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Summary

We considerer some deterministic cellular automata on the state space {0,1}%*
evolving in discrete time, starting from product measures. The basic features of the dy-
namics are: 1’s do not change, translation invariance, attractiveness and nearest neighbor
interaction. The class of models which are studied generalizes the bootstrap percolation -
rules, in which & 0 changestoa 1 when it has at least I neighbors which are 1. Our
main concern is with critical phenomena occitring with these models. In particular we
define two critical points: p,, the threshold of the initial density for convergence to total
occupancy and w, the threshold for this convergence to occur exponentially fast. We
locate these critical points for all the boostrap percolation models, showing that they are
both 0 when 1< d and both 1 when !> d. For certain rules in which the orientation
is important we show that 0 < p, = x, < 1, by relating thése systems to oriented site
percolation. Finally these oriented models are used to obtain an estimate for a eritical
exponent of these models.



I Introduction

The fields of Interacting Particle Systems, Mathematical Statistical Mechanics and Per-
colation have benefited very much from their interelations. Here we study a family of
models which has arisen in the interface among these areas.

Cellular automata, as those studied in this paper, may be considered as interacting
particle systems (see Liggett (1985) for a survey of this field). The relations between the
models that we consider and percolation will become clear in many of the proofs given
below, but can already be guessed from the fact that some of these systems are known as
"bootstrap percolation”. Finally, relations with statistical mechanics, while not so explidit
in this paper, where clearly present for instance in the paper by Chalupa, Leath and Reich
(1979), where bootstrap percolation was introduced in connection to disordered magnetic
systems. Alsoin Aizenman and Lebowitz (1988) the motivation for studying these systems
came from the (non-equilibrium statistical mechanics) problem of metastability.

Our main concern in this paper will be with the critical behavior of our models,
i.e., how their behavior change qualitatively as some parameters cross certain values (erit-
. ical points). As usual, one of the main tools in the analysis of such phenomena will be
a sort or renormalization procedure by which we compare systems with different values
of the parameters when we modify the scales of length and time. In our case, due to
the simplicity of the models, this scheme will be accomplished in a very straightforward
fashion, so that our examples may gne an idea of these techniques even to a reader who
is not familiar with this approach.

: The paper will be essentially self contained, but for motivations and reviews on
cellular automata we refer the reader to Griffeath (1988), Toffoli and Margolus (1987),
Vichniac (1984), Wolfram (1983) and (1986).

In the nexi section we introduce the models and the problems and explain how
the rest of the paper is organized.

Acknowledgements: My interest on the models studied in this paper was mised
by Joel Lebowitz and David Griffeath. Discussions with Michael Aizenman, Pablo Ferrari,
Shely Goldstein, Rolocf Kuik, Domingos Marcheiti, Eduardo J. Neves, Rinaldo Schinazi,
Nclson Tanaka and Carlos Yokoi where also very helpful.
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. When this paper was being typed I learned that Adler and Aharony (1988) intro-
duced in the physics literature & class of models that they call Diffusion Percolation and
which are closely related to the models studied here.



II The models and problems

The models considered in this paper are defined on the lattice Z°, where Z is the set
of integer, and d = 1,2... is the space dimensionality. The systems evolve in discrete
time t = 0,1,2,... To each element (site) of Z?,z, we associate at each instant of
time, , 8 random variable 7(z) which can assume the values 0 and 1. We say that
the site z is empty (resp. occupied) at time 1 if n,(z) =.0 (resp. 1). g, € {0,1}%*
will represent the function that to z € Z* associates 5,(z). Elements of {0,1}** are
called configurations. The system will be always started, at 2 = 0, from a translation
invariant product random field, i.e., the random variables no(z), z € Z¢ are i.i.d. with
P(no(z) =0) =g, P(no(z)=1)=p=1~¢g. p€[0,1] is called the initial density. The
system evolves then according to the following sort of deterministic rules:

(i) I n(z) =1, then nyy(z)=1 (1's are stable).

(ii) If n(z) =0 and n belongs to a certain set C, (the sets C,, = € Z*, specify
the model), then 5,4,(z) = 1, otherwise n4,(z) =0.

In this paper the sets C. will always obey several restrictions:

a) Translation invariance. We define 8,7 by (8.7)(y) = n(y — z) and we assume that
C: = {n:0_.n € Go}. In particular the set Co=:C specifies the model.

b) Nearest neighbor interaction: We define N, = {y € Z*: ||z — y|| = 1}, where |}-||
isthe  —norm on 2Z¢ (|z]] = |z:] + ... + |24]). We assume that if n € C. and
n(y) = 7(y) for every y € N, then 5’ € C.. Informally, each site is influenced only by
its nearest neighbors at each step of the evolution.

c) Attractiveness: We define on {-0,1}1‘ the partial order given by n < g if 5(z) <
n'(z) for every z € Z*. We assume that if n € C, and 5 <y, then 7' € C;. Informally,
the more 1’s we have at time ¢, the more 1's we will have at time 24 1.

The set € may be specified by a set D of subsets of N := A} via

D={ACN :forsome n€C,n(z)=1forall z¢€ A}
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Observe that by attractiveness, if there is A € D such that g(z) =1 forall = € 4,
then p €C.

In order to give some examples we define the elements of Z*
e =(1,0,0,...,0),...,64 = (0,9,0,...,1). }A] will denote the cardinality of the set A.

Examples;

1) Bootstrap percolation: Take 1€ {0,...,2d} and set
D={ACN:|A|21]).
A 0 becomes a1 ifat least 1 of its neighbors are 1's.

2) The basic modek This is the particular case of bootstrap percolation with I=d. In
d =2 this is the model studied by van Enter (1987) and Aizenman and Lebowitz (1988).

3) ﬁc modiﬁca:l basic modek
D={ACN:An{—¢;,+e} #0 for i=1,...,d}.

In this model a 0 becomes a 1 if in each one of the d coordinate directions it has at
least ope neighbor which isa 1.

. 4) Oriented models: Take (ay,...,a4) € {—1,+1}%. For each one of these 2¢ choices
. we have one of the oriented models defined by

D={ACN:{ae,aze3,...,a4e4} C A}
Incase a; =+1,for i=1,...,d, we call the model the basic oriented model.

Given two moldels defined respectively by D; and D,, we say that the latter
dominates the former if D; C D;. Informally, ifa 0 becomesa 1 in the former, the same
occurs in the latter. The following statements are clearly true. The boostrap percolation
model with ! = l;, dominates the one with ! = I, if }; < l;. The basic model dominates
the modified basic model and this one dominates all the oriented models.

On {0,1} we take the discrete topology and on {0,1}%* and {0,1}%*x{01~}
the corresponding product topologies and Borel o-algebras, £ and £ . Once specified
the dimension d, theset C and the initial density p, we denote by F(:) the probability
measure on ({0,1}%**{%3} ) corresponding to the process (7, :¢ > 0).

Let M be the set of probability measures on ({0,1}**,Z). On M we define
the following partial order. f y,v € M, we say that v dominates p and write u<v
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[ tyintn) < [ smpavin)

for every continuous nondecreasing function f: {0,1}** — IR (the corresponding partial
order on {0,1}** is the one defined before). For the properties of this notion of partial
order see Section 2 of Chapter II of Liggett {1985).

Let pp= (transla.txon invariant product measure with density p) be the initial

distribution on {0,1}*,and 4} be the corresponding distribution at time ¢. Since the
1's are stable we have

mEmss..

Since {0,1}%‘ and consequently M are compact, it follows that #? converges weakly
to a probability distribution p® € M, which depends on p. u” is clearly translation
invariant. The asymptotic density is defined as

p(p) = {n:n(0) =1}.
From attractiveness we have also that p; < p; implies p» < p™, In particular

p(m) < p(p2)-

Now we list various questions which can be raised about these systems.
1)" For which values of p does the system *fill all the space™? More precisely, when is

it the case that p(p) = 1. Clearly p(0) =0 and p(1) = 1, and from the monotonicity
of p(-) it is natural to define

p. =inf{p € [0,1] : p(p) =1}.
What can be said about p,?

2) If the system fills the whole space, does it do it exponentially fast? To be more precise
we define the random time

=inf{t 2 0:9(0) =1},
and ask whether there are 7,C € (0,00) such that
P(T>t) < Ce™.
We can define for every p

4(p) = sup{y > 0 : there exists 8 C < oo such that P,(T > 1) < Ce ™).
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4(-) is clearly a monotonic nondecreasing function. It is natural then to define another
critical point: .

x. = inf{p € [0,1] : v(p) > 0}.
Clearly p. < =, since p(p) = 1 — limy_oo P,(T > t). What else can be said about .7

3) What is the behavior of the characteristic quantities as p(p) and +(p) near the
critical points p. and =.? Is it the case that limy\ ., 7(p) = 07 And if this is true,
is there a corresponding critical exponent » € (0,00) such that ~(p) ~ (p—x.)* as
P\ z.? Isit the case that P, (T > 1) ~t~* for a critical exponent x € (0,00) as
t—0o? f v and x indeed exist how do they depend on the dimension? The symbol
~ above may either have the strong meaning: f(z) ~ z* iff lim I;(.ﬂ € (0, 00), or the
weak meaning: f(z) ~ z* iff lim(log f(z)/logz) = a.)

4) Isit always the case that p, = 7.7 Similar questions have been answered affirmatively
for percolation by Menshikov (1986), Menshikov, Molchanov and Sidorenko (1986) and

Aizenman and Barsky (1987) and for ferromagnetic Ising models by Aizenman, Barsky
and Fernandez (1987).

5) When 0 < p(p) <1, p? has a nontrivial structure. It is easy to show that o is
translation invariant and ergodic w.r.t. translations. Using the methods of Section 2 of
Chapter III of Liggett (1985) one can show that uP has positive correlations. Is it the
case that these correlations decay exponentially fast? And how fast does ub converge to
ur?

We obtained some partial answers to these questions. Now we summarize our -
results and explain how the rest of the paper is organized. In Section 111 we will show
that for the modified basic model in every dimension d p, = x, =0 (and hence the same
is true for the bootstrap percolation models with [ < d). This extends results by van Enter
(1987), who showed that for bootstrap percolation with I =2, p. =0 in every dimension,
In Section IV we will show that the oriented models are closely related to oriented site
percolation and obtain as a consequence that for these models 0 < Po=%.<1 In
Section V we obtain results by comparing the systems with the oriented models. If a
model does not dominate any oriented model (as is the case for the bootstrap percolation
models with 1 > d), then it is easy to show that p, = =, = 1. On the other hand,
for models that dominate some oriented model p, < x, < 1 and we will show that for
these models P, (T > t) > Ct=94 if t > 1, for some strictly positive constant C. In
particular y(7.) =0 and if the critical exponent & exists, then k <d—1.

Two remarks about notation. The symbols C,C;,C;, C', C(e,N),... will always
denote strictly positive finite constants, whose exact value is irrelevant and may even



change from line to line. In Section 11I, where we use an induction argument on the
dimension, we keep the dimension explicit in the notation. But in the other sections,
where the dimension is generic but is kept fixed, we omit it in the notation.



III The modified basic model

In d=1 the modified basic model is trivial. Clearly
P(T>1) = Pyno(z)=0forz=-1,...,1)
= ¢ = gexp(~(2log(1/q))t).
Hence p. =7, =0 and 7(p) = 2log(1/q) . »=1 and k=0 since for every 120
P (T>1)=1

In d =2 van Enter (1987) proved that p. = 0 (his proof for the basic model
applies to the modified basic model). We will prove by induction on the dimension,

Theorem I1.1 In all dimensions, for the modified basic model p, = %, =0,

The proof of this theorem will be broken into several propositions and lemmas,
some of which are interesting on their own right. In this section we will use now notations

which make the dimension explicit as p.(d), x.(d), T* and 74(p). First we define various
subsets of Z°¢.

Qi={z€2Z:|xi| <k i=1,...,d}.

Given r € {1,...,d},1 <i1 <i3<...<i, <d and q, € {-1,+41} foreachs=1,...,r
we define
L'(’(.',......',).(«,,......))(k) ={z€ z!: z;, = a,k

for s=1,...,r and [z;] <k for j ¢ {ir,...,ir}}»

For each fixed r,let Z, be the 'set of possible indices above, i.e.,
Ir = {((i;,...,i,),(al,...,a,)) 01 S i) <...< l.' S d

and a, € {-1,+1} foreach s=1,...,r}.

Set also .
I=|Jz.

r=]
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Observe that for I € Z,, Lj(k) is a (d — r)-dimensional hypercube of side 2k —1. (In
case r=d,Lj(k) is a point). Also the collection {L(k): I € I} forms a partition of

QI\QL_,. In particular
Qf = Qi (U Lix)).

leT

We will define now various dynamics related to the modified basic model. In each
of them 1's will never change and 0's may change to 1’s according to the state of the
neighboring sites. The d-dimensional dynamics restricted to aset T C Z¢ is obtained
by freezing the states of the sites outside of I' as 0 and letting the system inside of
I' evolve as the modified basic model. As in Aizenman and Lebowitz (1988), we will say
that a finite set T C Z*¢ is internally spanned by the configuration 3 € {o,13% it
starting from the configuration n' defined by

() ={ i e (I1L1)

and letting the system evolve according to the d-dimensional dynamics restricted to T,
then T' will eventually become completely occupied. Set

RY(N,P) = P(QY is internally spanned
by a random configuration chosen according
to a product measure with density p).

For every I € I, and Fk the (d - r)-dimensional dynamics restricted to L§(k) is
obtained by freezing the states of the sites outside of LI(k) as 0 and letting the system
inside of Li(k) evolve like a (d — r)-dimensional modified basic model. More precisely,
inside of LY(k) a 0 changes to 1 when it has at least 1 occupied neighbor in each
one of the (d—r) different directions defined by the vectors +e;,j & {i1,...,i;}, where
I = ((i3,-+-14r),(@1,...,8,)). We say that the set L§(k) is internally spanned by the
(d = r)-dimensional dynamics by a configuration 5 € {0,1}%" if starting from pLf®
and letting the system evolve according 1o the (d — r)-dimensional dynamics restricted
to Li(k), then LI(k) will eventually become completely occupied. Observe that

P(L{(k) is internally spanned by the (d - r)-dimensional
dynamics by a random configuration chosen according to
a product measure with density p) = R*"(k—1,p). (111.2)



Lemma XIL.1 If Qf_, is completely occupicd in the configuration n and for each.
r€{l,...,d—1} and 1 €Z,, Lj(k) is internally spanned by the (d - r)-dimensional
dynamics by y, then Qf is internally spanned by 3.

Proof: First we have to observe another fact about the geometry of the sets Lé(k). If
z € L§(k) for some I = ((¢),(a)) € T, then the site z — ae; is in Qf_;. Andif
z € Lj(k) for some 1= ((is,...,5,),(as,...,0,)) €L, forsome r € {2,...,d}, then all
the sites of the form z — a;,¢;,,8 =1,...,r, are in Uper,_, L(k).

From the first observation above and the hypothesis of the lemma, it follows
that each time that a 0 becomesa 1 in the (d - 1)-dimensional dynamics restricted
to some L§(k),I € T, the same occurs with respect to the d-dimensional dynamics
restricted to  Qf. Hente Ujer,L{(k) will eventually become completely occupied in
this latter dynamics, at a random time ©,. At the time ©,, the configurations in the
regions L¥(k),] € I; obviously dominate the configurations in these regions at time 0,
50 that these sets will be internally spanned by the (d - r)-dimensional dynamics by the
configuration at time ©,. As above, by the second remark on the first paragraph of this
proof, User,L§(k) will then become completély occupied by the d-dimensional dynamics
restricted to Q¢ at a random time O,. Procceding by induction in the same fashion
above one can show that U] (Usez, L§(k)) will become completely occupied by the d-
dimensional dynamics restricted to Qf at an almost surely finite random time ©,.;.
But then it is easy to see that at time ©,.,+1, Qf will become completely occupied by
_ the same dynamics, completing the proof. o

Proposition IIL.1 For the modified basic model, 74(p) < va-1(p) and x(d) 2 x(d-1).

Proof: Consider the (d—1)-dimensional space {0} x Z*~! C Z¢. As before, consider the
(d—1)-dimensional dynamics restricted to this space, in which a 0 becomes a 1 when it
has at least 1 occupied neighbor in each one of the (d— 1) directions different from the
one defined by e;. Ifa 0 changes to 1 by the action of the d-dimensional dynamics
at a site of {0} x Z%, then the same change occurs under the (d — 1)-dimensional
dynamics. So for each 1

B (T > 1) < B,(T? > 1),
from which the proposition follows immediately. o

Proposition IL.2 For the modified basic model,
1~ RN, p) < C(p)exp(~ 20 ),
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vhere C(p) < oo mey depend on the dimension.

Proof: The proposition is easily verified in d = 1. We suppose now that it holds in
dimensions 1,2,...,d—1 and will show that it holds in dimension d. If 42(p) = 0 there
is nothing to be proven, so we suppose also that 74(p) > 0. From Proposition 1111 then

NnP)ZnE)2...2%up)>0 (11.3)

Set M = |N/4] andlet Fy be the event that forevery k> M and r=1,...,d~1
each one of the sets L§(k),] € T, is internally spanned by the (d = r)-dimensional
dynamics when the system starts from a random configuration chosen according to a
product measure with density p. From (I11.2), (I11.3) and the induction bypothesis

- d-1 '
P(E) < T Ctplesp (-2 T) . (114

Let Gy be the event that Qf, becomes completely occupied by the d-
dimensional dynamics restricted to Q% when the system stars from a random con-
figuration chosen according to a product measure with density p. Now we use the fact
that since the interaction is among nearest neighbors,”the effects travel with a maximum
speed 1”. To be more precise, define for z € Z¢

r(z) = min{n: z € Q).

Now, for z € Q4,if z is vacant at time ¢t < N —r(z) in the d-dimensional dynamics
testricted to Q% and started from 7%, then z is also vacant at this time t if
the system is started from 75 and evolves according to the dynamics of the modified
basic model. (This can be proven easily by induction on the value of N — r(z)). Using
translation invariance we obtain

~

PCN)) S PlUucay, {w-a(z) =0))
< 1@kl Plow-n(0)=0)
< Golp)erp(-"2m) ()

Now from Lemma IIL1, it follows that
1~ RY(N,p) < P((Fn)) + P((GN)"). (I11.6)

(I11.3), (111.4), (JI1.5) and (I11.6) show that the proposition will hold then in dimension
d, if it holds in all smaller dimensions. . o
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Lemma II1.2 For the modified basic model, if x.(d~ 1) =0, then for every
p>0
Jim RY(N,p) =1

Proof: We say that the origin is a good site in the configuration 1, if 5(0) =1 and for
every k=1,2,..., r=1,...,d—1 and I €I, theset Li(k) is internally spa.nned by
the (d— r) dimensional dynamics by the conﬁgurat:on 1. We say that the site z isa
good site in the configuration 7, if the origin is a good site in the shlfted configuration
0_.n defined by (6_.n)(y) = n(y + z). From (111.2) we have
a(p) := P(the origin is a good site in a configuration- g
chosen randomly according to a product measure with density p)
= plR, MR (k,p))CEn, (11L.7)

where C(d,r) is the cardinality of Z, in dimension d.

But from Proposition I11.1, Proposition 111.2 and the hypothesis x.(d—1) = 0, it follows

that for every p>0 and r=1,...,d-1,1- R'(k,p) goesto 0 exponentially fast as
k goes to infinity. Hence (II1.7) lmplies that

a(p) > 0. (111.8)
Let Fy and Gn be defined as in the proof of Proposmon 111.2. Then it follows
from Lemma II1.1 and the fact that M < N/4 that

P(Gy) 2 P (there is a good site inside of Qf,
in a configuration ¢ chosen randomly according

to a product measure with density p) (111.9)

From (I11.8), (111.9) and ergodicity, -
Jim P(Gy)=1. (111.10)

From the hypothesis and Pr-opositiox-l 111.1, (111.4) holds and implies that
Jim P(Fy)=1 C
. The proposition follows from (111.6), (II1.10) and (IIL11). . : o

Define now the "correlation length” .

§up) = inf{N : R*(N,p) 21~ 1/(2(2d - 1))}.

12
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Proposition IIL3 For the modified basic model,

%(p) 2 Cafta(p), _
where Cq is o positive constant which does not depend on p.

Proof: We suppose that ¢(p) < oo, since otherwise the proposition is trivial. The
proposition will be proved using a renormalization procedure. First we show that for
large enough p, there are y(p), C(p) € (0,00) such that

B(T¢>1) < C(p)erth, (111.12)

For this we use a relation between the modified basic model and site percolation (see
Kesten (1982) or Grimmett (1989) for more on percolation). Let C,(0) be the vacant
cluster of the origin at time ¢, i.e.,

Ci(0) = {z€ Z*: for some n there are 0 = Z0,T1yeeeyTn =2

such that |lz; — z;]| =1,i=0,...,.n—=1

and n(z;) =0 for j=1,...,n}.
Set

Di={zezZ: |z =),
and
Ri(0) = sup{k : Gi(0) N Dy # 8},

with the convention sup® = —oo. R,(0) is the radius of C,(0). It is easy to see that
Rin(0) < Ri(0) ~ 1. Indeed, if Ry(0) = k, then all the sites in C:(0) N Dy have d

occupied neighbors, one in each direction, and hence they will become occupied at time
t+1. So

B(T* > t) < P,(Ro(0) 2 1). (111.13)

For p>1-1/(2d-1) we can use now a simple Peierls type of estimate. Since the
number of self avoiding walks with length ! starting from the origin is not larger than
(2d - 1)1 . (2d), for t>1

Py(Ro(0) 2 1) € 3¢ (2d - 1)}(24) < Ce, (111.14)
I=t

(I11.12) follows when p>1—1/(2d - 1) from (1IL.13) and (II1.14).

The renormalization procedure will be introduced now. Recall the definition of
Q% ={—N,...,N}* and consider its translates

Qha={z€Z':2— k(2N +1) e Qi) k € Z*.
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These hypercubes form a partition of Z°. Each one of them is thought of as a site of
the renormalized lattice. We say that a site k of the renormalized lattice is occupied if
in the original lattice all the sites in Q% & ere occupied. The state of occupancy of the
renormalized sites evolves in a way that in the proper time scale dominates the evolution
of the modified basic model. To see this observe that if at time ¢ the renormalized site k
has at least one occupied renormalized neighbor in each one of the d different directions,
then at tirme ¢+ 2dN 41 this renormalized site will be occupied. This is not hard to
prove and a formal argument will be given in a more general setting in Lemma V.1. We
define the renormalized time 7 by

t=(2N +1)? + (2dN + )7, (111.15)

The motivation for the shift (2N +1)¢ is the following. To know whether a region
T C Z°¢ is internally spanned by a configuration n it is enough to wait |I'| units of
time. This is so because if after |T'} units of time 7 is not internally spanned, then there
is a time ¢ < |I| so that from time ¢ to -1 no change occurred in the configuration
and then the final configuration has been reached. Using attractiveness we see now that
if in the original lattice we start from the product measure with density p, then at the
renormalized time r =0 (i.e., = (2N +1)?), the distribution of the state of occupancy
of the renormalized sites dominates the product measure with density R?(N,p). And at
the renormalized times = =1,2,..., this distribution will dominate the evolution of this
product measure under the dynamics of the modified basic model in 7 units of time. In
conclusion

P,(T? > 1) < Preny)(T¢ > 7). (T11.16)
But choosing N = £4(p) we have for every p > 0, RY(N,p) 21— (1/2(2d - 1)) =: po
and from (111.16), (I11.12) and (II1.15)
PT*>1) < C(p)exp(—(po) - L(t — (2N +1)*/(2dN +1))))
< C'(p)exp(—(Ce/tulp)) - 1)

This completes the proof. a]

-

Proof of Theorem IIL1: From Lemma II1.2, if #.(d—1) =0, then {i(p) < 0o for
every p > 0. Now from Propositon I11.3, 74(p) > 0 for every p > 0 and hence #(d) = 0.
The theorem follows then from the fact that 0 < p.(d) £ #(d) and that x(1) =0, as
remarked in the beginning of this section. D

From Theorem 1(ii) in Aizenman and Lebowitz (1988) we have that there are

0(01SC:<OO such that
017 < £,(p) € .

14



So £(p) diverges much faster than a power of 1 /p . For higher dimensions, this
theorem in Aizenman and Lebowitz (1988), combined with the arguments used to prove
Proposition II1.1 imply that for a constant C, € (0, 00), :

Llp) > eCalr,

Our results and methods are nevertheless compatible with a much faster divergence of
§ulp) 2s p— 0.

Problem IIL1 In d > 3, how fast does §u(p) diverge asp— 0 ¢

This is a relevant question in part because in simulations, as those quoted below, a certain

asymptotic form for the relation between §(p) and p is usually assumed (finite size
scalling).

From Proposition IIL1 and the computations in d = 1 it follows that in all

dimensions .
74(p) < 2log(1/q).

In particular lim,.o74(p) = 0, and if the critical exponent ¥ exists, then » > 1 in all
dimensions. In the opposite direction we only proved in Proposition I11.3

14(p) 2 Ca/éu(p),
which is compatible with & very fast convergence of 74(p) to 0.

Problem II.2 How fast does 7%(p) =0 as p—0 ¢

After this paper was finished, Enrique Andjel seems to have given a partial answer to this
question in the two dimensional_case, showing that if » exists,then ¥ <2 .

Since the basic model dominates the modified basic model, it is clear that also for
the former one in any dimension p, = %, = 0. Therefore our rigorous result contradicts
predictions made for the basic model in 3 dimensions based on simulations. Kogut and
Leath (1981) simulated the system on finite cubes, the largest one having side 44 and
concluded that there was a discontinuous (in p(p)) transition at pe € [0.091, 0.104].
Adler and Aharony (1988) made simulations on cubes of side up to 50 and concluded that
Pe € [0.094, 0.114]). Manna, Stauffer and Heermann (1989) simulated the system on cubes
of sides between 32 and 704 and found indications that p, € [0.059, 0.069].
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IV The oriented models.

In this section we will explore the strong relation which exists between the oriented models
and oriented site percolation. The dimension is arbitrary and will not appear in the
notation in this and in the next section.

Oriented site percolation is defined on the lattice Z°, We say that (zy,23,...,%x)
is an oriented path in Z¢ if z, € Z%i=1,...,n and n=1lor z;y—2 €
{e1,.-.ed},i =1,...,n—1. Given a random field {a(z): z € Z"}, where a(z) € {0,1},
we say that z is occupied (resp. vacant) w.rt. a if a(z) =1 (resp. 0). The oriented
occupied cluster of the site z w.r.t. a is the random set

Co(z) "= {y € Z*: thereis an oriented path
{(z1,---,2a) such that z =12,y =z, and
a(z;)=1for i=1,...,n}.

Observe that if a(z) = 0, then C2(z) = 0. The oriented vacant cluster of the site z
w.rt.  a, CY(z), is defined analogously, with the condition a(z;) = 0 replacing the
condition «(z;) = 1. The range of C¥(z),u = o,v is defined as 0 if C¥(z) =0 and
otherwise as

d
Ax(z) = sup{l+ Y Iy — ] : y € C3(a)}.

f=1

We say that oriented percolation of occupied (resp. vacant) sites occurs in a if
A%(0) =00 (resp. AL(0) = c0).

Let B, be ap.roduct random field on Z* such that P(B,(z) = 1) = p = 1= P(B,(z) = 0)
for every z € Z°. Now we define

0(p) = P(43,(0) = o0),u = o,v.

Clearly &(p) = 6°(1 — p). 6°(p) (resp. 8%(p)) is a monotonic nondecreasing (resp.
nonincreasing) function of p. We define

Pe= inf{p € [0: l] :6°(p) > 0},

~

and

p: =sup{p € [0,1] : ¢"(p) > 0}.
Then, pf =1-p. Itis wellknownthatin d=1,p2=1,p! =0,butin d2>22,0<pl <1
and 0< pl < 1.
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In the next proposition we consider the basic oriented model, but it is clear that
an analogous statement holds for other oriented models. For the basic oriented mode] set

T(z) =inf{t 2 0: p(z) = 1}.

Proposition IV.1 For the basic oriented model,
T(z)-Ay ().

Proof: Consider first the case Aj (z) = co. In This case there is an infinite sequence
Z = 2;,7;,... of sites of Z* such that for i = 1,2,... zi4; — z; € {e1,...,¢4}, and
70(z;) = 0. Hence, by induction on t, n(z;) = 0 for i = 1,2... and in particular
T(z) = oo.

H A} (z)=0,then n(z)=0 and I'(z)=0.
Finally to discuss the case 1< A% (z) < oo, set
Lz, k)={ye Z*: (nn—2:)+...+ (ya— za) = k),
and for every random field a,
Bu(z, k) = C*(z) N L(z, &).

Now B,(z,k)# 0 if and only if 0 < k < A%(z) — 1. Therefore every site

y € B, (z,A%(z) - 1) has all its neighbors of the form y+ e,,r = 1,...,d occupied
at time ¢ and hence 741(y) = 1, s0 that Ay, (z) < A?(z) — 1. On the other hand,
if A(z) 2 2, then there must be a site z € By,(z, A4}, (z) — 2) such that one of its
neighbors of the form 2+ e,,r =1,...,d belongs to C,(z) and therefore is vacant at
time 1. Hence ny1(z) =0, s0 that A}, (z) > A%, —1. In conclusion, A%, decreases by
exactly one unit each unit of time, until it reaches the value 0 at the time T(z). This
concludes the proof. o

As a corollary we have

Proposition IV.2 For the oriented models

(i) pp) =1-6(p)=1-6°(1-p).



(i) pe=m=pi=1-p

(i) If p>x. then the following limit ezists
7(p) = limg—oo —110g P(T > a) > 0,

(iv) p(pc)=0.

Proof: (i),(ii) and (iii) follow from the previous proposition and the fact that in
all dimensions, by the methods of Aizenman and Barsky (1987) or of Menshikov (1986)
and Menshikov, Molchanov and Sidorenko (1986), if p > p!, then P(A3(0) > a)
decais exponentially with a. The existence of the limit in (iii) follows from standard
supermultiplicity arguments (see for instance Durrett (1984)). (iv) follows from (i) and (ii)
and the fact that in any dimension 6*(p!) = 0, which can be proven by a straightforward
adaptation of the methods of Bezuidenhout and Grimmett (1989). D

Soin d2>2 ,0<p.==.<1. Theregion 0 < p < p. is also worth of study and
in particular one can ask what properties the measure x? has and how fast the system
converges to this measure. All these questions can be translated, thanks to Proposition
IV.1, into related questions for oriented site percolatioin. For instance, in d =2 one
knows from Durrett and Griffeath (1983) (see also Durrett (1984); the adaptation from
bond to site percolation is trivial) that if p < pf, then P(a < Aj (0) < oo) decays
exponentially with a. It follows that the convergence to p® occurs exponentially fast
. in this regime. The same can probably be also proven in higher dimensions, using the -
methods in Bezuidenhout and Grimmett (1989). Further information, for instance on
critical exponents in two dimensions, can be extracted from Durrett, Schonmann and
Tanaka (1989a) and Durrett, Schonmann and Tanaka (1989b); the concept of graphical
duality used there was adapted to oriented site percolation by Wierman (1985).
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V  Results obtained by comparison with oriented

models

In this section we will use techniques from the two previous sections to show that the
oriented models can be used to divide the models defined in the introduction into two
classes with qualitatively different behaviors and to study their properties. The criterium
for this partition is the property of dominating one of the oriented models. Again, in this
section the dimension is arbitrary and is omited in the notation.

Proposition V.1 If a mode! does not dominate any oriented model, then for this model
Pe=Fe=1
Proof: Recall the definitions

Q = {z€2Z*: |z < ki=1,...,d},
T inf{t 2 0:5,(0)=1}.

i

Suppose that in the configuration n, the cube @Q, is completely vacant. The neigh-
borhood N, of each site z € Q3 intercepts (Qs)° in a subset of a set of the form
{aiey,...,a4¢e4}, where a, € {~1,+41} for r = 1,...,d. Since the model does not
dominate any oriented model, we will certainly have Qs completely vacant also in the
configuration #,;. By induction on ¢, 5, leaves Qj completely vacant at all ¢ > 0,
provided it does it at 1 =0. Soforall p<1

PB,(T = o) 2 P,(no(z) =0 for every z € Q3) = ¢ > 0.

~

u]

Theorem III.1 and Proposition V.1 can be used to locate the critical points p,
and x. of all bootstrap percolation models on Z“. In case 1 < d the model dominates
the modified basic model and bence p. = #. = 0. If 1> d, then the mode! does not
dominate any oriented model and therefore p. = x. = 1.

We turn now to the models that dominate some oriented model. First we give
some definitions. As in Section 1II, we define the (d-dimensional) dynamics restricted
to a set I' C Z* by freezing the states of all sites outside of T and letting the states
inside of T evolve with the rules of the model we are considering. We will say that



A CT is completely covered by the dynamics restricted to T' by the configuration 7,
if starting from the configuration " (defined by (111.1)) and letting the system evolve
according to the dynamics restricted to T, A becomes eventually completely occupied.
As we explained in Section III we only have to wait [I'| units of time to know whether
this happens or not. Set

S(N,p) = P(Qn is completely covered by the dynamics
restricted to Qan by a random configuration
chosen according to a product measure with density p).

For fixed N , S(N,p) is a nondecreasing function of p, this motivates the definition
5. = inf{p € [0,1] : limsup S(N,p) = 1}.
N-ooo

Our main result in this section is

Theorem V.1 If a model dominates one of the oriented models, then for this model

(i) xc.=p.<1.

(i) There is a positive consiant C, which may depend on the dimension, so that
Jor t21 i

P, (T > 1) > C1™9+,

Observe that for the models that do not dominate any oriented model,
P, (T > 1) = (T > t) = 0 and hence (ji) is false for these models. On the other
extreme, for models such that =, = 0, as the modified basic model, P (T > t) = 1,
which is much stronger than (ii). (ii) implies for the models for which it applies that if
the critical exponent x exists, then x < d-1.

In the proof of Theorem V.1 we will use a renormalization procedure’similar to
(but somewhat different from) the one used in Section ITl. As before, we fix a space scale
N and to each site k& Z* in the renormalized lattice we associate the cube

Ony={z € Z*:z~ (2N + 1)k € Qn}.



Again we say that the renormalized site k is occupied if all the sites of Qp; are occupied
in the original lattice. The renormalized time scale 7 will be now defined by

t = |Qan| + (2dN 4 1)r = (4N + 1)* + (24N + 1)r.

The cardinality of Q,y appears in this definition because we want to give a chance to
each cube Qg to become completely occupied by the dynamics restricted to the cube
Qna of side 4N +1, concentric with Qyg,

QN# ={z€ z‘:z—(2N+ 1)k € Qan}-

Set -
1 if Qns becomes completely occupied by the dynamics restricted to
B(k) = Qna by o,
0 otherwise.
. vy
The random variables B(k) are identically distributed, with
| P,(B(k) = 1) = 5(N,p), (v-2)

but they are not independent. Anyhow they have only a finite range dependency structure,
which is sufficient for our purposes. Indeed, if k;,k;,...,k, are such that

ki — k|l > 2d (where [|-] is the h-norm), for every 1 < i < j < n, then the random
variables S(k,),...,B(ks) are mutually independent, since they depend on what happens
in disjoint regions of the space and 1, is a product random field.

By hypothesis we will consider a model that dominates some ariented model and
with no loss of generality we can suppose that the dominated model is the basic oriented
model. It turns out then that if the renormalized site k has at the renormalized time 7
all its neighbors of the form k+e;,¢=1,...,d occupied, then at the renormalized time
7+ 1 it will be occupied (the renormalized dynamics also dominates the basic oriented
model). A formal proof is provided now.

. Lemma V.1 For a model that dominales the basic oriented model, if at t = 0 the
regions Qnu, k € {e;, i =1,...,d} are completcly occupied. Then at t=2dN 41,
Qno will also be complelely occupied.
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Proof: Define the regions

Si={x€Qnp: .z|+...+$‘=l}.

These regions are non-empty for ! = —dN,...,dN and Qyp is equal to their union.
Now observe that if z € S}, thenfor i=1,...,d ,

]
z+e € Sl (U @na)
k=1

Therefore at time ¢ > 1 ,all thesets S, , [ = dN,dN -1,...,dN +1-=1 will
be completely occupied and in particular at time 2dN +1 , Qno will be completely
occupied. o

‘Proof of Theorem V.1 : As observed above, we suppose that the model dominates the
basic oriented model. From the results in Section IV it is clear that x, < 1, s0 to prove
(i) we have to show that

xe = fe. (v.3)
Given p > =, there are 7> 0 and C < oo™ such that
’ P(T>t)<Ce™ (V.4)
But the argument used to prove (1I1.5), based on the fact that the effects travel with a
. - maximum speed 1, can be used also here, giving
1-S(N,p) £ Fy(Uzcqu{mn-niz) =0})

< 1Qnl: BT > N) (v-5)
From (V.4) and (V.5) we obtain

Al'l_{n” S(N,p) = 1. &

Therefore, p > x, implies p 2 f,, i-e.,
P £ 7. (V.6)

To prove the complementary inequality we will use the renormalization procedure.
Given p > p, and ¢ € (0,d"%¢) thereis N < oo such that

S(N,p)>1-e. (V.7)
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Consider the renormalized process constructed with this N. By attractiveness and the
remarks made before the beginning of this proof, we know that at the renormalized time
7 the state of occupancy of the renormalized sites dominates the state at time 7 of the
basic oriented model started at 7 = 0 from the random field (B(k): & € Z*), defined by
(V.1). So,if m=|(t - (4N +1)?)/(2dN + 1)}, then from Proposition IV.1

P,(T > 1) < P,(A3(0) > m). (V.8)

But.if A3(0) > m, then there is an oriented path (Z1y:0ey2m) with z; = 0 and
B(z:) = 0,5 = 1,...,m. From the remarks made after the definition of B, the random
variables f(z1), B(21424), B(2144d)s- -+ B(14{m/2aj24) are mutually independent. And
since there are d™~* oriented paths as above, we have, using (V.2) and (V.7)

P (A3(0)>m) < (P,(B(0) = 0))lm/*)gm=1

<
< e(m/zl)—l 4 = C( (2 N)(c""d)"‘“"*'). (V.9)
Since €< d™, (V.8) and (V.9) imply that if p> 5, then p > x,i.e.,

% < Pe- (V.10)
(3) follows from (V.6) and (V.10).

To prove (ii) we suppose, using (i), that §. = x. > 0, since otherwise there is
nothing to be proven. Sel ¢ = d=2¢/2. If thereis N such that S(N,5.) > 1 — g, then
by continuity there is a p < p. such that S(N,p) > 1—¢ (observe that for each fixed
N,S(N,p) is a polynomial function of p). But then, from the arguments above, used to
prove (V.10) we would have x. < p < f,, in contradiction with (V.6). So, for every N
we have

S(N,x)<1-¢ (v.a1)

(V.5) and (V.11) are enough to prove a weaker form of (i), with =% replacing =941
To prove the statement we made we need to strengthen (V.5). Set

Dy = {z €Qn:z; =N for some i€ {l,...,d}}.

Dy is the union of d of the 2d faces of Qn. f Dy is completely occupied at time
t,then Qn will be completely occupied at time t+ (24N + 1), since we are assuming

o



that the model dominates the basic oriented model. So Qu in (V.5) may be replaced by
Dy and we obtain

1-S(N,p) S d2N + 1)*"'P,(T > N) (V.12)

From (V.11) and (V.12), for every integer N > 1

P(T>N)2> W,

which implies (ii), and finishes the proof. o

. We end this section with the following remark, which provides an alternative way
to' describe the two classes into which the models have been divided. From the proof of
Proposition V.1 it is clear that for a model that does not dominate any oriented model,
finite clusters of vacant sites can persist forever. On the other hand, if a model dominates
one of the oriented models (let us say the basic oriented model), then each finite cluster
of vacant sites will eventually become completely occupied, since the sites of the cluster
that maximize the sum of the coordinates at time ¢ will become occupied at time #41.
In this case only infinite clusters can survive.

F. v
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