





1 Introduction

For infinite sequences of exchangeable random variables, de Finetti’s Theorem (1937) says
that the process law can be represented as a mixture of product measures. Essentially
the theorem is an existence result, not necessarily providing the functional form of the
model in the representation, unless we specify additional hypotheses to exchangeability
or the sample space structure is very simple, e.g., finite. For instance, when {X,}aen
is an infinite sequence of 0-1 exchangeable random variables de Finetti’s Theorem states

that, for each n in N and (z,,...,z,) € {0,1}",
= = = E:‘- zi - "_2:- %
P(Xy =z o=z = [ 055 (1 =0y K du(o)

where u is the P-law of the random variable

= lim — ZX

o

Following the predictivist viewpoint, due to de Finetti, the theorem describes how a
subjectivist statistician sets the parameters to the model (Wechsler, 1993). The Bernoulli
model in the representation can be understood as a consequence of subjective evaluation of
exchangeability. Dawid (1982) calls such model intersubjective. Moreover, the theorem
establishes the connection between the probability and the relative frequency (Barlow,
1991). A particular value of the limiting random variable gives the propensity as in
Dawid (1982).

The mixing measure u express the initial opinion with respect to such propensities.
When the result is extended to exchangeable process on a general finite states space
then we have the multinomial product model (Diaconis and Freedman, 1981). Other
models like Poisson, Normal, Exponential can be put under such framework. Freedman
(1962, 1963), Kingman (1972), Smith (1981), Diaconis and Freedman (1990), Barlow
and Mendel (1992), Barlow and Spizzichino (1993) and Wechsler (1993) among others
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characterize classes of exchangeable random variables whose law can be represented as
mixture of parametric exponential family. In another direction, Ressel (1985), by using
Harmonic Analysis on semigroups, presents the most general result. Unfortunately there
is a disadvantage as we can quote Diaconis (1988): “the results often wind up in highly
analytic form, e.g., as conditions on the characteristic function of the process instead of
on observables”. Still quoting Diaconis (1988) we have “It is a worthwhile project to try
to systematically translate these results to condition on observables.” We should point
out that whenever the results can be translated to condition on observables, one gets an
interpretation of the model and the parameters in the Bayesian approach language.

Finite sequences of exchangeable random variables cannot be represented necessarily
as a mixture of i.i.d. processes. When such representation does not exist, finite version of
de Finetti’s type theorem has been established. The idea is to estimate the total variation
distance between the subcollection of finite sequence law and the mixture of product mea-
sures law. Diaconis and Freedman (1980), for instance, gives such finite version for binary
sequences. Finite versions of de Finetti’s type theorem, associated with some models in
the parametric exponential family are given in Diaconis and Freedman (1987). They show
for example that the n-dimensional distribution of orthogonaly invariant distribution on
R" (n < N) is approximately a mixture of Normals. Finite forms associated to finite
sequences of random vectors which are invariant under several orthogonal transformation
groups have been given in Diaconis, Eaton and Lauritzen (1992).

Results related to finite version of de Finetti's type Theorem are interesting for at
least two reasons. First, the infinite version of the theorem can be obtained from the
finite version in a natural fashion. Second, the results are related to random quantities
which are, at least conceptually, observable. The model parameters in the n-dimensional
distribution of sequences of length N (n < N) are defined in a constructive way (de Finetti,

1949). This means they are functions of observable quantities. Moreover, the usual type



of construction done to specifying the class of of distributions for X. 1y+ -+, X is usefull to
solve problems in Finite Population Inference following a completely predictivist insight
(Piccinato, 1986). Under such insight X;, X3,..., Xy represent the quantities associated
to a finite population with N elements. The probabilistic models are specified through
the opinions which express the uncertainty on the populational quantities. For instance,
if T(Xy, Xa,...,Xn) is a populational quantity (e.g., the total) then one way to assign a
model to X;, X3,..., X is starting from specifying first the conditional distribution of
Xu,-.., Xn given T(X,, ..., Xx). A a priori distribution to T(Xi, ... ,Xn) completes the
process. T(X,, X,,...,Xn) can be inferred from samples comming from the population.
More details on this can be found in Iglesias(1993). Infinite extendebility assumptions are
not needed here as they are in the usual Bayesian approach for superpopulations (Ericson,
1969).

The aim of this paper is to present finite versions of de Finettj’s type theorem, in
the sense of Diaconis and Freedman (1987), first, for sequences of exchangeable random
variables assuming non-negative values whose law is summarized by the order statistic
Xvy = max{X; : 1 <i < N). Second, for finite sequences taking values on R whose
conditional distribution given (X(1), X(v)), where Xy = min{X; : 1 < i < N}, is uniform
on the interval defined by these two quantities. The type of model we construct has been
used to find predictors of the maximum and the minimum quantities on a finite population
through the insight mentioned above. Finite forms in this context are usefull on studying
approximate solutions.

The definitions, results and proofs are given in Sections 2 and 3.

Notation: We denote by B, the Borel o-field on R" and by |i - || the total variation

distance; i.e., if P and Q are two probability measures on (2, .4) then
lIP = Qll = 2sup |P(A) - Q(A)| .
A€A
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Also X" will denote an N-fold product of a set X and Z, the nonnegative integers.

2 Definitions and results

Let X;,X3,...,Xn be a finite sequence of exchangeable random variables taking values
o XCR. Let T: XN 5 Ybea mapping where ) is a subset of R?. The usual T"s are
functions of order statistics. Especifically, we consider the statistics X, vy and (X(1), X(w))-
The sequence we take has the property that the conditional distribution of Xi,y.. s XN
given T = ¢t is uniform over T-(¢). In this section QnNn denotes the law of the first n
coordinates (1 < n < N) of a point uniformly distributed over T-'(t). We simply write
Qn: for Quin. Let us call Cy the class of exchangeable probability measures P on XV such
that P = [y, Qn; dp, for some probability measure 4 on Y. Finite forms of de Finetti’s
type theorem are obtained for n-dimensional distributions of P in Cy. The infinite version

for the class of probability measures P on X x X’ x - - -, whose N-dimensional distributions

are in Cy for each N, follows from the finite form.

2.1 Discrete Uniform Distributions

Let X;, X3,...,Xn be an exchangeable random variables taking values on Z,. We assume

that (X, Xa,..., Xwn | X(n) = t) is uniform over the set
AV ={(z1,-..,2n) € ZY : max (z}=t}, teZ,.
If @n¢ denotes such law then by simple counting we get
= N _ N7t .
QN,(I],. .o ,ZN) = [(t + l) t ] 1(;) (Iglllasxn{-t.}) .

Therefore the class Cy consists of probability measures P, exchangeable on ZV, so that

P((z1,...,2N)) = A [(e+ 0™ =] 1y (lmax {;.-}) du(t) ,

<IN

with (z1,...,2z5) € ZY.



The n-dimensional distribution P, of P is given by

P..((z,, e '15)) i ‘/l” QNln(zlv 0G0 v:n) dﬂ(t)

where

QNIn(:Iv---an) = Z QN!(-th---1zmzhzh---azN-n)
(21,2200 2N —=n ) EC
with

C= {(:z:,.+,,...,1)v) € Zf"‘ : max {z;} =t} .

1SSV
Computing the summation we get,

Nen
1 {1 - ()

TESIL 1_(‘_1_,)”] i e (=} <t

QNIn(II,-. 0 ,In) = {

1 1
— 7 if max {z:}=t.
G {1-% } .
The main result in the discrete case says that the distribution of the n first coordi-

nates of a point uniformly distributed on XY is close to the law of n independent random

variables with uniform common distribution.
Theorem 1: Let P} denote the law of n independent random variables uniformly dis-
tributed on {0,1,...,0) and Qnin as before. For eacht € Nand1<n < N,
Qe — PRIl S 37 -
A finite form follows from the last theorem. Let Py, = [ P}’ du(@) for some proba-

bility measure g on Z,. Note that FP,n is also a n-dimensional distribution of some P in

Cn.

Corollary 1: If P, and P, are the previously defined probability measures then there

ezists a probability measure on Z, so that for each 1 <n < N,
2n
"Pn"Pun"s TV- .
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Proof: From the definition of P, we have that

Po= [ Qumn dsn(m)

where uy is the P-law of X(n)- Hence, by setting u = uy, the result follows from the

convexity of the total variation distance. o
Remark 1: The above result is a finite form (see Ressel, 1985, Example 4).

Remark 2: If P € Cy then P, € C, for each 1 <n < N. Of course, if X,, X;,...,Xn are

random variables with law P in Cy then

P(X, =z,,...,X,.=z.,)lx{-:|(“)(:,,...,x..)
P(Xmy=t,)

P(X| =I|,...‘Xn=1n | X(")=t,)=

if P(X(n) =1,)>0and ¢, € Z,. Now,

P(X(m = t,) ) P(Xy=21,..., X0 = 22)

(2152, 20) EXCN (1)

> /me..(zl,...,z..) dun(t) ,

(21.22,080)€X ) (1)

where up is the P-law of Xn). But

QNM(Z]: 2200 721-) = QN!n(Ih- .. )xn) lf .?%’ﬁ{zi} = ll -

Therefore,

P(Xw = t,) = | X (tIP(Xy = 74,..., Xa = z,)

where |A| denotes the cardinality of A.
Consequently,

1
P(Xl = Iy X = T, I X(n] = tl) = mlx(:')(l.)(zh---yzn) .

Notice that P € Cy. Moreover, the probability measures in P = {(PY:0e2Z,)

are the only product probability measures P in Cy as can be seen in the next result.
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Proposition 1: If X),X;,...,Xn are independent and identically distributed random

variables with law P € Cy then X1, Xa,...,Xn are uniformly distributed.

Proof: By the hypothesis

[Toa1 P(Xa = 2)l 21y (21,72)
P = e Jo =2 | X =)= (o, 0P - PO, < - 1P

if P(X@) =t)>0.
On the other hand, P € Cy implies that P; € C;. Hence,

I, P(X = "i)lx(;;(;)(xhlz) Ix{;;(c)(-“hzz)
PG SOP - [P <t-DP  (t+17 -8

Taking z, = z, = t in the above expression we get

[P(X, = ‘)]2 1
[P(X; )P = [P(X, <t~ 1)]2 241

Alter some computation it results

PX;=t) 1
P(X;<t) t+1°

Evaluating the above equality at ¢t = 0,1,2,... we see that
P(X,=z)=P(X,=0) foreachzeZ, .

As P is a probability measure we conclude that there exists a K € Z, so that

P(X) > K) = 0. Therefore,

1
P(X,=2z)= K+1I(o,n.....x)(z) o

The infinite version of Corollary 1 characterizes a class of infinite exchangeable se-
quences. Each element of this class can be represented in a unique way as mixture of
independent random variables with common uniform distribution. This is the result of

the next theorem.



Theorem 2: Let Xy, X;,... be an infinite sequence of exchangeable random variables
taking values in Z, and P, denote the law of (X1, Xa,...,X.). If for eachn € N
have P, € C, then there is an unique probability measure on Z, such that for each
(z1,...,24) € zy

1
Pi=2i Xamen) = [ aiclon.n (maxte)) duo).
Remark $: The converse for the last theorem also holds. It is enough to see that the
mapping T'(z,,...,z,) = max {z:} is a summary statistic for the law PP of (X, ... y Xn)

given 8.

2.2 Continuous uniform distribution depending on one
parameter

We now consider finite forms for the case of uniform distributions over intervals of type
(0,6) and (—9,9), for 8 > 0. Similarly to the previous ones, the results are a consequence
of the fact that the distribution of the first n-coordinates {n < N) of a point uniformly
distributed on

i)y = {(z.,...,:N) € RY: ‘rsn._ga’(v{z.-} = t}, t>0

or on

ii N N, 1) =

il) HY = {(zl,...,zn) €eR '1'5".'%“1‘” = t}, t>0
is close to the law of n independent random variables with the common distribution being
uniform on (0,2) and (—2,¢), respectively.

The uniform distribuition on HY and X" are defined through the N —1 dimensional

volume as it follows. Let
M (t(=1)) = {(z1,- - an) € HY oz = t(=1)7}, J=0,1, t>0.

nmw=OGMmmﬁ

J=0i=1



Let ¢' : RY — R™~! be defined as G (TryeearBn) = (1 -+ 1 Tics Tidts -« 1 EN) and

A to be the N — 1-dimensional Lebesgue measure. For B € By define

w(B) = Me' (B0 Mi(1))) + M@ (BN M(=1))) -

Definition 1: The probability function Q. : By — [0,1] given by

N ui(B
qu(B) = D)

is called uniform probability measure on HN.

We notice that the function ¢ : By x Ry — [0,1] defined as y(B,t) = Qni(B)
is a transition function. The above probability measure is defined on the border of the
N-dimensional hypercube centered at the origin. In the next proposition we redefine it in
terms of random variables, similar to Eaton (1981) when defined the uniform distribution

on a N-sphere.

Proposition 2: Let X1, X2,..., XN be independent random variables with the common
distribution uniform on (—1,1). Set My = max{|Xi},...,|Xnl} and ¥; = tﬁx;, i =

1,2,...,N. Then the vector Y¥N=(",Y2...,Yn) is uniformly distributed on HN.

Proof: Let P be the law of (Xis-..+Xn) and Q be the P-law of Y¥. It is clear from the
definition of Y’V that

QUHM =P(YNeH))=1.

For B € By we have

QB) = P(YNeB)=P (Y" € CJ CJ (BnM.-(t(—l)’)))
J=0i=1
=iy iP (Y™ e Bn Mi(t(-1)") -
J=0i=1
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On the other hand,

P (Y™ € Bn M(t))

Xi Xy Xia1 Xin XN) ; )
t{—,. .., —, ——,..., — i :
Lt (s R T 3 € (B 0 M)
X Xict Xip Xn i
(- M M i) €PEN M) |

once (zy,...,2n-1) € ¢'(B N M;(t)) implies lzjl < tfor j=1,...,N — 1. Therefore,

i

]
hu
—~~
Ea
\'
2

P(YN € BN My(t)) = /o' P Xy Xt Xiga,.., Xn) € 260 M) %dz

= _/ol A (%%‘(B n M.'(t))) Elﬁ dz = ————A(¢;£,?Nrjg;(t))) .

Analogously, we can show that

P(Y" € B M(-1)) = 2 “"“,v’ii,‘_’,‘g‘},“”’

concluding the proof. o

Returning to XY, the uniform distribution Qy, over XY is defined in a similar
fashion as before through the N-dimensional volume. Note that Q. corresponds to the

Qn¢ law of T when T(zy,...,z5) = (jz,}, ..«slzn|). Hence

- N ¢ ;
() = BN EO0)

Be By
where M;(t) = {(:,,. chIN)EXN 1z = t},

The distribution in terms of random variables is given next.

Proposition 3: Let X, X;,..., Xy be independent random variables with the common
distribution being uniform on (0,1). Set Y; = tf&',! i=1,2,...,N. Then the random
vector YN = (1,,Y,,...,Yy) is uniformly distributed on A"N.

Proof: It follows from the definition of Q. and the Proposition 2. o
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Theorem 3: Let P} be the law of n independent random variables with the common

distribution uniform on (—0,0). Then, for1 <n < N,

= n
I Qwen = PRIl S 4% -

The same inequality holds when we replace Qs by Qm,. and then P! corresponds
to the law of n-independent random variables with the common distribution being uniform
over (0,t). As in the discrete case, a de Finetti's type result follows from the last theorem.
Now Cy is the class of probability measures P on RN so that P = [g, Qn:dp(t) for some

probability measure 4 on R4 and P, is a n-dimensional distribution from P € Cn.

Corollary 2: Let P} be the law of n independent random variables with the common
uniform distribution over (—0,0) and let Py = [, P§ dp(0) for some probability measure
ponR,. Then, for1 <n<N,

4n
1P = Punll € 55 -

Proof: It suffices to choose u as the P-law of My = max{|Xi|,...,|Xnl|}. a]

The associated infinite version characterizes the family of exchangeable random vari-
ables which has a unique representation as a mixture of independent random variables,

all of them uniformly distributed on (-8, ).

Theorem 4: Let X,,X;,... be an infinite sequence of ezchangeable random variables
taking values on IR, and P, denote the law of X;,X,...,Xa. If foreachn € N, P, € C

then there ezists an unique probability measure y on R, so that for each (zy,...,%.) € R

P(Xl L2y,..., X0 Sz“)=/ﬁ+ fI{

z, +4
20 I(_'-')(z‘.) + I[’.f-w)(’i)} dﬂ(o) o
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Remark §: Note that if X;, X,..., X, are random variables with law P} then P} € C,. In
fact, M, = max,cica{]Xi]} is independent of T, = (AXI:." ceey ;“‘-;:) since M, is a complete
and sufficient statistic for the family { P}, > 0} and T, is ancillar (see Proposition 2 and
Basu (1958, 1959)). Therefore, for bounded f we have

E(f(Xy,.., Xo)IMy=1t) = E(f(TuM.)IM, =t) = Ey(f(Tat)) .

The converse of Theorem 3 also follows from this result.

Remark 5: Corollary 2 and Theorem 3 remain true if we replace Qn, by Qn, and Py by

the law of n independent random variables with common distribution uniform on (0, 8).

Let us consider now the case where the common uniform distribution is symmetric
around a value A € IR. When X is known the characterization of the class of exchangeable
random variables which has representation as a mixture or quasi-mixture of independent
random variables follows, directly from the results of the same type. However, if ) is
unknown, then the problem is to obtain the characterization when the n independent
variables are uniform on (8;,8;) with both #; and 6, unknown. We deal with such problem

next.

2.3 Continuous uniform distribution depending on two
parameters

Consider the space
th.u = {(z,,.. -»ZIN) € RV : ‘g}g}v{z-} =t and ‘?'.2’}\,{1-'} = ‘:}
with ?; and t; in R, ¢; < {; and N > 3. Set

M.‘j(tl,t:)={(I],...,3N)€X'N 'Il"_‘thzj:t)} . l#]

142

and i,j € {1,2,...,N}. Then X,’:",, = U M;(4,13).

"2 E{1,.. N}
ws
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Let ¢ : RV — R"-? to be defined by
‘Pij(zhz’h---»:N) = (Ih T2yer oy Tit9 Tigly- - lz)'-hzj-i-h'--er)

and A denote the N — 2 dimensional Lebesgue measure. For B in By define

pii(B) = A (p7(B N Myj(11,13))) .

Definition 2: The probability function Qn(s,q,) : By — [0,1)] defined by

t1,t2 B = #ij(B)
QN (B) ue(?ﬁ.--«”) N(N =1)(ta —t,)V-?

is to be called uniform probability distribution on XN

143

It is easy to see that @w(y,.s,) is as transition function. In terms of random variables

the uniform distribution can be seen as in the sequel.

Proposition 4: Let X;,X;,..., Xy be independent random variables with the uniform

(0,1) common distribution. Set

= Xi - X{l} .
K = (tz tl) {X‘————‘“-‘—(N) — X(l)} + tl y with tl < t: .

Then the random vector YN = (Y,,...,Yy) is uniformly distributed over X[, .

Proof: Analogous to the one to Proposition 3. o

Let Fj: ,, be the law of n iid random variables uniform on (8,,6;) and let Qn(,.)n

be the law of the n-first coordinates of a point uniformly distributed on XY, .

Theorem 5: For each2<n < N,

2n(4N —n —3)

QM estm = Piy 1l € N(N-=-1)
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Let now Cy denote the class of probability measures P on IRM 50 that

P = [ Qi dus(t ta)

for some probability measure u concentrated on § = {(z,y) € R?: z < y} and P, denote

the n-dimensional distribution (n < N) from P € Cy.

Corollary 3: Set P, = [Py, du(8,,8;) for some probability measure ponS. Then,

for2<n <N,
2n(4N - n - 3)

- <

Proof: 1t suffices to choose y as the P-law of (Xay Xny). a]

Theorem 8: Let X,,X,,... be a sequence of infinite ezchangeable random variables
taking values on R and let P, denote the law of X1, X2y..., Xu. If for each n € N we

have P, € C, then there exists an unique probability measure p on S so that for each

n€N and Be B,

P((Xy,...,X.) € B) = /SP,':',:(B)dp(B,,ﬂ,) .

Remark 6: Note that if the sequence (X, X;,...,X,) has P 4, as its law then Foo,

is in C,. To see that we recall that (X(1): X(n)) is a complete and sufficient statistic to
Xi—-X X. — X

the family {P}l, : 6, < 6,} and T, = ( L )

X =Xy Xemy = Xy
statistic. The converse to Theorem $ follows from this.

) is an ancillary

3 Proofs of the theorems

Proof of the Theorem 1: Let v be the counting measure. Then

'l = QNtn

Qwen — Frll = [ P

{0.1,..4}»

P dv

15



N-n N
= (T‘h) . (i,h) ) dv(zy,...,Z4)
= _L_) (t+ l)‘
{(z:....,!-)EN"!lw {=z:}<t} t+1
F3r3)
+ (ﬁ%)” L dv(zy,...,Za)
1_(_L‘W ¢+ B
{tz1.zn)EN": max {z.}=t} t+1

a5

N_-Néen

Set g(z) = #5255, 0 < z < 1. We show here that 9(z) < &, any z in [0,1). Note

that
_N(+z+---42Y)
T l4z4at4e 2N

Also, 1 +z+---+z" ") <nand (1 +z+z>+--- 42V > Nz"~! 50 that

9(z)
(2} < zNn <n
SES N S|
concluding the proof. o

It is not hard to see that lirln_ g(z) = & and that 2 > 0for 0 <z <1, from which

we can conclude that i—;‘ is the best estimate for the total variation in this case.

Proof of Theorem 2: Let un be the P-law of X(n). From the hypothesis and Corollary 1

we have for n < N and N € N that

2n
”P‘_P“"“”STV-’

where P, is the law of (Xj, X,,...,X,) and

Puh,n(-‘h. cieaZg) = / (—0_:—1)"'(0,1,....0) ({2}5’5‘(3-}) dun(9) .

The proof follows from the above inequality if we show that the sequence {un}nen

is tight.
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By the hypothesis

P(X; > k) = /E P(Xy > k/X(ny = t) dun(t)

L. [n . zom.(:)l Tor,y(0)dn(€)

/z, [‘ - (’E—:Tl)] Ter, 5 (8) dpn(t) .

As the left-hand side goes to zero when k goes to oo we have that given 5 > 0 there exists

ko = k(n) such that

v

"2 Z, [l - (Et'%ll)] Tikos1,..3(t) dun(t) .

On the other hand, the function inside the integral increases to 1 as ¢ goes to o0o.

Therefore, given 6 > 0, there exists M = M(8) > ko so that if t > M

/(M'm)(l —68)dun(t) <n;

that is {un} is tight. By choosing g as one of the subsequential limit we have the first
part of the proof.

For uniqueness, notice that

PXen <= [ 1P SO du@) = [ awo)+ [ (R0 < O] dui@),

where Py is uniformly distributed on {0,1,...,8}. Now (Ps(X, < Y 2 0as N - oo if
0>t
So,
Aim P(Xn) < t) = p({0,1,...,1}),

concluding the proof. (]

Remark 7: The uniqueness problem also appears in the finite case. In other words, if

X1, X3, ..., Xy are random variables taking values on N with law P in Cn then there is
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an unique probability measure y over Z, so that, for each 1 < n < N,

P(Xy=z1,..., Xn = 72) = /m ONen(Z1y - -1 Z0) dB(t) -

The representation is obvious since it is enough to choose s as the P-law of X(n).

For the uniqueness, it suffices to notice that, if z € IN then,

P(X, = 2)— P(Xy = 2+1) = Quar(2)a({z}) +(@N+n(2) —@ni=+m(z+1))u({z+1}) ,

from what we can see that Py, the law of X, determines p.

Proof of Theorem 8: Taking into account that the total variation is invariant under a 1
to 1 transformation,
IQnen = PPl = 1Q@n1n — PYII -
Let é, be the Qnin-law of M,, = lrgn()s‘{l}’.l} and }31 be the correspondent Pp-law.
Noticing that M, is a sufficient sta;.is-tic for both families {Qnen,t > 0} and
{Pp,t > 0}, it is a property of the total variation distance (see Diaconis and Freedman,
1987) that

”an o P:"” = “Ql > ﬁl” 0

Using Propaosition 3, after some computation, we get that @, is given by the distri-

bution function

0 fw<o
N -
F(w) = ( N")w" fo<cw<]
1 fw>1

and P, is given by

0 fw<o0
G(w):{w" f0<w<l
1 w21,
Hence, if B € B, then

QB = |

N-n i
Bn(01) ( ) nw" ' dw + QBN {1})

N
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and

By(B) =] ™™ du .

BA(0,1)

Using that we obtain

~ ~ N-n
-B|| < 2 ( ) " dw -~ "
Qi1 —All < Sup /En(o‘,) T A o) dw‘

~ n 2n
+2 Bn{1})| <2 —nw" tdw + =
mp QBN (I S2 [ St o+

_Wn

= 45

o

Proof of Theorem {: Let un be the P-law of My = ]T%nx.n From the hypothesis

and Propostion 2 we have

P(Xu| > k) = /(k 1oy Il ool dun(),

where Qny is the law of -,%VL) with Y(n) = ‘TQ)&{Y.-} and 11,Y;,...,Y, are iid random
variables uniform on (0, 1).

After some calculus we have that Qp,, has distribution function

0 ifz<0
N-1/z
Fz)={ —— (=) i
(z) N (t) f0<z<t
1 fz>1t .

We now have

PUxiI>B=[ (1 - (54 %) a2 [ (1 1 f) dyn(1) -

Using this we can conclude in a similar fashion as in the proof of Theorem 3 that {un}

is tight. Such fact and Corollary 2 concludes the proof. m]

Proof of Theorem 5: Again, invariance of the total variation distance under a 1 to 1

transformations gives us

Qw(ertaim — P(':.,:,)" = ||@~am — P('a,n)” 0
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O, is the Quopn-law of Z = (112_i<nn{Y.»},lxg'g<J§‘{Y.-}) where {¥;,1 € i < n} is as in the
last proof. P, is the corresponding ©.1)"1aw. Using the fact that Z is a sufficient statistic

for the family { P, 4,) : 61 < 6,(6:,03) € R?} we have that
[1@weam = Payll =11 - At .

The P,)law of Z is defined by the density

_[nn=1)za=2z)*? if0<y <2<
(21,22) { otherwise.

Proposition 4 and laborious computation give the distribution function associated
to Qh
(0 ifz;<0o0r 23 <0

n(N-n} n-1
N(N=1) %2

WSz — (22— 2)")

N(N=T)

f2z=0and 0 <2, <1

if0<z<2<1
n(N-n -—1
+Nv= 1) %2
F(zh z!) =

N-n){N-n-— N~
- angv_l-; Hap 4 :l(uv ';)) z if0<n<n<l

SRS - - 2))

ifz=1,0<z <1
+HAE 1~ (1 =z 4 2

1 ifz,23 21 .
Define B, = {0} x {1}, B, = (0,1] x {1}, B; = {0} x [0,1), and

By ={(z1,22) € R?: 0 < 2 < z; < 1}, 50 that

1@ - Pll = 250 | [ 4G, - [ aP,
= 2;232 ;/and ,—/ n(n — 1)(z; - )" 2dz, dz,| .

Notice that

/ana. dQ = ® _;25\?[_—1'; =1 /an‘ n(n —1)(23 — )" ?dz dz,
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then

10~ Fll = 2gup 2 [ (= (es=n) P drdn -3 [
(131
= 2]22 dd, ) .
2o+ £, 4]
Note that /B G, = 1381 and / b, = / [ 4G, = ;((’;’v ")) allowing us to write
13- A« 20,
as desired. o

Proof of Theorem 6: As in earlier cases, it is enough to show that the sequence {uy} is

tight, un being the P-law of (X(1), X(n)). From the hypothesis we have

PUXi| > K) = [ {1 - @uon((=K, KD} dun(tr ) .

On the other hand, from Proposition 4, and after some computation, we have the distri-

bution associated to Qn(e, 1, i8

0 ifr<i,
Fll.h(z)‘: %(:_t;) iy, <z<ty
2= 4
1 ifIth .

A probability property states that given 5 > 0 there exists a Ky so that K > K,
implies P(|X1] > K) < . Therefore by taking K; > Ko > 0 we have

72 P(|X)| > Ky) = / {l -P(IXi| < Ky | Xy =5, Xy = t,)} dun(t,t3) .
—o00<t) <tz <+oo
If we define
Ailn) = {(ht)) eR?:ta<—K; or t,> Kyt <ty}
A?(”) = {(thtz) € Rz H t] = —Kl or t: = —Kl,tl < !2}

2



As(n) {(thta)) eR*: 4y < =K, < 135 Ky}

Ad(n)

and

As(n)

{(tta) e R*: =K Sty < Ky < t3)

{(th,tz)) e R : 4y < =K, 13 > Ky, 1y < 3}

1

then

PXil> K) = | L dun(t,t) + i - (1 - %) dun(tys ta)

+ /A o {% ('f‘_'tl") + %} dun(t, 1)
K, -1,
+/A.(,,, {‘ N ( fa :, Je %} dsn (s a)

o252 ()

pn(Aa() + gen(Ast) + 52 [ (SRR dun(tnty)

-1,
Ki-t
1—(—————)——}4 1,1
+/A¢(q){ tﬂ—tl N ”N( 1 3)

2K,
+/As(n) {] - t;— 4 } dﬂN(tht:) 3

v

if N>2.

Setting g(t,t2) = =45 =Bzt for t; < —K; < t; < K) we have that g(t1,t2) — 1 as
ty = —oo. Hence, given t; and 0 < n3 < 1 there exists L; > 0 so that if {; < —L, then
g(t,ta) > 1= n,.

If we define

As(n,m) = {(tlatZ) eR*:t, < —Kl—_fhl_—'w y —Ki<t; S K, < ‘z}

then

N—
> 2 /A’("m)g(tn. t2) dun(ts, tz) > %(1 — ma)pn(As(n, ) ,

if N >4



If we now let h(t;,¢;) = ’}f_l&‘ for —K; < 1; < K, < 13, then for each ¢, € [ K, K1),

h(t1,t3) — 1 as t; — +oo. Therefore, if 0 < 94 < % then, there exists L, >.0 so that

h(t‘,tg) >1- N4 whenever #; > Lz.

Defining
— (1 — )t
Adnne) = {(t:.tz) ewiy> ML g chchins tz}
we have
_(faz=t L} (1
-/Ao(n) {1 ( Y ) N du(ty, ta) > 2~ 774) pn(Adnn4d)
ifN>2

For 0 < ng < 1, defining
2K
As(n,ns) = {(tntz) eER : -1, > *;5—1 , h < =Kty > Kl}

it follows that

foy (1= 225) dunttnte) 2 (1 = me) (A ne)

Therefore, by setting

1 + 1 + 1
l—gs 1-2n¢ l-—mns

e =2 (2+ ) andA(e) = Axfn) U As(n) U U A,

we get

pn(Ale)) <e, fN>4. o
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