“H <2, (1.3)

then K and S are homeomorphic.
Recently in [16] this last theorem has been improved showing that it remains true if we replace (1.3) by

I || = V. (1.4)

These results naturally lead us to look for other vector-valued Banach—Stone theorems via isomorphisms with large distortion
similar to that in (1.4). In other words, the following question arises naturally.

Problem 1.1. When do isomorphisms of C(K, X) spaces with large distortion determine the locally compact spaces K?

In the present paper, we will consider this problem and turn our attention to a class of Banach spaces that contains the Hilbert
spaces, i.e. the strictly convex spaces. Recall that a real normed linear space X is said to be strictly convex if for any given distinct
vectors in the closed unit sphere Sy, the midpoint of the line segment joining them must not lie in the closed unit sphere.

Historically, the property of a space being strictly convex has been part of the hypotheses in many of the vector-valued
Banach—Stone theorems, including that of Jerison mentioned above, see for instance [3,4,9—11,14,18,20-23,27].

The main aim of this work is to prove Theorem 1.3. It is a stronger vector-valued Banach—Stone theorem for all finite-
dimensional strictly convex spaces. Before establishing it we recall the following parameter introduced by Schiffer [17,25] for
Banach spaces X:

AX) = inf {max{||x — y[l.lIx + ylI} : |lx]l = Land ||yl = 1}.

Note that by the parallelogram law it follows that if X is a Hilbert space of finite dimension at least 2, then A(X) = \/5
Furthermore, A(X) < \/5 for every Banach space with dimension greater than or equal to 2 [17, Theorem 2.5] and A(R) = 2.
So, in contrast with the result quoted in (1.2) we have the following extension of the result named in (1.4).

Theorem 1.2. Let X be a strictly convex space of finite dimension at least 2. Suppose that K and S are locally compact
Hausdorff spaces and that T is an isomorphism from Cy(K, X)) onto Cy(S, X) satisfying
T |77 = Acx).

Then K and S are homeomorphic.
Theorem 1.2 is an immediate consequence of our main result, namely.

Theorem 1.3. Let X be a strictly convex space of finite dimension at least 2 and let M = A(X)'/2. If K and S are locally
compact Hausdorff spaces and there exists an isomorphism T from Cy(K, X) onto Cy(S, X) satisfying

WL <yreon < mugi.

for every f € Cy(K, X), then K and S are homeomorphic.

Proof of Theorem 1.2. Assume that 7 is an isomorphism satisfying the hypotheses of Theorem 1.2. Then putting
T = ||z~ JAX)~"/% and M = A(X)'/2, it is easy to check that T satisfies the hypotheses of Theorem 1.3. O

Observe that Theorem 1.2 is also an improvement of [11, Main Theorem] in the case where X is a strictly convex space of
finite dimension greater than or equal to 2. Indeed, in that theorem the hypothesis on the isomorphism 7" is

T |7 < Acx).

Notice also that even in the case where X = z,”z , the real n-dimensional / » spaces, 1 < p < oo andn > 2, the following imme-
diate corollary of Theorem 1.2 was only known when p = 2, i.e. the result mentioned in (1.4).
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Corollary 1.4. Let 1 < p < oo and n > 2. Suppose that K and S are locally compact Hausdorff spaces and that T is an
isomorphism from CO(K N Z) onto CO(S N Z) satisfying

Thal ||T—1|| = min{2!/7,2!-1/7}

then K and S are homeomorphic.

Proof. 1t is enough to recall that according to [17, Theorem 3.1], for every 1 < p < oo and n > 2, we know that
w(#n) = min{2!/7,211/ry

O

The result cited in (1.4) was the first vector-valued Banach—Stone theorem obtained via isomorphism with distortion \/5
However, by using Theorem 1.2 we can provide new vector-valued Banach—Stone theorems via isomorphism with that large
distortion. Indeed, in view of Theorem 1.2 it suffices to show that there is a finite-dimensional strictly convex space E with
AME) = \/5 which is not a Hilbert space. Indeed, let U be the operator of rotation by 45° on R?. Fix p > 2 and denote by || - || »
the norm of #7. Define E to be R* endowed with the norm

lxll g = max{llxll,, U, } -

Since || - ||, is invariant under rotation by 90°, it follows easily that U (BE) = Bp, where Bj denotes the closed unit ball
of E. Moreover, recall that a result due to Gao and Lau [17, Proposition 2.8] ensures that every X = (Rz, -1l X) such that

U(B X) = By has A(X) = \/E Therefore, A(E) = \/5 Since || - || g is the maximum of two strictly convex norms, it is clear
that || - || ¢ is strictly convex. Finally, it is easy to check that

leyllz = lleallz = 1 and lle; + el = V2, (1.5)

where {el , ez} is the canonical basis of R
Suppose by contradiction that || - || ; is determined by an inner product (-, -) ;. Then (1.5) implies that {el , e2} is an orthonor-
mal basis with respect to (-, -) ;. Therefore, (-, -)  coincides with the usual inner product on R? and consequently, || - ||z = || - ||

but this is a contradiction.
In view of Theorem 1.2 we introduce the following definition.

Definition 1.5. Let X be a Banach space with A(X) > 1. We will say that X is a Banach—Stone—Schdffer space whenever the
existence of an isomorphism 7" from Cy(K, X) onto C(S, X) satisfying

I |77 = 40

implies that K and S are homeomorphic.

In opposition to Corollary 1.4, it follows from [11, Remark 4.7] that every infinite-dimensional /, space, 2 < p < oo, is not a
Banach-Stone—Schiffer space. Then, it would be interesting to know the solution to the following intriguing problem.

Problem 1.6. Suppose that X is a Banach—Stone—Schiéffer space.

(1) Isittrue that X is a finite-dimensional space?

(2) Does it follow that X is a strictly convex space?

2 | ON THE SCHAFFER CONSTANT OF FINITE-DIMENSIONAL STRICTLY
CONVEX SPACES

This section concerns the doubles of vectors x and y for which the infimum defining the Schiffer constant A(X) is reached.
Proposition 2.3 will be fundamental in the proof of our results. In order to prove this proposition we initially recall two geometric
properties of strictly convex spaces of dimension 2. The first one is a result due to Gao and Lau [17, Lemma 2.2.i] and the second
one is part of the well-known Monotonicity lemma [24, Proposition 31].
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Lemma 2.1. Let X be a two-dimensional space and let x € X. Then, there exists y € Sy such that

lIx+yll = llx =yl = inf max{{lx+z||, |x = z[|}.
ZESy

Proposition 2.2. Let X be a two-dimensional strictly convex space and fix x € Sy. Suppose that x|,x, € Sy are in some
closed halfspace H determined by the line {tx : t € R} and ||x + x| = ||x + x;5]|. Then x| = x,.

Proposition 2.3. Let X be a strictly convex space of finite dimension at least 2.
1) Ifx,y € Sy satisfy max{||x + y|, [|x — y||} = A(X), then
llx + yll = llx — yll = A(X).
(2) Let X, be a two-dimensional subspace of X. For each x € S X, there exists at most one 'y € S X,» Up to sign, such that
lIx £ yll = A(X).
(3) Suppose that {x|,x,,x3} C Sy satisfy
llx; = x|l = A(X), forall i#].

Then {xy, x5, x5} is linearly independent.

(4) Foreach x € Sy, the set
{ye Sy lixxyl=AX)}
has empty interior with respect to the topology of Sy.
Proof.
(1) Let X, C X be a plane containing x and y. By using Lemma 2.1, we fix y/ € Sy, =SxNX, such that
llx+y'1l =[x = y'll = 4X).
Since max{||x + y||, |[x — y||} is assumed, we suppose without loss of generality that ||x + y|| = A(X). Then
lIx+yll = llx = Il

It is easy to see that {y,y’} or {y,—)'} is contained in a closed halfspace determined by the line {tx : ¢ € R}. Then, by
Proposition 2.2, y = y' or y = —y/, and this completes the proof of this item.

(2) It suffices to apply the Proposition 2.2.

(3) Suppose that {x;, x5, x5} is linearly dependent and fix a plane X, C X such that {x, x,,x3} C Sx,- By hypothesis, we
have that

Ix; £x,0l = AX) and ||x; £ x3]| = A(X).
So, by the item 2 of the proposition, x, = +x5. Therefore,
{llxy + x3ll, 11X, — X311} = {0,2},
this is a contradiction with [[x, + x3]| = A(X).
(4) Put
Px)={ye Sy : llxxyl=AX)}.

Pick y € P(x) and X, a two-dimensional subspace of X containing x and y. Then, by the item 2 of the proposition,
(X, NnSy) N P(x) contains at most y and —y. Therefore, y is not an interior point of P(X), otherwise (X, N Sy) N P(x)
would have infinitely many points. O
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3 | SPECIAL SETS ASSOCIATED TO ISOMORPHISMS BETWEEN C,(K, X)
SPACES

Next we turn our attention to the proof of Theorem 1.3. So, from now on M is the positive number such that M2 = A(X) and
T is an isomorphism of Cy(K, X) onto C(S, X) satisfying

”Mi” <ITHNI < M IS G.1)

for every f € Cy(K, X).

In a recent study of maps T satisfying (3.1) [16] it was introduced some classes of subsets I',(k, v) and I' (s, w) of .S and K
respectively, where k € K, s € S and v and w are suitable elements of X.

In order to prove Theorem 1.3, we will need to state some new properties of these sets in the particular case where M2 = A(X).
Thus, in this short section we will remember some definitions and results concerning such sets.

Letk € K, f € Cy(K,X) and v € X. Following [16, p. 323] we set

w(k, f,v) = max{[| I, || f (k) = v|[}.
Moreover, if vand w € X with v # 0 satisfies ||w|| = ||v||/M, following [16, p. 323], we also set
Lyk,v)={s€S : |Tf(s)—wl < Maw(k, f,v), forall f € Co(K,X)}.

Analogously, for s € .S, wand v € X with w # 0 and ||v|| = ||w||/ M, we set
T,(s,w) = {k e K i ||T71gt) —v| < Ma(s, g, w), forall g € Cy(S, X)} .

Let us recall the following basic properties of these sets. The proof of Proposition 3.1 is essentially the same proof of [15,
Proposition 3.2] and [16, Proposition 2.1]. We leave it to the reader to transpose to our context.

Proposition 3.1. Let k € K and letv € X \ {0}.

(1) There exists w € X such that T, (k,v) # 0.
(2) Letv,w € X. Then forall t # 0, we have I, (k,v) =T, (k, tv).
3) Suppose that s € I, (k,v) and T,(s,w) # @ for some v,w,z € X. Then T',(s,w) = {k}.

4 | THE SCHAFFER CONSTANT A(X) AND THE SPECIAL SETS I',(k,v)

The objective of this section is to present a close relationship between the Schiffer constant (X)) and the special sets I'y, (k, v)
mentioned in the previous section. More precisely, we will prove the following proposition. Foreach v € X \ {0} we will denote
v=v/lvll.

Proposition 4.1. Suppose that s € T, (k,v) N Ty (k' , V') for some v, v/, w, w' € X, with k # k. Then

M =W = ax);
(2) Suppose that ||v|| = ||V'|| = c. Then, for all f € Cy(K, X) satisfying

ok, f,v)=wl, f,V)=c/2,
we have
Tf(s)=(w+w)/2.
Proof. By Proposition 3.1.2 we may assume that ||v|]| = [|V'|| = ¢. According to Urysohn's lemma, fix f € Cy(K, X) such that

Ifll=c/2, f(ky=v/2 and f(k')=V'/2.
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It is easy to check that

ok, f,v) =awk', f,V)=c/2. “4.1)
Then, since s € [, (k, v) N T,/ (k’, V"), we have

ITf(s)—wll < Mc/2 and ||ITf(s)— W'l < Mc/2. 4.2)

(1) It follows by (4.2) that ||w — w’|| £ M ¢ and since
Iwll = W'l =¢/M and M = ()",
we obtain

A~ -
W =W

' < A(X).
On the other hand, by Proposition 3.1.2 we have
se T (k,v)NT_y (K, —V).
Then, repeating the argument replacing v/ and w’ by —v/ and —w’, respectively, we deduce that
||€v + @“ < A(X).

So, it follows that

max{||€v+v? ”\?v—v? } < AX).
But then by the definition of A(X) we infer that
max{“\’i/+\7v\’ ,||®—\/N\’ } = AX).

By Proposition 2.3.1 this implies that H\’)\v +w

= A(X), as we wished.
(2) Since ||w|| = |[W'|| = ¢/M, M = A(X)'/? and by the item 1 of the proposition, ||<x7 — \7&/\’” = AM(X), we conclude that
Mc/2=|w—=w]/2.
Notice that (4.1) is a sufficient condition for (4.2) to hold. Then, by using the equation above in (4.2) we see that
ITf(s)=wll < llw=wI[/2 and [ITf(s)=w[ < |lw—w[/2.

Thus, since X is strictly convex it follows that T f(s) = (w + w')/2. O

5 | ON THE SUBSETS I' (k,v) OF K CONTAINING IRREGULAR POINTS

The aim of this section is to establish Proposition 5.1. It allows us to relate the vectors v and w involved in the construction of
certain special sets ', (k, v).

Following [16, p. 325] a point s € S will be said irregular if there exist two different points k and k¥’ € K such that
s € Ty (k,v) N T (kK',v") for some v,w,v' and w' € X. Analogously, we will say that a point k € K is irregular if k €
[, (s,w) N[, (s’,w") for some different points s and s’ € S and v, w, v/ and w’ € X.

Recall that since X is strictly convex, for all x,y € X with y # 0, if

lIx + yll = llxIl + I, (CRY)

then x = ty for some t € R [12, p. 404].
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Proposition S.1.  Suppose that k € K and that s is an irregular point of S. If s €'y, (k,vi) NI, (k,v,) for some

Vi,Vp, Wi, Wy (S X, then

W) = Woll < IV} = V.

Proof. In virtue of Proposition 3.1.2 we may assume that ||v,]| = ||v,|| = 1. Hence ||w,|| = ||w,]| = 1/M. Since s is irregular,
there exists k' € K, k' # k and vectors v/ and w' € X with ||[v/|| = 1 and ||w'|| = 1/M such that s € ', (k’, v'). According to

Proposition 4.1.1 we have
||v7 iﬁ,” = A(X), forall ie(l,2).
Since k # k’ by Urysohn's lemma there exist f and f/ € Cy(K) satisfying:

@ f(K), f(K)cC[0,1];
(i) f(k)=f'(K')=1;
(iii) The supports of f and f” are disjoint.

Put
hy=f-(v{/2), hy=f-(,/2) and K =f"-('/2).
It is easy to check that
a)(k,h' + hl,vl) = w(k’,h' + hl,v') =1/2.

Thus, by Proposition 4.1.2 we have

w o+ w
T( +h))(s) = — L
In the same way we obtain
/ w—w,
T(h = hy)(s) = ,
2
and
w o+ w
T(h +hy)(s) = — =3

By combining (5.3), (5.4) and (5.5) we infer that
Thi(s)=w,/2, Thy(s)=w,/2 and Th'(s)=w/2.

Hence we have that

Wo

W1+
2 2

where the last equality is due to (iii). Since
lwill = llwoll = W[l = 1/M,

we infer that

Wi+ W,

< M? = A(X).

— = i‘TV\'
IMEA

~ L~y W ~ A ~ L~
165 G| = 0700+ 165+ IR < M [+ B 16+ 3 =

M|IVi + |

2

5

(5.2)

(5.3)

(5.4)

(5.5)

(5.6)

Now we are in a position to show that ||W] + W5 || < ||V] =+ V5 ||. We will prove that ||W] + W5 || < ||V} + V5]|. The proof of the

other inequality is analogous.
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Assume then that

W1 +Wall > [IV] + V5, (5.7)

and from this we will derive a contradiction.
Claim. {w',w; + w,} is linearly independent.

Suppose the contrary. We have that w’, w, and w, are in the same plane, then by (5.2) and Proposition 2.3.2, we conclude
that {w, w, } is linearly dependent. Since w; and w, are colinear, have the same norm and (5.7) holds, we deduce that w; = w,.
Therefore, since we are supposing that {w’, w; + w,} is linearly dependent, {w’, w } is linearly dependent, which contradicts
5.2).

It follows immediately by the above claim that

Wit+W, o~ W t+W, o~
{% W, - w’} (5.8)
V] + Vvl Vi + V2l
is linearly independent. Put
1 Vi + V5
e
2 2wy +wall
and
,_1_ IGi+0
2 2fwy + Wl
Observe that by (5.7) we have that a, b > 0. Moreover a + b = 1 and
P —~ Wi + W, —~ Wi + W, —~
(Wi +Wy) +w = a(,\]—,\z iw’) - b(,\]—,\2 ¢W’>.
Vi + V2l Vi + V2l
So, by (5.1), (5.8) and (5.6) we conclude that
|+ %) £ W|| < a || = =2 £ W[+ b | === F W < AX),
Vi + V2l Vi + v2li
a contradiction with the definition of A(X). O

6 | IRREGULAR POINTS OF K AND S VIA TWO AUXILIARY FUNCTIONS

At this point in the paper it is convenient to introduce two functions @ : K — P(S)and ¥ : .S — P(K) given by
O(k) = U ([, (k,v) :v,we X,v#0 and |w]| =|Vv|/M},

and
¥(s) = J T w) :vowe X, w#0 and |v|| = [lwll/M}.

Proposition 6.1. Let k € K. Suppose that ®(k) is not a singleton set. Then k is an irregular point.

Proof. Pick two different points s, s’ € ®(k). So, there are v, v/, w and w’ € X such that
seTl,(k,v) and s €T (k V).
By Propositions 3.1.1 and 3.1.3 there exist z and z’ € X satisfying
keT,(s,w)nT,(s',w),

hence k is irregular. O
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Before we prove another property of the irregular elements of .S we will need to establish a simple consequence of the well-
known Brouwer's invariance of domain theorem, i.e. the statement that if U is an open subset of R” and f : U — R”" is an
injective continuous map, then f(U) is open and f is a homeomorphism between U and f(U) [5], [19, p. 954]. Then, the proof
of next proposition is a standard exercise that we leave to the reader.

Proposition 6.2. Let h : A C Sy — Sy be a continuous injective map. If A has non-empty interior then h(A) has non-empty
interior.

Proposition 6.3. Let k € K. Suppose that (k) is not a singleton set. Then ®(k) has only irregular elements.

Proof. By Proposition 6.1 applied to W(s), it suffices to prove that for all s € ®(k), ¥(s) is not a singleton set. Assume by
contradiction that W(s) is a singleton set for some s € ®(k). Since s € P(k), there exist vand w € X such that s € ', (k, v). By
Propositions 3.1.1 and 3.1.3 there exists z € X satisfying I',(s, w) = {k}. Then k € W(s) and therefore W(s) = {k}. This allows
us, by virtue of Propositions 3.1.1 and 3.1.3, to define amap ¢ : Sy — Sy by

{k} =T gw(s,w), forall weSy.
M

Notice that ¢ is well defined and it has the following properties:
(a) ¢ is continuous and injective. Indeed, for each w;, w, € Sy, we have that

k €T gy (5, W) N T gy (5, Wp),
M M

and, since k is an irregular point, by Proposition 5.1,

ld(wy) £ (W)l < |lwy + Wyl

The continuity of ¢ follows from this inequality with “—”. On the other hand, assume that ¢(w) = ¢p(w,) for some
Wi, W, € X. Then by the above inequality with “4+” we conclude that 2 = [|w; + w,||. Thus, by the characterization of
the strictly convex spaces mentioned in (5.1), w; = w,.

(b) According to Proposition 6.1 k is an irregular point. So, there exist s’ € .S, s’ # s and W',z € X such that k € T, (s", w').
We claim that

Im¢c{yeX: ’?iy”zi(X)}. 6.1)

Indeed, for each w € Sy, we have that

k € Ty (s, w) N, (s", W),
M

and then by Proposition 4.1.1 it follows that 7+ ¢(w)' = A(X), and we are done.
Finally, by (a) and Proposition 6.2 it follows that Im ¢ has non-empty interior. Consequently, according to (6.1) the set

{yex 7 = =,1(X)}

has non-empty interior. But this is a contradiction with Proposition 2.3.4. |

7 | ®d(k) HAS AT MOST 2 ELEMENTS, FOR ALL k€ K

Our main purpose in this section is to prepare the proof of Proposition 8.1, which asserts that ®(k) is a singleton set for each
k € K. So, we will prove the following proposition.

Proposition 7.1. The cardinality of ®(k) is at most 2, for every k € K.

Proof. Suppose that there are three distinct elements sy, 55, 53 € ®(k). For each 1 < i < 3, by the definition of ®(k), fix v; and
w; such that 5; € Iy, (k, v;). By Proposition 3.1.2 we may assume that |lv;ll = M and consequently ||w;|| =1,for 1 <i < 3.
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Now, by using Proposition 3.1.1, fix z; € X, ||z;|| = 1/M such that I“Zi(s,-, w;) # @, for 1 <i < 3. So, by Proposition 3.1.3

we conclude that
I (51, W) =T, (52, Wp) =T, (53, w3) = {k}.
Pick g1, g, g3 € Cy(S) such that

(@) g(S) 0,1}
(b) gl»(sl-) =1;
(c) The supports of g, g, and g are mutually disjoint.

Then, define foreach 1 <i <3, h; = g; - (W;/2).
It's straightforward that for each i # j,

@ (Sj9hj + hjawi) =w (Sj,h,- + /’lj,Wj) =1/2.
Thus, according to (7.1) and Proposition 4.1.2, we have that
. z;+z;
T (h; + h;) (k) = —— forall i#j.
So, by the linearity of 7~! and combining the equations above, we obtain that

ZA
T~ 'h(k) = 3’ forall 1<i<3.
Therefore for each pair 0,0 € {—1,1},
7y Zy

+o2 402
2 7% T,

where the last equality is a consequence of (c).
But since ||z, || = ||z, || = |Iz3]| = 1/ M, it follows that

17, + 02, + 02| < M? = A(X).
On the other hand, by (7.1) and Proposition 4.1.1 we see that

1Z; £ Z;|l = A(X), forall i#j.

- M
= IIT~ () + ohy + 0h3) (0Nl < Mlhy + ohy + Ohs]l = =,

(7.1)

(7.2)

(7.3)

It follows by Proposition 2.3.3 that {Z}, 75, Z3 } is linearly independent. Consequently {Z, + 75 + Z3, Z; + Z, — Z3 } is also linearly

independent.

Hence by (7.3), the characterization of strictly convex spaces cited in (5.1) and (7.2), we obtain that

2MX) =202y + 2ol <112y + 2 + 23l + 112) + 25 — 23] < 24(X),

this contradiction completes the proof of the proposition.

8 | ®(k) HAS ONLY ONE ELEMENT, FOR ALL k€ K

We are now in position to state the key proposition for proving Theorem 1.3.

Proposition 8.1. ©(k) is a singleton set for every k € K.

Proof. Assume that there exists k € K such that @(k) is not a singleton set. Then, by Proposition 7.1 there are s;, s, € .S, with

§| # o, such that ®(k) = {s,,s,}. Foreachi € {1,2} put

Vi={veSy s, el(k, v)for somew}.
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It follows from the definition of ®(k) that V| and ¥/, are non-empty. Moreover, according to Proposition 3.1.1

Sy =V, UV,

Moreover, let us see that the sets V| and V, are closed. We will prove that V; is closed and the proof for V; is analogous. Pick
(vi)ier C V; converging to some v € Sy. We need to show that v € V. For each i € I, fix w; such that ||w;|| = 1/M and
s1 € I'y, (k, v;), since (W;);; is bounded, it admits a convergent subnet, so we may assume that (w;);c; converges to some w,
with ||w|| = 1/M. Given f € Cy(K, X), since foreachi € I, 5| € Fwi(k, v;), we have

T f(s;) —w;|| £ Maw(k, f,v;), forallie€ I,
but then, since v; = v and w; — w, we derive that
”Tf(sl) - W” S Mw(k’ f,V).

Therefore, s; € I' (k, w) and consequently v € V|, as we wished.

Therefore, at least one of these sets has non-empty interior. So, we suppose without loss of generality that V| has non-empty
interior.

We define ¢ : V; — Sy as follows. Givenv € V|, pick w € X such that s; € I';,(k, v). Then, by Propositions 3.1.1 and 3.1.3,
fix z € X such thatI',(s;,w) = {k} and put ¢(v) = M 27. Observe that ¢ has the following properties:

(a) ¢ is continuous and injective. Indeed, given v{,v, € Sy, let w;, w, € X be as in the definition of ¢. Then
sy €Ty, (kv Ny, (k,vy).
By Proposition 6.3 we know that s; is an irregular point. Thus, by using Proposition 5.1, we get that
Wy + Wl < vy £ Vsl 8.1
Moreover, we have that

FM(SI,WI) HFM(SI,W2) = {k}
2 2

On the other hand, according to Proposition 6.1 we know that k is also an irregular point. Hence by Proposition 5.1 and
(8.1) we see that

lp(vi) £ VIl < 1w £ Wall < [lvy £ vyl

The continuity of ¢ follows from this inequality with “—"" and the injectivity of ¢ follows from the inequality with “+” and
the strict convexity of X.

(b) There exists some z € Sy such that
pV) clye X : lyxzl = AX)}. (8.2)
Indeed, since V, is non-empty, there are v/ and w’ € X such that s, € T, (k, v'). By Propositions 3.1.1 and 3.1.3, there

exists 2/ € X such that T,/ (s,, w') = {k}.
Given v € V;, pick w € X such that I' gy (s, w) = {k}. Then
M2

k €T g (51, W) ﬂFZ/(sz,W'),
M2

and by Proposition 4.1.1, we have that

H¢(v) + 7| = 2x).

So z = 7' satisfies the stated property.
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Now, since V| has non-empty interior and (a) holds, it follows by Proposition 6.2 that ¢(V;) has non-empty interior. But then,
by (8.2), it follows that

reX tllyxz|l = AX)}

has non-empty interior, a contradiction with Proposition 2.3.4. i

9 | COMPLETING THE PROOF OF THE MAIN THEOREM

The great work to prove Theorem 1.3 of this paper has already been made in the preceding sections. Here, we finish the proof of
this theorem by showing that K and .S are homeomorphic. Thanks to Proposition 8.1 we can define two functions ¢ : K — S
andy : S — K by

O(k) = {p(k)} and W(s) = {y(s)}.

Therefore, it suffices to prove that the functions ¢ : K — S and y : .S — K are continuous and y = ¢~!. The proof of these
facts is now direct and follows step by step that of [16, Proposition 6.1].
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