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• 

1 Introduction 
• 

For infinite sequences of excha.ogea.ble random variables, de Finetti'a Theorem (1937) u.ys 

that the process law can be represented as a mixture of product measures. Essentially 

the theorem is an existence result, not necessarily providing the functional form of the 

model in the representation, unless we specify additional hypotheses to exchangeability 

or the a&mple space structure is very simple, e.g., finite. For instance, when {X.},.EN 

is an infinite sequence of 0-1 exchangeable random variables de Finetti's Theorem states 

that, for each n in IN and (z1, ... ,z,.) E {O, 1}", 

whereµ is the P-law of the random variable 

I • 
0= lim -~X;. 

n-oo n ~ 
i~a 

Following the predictivist viewpoint, due to de Finetti, the theorem describes how a 

subjectivist statistician sets the parameters to the model (Wechsler, 1993). The Bernoulli 

model in the representation can be understood as a consequence of subjective evaluation of 

exchangeability. Dawid (1982) calls such model intersubjective. Moreover, the theorem 

establishes the connection between the probability and the relative frequency (Barlow, 

1991 ). A particular value of the limiting random variable gives the propensity as in 

Dawid (1982). 

The mixing measure µ express the initial opinion with respect to such propensities. 

When the result is extended to exchangeable process on a general finite states space 

then we have the multinomial product model (Diaconis and Freedman, 1981). Other 

models like Poisson, Normal, Exponential can be put under such framework. Freedman 

(1962, 1963), Kingman (1972), Smith (1981), Diaconis and Freedman (1990), Barlow 

and Mendel (1992), Barlow and Spizzichino (1993) and Wechsler (1993) among others 

2 



characterize cl&S3e8 of exchangeable random variables whose law can be represented as .. 
mixture of parametric exponential family. In another direction, Ressel (1985), by using 

Harmonic Analysis on semigroups, presents the most general result. Unfortunately there 

is a disadvantage as we can quote Diaconis (1988): "the results often wind up in highly 

analytic form, e.g., as conditions on the characteristic function of the process instead of 

on observables". Still quoting Diaconis (1988) we have "It is a worthwhile project to try 

to systematically translate these results to condition on observables." We should point 

out that whenever the results can be translated to condition on observables, one gets!° 

interpretation of the model and the parameters in the Bayesian approach language. 

Finite sequences of exchangeable random variables cannot be represented necessarily 

as a mixture of i.i.d. processes. When such representation does not exist, finite version of 

de Finetti's type theorem has been established. The idea is to estimate the total variation 

distance between the subcollection of finite sequence law and the mixture of product mea­

sures law. Diaconis and Freedman (1980), for instance, gives such finite version for binary 

sequences. Finite versions of de Finetti's type theorem, associated with some models in 

the parametric exponential family are given in Diaconis and Freedman (1987). They show 

for example that the n-dimensional distribution of orthogonaly invariant distribution on 

R" (n < N) is approximately a mixture of Normals. Finite forms associated to finite 

sequences of random vectors which are invariant under several orthogonal transformation 

groups have been given in Diaconis, Eaton and Lauritzen (1992). 

Results related to finite version of de Finetti's type Theorem are intf!'esting for at 

least two reaaons. First, the infinite version of the theorem can be obtained from the 

finite version in a natural fashion. Second, the results are related to random quantities 

which are, at least conceptually, observable. The model parameters in then-dimensional 

distribution of sequences of length N ( n S N) are defined in a constructive way ( de Finetti, 

1949). This means they are functions of observable quantities. Moreover, the usual type 
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of construction done to specifying the class of of distributions for X1, ••• , XN is usefull to 

solve problems in Finite Population Inference following a completely predictivist insight 

(Piccinato, 1986). Under such insight X1,X2 , ••• ,XN represent the quantities associated 

to a finite population with N elements. The probabilistic models are specified through 

the opinions which express the uncertainty on the populational quantities. For instance, 

if T(X1, X2 , ••• , XN) is a populational quantity (e.g., the total) then one way to auign a 

model t.o X.,X2 , ••• ,XN is starting from specifying first the conditional distribution of 

X1, ••• , XN given T(X1, ••• , XN ). A a priori distribution to T(Xi. ... ,XN) completes the 

process. T(X1,X2 , ••• ,XN) can be inferred from samples comming from the population. 

More details on this can be found in Iglesias(1993). Infinite extendebility assumptions are 

not needed here as they are in the usual Bayesian approach for superpopulations (Ericson, 

1969). 

The aim of this paper is to present finite versions of de Finetti's type theorem, in 

the sense of Diaconis and Freedman (1987), first, for sequences of exchangeable random 

variables assuming non-negative values whose law is summarized by the order statistic 

X(N) = max{X; : 1 < i 5 N}. Second, for finite sequences taking values on R whose 

conditional distribution given (X11), X(N)), where X11) = min{X; : 1 5 i :5 N}, is uniform 

on the interval defined by these two quantities. The type of model we construct has been 

used to find predictor& of the maximum and the minimum quantities on a finite population 

through the insight mentioned above. Finite forms in this context are usefull on studying 

approximate solutions. 

The definitions, results and proofs are given in Sections 2 and 3. 

Notation: We denote by B.,. the Borel a-field on ll" and by II • II the total variation 

distance; i.e., if P and Q are two probability measures on (0, .A) then 

IIP - QII = 2 sup IP(A) - Q{A)I . 
AE.A 
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Also XN will denote an N-fold product of a set X and 2Z+ the nonnegative integers. 

2 Definitions and results 

Let X1 , Xi, . .. , XN be a finite sequence of exchangeable random variables taking va.lues 

on X ~ R. Let T: XN - Y be a mapping where Y is a subset of JR". The usual r& are 

functions of order statistics. Especifically, we consider the statistics X(N) and (X111 , X(NJ)­

The sequence we take has the property that the conditional distribution of X1, ••• , XN 

given T = t is uniform over T-1(t). In this section QN,,. denotes the law of the first n 

coordinates (1 $ n $ N) of a point uniformly distributed over r-1(t). We simply write 

QN, for QN,N• Let us call CN the class of exchangeable probability measures Pon XN such 

that P = JyQN1dµ, for some probability measureµ on Y. Finite forms of de Fioetti's 

type theorem are obtained for n-dimensional distributions of Pin CN. The infinite version 

for the class of probability measures Pon Xx Xx·••, whose N-dimeosiooal distributions 

are in CN for each N, follows from the finite form. 

2.1 Discrete Uniform Distributions 

Let X1 , Xi, ... , XN be an exchangeable random variables taking values on 2Z+- We assume 

that (Xi,Xi,•• .,XN I x(N) = t) is uniform over the set 

If QN, denotes such law then by simple counting we get 

Therefore the class CN consists of probability measures P, exchangeable on :izN, so that 
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with 

The n-dimensiona.1 distribution P,. of P is given by 

QN1n(Z1, ... ,z 11 ) = E QN1(z,, ... ,z,.,z1,z2,••·•ZN-n) 

!•1 ......... •N--)EC 

Computing the summation we get, 

- 1 - { 
1 

- (m-t-"} if max {z;} < t 
(t+ 1)" ] _ (;:!:i( l!,i!,N 

if max {z,} = t . 
l~•:SJV 

• 

The ma.in result in the discrete ca.se says tha.t the distribution of the n first coordi­

nates of a point uniformly distributed on Xf" is close to the law of n independent random 

va.ria.bles with uniform common distribution. 

Theorem 1: Let Pi denote the law of n independent nindom variables unifonnly dis­

tributed on { 0, I, ... , 8} and Q Nin as before. For each t E N and l $ n $ N, 

IIQN1n - Pa"II $ ~ • 

A finite form follows from the la.st theorem. Let P,.,. = f P; dµ(8) for some proba­

bility measure µ on ~+· Note tha.t P,.,. is also a n-dimensional distribution of some P in 

Corollary 1: // P,. and P,.,. are the previotUJly defined probability measures then there 

ezislt a probability measure on 'll+ so that for ea.ch I $ n $ N, 

2n 
IIP,. - P,.,.11 $ N . 
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Proof: From the definition of P,. we have that 

where JJN is the P-law of X(N}· Hence, by setting µ = JJ.N, the result follows from the 

convexity of the total variation distance. D 

Remark 1: The above result is a finite form (see Ressel, 1985, Example 4). 

Remark!: If PE CN then P,. EC,. for each I~ n < N. Of course, if X 1,X3 , ••• ,XN are 

random variables with law P in CN then 

if P(X(,.) = t.) > 0 and t. E 1l+. Now, 

P(X1 = z1, ... ,X.,. = z,.) 
<•• ··•····• ... lEXj;_j(1.J 

= L 1 QN,,.(z1, ... , z,.) dµN(t), 
I•• ........... )ex<:j11.) Y 

where JJN is the P-law of X1N)• But 

Therefore, 

where IAI denotes the cardinality of A. 

Consequently, 

Notice that Pf E CN. Moreover, the probability measures in 'P·= {Pf : 8 E 7l+} 

are the only product probability measures P in CN as ca.n be 1een in the next result. 

7 



Proposition 1: If X1 , X2 , ••• , XN are independent and identicall11 distributed rnndom 

variables with law PE CN then X1, X2, ••• , XN are uniforml11 diatrib1ded. 

Proof: By the hypothesis 

_ _ _ _ CT~.1 P(X1 = z;)lx(; )<•l(z1,z2) 

P(X1 - z1,X2 - z2 I X(2) - t) - (P(Xi :S t)J2 - IP(Xi :St_ l)J2 

if P(X(2l = t) > 0. 

On the other hand, P E CN implies that P2 E C2 • Hence, 

m-, P(X, = z;)/ x-•ctJ(z., z2) I x-•<1i(z1, z2) 
- (2> - __ 12"4-1 __ _ 

IP(X1 :s t)J2 - [P(X1 :st - 1)12 - (t + 1)2 - t2 • 

Taking z 1 = z 2 = t in the above expression we get 

(P(X1 = t)]2 1 
[P(X1 :S t))2 - (P(X1 :St - l)J2 = 2t + 1 . 

After some computation it results 

P(Xi = t) l 
P(X1 $ t) = t + l . 

Evaluating the above equality at t = 0, I, 2, ... we see that 

P(X1 = z) = P(X1 = 0) for each z E 7l+ . 

As P is a probability measure we conclude that there exists a K e 7l+ so that 

P(X1 > K) = 0. Therefore, 

I 
P(X1 = z) = --/{oi K}(z) K +1 ...... □ 

The infinite version of Corollary 1 characterizes a class of infinite exchangeable se­

quences. Each element of this class can be represented in a unique way as mixture of 

independent random variables with common uniform distribution. This is the result of 

the next theorem. 
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Theorem 2: Let X., X2 , ••• l,e an infinite ••ence of uchangea6le random varidlu 

taking value• in 1l+ and P,. denote the law of (X., X2 , ••• , X,.). If for each n E N 

have P,. E C.. then there u an unique pmba6uit11 meaaure on 1l+ auch that for each 

(z1,• .. ,z,.) E 1l+ 

Remar/c 9: The converse for the last theorem also bolds. It is enough to see that the 

mapping T(z1, ... ,z,.) = m!')C {z;} is a summary statistic for the law P; of {X1 , ••• ,X,.) 15,511 
given 8. 

2.2 Continuous uniform distribution depending on one 
parameter 

We now consider finite forms for the case of uniform distributions over intervals of type 

(0, 8) and (-fJ, 9), for 9 > 0. Similarly to the previous ones, the resuha ar-c & couacqucnce 

of the fact that the distribution of the first n-coordinates (n < N) of a point uniformly 

distributed on 

i) X/' = {<z1 1 ••• ,zN) E JR.f: max {z;} = t}, t > 0 
1:!,i:!,N 

or on 

ii) Hf= {(z1, ... ,zN) E IR.N: max {lz;I} = t}, t > 0 
1:!,i:!,N 

is close to the law of n independent random variables with the common distribution being 

uniform on (O,t) and {-t,t), respectively. 

The uniform distribuition on Hf and X/' are defined through the N -1 dimensional 

volume as it follows. Let 

I N 
Then Hf= LJ LJ M; (t{-l)J). 

J-0 isl 
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A to be the N - }-dimensional Lebesgue measure. For BE BN define 

Definition 1: The pro6a6ilit11 function QN,: BN - (0, 1] given 611 

Q (B) Ef..1 µ;(B) 
NI = 2N(2t)N-J 

ia called uniform prob11bilit11 mecuure on Hf. 

We notice that the function "1 : 8 N x R+ - (0, I] defined u t/,( B, t) = Q Ne( B) 

is a transition function. The above probability meuure is defined on the border of the 

N-dimensional hypercube centered at the origin. In the nex\ proposition we redefine it in 

terms of random variables, similar to Eaton ( 1981) when defined the uniform distribution 

on a N-sphere. 

Proposition 2: Let X1 , X2, ... , XN 6e independent random variablu v,ith the common 

distribution uniform on (-1,1). Set MN= max{IXd, ... ,IXNI} and Y; = t-k;, i = 

1, 2, ... , N. Then the vector Y N = (Yi, Y2, ••• , YN) is vniformly distributed on Hf'. 

Proof: Let P be the la.w of (X1 , • • • , XN) and Q be the P-law of yN_ It is clear from the 

definition of yN that 

Q(H{') = P(YN E H[") = 1 . 

For BE BN we ha.ve 

Q(B) = P(YNeB)=P(YNe J~iQ(BnM,(t(-l)J))) 

1 N 

= EE P (YN e B n M;(t(-If)) . 
J-Oi=l 



On the other hand, 

once (z1, ... ,zN-1) E ip'(B n M;(t)) implies lz;I :$ t for j = l, ... ,N - I. Therefore, 

Analogously, we can show that 

P(YN E BnM-(-t)) = ,q',i'•(BnM,(-t))) 
I NtN-12N 

concluding the proof. □ 

Returning to X/", the uniform distribution Q Ni over X{" is defined in a similar 

fashion as before through the N-dimensional volume. Note that QN1 corresponds to the 

QN, law of Twhen T(x1,••·,xN) = (lxJ!, ... ,lxNI), Hence 

where M;(t) = { (z1,,.,, ZN) E x,N : X; = t }. 
The distribution in terms of random variables is given next. 

Proposition 3: LetX1 ,X2 , ••• ,XN be independent random variable., with the common 

distribution being unifonn on (0, I). Set Y; = t ~, i = I, 2, ... , N. Then the random 
(.Ii) 

r,ector yN = (Yi, Y2 , ••• , YN) u uniformly dutributed on X/'. 

Proof: It follows from the definition of CJ Ni and the Proposition 2. D 
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Theorem 3: ut Pi 6e the law of n independent random oaria6lt8 with the common 

distribution uniform on (-9,9). Then, for 1 :5 n :5 N, 

The same inequality holds when we replace QN,n by QN,n and then Pj corresponds 

to the law of n-independent random variables with the common distribution being uniform 

over (0, t). As in the discrete case, a de Finetti'1 type reault follows from the la.st theorem. 

Now CN is the class of probability measures Pon JRN so that P = JR+ QN, dµ(t) for some 

probability measureµ on JR+ and P,. is an-dimensional distribution from PE CN. 

Corollary 2: Let Pi 6e the law of n independent random variablt8 with the common 

uniform distribution over (-9, 9) and let P,,n = JR+ P; dµ(9) for aome probability meaaun: 

µ on ft.+. Then, for J :5 n :5 N, 

4n 
IIP. - P,, .. II 5 N . 

Proof: It suffices to choose µ as the P-law of MN = max{IX1I, ... , IXNI}- □ 

The associated infinite version characterizes the family of exchangeable random vari­

ables which has a unique representation as a mixture of independent random variables, 

all of them uniformly distributed on (-9, 9). 

Theorem 4: Let X1, X2 , ••• be an infinite aequence of ezchangeable random variablu 

taking oaluea on lR+ and P,. denote the law of X 1 , X2 , ••• , X,.. If for each n E lN, P,. E C.. 

then then: ezista an unique probability meaaun: µ on Ill+ ao that for each ( z 1, ••• , Zn) E R" 
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&marl 4: Note that if Xi,X2, ••• , X. a.re random variables with law P; then P; EC,.. In 

fact, M,. = ma.x1s;s,.{IX;I} is independent of T,. = (t!;, ... , £:) since M,. is a complete 

and sufficient statistic for the family {P;,8 > O} and T,. is ancilla.r (see Proposition 2 and 

Basu (1958, 1959)). Therefore, for bounded / we have 

E,(f(X., ... , X,.)IM,. = t) = E,(f(T,.M,.)IM,. = t) = E,(f(T,.t)) . 

The converse of Theorem 3 also follows from this result. 

&marl 5: Corollary 2 and Theorem 3 remain true if we replace QN, by QN, and P; by 

the law of n independent random variables with common distribution uniform on (0, 8). 

Let us consider now the case where the common uniform distribution is symmetric 

around a value l E JR. When l is known the characterization of the class of exchangeable 

random variables which has representation as a mixture or quasi-mixture of independent 

random variables follows, directly from the results of the same type. However, if l i1 

unknown, then the problem is to obtain the characterization when the n independent 

variables a.re uniform on ( 81 , 82) with both 91 and 92 unknown. We deal with such problem 

next. 

2.3 Continuous uniform distribution depending on two 
parameters 

Consider the space 

with t1 and f2 in R, t1 < t2 and N :! 3. Set 

and i,j E {1,2, ... ,N}. Then Xt:,,. = 
•JE{l, ... ,N) -~, 
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Let cp;; : JRN -+ RN-3 to be defined by 

and A denote the N - 2 dimensional Lebesgue measure. For Bin BN define 

Definition 2: The probability function QN(r,.iJ) : BN-+ (0, 1) defined by 

is to be called uniform probability distribution on Xf:.,,. 

It i1 easy to see that QN(i,,ta) is as transition function. In terms of random variables 

the uniform distribution can be seen a.s in the sequel. 

Proposition 4: Let X1, X 3 , • •• , XN be independent random variables with the uniform 

(0, I) common distribution. Set 

Then the random vector yN = (Yi, ... , YN) is uniformly distributed over X,N, . 
I, 2 

Proof: Analogous to the one to Proposition 3. □ 

Let P;:,,. be the law of 11 iid random variables uniform on (81,93 ) and let QN(c,.,21,. 

be the law of the 11-first coordinates of a point uniformly distributed on x;:,,,· 

Theorem 5: For each 2 5 n 5 N, 

,. 2n( 4N - 11 - 3) 
IIQN(1,.,., .. - P.,.,.11 s N(N - I) . 
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Let now CN denote the class of probability measures P on IRN ao that 

for some probability measureµ. concentrated on S = {(x,y) E R2 : x .$ ;v} and P,. denote 
then-dimensional distribution (n < N) from PE CN. 

Corollary 3: Set P,.,. = f P,1,,-. dµ(8 1,82 ) for some probability mea.,un: µ on S . Then, 

for2 $ n $ N, 

IIP. _ P II < 2n(4N - n - 3) 
" "" - N(N-1) . 

Proof: It suffices to choose µ as the P-law of (X111, X(N))- D 

Theorem 6: Let X1 , X2 , ••. be o sequence of infinite exchangeable random variables 

taking values on Ill and let P., denote the law of X1, X2 , ••• , X ... If for each n E N we 

have P.. E C.. then there ezist.. an unique probability meciaure p. on S so that for each 

n e N and Be 8,., 

Remark 6: Note that if the sequence (Xi, X2, ... , X,.) has Pi,,,,-. as its law then Pi,,,-. 
is in C.,. To see that we recall that (X(i), X1111) is a complete and sufficient statistic to 

. ( X1 - Xlll X,. - X11J ) the fanuly { J>i: ,'2 : 81 < 92 } and T,. = X X , ... , X X is an ancillary 
(•)- (I) (11)- (I) 

statistic. The converse to Theorem 5 follows from this. 

3 Proofs of the theorems 

Proof of the Thr;on:m 1: Let 1,1 be the counting measure. Then 
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Set g(z) = r"'
1
:~~•", 0 S z < 1. We show here that g(z) S ~. any z in (0, 1). Note 

that 
zN(l + z + · ·· + z"-1) 

g(z)= l+z+z2+··•+zN-1. 

Also, (1 + z + • • • + z"-1) < n and (1 + :r + z2 + • • • + zN-t > NzN-t so that 

concludini the proof. a 

It is not hard to see that lim g(z) = N and that ~ ~ 0 for O S z < 1, from which 
s-1-

we can conclude that ~ is the best estimate for the total variation in this case. 

Proof of Theorem f: Let µN be the P-law of X(N)• From the hypothesis and Corollary 1 

we have for n S N and N E N that 

where P,. is the law of (X1,X2, •• • ,X,.) and 

The proof follows from the above inequality if we show that the sequence {µN }NEIii 

is tight. 
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By the hypothesis 

P(X1 > k) = f P(Xi > k/X(N) = t)dµN(t) 111.+ 

= f [1 - LQN11 (x) ] /{lr+J, ... )(t)dµN(t) 111.+ .r,cC) 

~ k. [• -(:::) ] /{1+1 •... }(t) dµN(t) . 

As the left-hand side goes to zero when k goes to oo we have that given 'I > 0 there exists 

ko = k(f/) such that 

On the other hand, the function inside the integral increases to 1 as t goes to 00. 

Therefore, given 6 > 0, there exists M = M ( 6) > ko so that if t > M 

1 (1 -o)dµN(t) :5 f/; 
(M,+oo) 

that is {µN} is tight. By choosing µ as one of the subsequential limit we have the first 

part of the proof. 

For uniqueness, notice that 

where P1 is uniformly distributed on {O, 1, ... ,8} . Now (P1(X1 :5 t))N --t Oas N--> oo if 

8 > t. 

So, 

J!!'!, P(X(Nl :5 t) = µ( {O, 1, . .. , t}) , 

concluding the proof. □ 

Remark 7: The uniqueness problem also appears in the finite case. In other words, if 

Xi, X2, ... , X,v are random variables taking values on N with law P in CN then there is 
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an unique probability measureµ over 1l+ so that, for each I :$ n $ N, 

The representation is obvious since it is enough to choose µ u the P-law of X(NI· 

For the uniqueness, it suffices to notice that, if :r E IN then, 

from what we can see that Pi, the law of Xi, determioea µ. 

Proof of Thwrem 9: Taking into account that the total variation is invariant under a I 

to 1 transformation, 

Let Qi be the QN1 11-la.w of M,. = ID!'X {IY;I} and Pi be the correspondent P;'-la.w. 
1$•:S" 

Noticing that M,. is a sufficient statistic for both families { QN1,., t > O} and 

{P,',t > O}, it is a property of the total variation distance (see Diaconis and Freedman, 

1987) that 

Using Proposition 3, after some computation, we get that Q1 is given by the distri­

bution function 

and Pi is given by 

Hence, if B E 8 1 then 

ifw::; 0 

if O < w < 1 

if w 2: I 

{ 

0 if w $ 0 
G(w) = w

1
" if O < w < 1 

if w 2: 1 . 

Q1(B) = I (NN- n) nw"- 1 dw + Q1(B n {1}) 
lan(o,1) 
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and 

Pi(B) = I nw"-1 dw . 
lBn(O,I) 

Using that we obtain 

IIQ1 - Pill :S 2 sup I / (N - ") nw"-1 dw - I nw"-1 dwl 
BEB, lan(o,11 N lan(o,11 

- l n 2n 
+2 sup IQ1(B n {I})I :S 2 Nnw"- 1 dw + N 

BelJ, (0,1) 

n 
= 4N. 

D 

Proof of Theorem •: Let PN be the P-law of MN = max {IX,I} . From the hypothesis 
ISiSN 

and Propostion 2 we have 

P(IXil > k) = 1 QNu((k,+oo))dµN(t), 
(t,+oo) 

where CJNn is the law of~ with 1<NI = max {Y.·} and Yi, l';, .. . , Y,. are iid random 
(N) ISiSN 

variables uniform on (0, I). 

After some calculus we have that QNn ha.s distribution function 

if :r $ 0 

if O < :r < t 

if :r ~ t 

We now have 

P(IX1I > k) = { (1 - (NN- 1) !) dµN(t) ~ l (1 - !) dµN(t). 
~y~ t ~~ t 

Using this we can conclude in a similar fashion as in the proof of Theorem 3 that {µN} 

is tight. Such fa.ct and Corollary 2 concludes the proof. D 

Proof of Theorem 5: Again, invariance of the tota.l variation distance under a I to I 

tran11forma.tions gives us 
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Q1 is the QN(0,1)11-law of z = C~r,.{Y;}, ~~ {Y;}) where {Y;, 1 :s i :s n} is as in the 

last proof. Pi is the corresponding 'io.,rlaw. Using the fa.ct that Z is a sufficient statistic 

for the family {Ji,,,,.1 : 81 < 82 ,(81,82) E R 2
} we have that 

The P(o.1rlaw of Z is defined by the density 

g(z
1

, 22 ) = { 
0
n(n - l)(z2 - z1)"-

2 if O < z1 < z2 < J 
otherwise. 

Proposition 4 and laborious computation give the distribution function associated 

to Q1, 
0 

(N-n)(N-.,-1) { ,. _ ( )"} 
N(N-1) Z2 %2 - %1 

+.,(N-ft) 11-l 
N(N-1) 2 2 

(N-nl(N-.,-l){l _ (l _ )"} 
N(N-1) Z1 

+ n(N-n} {I_ (I_% )"-1} + .!l. 
N(N-1) 1 N 

if z1 < 0 or z2 < 0 

if z1 = 0 and O < z2 < l 

if O :s Z1 < Z2 < I 

If O < Z2 $ Z1 < } 

if Z2 = } , 0 < Z1 < 1 

I if Z1,Z2 2: 1 

Define B1 = {O} X {]}, B2 = (0, I] x {l}, B3 = {O} x (0, I), and 

B. = {(z1,z2) E R 2
: 0 < z1 < z 2 < I}, so that 

IIQ1 - Pi II = 2 sup I f dQ 1 - I dF'i I 
sei,, ls ls 

= 2 sup It { dQ1 - f n(n - 1 )(z2 - zi)"-2 dz 1 dz2I 
Be"2 •=• IBnB, IBnS, 

Notice that 
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then 

Note that l, dQ 1 = ;~ ~-_ 
11) and l. dQ, = l. dQ1 = ;\!-=-~)), allowing us to write 

IIQ- _ p II < 2n(4N - n - 3) 
I I - N(N - 1) t 

u desired. □ 

Proof of Thwrem 6: As in earlier cases, it is enough to show that the sequence {µN} is 

tight, µN being the P-law of (X(i), X(N))- From the hypothesis we have 

On the other hand, from PropOBition 4, and after some computation, we have the distri­

bution associated to QN(1,.c,)1 is 

{ 

0 if z < t, 

F1.,1,(z)= N- 2 (z-t,) ift1 $:r$t2 
N t2 - ti 

1 if z ~ t2 . 

A probability property states that given '1 > 0 there exists a K0 so that K > Ko 

implies P(IX1I > K) < '1· Therefore by taking K, > Ko > 0 we have 

,, ~ P(IX11 > Ki) = J { 1 - P(IXd $ K, I x1,1 = t" x1N1 = t2)} dµN(ti, t~) . 
-00<11 <la<+oo 

If we define 

A1('1) = {{t1,t2)ER2 :t2 <-K1 or t1 >K1,t1<t2} 

A2('1) = {(t1,t2)ER2 :t1 =-K1 or t2 =-K1,t1<t2} 
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then 

if N>2. 

A3('1) = {{t1,t2) e R2
: t1 <-Ki< t2 5 K1} 

A4(q) = {(t1,t2) e R2
: -K, 5 t, < K, < b} 

and 

Setting g(t1,t2) = -,~!..;.'' for t1 < -K, < t2 S Ki we have that g(t1,t2) ..... las 

ti ..... -oo. Hence, given t2 and O < 'll < 1 \here exists L1 > 0 so that if t1 < -Li then 

g(t., t2) > I - '13• 

If we define 

then 

if N>4. 
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H we now let h(t1, t2) = ~
2
:t• for -K1 :S t1 < K1 < t2, then for ea.ch t1 E [-K1, Ki), 

h(t1,t2) -+ 1 u t2 - +oo. Therefore, if O < '1• < ½ then, there exists L2 > 0 10 that 

h(t1,t2) > 1-'1• whenever t2 > L2. 

Defining 

we have 

if N > 2. 

For O < ,,, < 1, defining 

it follows that 

Therefore, by setting 

' and A(t:) = A1('1) U A2('1) U LJA;(tJ,'1d 
j,zl 

we get 

□ 
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