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Summary 

We considerer eome deterministic cellular automata on the state space {O, t)Z' 
evolving in discrete time, starling from product measures. The basic features of the dy­
namics are: l ', do not change, translation invariance, attractivene11s and nearest neighbor 
interaction. The class of models which are studied generalizes the bootstrap percolation 
rules, in which a O change, to a 1 when it has at least I neighbors which are 1 • Our 
main concern is with critical phenomena occuring with these models. In particular we 
define two critical points: Pei the threshold of the initial density for convergence to total 
occupancy AJ1d 'll'c, the threshold for this convergence to occur exponentially fast. We 
locate these critical points for all the boostrap percolation models, showing that they arc 
both ~ when I ~ d AJ1d both 1 when I > d, For certain rules in which the orientation 
i1 important we 1how that O < Pc • .-. < 1, by relating these 1y1tems to oriented aite 
percolation. Finally tbeie oriented model■ are uaed to obtain an estimate for a critical 
exponent of these model■• 
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I Introduction 

The fields of Interacting Particle Systems, Mathematical Statistical Mechanics and Per­
colation have benefited very much from their interelations. Here we study a family of 
models which has arisen in the interface among these areas. 

Cellular automata, as those studied in this paper, may be considered as interacting 
particle systems (see Liggett (1985) for a survey of this field): The relations between the 
model11 that we consider and percolation will become clear in many of the proofs given 
below, but can already be guessed from the fact that some of these sy&tems are known as 
"bootstrap percolation". Finally, relations with statistical mechanics, while not so explicit 
in this paper, where dearly present for instance in the paper by Chalupa, Leath and Reich 
(1979), where bootstrap percolation was intro.duced in connection to disordered magnetic 
systems. Also in Aizenman and Lebowitz (1988) the motivation for studying these systems 
came from the (non-equilibrium statistical mechanics) problem of metastability. 

Our main concern in this paper will be with the critical behavior of our models, 
i.e:, how their behavior change qualitatively as some parameters cross certain values (crit­
ical points). As usual, one of the main tools in the analysis of such phenomena will be 
a sort or renormalization procedure by which we compare systems with different ,'a!ues 
of the parameters when we modify the scales of length and time. In our case, due to 
the simplicity of the models, this scheme will be accomplished in a very straightforward 
fashion, so that our examples may gh.:'e an idea of these techniques even to a reader v.·ho 
is not familiar with this approach. 

The paper wi11 be essentially self contained, but for motivations and reviews on 
cellular automata we refer the reader to Griffeath (1988), Toffoli and Margolus (1987), 
Vichniac (1984), Wolfram (1983) an~ (1986). 

In the next section we introduce the models and the problems and explain how 
the· rest of the paper is organized. 

Acknowledgements: Mg interest on the models slvdied in this paper was raised 
b11 Joel Lebowitz and David Grilfeath. Discussions with Michael Aizenman, Pablo Ferrari, 
Shel11 Goldstein, Ri,loef Kuik, Domingoa Marchetti, Eduardo J. Neves, Rinaldo Schinazi, 
Nelson Tanaka and Carlos Yokoi where al,o 17er1J helpfvl. 
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When thi, paper tDU 6eing tv,ed / leamed that Adler and AhoronJI {1988) intro­
clued in the phJ11ic, literature • clau of model, thot thev call Diff uion Percolation and 
which ere clo1el11 related to the model, ,tudied here. 
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II The models and problems 

The models considered in this paper are defined on the lattice ?.t" 1 where 7.t is the set 
of integer, and d = 1,2 ... is the space dimensionality. The systems evolve in discrete 
time t = 0,1,2, ... To each element (site) of ?.t",:r, we associate at each insta.nt of 
time, t, & random variable f/1(:r) which can assume the values 0 and 1. We say that 
the site 2: is empty (resp. occupied) at time t if f/,(2:) =.0 (resp. 1). f/, E {0, l}'r' 
will represent. t.he function that to z E ?.t" associates 11,(z). Elements of {0, l}r' a.re 
called configurations. The system will be always started, at f = 0, from & translation 
invariant product random field, i.e., the random variables 170(:r), z E ?Z" are i.i.d. with 
P(,i0(z) = 0) = q, P('10(z) c: 1) = p = 1 - q • p E (0, 1] is e&lled the initial density. The 
system evolves then according to the following sort of detenninistic rules: 

(i) If 171(:r) = 1, then 'Ji+i(z) = 1 (l'a are stable). 

(ii) If '11( :r) = 0 and '1• belongs to & certain set C., ( the sets C.,, z E 7.l", specify 
the model), then '1a+1(z) = 1, otherwise '11+1(:r} = 0. 

In this paper the sets C., will always obey several restrictions: 

a) Translation invariance: We define 9.,'1 by (B.,,,,)(y) = 11(11- z) and we assume that 
C., = {'J: 9_.,J/ E Co}. In particular the set Co=: C specifies the model. 

b) Nearest neighbor interaction; We define N., = b E ?.t": Hz - 11U = I}, where ll • 11 
is the 11 - norm on 7.l" (llzll = lz1I + ... + l:r,11). We assume thlt if '1 E Cr and 
,i(y) = if(y) for every · 11 EN.,, then '7' EC,,. Informally, each site is influenced only by 
its nearest neighbors at each step of the evolution. 

c) Attractivenes.r. We define on {0, 1 )Z' the partial order given by '7 S r/ if f/(Z) S 
q'(z) for every z E 7.t~. We assume that if '7 e C., and '1 S ,i', then q' e Cz. Informally, 
the more l'a we have at time i, the more l'a we will have at.time t + 1. 

· The set C may be specified by a set V of 111bsctl of N := No via 

V = {AC JI; for 10me '1 e C, 11(:r) = 1 for all z EA}. 
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Oheerve th&t by &ttractivenea1, if there i1 A e l> 1uch tbt 17(z) = 1 for all z EA, 
then '1 EC. · 

In order to give eome examples we define the elemente of 7t' 
e1 = (1, 0, O, ••• , 0), ••• , e.i = (0, 01 O,.,., 1 ). !Al will denote the cardinality of the aet A. 

Examples: 

1) Boot.trap percolafion: Take I E { 0, ••• 1 2d) ud aet 

7) ={AC j./: IAI ~ I). 

A O hecomee a 1 if at least I of its neighbors are l'a. 

2) The hasic mode~ This is the particular case of bootstrap percolation with I = d. In 
d = 2 this is the model 1tudied by van Enter (1987) and Aizenman ..nd Lebowitz (1988) • 

. . 

3) The modified buic model: 

7'={Ac,.N':An{-e;,+e;},;0 for i=l, ... ,d}. 

In this model a O becomes & 1 if in each one of the d coordinate direct.ions it bu at 
least one neighbor which i1 a 1 . 

. 4) Orientedmodels: Ta.ke (a11 •.• ,a,1)E{-l,+l}". Foreachoneofthese 24 choic.es · 
we have one' of the oriented models defined by 

V ={AC /v: {a1e1,a2e2,.,.,a,1e,1} CA}. 

· In case a, = + 1, for i = 1, ... , d, we call the model the basic oriented model. 

Given two moldels defined respectively by 'D1 and V2, we say that the latter 
dominates the former if 7'1 C 'D2 • Informally, if a O becomes a 1 in the former, the same 
occurs in the latter. The following statements are clearly true. The boostrap percolation 
model with l = 11, dominates the one with l = 12 if 11 $ 12• The basic model dominates 
the modified basic model and this one dominates all the oriented models. 

On {O, 1} we ta.kc the discrete topology and on {O, l)Z' and {O, 1 JZ'x{O,t,...} 

the corresponding product topologies and Borel a-algebras, E and f: . Once specified 
the dimension d, the set C and the initial density p, we denote by P,(·) the probability 
measure on ({O,l}Z'x{o,i .... },f:) corresponding to the pro.cess (171 : t ~ 0). · 

Let M be the set of probability m~res on ({O, l}z',E). On M we define 
the following partial order. lf µ,JI e M, we say that JI dominates µ and ·write ·µ~ JI 
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if 
j J(q)dµ('l) :S / f('l)dv(YJ) 

for every continuous nondecreasing function J: {O, 1}•'-+ m (the corresponding partial 
order on {O, l)Z'' is the one defined before). For the properties of this not.ion of partial 
order aee Section 2 of Chapter II of Liggett {1985). 

Let p: = {translation invariant product measure with density p) be the initial 
di11tribution on {O, 1 )Z'', a.-id pt be the corre5ponding distribution at time t. Sinc.e the 
l'.s are stable we have 

": s "rs"~ s ... 
Since {O,llr' and consequently M are compact, it follows-that µ: converges weakly 
to a probability distribution µ' E M, which depends on p. µ' is dearly translation 
invariant.. The asympt~tic density is defined u 

p(p) =µ'{'I: 11(0) = 1}. 

From attractiveness we have also that Pl S PJ implies µPl S µn. Jn pa.rlicular 
p(pi) :S p(PJ). 

Now we list. various questions which can be raised about these systems. 

l} " For which va.Iues of p does the system •fill all the space•? More precisely, when is 
it the case that p(p) = 1. Clearly p(O) = 0 and p(l) = 1, and from the monotonicity 
of p( ·) it is natural to define 

Pc= infJp E (0, l]: p(p) = 1}. 

What can be said a.bout. Pc 7 

2) If the system fills the whole space, does it ~o it exponentially fast? !l'o be more precise 
we define the random ume 

T = inf{t ~ 0: '11(0) = l}, 

and ask whether there are 7,C E (0,00) such that 

P,(T > t) :S Ce-re. 

We can define for.every p 

7(p) = &up{,- ::?: 0: there exists a C < oo such that. P,(T > t) :S Ce-"Yf}. 
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1(·) i1 clearly & monotonic nondecreasing fund.ion. It i1 natur.I then to define another 
critical point: . 

1fc = inf {p E I0, 1] : 7(p) > O}. 
Clearly Pc S 1fc, 1ince p(p) = 1 - limc .. 00 P,(T > I). Whr.t else can be said about 7rc? 

3) What is the behavior of the cltaract.eristic quantities as p(p) and -y(p) near the 
critical points Pc and 7rc? Is it the CMe that Jim,, •• ,y(p) = O? And if this is true, 
is there a corresponding critical exponent II E (0, 00) such that 7(p) ~ (p :.. 7r c)" u 
p '\, 7rc? Is it the case that P,..(T > t) ~ rlr for a critical exponent ,c E (0,oo) as 
t-+ oo? I! 11 and ,c indeed exist how do they depend on the dimension? The symbol ~ above may either have the strong meaning; /(z) ~ :,;0 ift' Jim~ E (O,oo), or the 
weak meaning: /(:,;) ~ :i;0 i~ lim(logf(:i:}/logz) = o.) 

4) Is it always the case that Pc= re? Similar questions have been answered affirmatively 
for percolation by Menshikov (1986), Menshikov, Molchanov and Sidorenko (1986) and 
Aizenman and Barsky (1987) and for ferromagnetic Ising models by Aizenman, Barsky 
and Fernandez (1987). 

5) When O < p(p) < 1, µ'P bas a nontrivial structure. It is easy to show that p'P is 
tr~ ~la.tion invariant and ergodic w.r.t. translations. Using the methods of Section 2 of 
Chapter III of Liggett (1985) one can show that µP bas positive correlations. Is it the 
case that these correlations decay exponentially fast? And bow fast does µf converge to 
µ'1 

\Ve obtained some partial answers to these questiom,. Now we summarize our 
results and explain how the rest of the paper is organized. In Section Ill we will show 
that for the modified basic model in every dimension d Pc= 'll"c = 0 (and hence the same 
is true for the bootstrap percolation models with l :5 d). This extends results by van Enter 
(1987), who showed that for bootstrap percolation with l = 2, Pc = 0 in every dimension. 
In Section IV we will show that the oriented models are closely rela~d to oriented site 
percolation and obtain as a consequence that for these models O < Pc = 1r., < 1. In 
Section V we obtain results by comparing the systems with the oriented models. H a 
model does not dominate any oriented model (as is the case for the bootstrap percolation 
models with l > d), then it is easy to show that Pc = ,r., = 1. On the other hand, 
for models that dominate some oriented model Pc :5 7rc < 1 and we will show that for 
these models P.,.(T > t) ~ ci-4+1 if t > 1, for some strictly positive constant C. In 
particular 7( 'll'c) = 0 and if the critical exponent ,c exists, then ,c S d - 1. . 

Two remarks about notation. The symbols C, 01, 02, C', C( t, N),... will always 
denote striclly positive finite constants, whose exact value js jrrelevant and may even 
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change from line 1.o line. In Section Ill, where we uae an induction argument on the 
dimension, we keep the dimension explicit in the notation. But in the other ledion1, 
where the dimension is generic but is kept fixed, we omit it in the notation. 



III The modified basic model 

In d = 1 the modified basic model is trivial. Clearly 

P,(T > t) =. P,(710(z) = 0 for z = -t, ... ,t) 
= q2'+1 = qexp(-(2Jog(l/q))t). 

Hence Pc= ,re= 0 and 7(p) = 2Jog(l/q). v = 1 and "= 0 since for every t ~ 0 

P •• (T > t) = 1 

In d = 2 van Enter (1987) proved that Pc= 0 (his proo( for the basic model . 
applies to the modified basic model). We will prove by induction on the dimension1 

Theorem Ill.1 In all dimensions, for the modified basic model Pc= 11'c = 0. 

The proof 0£ this theorem will be broken into several propositions and lemmas, 
10me o( which are interesting on their own right. In this section we will use now notations 
which make the dimension explicit as Pc(d), ll'c(d), T4 and 7,(p). First we define various 
subsets o( ~' • 

Qt= {z E ~': lzil $ k, i = 1, .•. ,d}. 

Given r E {1, ... ,d},1 $ i1 < i2 < ... < ir $ d and a. E {-1,+1} for each a= 1, ... ,r 
we define 

Set also 

Lf1;,, .. .,i.),C•, .... .-.))(k) = {z e ~': z;. = a.k 

for a= l, .•• ,r and lz;I < k for j '/. {i1, ... ,ir)} .. 

For each fixed r, let I,. be the set of possible indices above, i.e., 

Z,. = {((ii, ... 1 ir},(ai,,,, 1 ar)): 1 $ i1 < .. , < ir $ d 

and a, e {-1,+l} for ea.ch , = 1, ... ,r}. 

8 
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Observe tha.t for I E Ir, L1(k) is a (d - r)-dimensional hypercube of aide 2k - 1. (In 
case r = d, L1(k) is a point). Also the collection {L1(k): I e I} forms a partition of 
Q!\Qt_1• 1n particular 

Qt = QLJ U( U L1(k)). 
IE1 

We will define now various dynamics related to the modified basic model. In each 
of them l', wil1 never change and O'a may change to l'a according to the state of the 
neighboring sites. The d-dimensional dynamics restricted to a set r C 7.l4 is obb.inf!d 
by freezing the &tates of the sites outside of r as O and letting the system inside of 
r evolve as the modified bask model. As in Aizenma.n and Lebowitz (1988), we will say 
that a finite set r C 7Z4 is internally spanned by the configuration '1 E {O,l}r" if 
starting from the configuration rl defined by 

re ) { '}(%) if % er, 
11 z = o if z tr, (IIl.1) 

and letting the system evolve according to the d-dimensional dynamics restricted to r, 
then r will eventually become completely occupied. Set 

R'(N,P) = P(Q~ is internally spanned 

by a random configuration chosen according 
to a product measure with density p). 

For every I E 'h and k the (d--; r)-dimensional dynamics restricted to L1(k) is 
obtained by freezing the states of the sites outside of L1(k) as O and letting the system 
inside of L1(k) evolve like a (d - r)-dimensional modified basic model. More precisely, 
inside of L1(k) a O changes to 1 when it h~ at least 1 occupie~ neighbor in each 
one of the (d- r) different directions defined by the vectors ±ej,j ¢ {ii, .. , ,ir}, where 
I= ((i1, ... ,ir),(a11 ... ,ar)). We say that the set Lf{k) is internally spanned by the 
(d - r)-dimensional dynamics by a ~onfiguration 'I E {O, I }r if starting from .,,Lf(',) 
and letting the system evolve according to the (d - r)-dimensional dynamics restricted 
to J,f(k}, then Lf(k) will eventually become completely occupied. Observe that 

P(L1(k) is internally spanned by the (d- r}-dimensional 
dynamics by a random configuration chosen according to 

a product measure with density p) = Jl'-r(k - 1,p). (III.2) 



Lemma Ill.I If Qf-1 is completel11 occupied in the configuration '1 and for uch . 
rE {l, ... ,cl-1} and IE Ir, Lf(k) iainternall11panned61the (d-r)•dimen,iona/ 
clJlflamiu b11 'I, thm Qf ii intemall11 ,panned 611 'I· 

Proof: First we have to observe another facL about the geometry of the 1et1 L1(k). U 
z e L1(k) for some I= ((i),(a)) e Ii, then the 1ite :r - ae; i1 in Qf_1• And if 
:reLf{k) forsome l=((i1, ... ,i.),(a1, ... ,a.))E~ foraome rE{2, ... ,cl},thenall 
the sites of the form :r - a;,e;.,, = 1, ... , r, are in U1ex._1 Li(k). 

From the first observation a.hove and the hypothesis of the lemma, it follows 
that each time that a. 0 becomes a 1 in the (d - })-dimensional dynamics restricted · 
to some L1(k),J e Ii, the same occurs with respect to the d-dimensional dynamics 
restricted to Qt. Hence U rer1 L1( k) will eventually become completely occupied in 
this latter dynamics, a.t a random time 8 1• At the time 81, the configurations in the 
regions L1(k),1 E Z2 obviously dominate the configurations in these regions at time 0, 
so that these sets will be internally spanned by the (d - r)-dimensional dynamics by the 
configuration at time 8 1 • As above, by the &econd remark on the first paragraph of this 
proof, Urer,L1(k) will then become completely occupied by the d-dimensional dynamics 
r«:5tricted to Qt at a random time 0 2• Proceeding by induction in the same fashion 
above one can show that ~;Hurer.L1(k)) will become completely occupied by the d­
dimensional dynamics restricted to Qt at an almost surely finite random time e,_1, 
But then it is easy to see that at time e,_1 + 1, Qt will become completely occupied by 
the same dynamics, completing the proof. □ 

Proposition Ill.I For the modified ba6ic model, 74(p) ~ 7,_1(p) and ,rc(d) ~ 11'c(d-l). 

Proof: Considerthe (d-1)-dimensionalspace {O}x~'-1 c~'. Asbefore,considerthe 
( d -1 )-dimensional dynamics restricted to this space, in l''hich a O ~mes a 1 when it 
has at least l occupied neighbor in each one of the (d- 1) directions different from the 
on~ .defined by ±e1• If a O changes to 1 by the action of the d-dimensional dynamics 
at a site of {O} x ~i-t, then the .same change occurs under the (d - 1)-dimensional 
dynamics. So for each t 

P,(T"-1 > t) 5 P,(T" > t), 
from which tbe proposition follows immediately. 

Proposition lll.2 For the modified basic model, 

1- R"(N,p) ~ C(p)exp(-7~~) N), 

□ j 
,. 
,• 



tohere C(p) < 00 ma11 depend on the dimension. 

Proof: The proposition ia easily verified in d = 1. We auppose now tha.t it holds in 
dimensions 1,2, ..• ,d-1 and will show that it holds in dimension d. If •u(p) = 0 there 
is nothing to be proven, so we auppose also that -,,,(p) > 0. From Proposition Ill.I then 

(III.3) 

Set M = lN/4j and let FN be the event that for evtty l: > M and r = l, .. , ,d-1 
each one of the sets L1(k),J E I, is internally spanned by the (d - r)-dimensiona.l 
dynamic.a when the aystem starts from a random configuration chosen according to a 
product measure with density p. From (111.2), (111.3) and the induction hypothesis 

~((FNt) S ~C,(p)exp .(-1";?>;). 
Let GN be the event that Qi becomes completely occupied by the d­

dimensional dynamics restricted to Q~ when the system stars from a random con• 
figuration chosen according to a product measure with density p. Now we use the £act 
that since the interaction is among nearest neighbors,"the effects travd with a maximum 
speed l". To be more precise, define for z E ~., 

r(z) = min{n: z E Q~}. 

Now, £or z E Q'k, if z is vacant at time t :SN - r(z) in the d-dimensional dynamics 
restricted to Qi and started from .,,Qi, then z is also vacant at this time t if 
the system is started from '1 and evolves according to the dynamics of the modified 

' basic model. (This ca.n be proven easily by induction on the value of N - r(z)). Using 
translation invariance we obtain 

P((GNt) :S P,.(u.,eQt,hN-M(z)=0}) 

:S IQtl · P,.(rJN-M(0} = 0) 

~ Co(p)exp(- -,,(p) N) 
2 

Now from Lemma Ill.l, it follows that. 

(ill.5) 

(III.6) 

(Ill.3), (IIl.4), (IIl.5) a.nd (III.6) show that the proposition will hold then in dimension 
d, if it holds in all smaller dimensions. _ a 

11 



Lemma lll.2 For the modified kaic model, if ,r.(d - 1) = O, then for eve'}I 
p>O 

Jim R"(N,p) = 1 
N ... oo 

Proof: We say that the origin is a good site in the configuration 'I, if '1(0) = 1 and for 
every k = 1, 2, ... , r = 1, ... ,d -1 and J e Z.,, the set L1(k) is internally spanned by 
the {d - r)-dimensional dynamics by the configuration 'I· We say that the site :t is a 
good site in the configuration 'I, if the origin is a good site in the shifted configuration 
6-•'I defined by (6_.,71)(y) = 'l(Y + :r). From (111.2) we have · · 

o(p) .- P(tbe origin is a good site in a configuration· 'I 
chosen-randomly a.ccording to a product measure with density p) 

= pil~1Il~:(Jr'(k,p})C(d,r), (III.7) 

where C(d, r) is the cardinality of Z.. in dimension d. 

But from Proposition 111.1, Proposition 111.2 and the hypothesis 'll'c{d-1) = 0, it follows 
that for every p > 0 and r = 1, .•. ,d-1, 1- Jr(k,p) goes to O exponentially fa.st .as 
k goes to infinity. Hence (111.7) implies that 

o(p) > 0. (111.8) 

Let FN and GN be defined as in the proof of Proposition III.2. Then it follows 
from Lemma III.I and the fact that M ~ N/4 that 

P(GN) ~ P (there is a good site inside of Qt, 
in a configuration '7 ~osen randomly a.ccording 
to a product measure with density p) (III.9) 

From (IIl.8), (IIl.9) and ergodicity, · 

From the hypothesis and Propositio~ lll.l, (Ill.4) holds and implies that 

Jim P(FN) = 1 
11-00 

The proposition follows from (IIl.6), (lll.10) and (111.11}. 

Define now the "correlation length" . 

{,(p) = inf{N: R"(N,p) ~ l -1/{2(2d- l))}. 

12 
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Proposition 111.3 For the modified 6a,ic model, 

7,1(p) ~ C,/{d(p), 

where C, ia a poaitive conatant tohich doe, not depend on p. 

Proof: We suppose that {,(p) < 001 since otherwise the proposition is trivial. The proposition will be proved using a renonnalization procedure. First we ehow that for large enough p, there are -y(p), C(p) E (O,oo) such that 

(IIl.12} 
For this we use a relation between the modified basic mod«;] and site percolation {see Kesten {1982) or Grimmett (1989) for more on percolation). Let C,(O) be the vacant duster of the origin at time t, i.e., 

Set 

and 

Ca(O) = {: E :&': for 10me n there are O = :z:0 ,:i:t, •• ,,:. = s 
such that U:i:; -:i:;♦111 = 1,i = o, ... ,n-1 

and l'/,(:;)=0 for j=l, ... ,n). 

R.c(O) = sup{l:: C,(O} n D,. :I- 0}, 
with the convention sup 0 = -oo. R.c(O) is the radius of C1(0). It is easy to see that R1+1(0) ~ R.c(O) - 1. Indeed, if R.c(O) = 1:, then all the sites in C,(O) n D,. have d occupied neighbors, one in each direction, and hence they will become occupied at time t+l. So 

P,(T' > t) S P,,(~(O) ~ t). (111.13) 
For p > 1 - l/(2d - 1) we CUI use now a simple Peierls type of estimate. Since the number of self avoiding walks with length I starting from the origin~is not larger than (2d - 1)1- 1 • (2d), for t > I · 

• 00 

P,(~(O) ~ t) ::5 L9'+1(2d-1)1
- 1(2d) ::5 Ce-,,. (III.H.) 

lat 

(III.12) follows when p > l - l/(2d -1) from (IIl.13) and (IIJ.14). 

The renormalization procedure will be introduced now. Recall the definition of Q1, = {-N, ••• ,N}" and consider its translates 

Q:,_. = {:i: E ~': z - k(2N :+ l) E Q:,},k E ~'. 
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These hypercubes form a partition of z'. Each one of them ia thought of as a aite of 

the renormalized lattice. We say that a site k of the renormalized lattice ia occupied if 

in the original lattice all the sites in Qi,1 are occupied. The state of occupancy of the 

renormalized sites evolves in a way that in the proper time scale dominates the evolution 

or the modified basic model. To see this observe that if at time t the renormalized site k 
bu at least one occupied renormalized neighbor in ea.c:h one of the d different directions, 

then at time t + UN + 1 this renormalized_ site will be occupied. This is not hard to 

prove and a formal argument will be given in a more general setting in Lemma V.l . We 

define the renormalized time T by 

t = (2N + l)" +(UN+ l)T. (III.15) 

The motivation for the _shift (2N + 1 )" is the following. 'To know whether a region 

r c 7.t" is internally spanned by a configuration r, it is enough to wait lfl units of 

time. This is so because i( after If I units of time T is not internally spanned, then there 

is a time t < lfl so that from time t to t + 1 no change occurred in the configuration 
and then &be final configuration baa been reached. V&ing attractiveness we see now that 

if in the original lattice we starl from the product measure with density p, then at the 

renormalized time T = 0 {i.e., t = (2N + 1 )c1), the distribution of the state of occupancy 

of the renormalized sites dominates the product measure with density R'(N,p). And at 

the renormalized times ,- = 1, 2, ••• , this di5tribution will dominate the evolution of this 

product measure under the dynamics of the modified basic model in T units of time. In 

conclusion 
P,(T" > t) ~ P.R4(N,p)(Td > T"). (Ill.16) 

But choosing N = {c1(p) we ha, -e for every p > O, R'(N,p) ~ 1 - {l/2(2d - 1)) =: Po 

and from (111.16), (III.12) and (111.15) 

P~(T" > t) $ C(Po)exp(--y{pg) · l(t- (2N + l)d/(2dN + l))J) 

$ C'(p)exp(-{CJ{c1(P))•t). 

This completes the proof. a 

Proof of Theorem III.I: From Lemma III.2, if 1r,(d- l) = 0, then {,1(p) < oo for 

every p > 0. Now from Propositon lll.3, -rc1(p) > 0 for every p > 0 and hence w-,(d) = O. 

The tlieorem follows then from the fact that O $ p,{d) $ ,rc(d) and that ,r,(l) = 0, as 

remarked in the beginning of this aection. · D 

From Theorem l(ii) in Aizenma.n and Lebowitz (1988) we have that there are 

0 < C1 $ C2 < 00 such that 

14 
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• 

So {2(p) diverges much faster than a power o( 1/p . For higher dimension■, thia 
theorem in Aizenman and Lebowitz (1988), combined with the a.rgumenta used to prove 
Proposition Ill.1 imply that. for a constant C, e (O,oo), 

(,{p) ~ eC4/r. 

Our results and methods are nevertheless compatible with a much faster divergence of 
!l(p) as p-+ O. 

Problem lll.1 In d ~ 3, how fa.st doe, €,(p) diverge asp-+ 0 f 

Thia is a relevant question in part because in simuh1.tions, as those quoted below, a certain 
asymptotic form for the relation between (,(p) and p is usually assumed (finite size 
,calling). 

From Proposition III.I and the computations in cl = 1 it follows that in all 
dimensions 

1,(p) ~ 2log(l/q). 
In particular li~,-.o-r.1(p) = Ot and if the critical exponent ., exists. then ., ~ 1 in all dimensions. In the opposite direction we only proved in Proposition 111.3 

which is compati'~le "_'.itb a. very fast convergence o( -r,{p) to 0. 

Problem Ill.2 How fast Jou 7,1(p) -+ 0 as p -+ 0 'I 
• 

After this paper was finished, Enrique Andjel seems to have given a partial answer to this 
question in the two dimensional ~case, !!bowing that if ., exists, then v $ 2 • 

Since t.he basic model dominates the modified basic model, it is clear that .also for 
the former one in any dimension Pc= 'll'c = 0. Therefore our rigorous result contradicts 
predictions made for the basic model in 3 dimensions based on simulations. Kogut a.od 
Leath (1981) simulated the system on finite cubes, the largest one having side 44 and 
concluded that. there was a discontinuous (in p(p)) transition at Pc E (0.091, 0.104]. 
Adler a.od Aharony {1988) made simulations on cubes of side up to 50 and concluded that 
Pc e [0.094, 0.114]. Manna, Stauffer and Hecrmann (1989) simuJated the system on cubes 
of sides between 32 and 704 and found indications that p., e [0.059, 0.069). 
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IV The oriented models. 

In this 1ection we will explore the strong relation which exist, between the oriented models 
and oriented site percolation. The dimension is arbitrary and will not appear in the 
notation in this and in the next section. 

Oriented site percolation is defined on the lattice 2Z4
• We say that (.2:11 :i:2, ... ,:a:.) 

is an oriented path in 7.Z4 if :i:; E 7.Z4, i = 1, ••. , n and n = 1 or :t;+1 - :i:; E 
{ei, ... ,e,},i = 11 ... ,n-1. Given arandom field {o(x): x E 7.Z4

}, where o(:r) E {0, l}, 
we HY. that :r is occupied (resp. vacant) w.r.t. a if a(:i:) = 1 (resp. 0). The oriented 
occupied cluster of the site :r w.r.t. a is the random set 

C!(:r) • = {y E 7Z4
: there is an oriented path 

(:i:1, ... , :r.) such that :i: = .2:1, 11 = z. and 
a(:z:;)=lfor i=l, ... ,n}. 

Observe that if a(:i:) = 0, then C!(:r) = 0: The oriented vacant cluster o! the site :,: 
w.r.t. o, C:(.2:), is defined analogously, with the condition a(:r;) = 0 replacing the 
condition a(:t;)=l. Therangeo! C!(.z),u=o,v is defined as O if C!(:r)=0 and 
otherwise as 

,I 

A:(.z) = sup{l + E jy; - :t;I: 'II E C:(:r)}. 
isl 

We say that oriented percolation of occupied (resp. vacant) sites occurs in a if 
A!(0) = oo (resp. A:(o) = oo). 

Let {J., be a product random field on 7.Z" such that P({J.,(.x) = 1) = p = 1-P({J.,(:r) = 0) 
!or every :r E 7.Z4• Now we define 

B"(p) = P(AP.(O) = oo),u = o,v. 

Clearly B"(p) = 6°(1 - p). B"(p) (resp. B"(p)) is a monotonic nondecreasing (resp. 
nonincreasing) !unction of p. We define 

p: = inf {p E (0, 1}: O"(p) > O}, 

and 
p: = sup{p E [O, l] : O"(p) > O}. 

Then, p: = 1-p:. It is well known that in d = l,p: = 1,p: = O, but in d ~ 2,0 < p: < 1 
and O < P! < 1. 
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In the next proposition we consider the basic oriented model, but it i1 dear that 
an analogous statement holds for other oriented models. For the buic oriented model aet 

T(:r) = inf {1 2:: 0: q,(z) = 1}. 

Proposition IV.I For the "4sic oriented model, 

Proof: Consider first the case ~(z) = 00. In This case there ia an infinite sequence 
z = zi, :t2,... of sites of 7.l' such that for i = 1, 2,. •• Zt+J - Zi E {ei, ••• , e,}, and 
'lo(zi) = O. Bence, by induction on 1, ']1(zi) = 0 for i = 1, 2 ••• and in particuJar 
T(z) = 00. 

11 ~{z) = O, then 'lo(z) = 0 and J'(z) = 0. 

Finally to discuss the case l ~ A:o ( z) < 00, set 

L(z, k) = b E 7.l': (J11 -z1) + ... +(JI, - z,) = I.}, 

and for every random field a, 

B0 (z,k) = C;(z) nL(z,k). 

Now B0 (z, k) :/ 0 if and only if O $ k $ A:(z) -1. Therefore every site 
JI E B11,(z,A;,(z) - 1) has all its neighbors of the form JI+ e,.,r = 1, . .• ,d occupied 
at time t and hence '11+,(Y) = 1, so that A;,.,(z) ~ A;,(z)-1. On the other hand, 
if A;,(z) ~ 2, then there must be a site z E B.,.(z,A:,(z) - 2) s'!c.b that one of its 
neighbors of the form z + e,., r = l, .. • , d belongs to c:, (z) and therefore is vacant at 
time t. Hence 'lc+1 (z) = 0, so that A;,.1(z) ~ A:, -1. In conclusion, A;, decreases by 
exactly one unit each unit of time, ~ntil it reaches the value O at the time T{z). This 
concludes the proof. D 

As a corollary we have 

Proposition IV.2 For the oriented modeu 



(ii} p, = ,r, = p: = 1 - ,,:. 

{iii) If p > ,re then the following limit uist, 
7(p) = lim.~00 -¼logP(T > o) > ~. 

{iv} p(pc) = O. 

Proof: (i),(ii) and (iii) follow from the previous proposition and the fact. that in 
all dimensions, hy the methods of Aizenman and Barsky (1987) or of Menshikov (1986) 

and ~enshikov, Molchanov and Sidorenko (1986), if p > p:, then P(A},.(O) > a) 
decais exponentially with a. The existence of the limit in (iii) follows from standard 

supermultiplicity argum!:nts (see for instance Durrett (1984)). "(iv) follows from (i) and (ii) 
and the fact that in any dimension 8"(p;) = 0, which can be proven by a atraightforward 

adaptation of the methods of Bezuidenhout and Grimmett (1989). D 

So in d ~ 2 ,0 <Pe= re< 1. The region O < p < Pe is also worth of study and 
in particular one can ask what properties the measure p.' has and how fa.st the system 
converges to this measure. All these questions can be translated, thanks to Proposition 

IV.I, into related questions for oriented site percolatioin. For instance, in d = 2 one 
knows from Durrett and Griffeath (1983) (see also Durrett (1984); the adaptation from 

bond to site percolation is trivial) that if p < p:, then P(a < Ap,.(O) < oo) decays 
exponentially with a. It follows that the convergence to µ' occurs exponentially fast 

. in this regime. The same can probably be also proven in higher dimensions, using the · 

methods in Bezuidenhout and Grimmett (1989). Further information, for instance on 
critical exponents in two dimensions, can be extracted from Durrett, Schonmann and 
Tanaka (1989a) and Durrett, Schonmann and Tanaka (1989b); the concept of graphical 
duality used there was adapted to oriented site percolation by Wierman (1985). 

18 



V Results obtained by comparison with oriented 

models 

In this section we will use techniques from the two previous section, to show that the 
oriented models can he used to divide the models defined in the introduction into two 
classes with qualitatively different behaviors and to study their properties. The criterium 
for this partition is the property of dominating one of the oriented models. Again, in this 
section the dimension is arbitrary and is omited in the notation. 

Proposition V .1 // a potld loea not dominate anu oriented motld, thm for th~ model 
Pc='ll'c= 1 

Proof': R£call the definitions 

Q, = {z E z"': lzd ~ k,i = 1, ••• ,J}, 
T = inf {t ~ 0: 711(0) = l}. 

Suppose that in the configuration 711 the cube Q3 is completely vacant. The neigh­
borhood JI,, of each site z E Q3 intercepts (Q3)c in a subset of a set of the form 
{a1e11 ••• ,a,e.i}, where Cir E {-1,+l} for r = 1, ... ,d. Since the model does not 
dominate any oriented model, we will certainly have Q3 completely vacar,it also in the 
configuration '11+i• By induction on t, 'Ii leaves Q3 completely vacant at all C ~ 0, 
provided it does it at t = 0. So for all p < 1 

P,(T = oo) ~ P,(170(:r) = 0 for every z E Q3) = ~ > ·0. 

a 

Theorem III.l and Proposition V.1 can be used to locate the critical points Pc 
and -ire of all bootstrap percolation models on ?Z'. In case I;$; d the model dominates 
the modified basic model and hence Pc = ,r c = 0. If l > d, then the model does Dot 
dominate any oriented model and therefore Pc= 7rc = 1. 

We turn now to the models that dominate some oriented model. First we give 
some definitiom1. As in Section JII, we define the (d-dimensional) dynamics restricted 
to a 1e1. r C 7.l"' by freezing the slates of all sites out.side of r and letting the states 
inside of r evolve with the rules of the model we are considering. We will say that 



A c r is completely covered by the dyn&mics restricted to r by the configuration 'I, 
if starting from the configuration r{ (defined by (JIJ.1)) t.nd letting the system evolve 

according to the dynamics restricted to r, A becomes eventually c:ompletely occupied. 

A, we expla.ined in Section lII we only have to wa.it lfl units of time to know whether 

this happens or not. Set 

S(N,p) = P(QN is completely covered by the dynamic:a 

restricted to Q2N by a random configuration 

chosen according to a product measure with density p). 

For fixed N, S(N,p) is a nondecreasing function of p, this motivates the definition 

Pc= inf{p E (0,1): llmsup S(N,p) = l}. 
N-+oo 

Our ~mun result' in thiil section is 

Theorem V .1 If a model dominates one of the oriented modeu, then for this model 

{i) lr'c = Pc < l. 
(ii) There is a positive constant ' C, which may depend on the dimension, ao that 

for t ~ 1 

.. 
Observe tha.t for the models that do not dominate any oriented model, 

P,,.(T > t) = Pi(T > t) = 0 and hence (ii) is faJse for these models. On the other 

extremE--, for models such that 'll"c = O, as the modified basic model, P,,.(T >. t) = 1, 

which is much stronger than (ii). (ii) implies for the models for which it applies that if 

the critical exponent ,c exists, then ,c :S d - l. 

In the proof of Theorem V.1 we will use a. renorma1ization procedure·simila.r to 

(but 10mewhat different from) the one used in Section III. As before, we fix a space scale 
N and to each site k E ~rl in the renormalized lattice we associate the cube 

QN.A = {:i: e ~": z-(2N + l}k e QN}• 



Again we say that the renormalized site I; ia occupied if all the sites of QNJ are occupied 
in the original lattice. The renormalized time acale .,. will be now defined by 

I 

i = IQ:aNI + (2dN + 1)1' = (4N + 1)' + (2dN + 1)1'. 

The cardinality of Q2N appean in this definition because we want to give a chance to 
each cube QN,1 to become completely occupied by the dynamia restricted to the cube 
0NJr of aide 4N + 1, concentric with QNJ, • 

QN.,. = {z E 2Z': z -(2N + l)k E Q2N}-

Set 

{ 

1 if QN,J, becomes completely occupied by the dynamia restricted to 
P(k) = O QN,J, by 'lo, 

otherwiae. 

The random variables P(k) are identically distributed, with 

P,(P(k) = 1) = S(N,p), 

(V.1) 

(V.2) 

but they are not independent. Anyhow they have only a finite range dependency structure, 
which is sufficient for our purposes. Indeed, if k1, k2 , ••• , k,. are such that 
Ilk; - k;II > 2d (where II· II is the li-norm), for every 1 $ i < j Sn, then the random 
variables P(k1), ••• ,P(k..) are mutually independent, since they depend on what happens 
in disjoint regions of the space and 'lo is a product random field. 

By hypothesis we will consider a model that dominates some oriented model and 
with no loss of generality we can suppose that the dominated model is the basic oriented 
model. It turns out then that if the renormalized site k has at the renormalized time T 

all its neighbors of the form k + e,, i = 1, ••• , d occupied, then at the renormalized time 
T + 1 it will be occupied (the renormalized dynamics also dominates the basic oriented 
model). A formal proof is provided now. 

Lemma V.1 For a model that dominatu the basic oriented modd, if at t = 0 the 
regions QN,b 1: e {e;, i = 1, ... ,d} are completcli occvpietl. Then at t = 2dl\' + 1 , 
QNp will also lie complctcl1 occtApied. 
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Proof: Define the region, 

s, = {z E ON,o: %1 + ... + z, = l}. 
These region, are non~pty for I= -dN, ... ,dN and QN,o ia equal t.o their union. 
Now observe that if z E S, , then for i = l, ••. , d , 

" z + ei e s,+i LJ( U QN;). 
l:=1 

Therefore at time t ~ 1 , a)} the aets S1 , l = dN,dN - 1, ... ,dN + l - t will 
be completely occupied and in particular at time 2dN + 1 1 QN,o will be completely 
occupied. □ 

·Proof of Theorem V.l : As observed above, we suppose that the model dominates the 
basic oriented model. From the results in Section IV it is clear that 'll'c < 1, 110 t.o prove 
(i) we have to show that 

Given p > ,r c, there are 7 > 0 and C < oo • such that 

P,(T > t) $ Ce-,, 

(V.3) 

(V.4) 

But the argument used to prove (111.5), based on the fact that the efl'ects travel with a 
.. maximum speed 11 can be used also here, giving 

1 - S(N,p) S P.,(U.,EQ,..{l'/2N-N(Z) = O}) 
$ IQNI. P,(T > N) 

From (V.4) and (V.5) we obtain 

Jim S(N,p) = 1. 
N-

Therefore, p > re implies p ~ Pc, i.e., 

Pc$ 'll'c• 

(V.5) 

(V.6) 

To prove the complementary inequality we will use the renormalization procedure. 
Given p > Pc, and f e (0111""2") there is N < oo such that 

S(N,p) > 1 - t. 
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Consider the renormalized process constructed with 1.his N. By at.1.ractiveness and the 
remarks made before the beginning of this proof, we know that at the renormalized time 
T the state of occupancy of the renormalized sites dominates the st.ate at time T of the 
basic oriented model started at T = 0 from the random fieJd (P(k): k E ft"), defined by 
(V.l). So, if m = l(t- {4N + 1)2)/(2dN + l)J, then from Proposition IV.I 

P,(T > t) S P,(Ap(O) > m). (V.8) 

But. if AMO) > m, then there is an oriented path {.:t11 ... 1 :,..) with : 1 = 0 and 
P(z;) = O, i = 1, •.• , m. From the remarks made after the definition of P, the random 
variables P(,:1), .B(z1+2,1), .B(z1~,1), ••. , P(Zi+lwt/UJ2.t) are mutually independent. And 
aince there are r-1 oriented paths as above, we have, using_(V.2) and (V.7) 

P,(A6(o) > m) s (P,{.B(O) = o))L•/21Jr-1 

~ ,.<•fUl-1r-s = C{~N}(t.'/'J.ttl)11(2w♦1). (V.9) 

Since f. < a 2", (V.8) .and (V.9) imply that if p > Pc, then p ~ Sc, i.e., 

(V.10) 

(i) follows from (V.6) and (V.10). 

To prove (ii) we suppose, using (i), that Po =-ire > 0, since otherwise there is 
nothing to be proven. Set fo = J-2" /2. I£ there is N such that S(N,pc) > 1 - to, then 
by continuity there is a p < Pc such that S(N,p) > 1 - fQ {observe that for each fixed 
N,S(N,p) is a polynomial £unction of p). But then, from the arguments above, used to 
prove (V.10) we would have 11'c :5 p < Pc, in contradiction with (V.6). So, fot: every N 
we have 

S(N, ll'c) :5 1 - t:o (V.11) 

(V.5) and (V.11) are enough to prove a weaker form of (ii), with i-4 replacing t-"+i. 
To prove the statement we made we need to strengthen (V.5). Se1. 

DN = {z e ON: :r; = N £or some i E {1, ... ,d}}. 

DN is the union o( d of the 2d faces of ON- J£ D11 is completely occupied at time 
t, then ON will be completely occupied at time t + (2dN + l}, since we are assuming 
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that the model dominates the basic oriented model. So QN in (V,5) may be replaced by 
DN and we obtafo 

l - S(N,p) S d(2N + l)"-1 P,{T > N) 

From (V.11) and (V.12), for every integer N ~ 1 

which implies (ii), and finishes the proof. 

(V.12) 

□ 

. We end this section with the following remark, which provides an alternative way 
to· describe the two classes into which the models have been divided. From the proof of 
Proposition V.l it is clear that for a model that does not dominate any oriented model, 
finite clustera of vacant sites can persist forever. On the other hand, if a model dominates 
one of the oriented models (let us say the basic oriented model), then each finite cluster 
of vacant sites will eventually become completely occupied, 1ince the 1ites of the cluster 
that maximize the sum of the coordinates at time t will become occupied at time t + 1. 
. In this case only infinite clusters can 1urvive. 

... 
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