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teoria de derivaç~o em espaços topol6gicos. No final faz-se 

uma aplicaçâo ~ teoria do movimento Browniano. 

ABSTRACT: This paper extends the theory of dynamical sys- 

tems to topological spaces. It differs frorn other extensions 

because it preserves the connections between dynarnical sys­ 

tems and differential equations. This is possible because in 

non - deterministic rnathematics we have a theory of derivatl 

.ves in -topological spaces. An application to Brownian motion 

is given at the end. 
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Canadá e· IME da USP 

§I 

P_undamentaJ Conc_§;I)_t:~ 

1. In this work we start investigacions on the possibilities 

of extending the theory of dynamical systcms to topologi8al spaces in 

the spirit of non-deterministic mathematics. The foundations of non­ 

deterministic mathernatics were laid in 1964-65 with subsequent work 

by myself and forrner studer:ts at McMaster University.A recent view of 

the subject can be seen at [ 1] even though it does not include the 

theory of measure and integration in Gauss spaces. We assume here a 

knowledge of [ 1], or at least of its introductory paragraphs. 

The work is divided into 5 se~tions whose contents are: in 

section §I we give the fundamental concepts of n-groups and n-dynami­ 

cal system, together with basic notions needed for the subsequent sec 

tions. 

In section §II we prove several theorems showing the conne~- 

tion betwe8n the classical concept of dynamical system and the non­ 

deterrninistic one. 

In section §III we show how many concepts of the classical 

theory of dynamical systems in metric space can be extended to topo- 

logical spaces using ideas in non-deterministic rnathematics. Due to 
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lack of space we only touch thc main concepts. 

In section §IV we show that under proper conditions an n-dy~ 

namical system can be regarded as defined by a family of solutions of 

certain differential equations and vice-versa, namely, under proper 

conditions a family of solutions of certain differential equation de- 

fine an n-dynamical system. 

We close the section with an example and remarks to possible 

applications to Brownian motions. 

We want to·acknowledge the support of the University of Cam- 

pinas, S~o Paulo, Brasil, during the elaboration of this woik. 

Let us start now with some general considerations. 

Historically, the notion of dynamical system grew out from 

the work of S . .Lie and H. Poincaré, connected wi th the study of groups 

of transformations and differential equatións in Rn and can be intro­ 

duced as follows: let 

be a continuously differentiable function, where Rn is the 
n-dimen- 

sional Euclidean space and R stand for the real numbers, subjected to 

the conditions: 

n :;;; x, \Jx E R • 

Then we say that F is a dynamical system in Rn and under the 
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point of view of the theory of group of transforrnati.ons it i.s nothing 

else but a one-parameter group of transforrnati.ons i.n Rº. For basi.c 

knowledge in this area, besides the classi.cal works of S. Lie [ 2] and 

H. Poincaré [ 3] the best references are L. Pontrjagin [ 4] and Nernytski 

and Stepanov [ 5]. 

One of the reasons for the beauty of the classical theory lies 

on the fact that every dynarnical systern, under suitable conditions can 

be defined by a system of differential equations 

(1) = X. (x1 ••• x ) 
l. n i = 1 ... n 

whose solutions for each i.nital values (x~ ... x~) are differentiable 

curves in Rn described by the pàrameter t and as a resul t of unici ty 

of solutions of (1), under proper conditions on X., i = l ... n,we have 
l. 

that the function 

F(x,t) = f(x,t) 

where f(x,t) is a solution o f (1) passing through x E R11, de f Lrie s a 

one-parameter group of transformations of Rº, which is a dynamical 

system, when - 00 < t < + 00
• Conversely, if. we start from a àynarnical 

system F(x,t) in R
11 

we have that the family of f unc t.í on s of t .-f(x,t) 

= F (x, t) , for x E R N 1 are solutions of a system like (1) • These are 

classical results anda proof can be seen at [ 5]. 

Coming back to the definition of dynamical systern in Rº, we 

realize that condi tions (D1) and (D2) make sense.in any metríc space. 

Of course, we have to drop the assumption of dífferentiability of ? 

because such a concept does not exist for metric spaces in general. 
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As a consequence there are no differential equations and the situation 

described above for the classical cases does not exist. Naturally, ,a 

substitute to cover some of the difficulties, dueto the lack of dif­ 

ferentiability, was sought in the notion of tube and transversal sec­ 

tions, as developed by Bebutov and others (see [ 5], p. 332). This si! 

uation is one of the tragical consequences of the irnpious idea, which 

proclaims that derivatives are linear rnaps! Certainly, when sorne lin­ 

ear structure is available the concept of derivative is very conve­ 

niently expressed in terrns of linear rnaps, but it is a lack of feel­ 

ing for the deepest rneaning of the concept of derivative not to real­ 

ize that this concept is rnuch richer than the concept of linear maps. 

One of the main points of the prograrn of non-deterministic mathemat­ 

ics is the construction of a theory of derivatives in topological 5P~ 

ces cornpletely free from the yoke of linear maps. Now as such a theg 

ry already exists [ 1], one rnight be able to extend the theory of ay­ 

namical systems to general topological spaces with the possibility of 

re-establishing the harmony between such a concept and that of diffeE 

ential equations, in the line of the classical ideas. Of course, ay- 

namical systerns and differential equations have to be understood 

the sense of non-deterrninistic mathematics. 

The investigation of the possibility of such a theory is Bie 

aim of this work. 

2. We start with the introduction of the fundamental con- 

cepts relevant to this work and we recall that we assume knowledge of 

the basic notions of non-deterministic mathematics as can be seen 

[ 1 J'. 

in 

at 
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We assume that topological space means Hausdorff, i.e., T
2 

space, unless e xp Lí.c í, tly remarked otherwise, even though the basic def 

initions and concepts would be valid in general topological spaces. 

funon-deterministic mathernatics we do not consider points cf 

a set X as a fundamental concept in the sense that the defini tions of 

n-function and its continuity and differentiability do not use points 

but rather open sets. This even allows these concepts to be general­ 

ized in the level of categories as can be seen 3.t [ 61 • However, in this 

work we need, in many cases, to "localize" concepts and s o a substitute 

for "points" become necessary. That is the reason for introducing the 

concept of germ, below. In this paper everytime we considera pair 

(X, V) we always understand that '\}' is a farnily of collections of open 

sets, eventually open coverings, of the topological space X. 

sets 

Defini tion I - A germ p in a pair 

Ap of "V , with AP E a E V' and only one 
(J (J 

(X,\l) is a set of open 

for each a E V,such that 

Notation: 

and 

when we want to call attention that A~ belongs to the gerrn p.Certainly, 

when no confusion is pcssible we simplify notations by writing 

instead of 

A or o A 
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Defini tion I' - (a) Let U e X be an open set. We say 

germ 

1" > CI 

p { A p} E 'I '{ is i n 
CI CI 'V· 

we have A e U. 
1" 

, > o, t, 0 E '1/, implies A C A • 
t CI 

Let us discuss now a few notions connected with the concept 
of germ. 

that a 

U i r there is a E 11 such that for any t E tf', 

(b) A germ p = {l').;} 0 E'\?' is compatible wi th refinements 

If p = {A0} 0 E'J' is a germ in (X, \i') we call the nucleus 
E the set. 

n _'f;. t-ct,, 
oE\r o 

denoted by <p>. 

if 

of 

If the nucleus of p reduces to a single point we say that E 
is simple. 

Given a germ p = { Ap0}0 E\i'ºf (X, \Y) and a subset E of X we 

denote by p n E t- qi the fact that E n Ap t- q, fo~ all o E 4J', i. e· ' 
o 

Clearly, 1.· f E n ..J. 
<p> r t, this implies 

::::onversely. 
p n E t- t, but not 

Sometimes it is also convenient to index-the sets of a germ 

P not by 'J' but by an arbi trary set I fór which there is a surjection 
I -+ '°\r . 

We use the notation Cov X, to denote the set of all open co~ 

erings o f X and we say that a family '\r o f collections of sets .o f X 
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is cofinal in Cov 

t í.on o E V with 
X if for any covering a E Cov X there is a collec 

a> a. 

An n-function 

f: cx,\Y) + (y,-\J"•) 

is cofinal in Cov Y if {f'\.r (0)}0 Eif is cofinal in Cov Y. 

Proposi tion 1- If \Y is cofinal in Cov X . then any germ 

in (x,'11) is simple. 

p 

Proof - Asswne by contradiction, that p is a germ in (X, V ) 
such that <p) contains more than one point and let x1,x2 E <p>, x1tx2. 

Consider the open covering r of X defined as follows: 

As "\r is cofinal in Cov X , there is 0 E ·'\J' wi th o > r. But 

now any set A E a which contains x1 cannot contain x2 and vice­ 

versa and thi3 implies that <p> cannot contain both x1 and x2 co~­ 

trary to our asswnptions. Notice that this proposition is true also 

in spaces where any point is clcsed, i.e., more general than T2. 

3. Later ~n we shall need to introduce a topology in the 

set of germs of (x,'\.J) an d so we study this question in this paraqreph , 

we denote the s e t; of germs of (X,'\í) by l<x, '\l)] and we in­ 

troduce a topology in this set by specifying its open sets. 

This is done very easily as follows: Let A be any open set 

in X and p E (x,\}')J, with <p> e A, de.i:ine: 

<q> n A /- q,} • 
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~q- if for anY A subset E of [ (X, V )) is· defined to be open, 

_ p E E, there is A open in X that 

V A (p) C E • 

~.,/ E n F ~ ~ take anY (1) Let E,F be open in [ (X,Q )) and if r ~ 

· p E E n F. Then there are A,B open in X with 

Now 

. and the sarne applies for finitely many .[ (X, '\,0Í. E E ope.n sets in 1•···, n 
( ) { } 

. bº family open sets 2 Clearly if E. , 1 E I, is an ar itrary l 

in [ (X,<\J) 1 also u E. is an-open s e t, in [ (X,\r)] 
iEI 1 

Therefore (1) and (2) shows that we have 

[ (x,'\Y)) ·having all sets V A (p) as a base. 

In particular if all germs are simple any set 

a topology. . in 

open neighbourhood of p . This is not t r ue in general ·1f p 

simple. 

is 

is 

an 

not 

·0rns One can also investigate the question: what separation axi 

es­ of X are preserved in [(X,'\i )] ? But, we shall not study these qu 

tions now as they will not be used later on. In general, when all the 

germs are simple most properties of X are preserved in [ (X, tr') l • 

The topology. in [ (X, 'lJ> J defined above will be called ~ 

ical topology of [ (x/\Y) J • 

1. ntU - 4. We introduce now the concept of n-semi-group and 
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itively speaking, the definition imitates the usual one for semi- 

groups, namely a scmi-group G is a set together wi th an operation v.hid1 

associates to every pair (x,y) of elements of G another elernent z in 

G, being associative and having a zero. For an n-serni-group G we de­ 

fine an operation associating to every pair (A,B) of open sets in G 

another open sete in G. Naturally, these open sets belong to pres­ 

cribed coverings of G and several conditions are attached to the rnap 

(A,B) + C. 

As a preliminary to the definition we say that a n-function 
. I 

f: (X,\)) + (Y,\/) 

is gerrn preserving if for every germ p = {A0}0 EV in (X, '\1) ,we have 

that 

PI= {A'} ,<Y' o' 0' E 'V ' 

As a consequence of this def~tiition for a n-function to be 

germ preserving it is necessary that f\r' be surjective, but clear 

ly this is not sufficient as it is very easy to give examples of n- 

functions, even continuous, which are not germ preserving.We can also 

write p' as 

because 

f '\J' 
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defines, in the case we are considering, a surjection. Another con­ 

venient notation for p' is 

p 1 = f (p) • 

Definition II - A non-deterministic semi-group c:r, or n-semi-group 1, is a pair (X,ti(f') together with a germ preserving n-function. 

f: (x x x,'\v)-+ ex, V'> 
satisfying the condition: 

(G1) f\Jf is the "diagonal" of V' X if, i. e., coverings of X X X of 

the forrn 

o X o = {A X B; A,B E crE\}}. 

and 

f W (o x o ) = o • 

(G2) There i~ a unique gerrn e in. (x,'1f>, called the identity of 

.(X,'\7), such that for any o E'\rand any A,B E cr, BE e, we have 

(G3) For any o E t\..r' and A,B ,e E o we have the law: 

foxcr [ A x fcrxcr (B x C) 1 = fcrxcr [ fcrxcr (A x B) x C] . 
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Notations: 

germ in 

(1) p•q 

(X, V'}. 
= {f (A x B)} E)'(, AE p, BE q, axa a v which is a 

às 

(2) ::f we need to be rrore precise we indicate a n-semi-group } 

~ = { (X, V'> , f} . 

Definition II' - A non-deterministic group, abreviated n-group is a 

n-semi-group satisfying the condition 

(G) For any germ p in (X,'\.Í) there is a unique germ s in (X,'\l") such 

that fcr any a E '\i' and A,B E a, with A E p and BE s we have 

t.he germ s is called the inverse of p and i t is denoted by 
-1 s = p 

Also B is written as 
-1 

A • 

Remark -Ip this work we only use the concept of n-semi-grcup be- 

cause many properties of non-deterministic dynamical systems, to be 

defined ahead, do not, depend on the existence of on inverse. 

the theory of n-groups is ncit yet developed so that we even 

Also 

do not 

have good examples of n-groups. For n-semi-group non t r í, vial examples 

are easier to supply , as will be seen by the end of this section. How 

ever sorne of the results will be expressed in terms of n-groups. 

Defínition III - A n-semi-group 
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~= {(x,'VÍ, f} 

where f is continuous is called a cuntinuous n-semi-group. 

Definition IV - A n-group 

~ = {(X,V), f} is called a differentable n-group 

or a n-Lie group if X has a structure r:y of Gauss space together wi th 

a Gauss transformation G : j 
f is differentiable relative to~ 

Remarks 

.--:" ---->J, which is the identity mapand 

(a) We cbserve that definition IV is a natural generalization 

of a Lie group, in the spirit of non-deterministic mathematics.In the 

classical case we need X to be analytic manifold because we cannot 

speak of differentiable functions for topological spaces in general. 
- 

But in non-deterrninistic mathematics we do not need such restriction 

because the concept of differentiability can be defined for topologi­ 

cal spaces hav í nç a Gauss structure and when G: j -->i is the iden- 
i. 

tity and f is differentiable1in the sense of non-deterministiC 

mathematics, we can use Definition IV. 

(b) Analysing defini tion IV we no t t ce further that the stru~ 

ture of n-semi-group defined in 
(X,\Y) induces a structure of semi- 

group, in the usual s en se , in [ (X, '\Y)] given by 

(p,q) ----> p•q 

as defined above and then we call { (X,if)] the semi-group of 

of (x,'\f). Naturally one might ask if any usual semi-group G is i!;;o­ 

morphic ~ith the semi-group of germs of some pair (X,\)) with a stru~ 

germ5 
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ture of n-semi-group. If this is true we can study perhaps ~he pro- 

perties of G by looking to { (x,ef), f}. For instance, suppose f ge!!_ 

erates some usual continuous functions ~ :X x X > X which might 

also give a semi-group structure in X and then we ask about relations, 

in terms of semi-group, between G and X Furthermore, if X has 

a Gauss structure i , it is possible that Df, the n-derivative o f f, 

defines a function w:X x X---> R (reals) which can be interpreted 

as a "derivative" of the product ~ in X and connected in some way 

with a "derivative" of the product in G. This is a program we do not 

consider now and we restrict ouselves later on in studying some con­ 

nect.:i,.on between n-semi-groups and usual semi-groups. 

s. Now we are prepared to introduce the idea 0f non-deterministic dy 

namical system and we start with some preliminary notions. Our first 

step is the generalization of the concept of family of transformations 

in the sense of non-deterministic mathematics and roughly speaking we 

want to introduce a family of n-functions 

g: (X, \J). ~ (X, '\f) 

which is a continuous family in some sense and each n-function of the 

family is a kind of generalizecl homeomorphism. 

Let (X, tr'> , (Y, Vi) be pairs and consider the n-function 

f: ( X X y, \~) --> (X, \Y) . 
wi th ~'./ defined as follows: we assume tha t there is a bijection, 
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compa tib le wi th re f i nemen ts of ~ and '\.1' , i. e. , 

and thcn any 

o < t <= A (o) <. A (t) 

o E vt is of the type 'W" 

with o E '\J" and o'= A (o)o E \J" 

Under these conditions we say that f is A-regulated. Consider 

any germ p' in (Y, \Y') and define 

p' 
f'\)' 

by 

X 01 

f::(o) = f (o xo ") o 
V "fl = 1 

where o E 'lJ' and o' = A(cr). Also for every. o E f'-J' we define 

fP': 
.o 

by 

for every A E o and 

·V'-,,\Y 

o-> a 

f P0 
1 

(A) = f (AxA' ) oxa' 

now 

A' E o', A' E p'. This defines a n-function 

---'> ( X , 'lJ} 

The family {fP
1

}, p' E [(Y,\Í)J is called a of =-f:...::am~i:....l~y.__ _ 

• 
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n-functions gern~rated by f and (Y, '\1•) is called space o f parameters. 

We also say tha t fp' is generated by f at p'. The name transforma- 

tion will apply when both 

all p' and all 0. 

,,p' 
.LV and o' f· 

0 
are one-to-one and onto for 

Definition V - A n-dynarnical systern on (X, '\1) is a germ preserving n­ 

function 

f: (XXr> ,~,Y)--> (X,·'\1) 

where 

(D
1
) P is the space of a continuous n-serni-group (P, V'p) 

(D
2
) f is A·regulated wi th J\ :lf---~> v; 

(D
3

) The farnily of n-functions {fPp} having (P,"\J:) as p 
of pararneters qerie r a t.ed by f is a farnily of 

tions such that the rnap 

p 
----> f p 

space 

transforma- 

is a hornornorphism of [(P, ·v;)l onto the set of transformations 

with internal law of cornposition given by the cornposition of two trans 

formations, namely 

p o qp 
f p 

Notation - A n-dynarnical system as just defined will be denoted by 

{ (X, 1jÍ , f}. 
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Remarks (a) If the space of parameter is a n-group each 

fPp must have an inversa, precisely fPP1, because 

n-function, 

-1 -1 p 
P 

• p - 1.· de n t L ty ----> f Pp º f P = i· de n t L ty. p p - . 

This means that for every pp E [(P, v-;,11 

f Pp V'.--» '\J 
Pp 
f a ----> a, all CJ E ·V' I 

are all one-to-one and onto. So in this case the fact that all rP are 

transformations is a consequence of the space of parameter being a n­ 

group and need not be assumed in (D
3
). _ 

p 
As a consequence we call the family {f P} the co!1tinuous n- 

semi-group of transformations of (X, V) generated by f which we de- 

note by 

b[(X, '1J"), f]. 

(b) We say that the n-dynamical system · 

f : (Xxp ,''IJ)--> (X,\(', 

is continuous if f is continuous. In the same.way we say that it is 

regular, fully regular, etc. , if the sarne is true for f and these C'2,!1 

cepts are defined in §II, 1. 

We do not claim that Pp --> fPp is one-to-one, so that to 
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different Pp might correspond the sarne fPP_ The concept of essen­ 

tial n-dynamical sys tem gi ven below wi 11 clari fy this si tuation. 

(e) We write n-D.S. for n-dynamical system and very oftenwe 

"drop the n" and just write D.S. and dynamical systern. 

Later on we introduce the generalization of many concepts 

classically attached to dynarnical system, like, point of equilibrium, 

lirnit sets,etc., but right now we only define some fundamental notions 

connected with n-D.S. 

If we give a germ 

e~ before a n-function 

p in we can define also as expla~~ 

---~ (x,\J) 

which will be called, motions of the given àynamical 

through p. We say that a gerrn q of (x,3JJ belongs to 

fp µsing the notation q E. fp if there is a germ qp _, , 

that 

fP(qp) = q. 

systern passing 

the image of 

in (P, v;,, such 

If the motion fp is continuous, then when ep, the identity 

Ln {P, r\.fp), is compa t í b Le with refinements the sarne holds for p. 

Proposition 2 - Given a n-dynamical system 

f: (XxP,W)--- 
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--:( Ln wi th i cofinal in Cov X, then for every germ p in (X, ) or Pp 

(P, '\f~), both fP and f p P are also cofinal in Cov X. 

Pr~of - Let r be an arbi trary open covering of X . 

(JYJ' E 'i/J with 
Then . there iS 

By definition of 

and the sarne for 

fp; we have that, with 

Pp 
f 

what- proves tht proposition. 

ª,w = = A(o), 

We finish this paragraph by introducing a few 

which, even though not necessarily needed in this paper, 

other concept5 

Sed might be u 

in further works and this justifies their introduction here,whose rnaiP 

goal is to lay down foundations for further developments. 

Proposition 3 - Let 

be a oon t.Lnuous n-semi-group. Then f .Ls also a n-D.S. with (X, tf) as 

space of parameters. 
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Proof 
From definition V we see that (D1) is given and (D2) is ob 

vious by taking A: o--> das the identity. As for (D3) we proceed 

as follows: for any o E .f'\j' and any A E o we have 

fp•q(A) = f [A x f (Bll.C)] a axa axa 

where 

B, e E a , BE p, e E q. 

t; [i; (A)] = fax a [fp (A) x C] .. = f [f (AxB) x C] 
axa oxa 

= f [A x f (BxC) l axa axa 

what shows that 
fp·q q. p = f o f 

proving (D
3

) and also the. proposition. 

Definition VI - A n-dynamical system 

f: (XXP ,vS)--> (X, if) 

is essential if. 

in u 

Also 

(E
1
) For any open set U C P the set U (P) of the germs of P 

is not ernpty; 

(E
2
) there is an open covering r . of P , such that for any 

UE r the function 
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Pp 

for Pp E U (P) is one-to-one. 

This definition is just the generalization of the idea, very 

popular for Lie groups, that each point of the space 
of 

has a neighborhood homeomorphic wi th an open set of the group. 

parameters 

we 
have not yet studied the question: if ~ny n-D.S~ has this kind of 

parametrization or not, even though this seems to be an interesting. 

question. 

Definition VII - A morphism of n-dynamical systems is a pair 

of germ preserving n-functions, such that the diagram 

(Xxp ,'VJ) f 
(X,\f) :> l h l k 

(X' xp' ,r\iÚ') f' 
(X',ifi) :> 

(h, k) 

commutes. We denote this by 

~ = (h, k) f ---;:, f' 

We observe that we have a category ·whose objects are n-D.S· 

and the rnorphisms are as define·d above. The isomorphisms o f this cat ... 

egory are called equivalences of n-dvnamical s t 
ys ems. 

A zero automorphism o f (P, '\Y. ) is !=l n-function 
p 
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X (P, v;) 
such that 

is the identity and for any we have 

where e is the identi ty of 

good for n-group (x,'ff). 

(P, 'lfp) . Clearly, t.h í.s defini tion is also 

5. We discuss now several examples and make several remarks corcerning 

the motions introduced above. 

Example ~ - Consider the set of non-negati ve real nurnbers R+ wi th the 

canonical family of coverings flJ , namely ef is made up of open cove_E 

ings o
1

, 0
2 

... ºn··· defined as follows: ºn is the set of all in­ 

tervals 

<· X < i + i } i > 1 

plus 

In ={O< x < l} 
o 
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To introduce in (R+,\yí a structure of n-semi-group we define 

+ + A,( f: (R xR , 1/v) 

as follows: W is the family of all coverings 

is defined as 

Now for any 
n 
ª,w 

by 

a) f n 
ª,w- 

E tv,f we 

f n 
ªw 

define 

n ªw 

(A X B) =A, 

if A x B has a larger area below the diagonal t of R+ x R+. 

b) f n (A x B) = B 
ªví 

n ªA.J = o n 

if . A x B n as a larger area above the diagonal t . 

e) When l:!. divides A x B in egúal areas then clearly A""8 

and so apply ei ther a) or 

The germ 

n 
(J 

n ----> (J 

b) above. 

n > 1 

A, B E n o 

X (J n and 

is the identi ty and we leave for 

the reader to check all conditions of definition II. The structure 

of n-semi-group so defined in (R+,if) satisfies also the commutatiVe 
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law. 

For later use we want to discuss an irnportant property of 

(R+,1/). Suppose we have a sequence of number {t.}, i > 1, inR+ with 
1 - 

lim 
i -+ CX) 

t. ::: + CX) 

1 

and consider in ªn a sequence of intervals A1, i ~ 1, wi th ti E Ai . 

Then we say that the sequence {Ai} tends to + 00
, writing 

A. 
l. 
----.> + 00 

Now if we take any B E a n and if we denote with a dot the 

multiplication in (R+,\f) defined above we have that 

Ai• B --> + oo 

as w~ll. This property will be used in §III. 

Example 2 - Let T bethe set of rea+ numbers with the dis 

crete tópology and let 1\Í be the farnily containing t~e unique cover­ 

ing of R whose open sets are points.· Define 

f: (RxR,W) -> (R, '\[) 

as follows 

'f (oxa) == o 
N.J 

and for each pair A, B E a define 

f (A x B) ==A+ B axo 
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where + is the usual addi tion in R because A and B 

points. 
are single 

In this case we have in (R,1)') really a structure of n-group 

which is essentially the sarne as the usual additive group in R. This 

is a trivial example, but so far we do not know other ex_amples very dif 

ferent from the one just given.More precisely if we take '\r as the 

canonical family of coverings in R defined in similar way as for e~ 

ample 1, there is no continuous n-group structure in (R,'\1) having as 

identity the germ 
o 

e == {A } , n > l , n 

-1 
< X < 

and such that the inverse of 

the origin. 

A E a n n 

with 

is its symrnetric relative to 

To see that consider a
1 

and a
2 

> a
1 

and let 
> 

Al == {O < X < l} E ª1 
o 

{- 1 _!_} A = -2- < X < E ª1 l 2 
o 

{- _!__ < _!_} A2 - X < E 
ª2 4 4 

ª2 == {O < X < _!_} E ª2 2 

Then, does not matter how we define the 

(R,riJ') we have 
multiplication 

24 

in 
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A A
0 

1 • 1 = 

B B-l A0 

2 • 2 2 

But then the multiplication is not continuous because 

Certainly one would object that we could define the inverse 

of An in a different manner. Maybe it is possible to do it but the 

situation above shows very clear what kind of difficulties we ~1counter 

to define oontinUOUS n-group-
0
0D the real liI18• Of course. if we drop the contin 

ui ty things are much easier. 

Remark - 
As shown by the examples above we have a feeling 

that may 

be a more convenient definition of n-group could be thought. For ins- 

tance one might relax the condition 

fw {<J X O) :: (J 

by putting 

f~ 
(cr.x o ) 

where the choice of T depends an o. However we do not investigate 

those question now an d we postpone this question for future publica- 

tions. 
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§ I·I 

Fel~ation_s bety1een n_-D,__.';). _ a_rld usual dyna:nical s~stems 

1. In his Ph.D. thesis [7], A.V. Jansen studies the conne~_ 

tions between n-functions and usual functions in general and we intend 

to apply his results to the case of n-dynamical systems, as they are. 

defined by a n-function 

---> (X,\)). 

Unfortunately, as Jansen's thesis has not been published 

other than internally at Me Master University, we start by recalling 

some of his results needed here. Some of these are also referred at 

[11. 

Consider the continuous n-function 

f (X,\J ) ---> (Y, '\f, ) 

and the usual continuous function 

- <!> : X ---> Y. 

We say that f generate ct, if for any x E X and any neigh- 

borhood V of <!> (x), there is a E 'IJ and A E a , such that: 

(i) X E A, 

(ii) <f> (x) E f
0 

(A), 

(iii) f
0 

(A) e v. 
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A n-function 

f (X,'\J) (Y, V') 

is 

(I) Pointwise cofinal if for any r E Cov Y an d any x E X 

there is 

D E f • 

0 E~ and _'l\ E o , wi th X E A and f {A) C D, 
(5 

for some 

(II) Cofinal in Cov Y, as seen before in §I, if {f(a)}aE'v is 

cofinal in Cov Y, in the sense that for·any covering r of Y there is 

O E V' such that f(a) > r 

(III) regular , if A,B, E a E with 

f (A) n f (B) -/ <P • 
O 0 

(IV) fully regular, if A E CT, BE 1 , with a,-r E~,AnB-/ (j) 

> f (A) n f (B) f <P • 
o l 

Remark: Given a n- D.S. 

f: (XxP ,\V) ---> cx,V' > 

it:s motions fp, p E [ (X, V>} ar~ not necessarily continuous, 
unless 

p is compatible with refinements. However they are always fully reg~ 

lar if \V' is cofinal Ln cov. (XxP) , as easily seen. This remark is ve ry 

irnportant to have in mind in the following. 

Proposition 1 (A.V.Jansen) - Let a n-function 

f :(x,'\Í> 
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be continuous, 

28 

pontwise co f í.na l; with ~ cofinal in Cov X and X, Y 

regular TI" Then there is a uni.que continuous function 4>: X-> Y gene_!: 

ated by f. 

Proof: It will bc too long to reproduce here and it can be 

seen at [7) and we content ourselves in showing how qi is defined,what 

is going to be important to have in mind later on. We start by prov­ 

ing that for any x E X there is exactly one point y E Y such that 

for any 

y E f
0 

(A) 

o E ~and any A Eo such that 

t(x) = y 

is the identity n-function, namely 

and 

X E A. After that 

f : ex/V'>--» ex, V> 

ff\f '\T --,. V 

WE; define 

and proceed to prove its continuity and unity. 

As a corollary to this propcsitionv-.B also have the result:if 

f0 o -> o for all o E \f 
are identity functions, then the function qi: x + x generated by f 
is also the identity function. 

Furthermore, if we compose two n-functions f,g, their com­ 

position carries over the generated functions, namely, if f gerierates 
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<t> and g generates ljJ, then f 0g generates cp0ljJ. All these 

are due to A. V. Jansen [ 7 ]. 

Proposi tion 2. Let X be a regular space and 

results 

f : cx,\f> -> CY, V· > 
be continuous wi th '\f cofinal in Cov X arid suppose that f generates 

a rnap 4': X -+ Y. Then for every x E X and any o E V and any A E 0 

with x E A we have 

<j) (x) E f
0 

(A) 

Proof: See [ 7] p. 5, Lemma 3, after comparison with lernma 1, 

p. 4. 
Proposition 2' - The sarne conclusion of Proposition 2 holds 

if f is fully regular. 

Proof : See { 7 ] p. 5 , Lemma 3. 

Definition I An n-dynamical syEtem 

t= cxxP,"-V> -+ cx,V> 

is pointwise cofinal if the sarne holds for f. 

2. Let us now study the relations between n-dyna~ical sys­ 

tems and usual semi-groups of tranforroations and also connections be­ 

tween n-semi-groups and usual semi-grO\.:ps. By usual semi-group of 

transformations of a topological space X having a semi-group P as 

space of parameters we understand a function 
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cj>: Xxp ~ X 

such that: 

(G1) for the identity 1 of P and any 
x E X we have 

cj>(x,1) =x 

(G2) for any t,t' E P and any x E X we have 

cj>(<p(x,t) ,t') = <P(x,t•t') 

where the dot • is the multiplication in P. 

If P is also a topological semi-group we say that the semi- 

group of transformations is continuous. All n-functions 

in this paragraph are supposed to be continuous, unless stated other- 
considered 

wise. 

Theorem 1 Let X be a regular space and 

f = e x» p , vv > ~ ex , v- > 
a pointwise cofinal n-dynamical system wi th '\A( cofirial in Cov 

Then f defines· a usual semi-group of transformations of x 

•.j.,: XX[(P,17;)] ~ X 

(xxp) • 

which is continuous, having as space of parameters the semi-group of 

germs of (P,'\Jp) with the topology defined in §I, 3. 

Proof: Let <P be the continuous function 

<fl: XXP-...x 
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as gi~en by Proposition l and define by 

l)J(x,p) = q,(x,<p >) p p 

for any x E X and any p P E [ ( P, \J-;,)) , what makes sense because 'being 

cofinal in Cov (XxP) implies that '\íp is cofinal in Cov P and so all 

germs in (P, ·\J'p) ar e simple (§I, 2, Prop. 1). 

(a) ljJ is continuous. Indeed, take any (x,pp) E X x [ (P,llpll 

V (y) an arbitrary neighbourhood of · y = l)J (x,pp). As 4i is contin- 
and 

uous, there is a neighbourhood V (x, t), wi th 
t = <p >, such that 

.P 

q,[V(x,t)l e V(y). 

Select V (x) and V (t) wi th 

V(x) X V(t) e V(x,t) 

and define 
V (o ) as the set of all germsq _ P such 

~ p 

which is a neighbourhood of p P in the topology of 

any g E V( p ) and any z E v(x) we have 
p p. 

th a t < qp > E V ( t) , 

[ (P, V: ) ] . Then for p 

= <j>(z,<q >) E V(y) p 

and soo/ is continuous. 

(b) If ep is the identi ty in 
1)1 (x, e ) = x. InGeed, 

p 

let 
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and look to 

We have for any o E if and A E o , 

e be ca use f is an n-D. S. (Def V, D
3
). Hence f P is the 

function and generates the identity map. Let us show that 
identity n- 

fep also 

generates cjJ(x,t), t = <e/, regarded as a map, X+ X. Take V(y) 

arbi trary neighbourhood of y = 4> (x, t) for an arbi trary · x E x • As f 

generates cp, there is ~,tó E v/ arid (x, t) E A tvJ = AxA
0
P E ºvi auch that 

(i) f (AxA ) C. V (y) 
ªl'wJ p 

(ii) y E f (AxAP). 
o "4' 

with 
As ~P is cofinal in Cov P, there is T > o and 

p p 
-1 . A,P e AP and so by Proposition 2,. with, = A (TP), 

an 

Aº E T 
t . p 
p 

f~ (A) = 
t f (AxAº ) e f (AXA ) e V(y) ºrw 'p . º,w- p 

and 

e = f p (A) 
t 
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what proves that fep generates 

ge~erated function we have that cjl{x,t) is the identity map in x 

so for any x E X, 

cjl(x,t) =X 

what implies that 

t/1 { X , ep ) = cjJ ( X , < e p > ) = <P ( X , t ) = X • 

(e) For any 

(1) 

X E X and p 1 p 

Indeed, by definition we have 
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cjl(x,t). Now, by the unity' of the 

qp E [ {P, V-:)J we have 

cji[cjl{x,<p >),<q >] p p 

cjl(x,<p •q >) p p • 

and 

Now fp generates cp(x,<pp>) and fqp generates_<j)(x,<qp>), as can be 

proved in the sarne way we did for e P above, whãt implies 

f
q p o . f p p ) ] · 

1 

generates <j)[<j) (x, <p > , <q > , by A. V. Jansen s 
p p 

pointed out before :.) But as f is a n-D.S., 

that 

results as 

p •q 
= f p . ·p 

d f
pp•qp ) h th t an as generates cjl(x,<p ·q > we ave a p p 

(.) Recall that according to remark of §II, 1 

regular. 

Pp qp 
f and f are fully 
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which by (2) gives (1). 

Therefore, in conclusion ljJ satisfies all the requirements 

to be a usual group of transformations and the theorem is proved. 

Theorem 2: Let X be a regular space and 

f: ( x- X' \Ú) -+ ( X , Vi 
a n-group wi th \(J cofinal in Cov (Xxx) and f pointwise cofinal. Then 
the map 

generated by f induces in X à structure of topological group and the 
function 

ct> : [ (X, \r) ] -+ X 

given by 

ct> (p) = <p> 

for all p E [ (X,~) ] is a hornomorphism of topological groups. 

Proof: As 'v.f'is cofinal in Cov(Xxx), \Y'is also cofinal in 

Cov X and so all germs in (X,·'\)") are simple. We have to show that Q, 

regarded as an algebraic ope~ation, has identity, inverse and is as­ 

sociative. To do this we take e the identity germ in (X, '\7Í and as 

seen in the proof of theorem 1 we have for any x ex, 
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cj>(x,<e>) -- x = cj>(<e>,x) 

so that <e> is the identity of the operation cj>. Consider now any germ 
Ar/. -1 P in (X, 'V ) wi th <p> = x and let y = <p >. If l is the identi ty of 

</> as just defined, i.e., 1 = <e>, we have, for any oe::1l'and A-l E 0 

with 
-1 -1 

A E p, A E p 

what is eguivalent to say, because \ris cofinal in Cov X , that any 

neighbourhood of l Ln X intersects all sets foxo (BxC) for all o E ·{l' 
and B, e E o, x E B, y E e. By the way <P is defined in Proposition 1, 

we conclude that 

<P (x,y) == l , 

what shows that every x E X has an inverse Y E X by </>- Finally to 

show that cp is associative we define the n-function 

F: (XxXxX, ~ -+ (X, Ú) 

by considering 

(i) if = (o xo xo , o E 1J} , 
(ii) F\lf (oxoxo) = o, all 

(iii) F (AxBxC) == f (Ax f (BxC)) = 
oxoxo oxo oxo 

=f (f (AxB)xC] foralloEr\YandA,B,CEo. 
axo oxo ' 
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Now if we take x,y,z E X arbitrary and A,B,C E cr with xE A, 

y E B, z E e, by Proposition 2 we conclude that 

and 

<P[ <P (x,y), z] E f"crxo[ fcrxcr (AxB) xc] , 

what by the definition of f Lrnp Lí.e s that it generates both (jl[x,<j)(y,z)] 

and (j)[<j)(x,y) ,z] and therefore by the unity of the generated function 

<P[x,(j)(y,z)] = <P[qi(x,y),z] 

and hence qi is associative and define a group structure in X. We say 

that the group (X, qi) is generated by the n-group {(X, V) , f}. 
Now by Proposition 3, §I, we can regard f as a n-D.S. and 

Iode to 

ij,: X x[(X,'\()] -+ X 

as defined in Theorem 1. To prove that ~ is a hornornorphism we know a L> 

ready as seen above that <e>= 1, i.e., 

<l> (e) = 1 . 

Now ·considering any p,q E [ (X, \r)] we have 
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\)![1,(x,p), q] = cp[qi(x,<p>),<q>] = 

= (j)(x,<p>•<q>) = qi(x,<fl(p)·.•<!>(q)) 

and 
ljJ(x,p•q) = cp(x,<p•q>) = qi(x,<fl(p•q)) 

As 
1/J [t/1 (x, p) ,q] = ljJ (x,p•q) 

we have that 

cp(x,1'(p)·cl>(q)) = cp(x,1'(p•q)) 

andas cp is a group operation 

4> (p) •<!> (q) = 1' (p•q) 

what sbows that cp is a homon~rphism. 

Finally we have to show that the product in [(X,"\Í)] is 

tinuous. Let V(<p·p•>) be an arbitrary ~eighbourhood of <p•q> 

As ~ is cofinal Ln cov X, there is o E V such t;hat any D E o 

con 

in X. 

with 

<p•q> E D implies that De v(<p•q>). By definition of the product 

p•q if A E p, BE q, then 

<p•q> E f (AXB) E O 
(JXO 

and so 
f (AxB) C V(<p•q>). 
(JXO 
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bet 

V (p) == { p' 

V (q) = {q' 

be two neighbourhoods of p and q 

in Cov X, if p' == {A;
1

}0 E"\j'', q' = 
that 

p' 
A e A, o 

<p' > E A} 

<q' > E B} 

in [(x,'1i')J. Again, as ·'tY is rofinal. 
{B; 

1

} 0 E V"'' there is o E V-" such 

q' 
B C B, o 

what implies that 

f (AP
1 

x a1) e f (AxBJ e V(<p•q>) •. oxa a a axa 

Therefore 

<p'•q'> E V(<p•q>). 

what proves that 

V(p)•V(q) C V(p•q) 

and so the product in [ (X, if)] is continuous and [(X, 1fÍ J is a topo 1°9. 
ical group. The continui ty o f 1' 1s immediately from the definition of the 

topology in [(X,ef)]. Therefore the ·i:heorem is proved. 

Theorem 3. Let X be a regular and 

f : (X X p' W> -j>. (X, t\.Yi 

c:rd 
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be a pointwise. cofinal n-dynamical system wi th '\,l( cofinal Ln' Cov (XxP). 

Then thc map cp 

cp X X p --> X 

generated by f is a semi-group of transformation of X in the usual 

sense. 

Proof - By theorem 2, p has a semi-group structure generated by the 

structure of n-semi-group of (P,,v;) and by theorem 1 we have a t:sual 

semi-group of transformations 

Then if 1 is t.h e identity of P we have, with 
1 =<e>, p 

and for any t, t' E P and 
Pp, p~ E [ (P, V:,>) , wi th t=<pp>, 

t'==<p'> p , 

we have 
== 

As~ defined in theorem 2 is a homomorphism we have 

-+-(x,t·t') = (j)(x,<p >•<p' >) == <j>(x,'-!>(p) <t>(p')) == 
'I' p p Pº p 

= ii,{x,<t>(p ·p')) = cp(x,<p •p'>) = p p p p 

= ip(x,p ·p') == cp[cp(x,t),t'J 
p p 
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and this proves the theorem. 

Remark - We have seen that in all three theorems proved before it is 

important for f to be pointwise cofinal and 'vl"Í cofinal and X regular. 

This justifi~s the definition. 

Definition II - A n-dynarnical system 

f (X X p' ~~ --> (X, V> 

is regula_r if f is pointwise cofinal, 'vif is cofinal in Cov (XXP) and 

X is a regular Hausdorff space. 

Rernark - In A.V. Jansen's thesis other theorerns showing that n-funE 

tions generate usual functions are proved, which instead 
of 

wise cofinal use regular. So we believe that theorerns similar to those 

proved iq this paragraph rnight also be true under the hypothesis of 

regular inst~ad of pointwise cofinal for the n-functions involved.Ho~ 

poin_!::- 

ever we do not treat ttese questions here. 
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§ III 

Limit_scts and related~~j:s 

1. In the classical theory of dynamical systems after the basic def 

inition one start introducing several concepts which approach the the 

ory more and more of its important applications to physics and other 

branches of science. These are the concepts of point of equilibriwn, 

limit sets, centre of attraction, etc., which are all very appealing 

to physical sciences. our intention in this paragraph is to show how ;-, . 

most of these concepts have a natural extension to n-dynamical system. 

In this paragraph al 1 n-semi-groups (P, '\JP) are supposed to 

be wi th p = R, the set of real numbers wi th i ts usual topological and 

algebraic structures. Also the coverings 

open inter:vals. 

of ~ will be made of p 

Defini tion I - A germ 
p E [(x,'lf>J is called an equilibriwn 

rest position of a n-n.s. 

f: 

or a 

(X X p Af>-->: (X, ,'if> 

if for any 
~ E ·" < and any AP E crp we have wi th 
vp Vp 

f (A x Ap) = A E o 
crM 

A E P• 

Definition II - A motion 
fP, p E [(x,V)) of a n-o.s. 

f: (X X R,V>-__.;, (X, V> 
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is called a periodic motion if: 

(P 1) there is a number K > o s uch that for any ªP E v; 
and for any t E R and Ap, BP E ªP' with t E A t± 8 K E BP p' 
rn> O, we have 

= fp (B ) • a P ' p 

(P2) the infimum of all K satisfying (P
1
) is a positive 

nurnber T, called the period of the motion f P ·. The frequency of f P is 

the number V = 1/m. 
.l 

· Theorem 1 - Let p E [ (X, V'>J be an equilibriu.rn position. Let q b e 

any germ in (x,t-J) and suppose that for some AI?, E cp we have 

fq (A ) = A E p. 
p 

Then for any other BP E o P we also have 

fq (A • B ) == A p p 

Proof - We have, for any AP E ºp 

f (A X A) == A º'\IJ"' p • 

Also for any B E o and B E o , B E p p p we have 
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fq (A •B ) == f (B X A • B ) = f [ f (B X A ) X B ] 
(J p p ª\l( p p (J~ (J AJ./ '.P p 
p 

= f [fq (A ) X B ) 
a A.J} a P p p = 

The in.tuitive meanjng of this theorem is that whenever we at 

tain a point of equilibrium we stay there. lf (P,"\Jp) is a 

then we can also prove that a position of equilibrium cannot either be 

attained. Indeed 

f~ (Ap)_= A E p ,_ 
p 

Then we have 

By another side as for any BE q, BE cr, 

<~ (A ) = 
p p 

we have 

suppose that for some A E cr we have 
p p 

f (B X A ) 
ªtvf p 

A E o 

AEp. 

-1 
= f B X (A' ·A )] = 

ª"li p p 

n-group 

= f (B x Aº ) = B E q, 
ªAJr p 

' ' 
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which is a contradiction, because p n q = ~- 

Defini tion III - Let f P be a motion of a n-D. S, 

f: (Xxp, \Jf)--> (X, t\)Í. 

The trajectory or orbit of fp is the subset of X given 

In previous work a similar motion was associated with 

idea of particle as can be seen at [ l] and it helps in giving more 

geometric insight into many questions connected with n-D.S., 

shall see in the following pages. 

For our next theorem we need a result which is interestin9 

by itself given in the proposition below. 

by 

the 

as we 

Proposition l - Let 

f: (X, 1'.J)-___.,, (X, V·) 

be a cofinal in Cov X, n-function wi th · y p~racompact and 1J made up 

of finite open coverings. Then T(f), as given by definition III,i.e-, 

T {f) 

is compact subset of Y. 

u 
A E: cr 

Proof - If T(f) is empty nothing is to be proved. Otherwise let rc 
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be 
an ope n covering o f T ( f) . As Y is · paracompact i t is normal and 

as T(f) is closed, there is an open set V, such that: 

(i) V :> T ( f) 

(ii) V e u E 
EEf e 

Define r as open covering of y given by r together with 
e 

the open set Y-V. AS f is cofinal in. Cov Y, +he re is o E '\i' with 

ft\f ( CT) > f 

andas every f
0 

(A), A E CT , intersects V they must all be contained 

in sets of r and so there are finitely many open sets of 
e 

rc, E
1
,E

2 
... En such that 

u 
AEO 

ü f (A) C E. 1 

because o is fini te. As Y is paracompact every open covering r h a s 

an open refinement f' such that for every set E' E f' 

E E r with E' E E. Therefore we can assume also that 

there is 

(} 
i=l 

E. 
]. 

-this implies that 

ü 
i:=l 

E. 
]. 

f (A) :> T(f), 
CT 
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what proves that T(f) is cornpact. 

Corollary 1 - Let 

f: (x,'\f )--> (Y, V· l 
be a n-function, cofinal in Cov Y, wi th V cofinal Ln Cov X, X cornpact 

and Y paracompact. Then T(f) is a cornpact subset of Y. 

Proof - This corollary reduces to Propositio~ 1 if we show that T(f) 

can be defined by using only finite subcoverings of 

o E ~ Indeed , to every o E \f let us associate a covering 

every covering 

'\, 
a by 

selecting finitely many sets of o, whãt is possible because X isco~ 

pact. We have 

u f (A) C u 
a "' AEo A Eo 

Indeed, as V is cofinal in Cov X there is T E tf wi th t > ~ so that 

T (f) e l.J f (B) e U"'f0(A) B ET T 
A Eo 

what implies that 

n T (f) = U"' f (A) oE \f À E o a . 

Given a pair· 

compact subsets of X, if given any compact subset 

ily of all coverings of K given by 

(X, \Y) we say that f ,/i· s· 
V cofinal relativelv t_E 

K of X the f~ 
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ªK = {A E a; A n K f q>} 

for each a E \r is cofinal Ln cov K. 

Tl].eorem 2 - Let 
fP, p E [ (X,\r)J be a periodic motion of the n-D.& 

where· fp is cofinal in Cov X, X is paracompact and in the pair 

(R ,'~ 1 , '\lp is co final relati ve 1 y to compact subsets of R. Then T ( fp 1 

is a compact subset of X. 

Proof - 
As fp is periodic we can consider fp as a n-function 

. - 
fp: (I, '\7r)-~> (x,'\1) 

when I is a closed and bounded interval óf R and \J; is given by 

all coverings 
. { A Ecr A n I_. ~ ,i,.} ºr: p pi p r 'I' 

But·now, under the hypothesis of the theorem, fp satisfies 

all conditions of Proposition 1 and its corollary and so T(fpl is com 

pact, what proves the theorem. 

Remark - A similar theorem can be proved by assuming 

that for any 

ºP E v;,, ªr is finite- We use now Proposition 1 only, to prove the 

theorem. For reference we state this result explicity: 
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Theorem 2' - Let fp , p E [ (X,'\.(>] be a periodic motion of the n-D. 5 · 

f: (XxR, 'W')---> (X, 'IÍ) 

wherc fp is cofinal in Cov X, X is paracompact and in the pair 

(R, o/p) , for every ºP 

terval I of R that 
we have for each bounded and closed 

is finite. Then T(fp) is a compact subset of X. 

h 
· of .1.· n- 2. In tis section we investigate the main properties 

variant sets and limit sets of a n-o.s. 

· Defini tion IV - A set M of gerrns of · (X ,·1J') is an invariant set of 
the n-D.S. 

f: (Xxp ,WJ --~- (x/lJ') 

is for any germ p E [ (X, '\f)] , wi th 
p E H, we have 

fP (p ) E M p 

for any Pp E [ (P, V:,1 J •. The union of all 

nucleus of M and is indicated by <M>. 
<p>, p EM is called 

Definition V - A germ p E [(X,1f)] 

q ,v.,,, motion f, q E [(X, )] of a n-D.s. 
is called a a 

f: (XxR,'\if) > (X, V) 
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if there · 1.s a sequence 

of germs {pn} in P n>l 

(½:r> 

tn E R, n > 1, 

(R, v;) with 

n p P n [ tn' + co] I <P , n = 1, 2, .•. ' 
o 

for any neighborhood VE(p} in the canonical topology 

of [ (X,·\!)] 

(1 E ~ and A E (J, A E p 

there is an integer n (cr) > O o 
- 

s uch that 

lim 
n+> 

t = + 00 and a n 
sequence 

Notation 

Definitton IV - The (L+) - limit set of a motion · fq is the set of 

all pE [(x,iÍ)] which are (L+) - limit germs of fq. We use the nota 

tion L + ( fq) • 

If we start with a sequence 
t ~ - co we can define in the 
n 

sarne way (L-) - limit germ and L-(fq). 

From now on we prove all results only for (L+)-limit 
sets 

and germs. 
The nucleus of L+(fq), denoted by <L+(fq)> is the subset of 
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X defined by 

> = u <p> + q pEL (f ) 

For our next theorem we need some special properties of the 

n-semi-group (R, -u;) which up to now was left arbi trary, i. e., for 

questions dealing with limit sets and related concepts the 

group structure of the space of pararneters has influence on the 

n-semi- 

re- 

sults. 

We say that the n-semi-grouo structure of (R, ¼) is co~ 

tible with the ordering of R if the following happens: let {tn}n..::_l' 

lim t
0 

= + 00 be a sequence of numbers in R and let · {p;} n..::_l b e a 

sequence of germs in (R,¼) with 

n 
Pp n [tn, + oo) I ~- 

Let now Pp be any other germ in (R,~P). Then there is a sequence 

lirn 
n+» 

'n = + 00
, of nurnbers in a such that 

n n [ Pp • Pp 'n, + 

This is a 

we do not consider 

special case of ordered n-semi-group, whose 5tudY e 
now which intui ti ve Ly corresponds to the usual case 

of addition for the reals, i.e., .if we add any nurnber of to sequence 
real nÚmbers with limit + 00 we get a similar type of sequence. 

Theorem 3 - Let 

., ---> (X, \f) 
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be a n-D. S. wi th f a regular n-function, where (R, u;_) h a s a n-seni 

group structure compatible with the ordering of R. Then for any rno­ 

tion fq, q E [ (X,V')l, the set L+(l1) is an invariant set of f . 

Proof - We must show that for any germ p E L + (fq) if we look 't.o the 

motion fp, then for every germ Pp E [ (R, 1\J;) J we have that the germ 

r = fp(p) E L+(fq). 
p 

+ ·q By definition of L (f) there is a sequence {tn}n>l' 

lim tn = + oo anda sequence of germs {ppn} of (R;'l(p> such that for 
n-+oo 
any a Ef\Jand Acr E p there is n0(cr) such that 

with 

when,for all n > 1, 

pn n [ t , + 00 ) I c1> 
P n 

Consider now 

A:o -->crp is part of the definition of f, and look to 

n > n (cr). Then o 

As f is regular the sarne holds for 

the rnap 

(1) .... 



• 

52 

By definition of E p p 

Now for all 

for all 

-1 = A (o ) , p 

we have 

we have, 

Hence, 

= fcrxo [ f (Aq x An ) X A 1 = p axap cr ºP ºP 

= f [ Aq X (An X A ) ] = oxop o ºP ºP 

= 

= fq (An X A ) = Bn 
ºP ªP ªP a 

This show that there is a sequence of gerrns in (R,\t), 
p 

n {A À } ---- qp = 
E '\) ªP ºP ºP 

, 
p 

such tha t, for n > n (o), o by {l) above, 
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( 2 >. 

Now as An n [t , + 00) -1- cp we have also 
ªP n 

for some convenient 
'n' by the definition of product in (R,lJ'P) 

As lim 
n-+oo 

'n = + 00 and 

we have that, due do (2), 

lim 
n-+oo 

· Therefore L+ (fp) is an invariant set of f. A similar theo 

remis true for L-(fp) assuming that the n-semi-group structure of 

(R,\J'P) is compatible with 

{t } . . h = - n n>l' wit lim t11 n-> 

the órdering of R relatively to sequences 

00 • 

'rbearem 4 - 

for any Pp E [ (R, 1fpl J 
If 

fp, p E [ (X, 1\7'> J is a periodic motion then 

fP(p) € L+ (fp) = L-(fp). 
p 
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ourselves in dealing only with some basic concepts. In the future a 

detailed study of this important theory of stability o f n-D.S.willbe 

published elsewhere. 

Let us introduce the notion of positive and negative traj ec,:.. 

tory of a motion fP, denoted by T+(fp) and T-(fp) respectively and 

whose defini tions are 

Ap n [ O, + oo) t t - 

= n,,,y O 
crp E Vp- ~ E o p 

Clearly 

~ n [O, - oo) t ~ 

Defini tion V - A motion fp is · t· pos i ively ,I.a.gran9-e_-stable if 

is compact and negatively Lagrange -stable if 

Lagrange-stable if both T+(fp) and T-(fP) 
are compact. 

Theorern 5 - Let fp be a · t · 'lJÍ posi _ively -Lagrange stable motion Ln (X, 
with "1· cofinal in Cov X. Then 



• 

57 

is cofinal in Cov X all germs in 

write 

{X ,\i') are simple and so we can 

As T+ {fp) is compact, i t is closed Ln X (X is (Hausdorff!) 

and so there 1.· s B E E \ 'I' E f · ' ,-, 
0 

o V, B
0 

q, ora convenient o E V, such that 

But now , for any O E '1(V' a A_ E o we h ave P vp an ·-p P 

and so 

fP, what is a contradic- 

tion and proves the theorem. A similar theorem can be proved for ne- 
q cannot be 

(L+)-limit germs of 

gatively Lagrange stable motions and hence for Lagrange stable motions. 

Theorem 6 If 
fp is a periodi e moti on i n (X, 'lf I wi th lÍ cofi nal 

in Cov X and satisfying all hypothesis of theorem 2, we have 

Proof - 
By theorem 5 above we know that 



e 

58 

because by theorem 2, T (fp) is compact and so every periodic motion 

is also L·agrange stable. To prove the opposite inclusion, i.e., 

let us suppose that there is some x E T (fp) an d x ~ <L +_(fp) >. r n 
this case for any germ q in (X,'\Í) with x E <q> , there is o E \i', 

A
0 

E o, A
0 

E q and t(o) E R such that for any germ Pp in (R, v;) 
with p n [ t(cr), + 00) f $ we have, for some 

p 
T E '\t p p 

(1) fp {A ) n A = $ 
'p 'p. a 

But as fp is periodic (1) is actually true for any A E -rp 
'p 

so that 

X i V 
A E 'P 
'p 

f (A ) 
'p 'P 

what irnplies that x f- T(fp), a contradiction. 

Remark - Analysing the proof of the theorern·6 above we see 

prove the inclusion 

that tO 

{2) 

we do not use all the hypothesis of the theorem. Indeed, (2) is true 

for any periodi e rnotion, as seen by the side proof above. By another 

if is cofinal in Cov X the oppos1.·te · 1.nclusion is also easY 
tO 
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establish, wj tl t f th - 1ou ur er hypothesis and therefore we can state 

theorem: 

the 

Theorem 7 - If fp. is a periodic motion, with fp cofinal in Cov X, 

fp: (R,~) -> (X,'\.)), 

then 

T(fp) <L+(f)-:.. - ( f) >. = = <L 

Theorern 8 - If fp is positively Lagrange stable, L+(fp) is not 

empty. Similary if fp is negatively Lagrange stable L - ( f) is not 

empty. 

Proof - Let {tn}n>l be a sequence of germs in (R, ,v;) with 

Look to the sequence of germs 

n > 1 

in (X,'\)) and select a point E <pn> for each 1. As ai: 
n 

X 
n > <p > 

n 

are contained in T(fp) and this set is compact, there is a point 

X E T(fp) which is the limi t of a subseq·uence of { X l. which for 
n'n>l' 

. simplicity we assume that x = lim xn Let n-+"" 
v.hose nucleus contains x and look to any a E 

.X is the limit of {xn}, there is an integer 

q be any germ in (X ,Ví 
V: A~ E q , A; E a • As 

n (0) such that for 
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n > n ( a) we have 

This shows that 

4. To finish this paragraph we want to say a few words about centre 

of attraction and related subjects.· 

Defini tion VI - 

X n and consequently 

A closed s_ubset M e X is ce_ntre of attraction of 

the motion fP, p E [ (x~'\J')] of the n-D.S. 

f: (X x R,~ --~ (X,'\() 

if for any open set E ::> M there is an integer n (E) > o such that 

for any germ . Pp E [ (R,-~)] , wi th Pp n [ n (E) , + =) ,f <I> we have 

M is a minimal centre of attraction if no p roper closed sll_S 
set of M is centre of attraction. 

For our nex~ theorem we need the co~cept of locally cofi~ 

~f:.:a::.m:::i::.:1::..Y,,.____'\;Y_o_f __ co_v_e_r_i_n_go<..s_o_f--'-a--=sc.;;pc...::a:.:..c=-e=---=-=X. This is defined as follows: ·1.f' 
is a fami ly of open coverings of x 

a E V and any A E a, the re is any 
satisfying the property that for 

T E '\T and B E -e wi th , > a aoa 

. ' 
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B e A. Every cofinal family 'J in Cov X is also locally 

not othcrwise as for instance the canonical family 
1
~ 

Theorem 9 - Let be a continuous motion in 

cofinal 

in R. 

cofinal 

but 

Cov X, wi th \J'P locally cofinal and X, a normal space. The ne ce s s a r y 

and sufficient condition for a closed subset Me X to be a 

in 

centre 

of attraction of fp is that for any open set E :> M, there is an 

integer n(E) > o and ºP 
E '\Ç such that for all 'p E v;, 'p > ºP 

and all A E 'p' with A n [n(E), + 00) f <P , we have 

'p 'p 

f~ (A,) CE . 
p p 

Proof - First we show that the condition is necessary. Indeed, if M 

is center of attraction of fp there is an integer n(E) > O 
such 

that for all 

that, 

and all A E ºP' 
ªP 

A n (n{E); + c:o) = q>,implies 
ºP 

E'or any opcn set E, as in the hypothesis of the theorem, 

let us define an open covering r E of X as· follows: by the normal- 

ity of X, there are two open sets 
w
1

. and w2 such that 

1. 
1 

(i) 

(ii) 

(iii) 

w 
1 
n w2 = <P 

Me w1 e E 

X - E C w2• 
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Define r . E as made up of the open sets: 

Suppose we havc selected above such that 

what is possible because fp is cofinal in Cov X. Then any set 

as above will imply that if 

( 1) 

(2) f~ (A
0
) e w2 p p 

l.. s Suppose that the condition is not necessary. Then there 
' 

an open set E~ M with the following property: whatever is the in- 

teger n > O and whatever is the covering ºP E V-:., there is alway'S 

a covering TP E v;, TP > ºp' and an open set A,P E ºP with 

AT n fn, + 00) i ~ and 
p 

Let "P E~ with '-'p > 'p and 
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We-can also assume that for some bpen set 
B E "P , 
"P 

B n [ n, + oo) t ~ 
"p 

As seen above we rnus t h ave 

and fp (B ) / E. 
"P \IP 

f~ (B ) e w2 • 
p "P 

Now for any y E , r' y > \1 p Vp' p p' 

have a C E y 
Yp p 

with 

Look to the set w1 
we can always build Yp E v; 

by the continuity of we 

f~ ccy) e w2 • 
p p 

and so 

above. We have w
1 

~ M, but for any n>O 

as above having sets like 

f~ e cy ) n w 1 == ~ • 
p p 

e for which 
y 
p 

But this contradicts that M is a centre of attraction,what 

proves that the condition is necessary. 

To prove the sufficiency we proceed as follows: Let 

E ::, M 

and n (E) as Ln the hypothesis of t.h e theorem. Take anY µP E \f,, and 
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any 

a op 

with 

O E \_Y D n [n(E), + ~) i ~. µp_ p, µp 

E \YP such t.h a t, for all 'p E ·tJ;, 
A n [n(E), + m) we have 
'p 

fp (A ) C E. 
'p 'p 

As l\rp is locally cofinal for any 

there is 'p > ºP and 

tinui ty of fp we have 

ànd 50 

A E 'p 
'p 

We are assuming that,there is 

'p > ºP and all 

with 

what proves that the condition is sufficient. 

D E µP as 
µp 

e D • Then by the co~ 
µp 

above 
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§ IV 

1. In this section we discuss the connections between n-o.s. 

ànd differential equations under the point of view ·of non-determinis­ 

tic rnathernatics. Essentially, we want to show that every n-D.S. sys­ 

tern under certain condi tions can be considered as a fami ly of solu­ 

tions of a certain type of differential equations, what, in a certain 

sense, bring us back to the origins of the theory of dynamical 

tems as inaugurated by the work of s. Lie and H. Poincaré. 

sys- 

For this purpose we nce d to introduce the concept of partial 

derivatives of a n-deterministic function and this is dane here by 

the first time, as this concept has not yet been introduced 
before. 

Several properties of partial derivatives are studied and also related 

ideas and this is the purpose of the next paragraph. A knowledge of 

the theory of derivatives of n-functions is necessary to understand 

this section, what can be seen at [ 1]. 

There is only one point where our nomenclature differs from 

that in [ 1), which is connected wi th the concept of real n- function · 

The co~cept of derivative of n-function requires that we introduce a 

particular pair [ Ri'~ J , whcre R is the set of real numbers and V,: 
a family of collections ºR of open intervals or points in R, i.e., 

0
8 

E1J,, then ºR is made up of open intcrvals or points, in R,which 

do not necessarily cover R. Such a pair have been called in previous 

work by special pai~ and we can define, similarly as we did for 

function, what we shall call real n-function, previously called 

n- 
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cial g-function, as follows: 

f: (X,\f) 

is given hy: 

I) A function 

II) 

f~: \1-VR 
for any o E ·if, a function 

f:cr---:, . (J 

It is continuous if in addition we have: 

III) a) T > CJ -> f ( T) > f ( o) , a, T E " 

b) If B e A, B E T , A E o, T > a, then 

1) f (B) e f 
O 

( A) if fT (B) and f (A) are both open 1n- T 
o 

tervals or points. ln the clearly e case of points , , 
becomes = . 

ii) 

iii) 

f, (B) e f
0
(1') 

open interval. 

The case, 

if fT(B) is a· point and 

f,(B) interval and f (A} point is a - 

The reason for s uch a rather sq:histicatea defini tion is 

and cannot be discussed here in detail. 

f (A) is a 
an 

e x clud ed • 

· al purely technJ.C 
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(x,\)), (Y, '\f'), (Z, V";, with Gauss structurES 

respectively, and Gauss transformations 

Let 

f: (X X Y,W>-:--> (Z, '\,;Ç> 

be a continuous n-function, wi th \Úc ·\Y' x \.J• 

Definition I - The partial derivative of 

real n-function 

f 1:elative to 

defined as follows, consider any. ªw = a x a' E ef and take any 

af ax 

is·a 

A E o 
w . w 

sider any 

Define 

:: A X AI t W i th 
A E O E 1/ arid 

Tw = T x T' E ef and any 

- E:~} (Bw) == 

Tw 

- 
n (B, aX) 

B w 

A I E (J I E V· • 

where ªz = Gx<nxl. Analoguous definition, by changing 

B C A • w w 

s., ~ B X B • • B E T • B • E T • ' B e A' B • e A •. 

- lim to 

Cen­ 

so 
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will be given for 

( ~!-) (B) -- 

- \, 

n ( f (B ) , ªz ) •w w 

Now define 

·1 

where AR is the interior of the smallest interval in R containing 
all numbers 

f at). (B ) and (~') (B) ax • w 
~ T w w - .w 

for all' •w E Vf, T > O w w and all B E T , B e A. If all these nu~ w w w w 
bers are equal we take AR to be their common value. So 

an open interval ora point in R. 

Now considering all 

R made up of open intervals or points. Henc~, we define 

A is either 
R 

A e a we define a collection w w in 

/__J_J__) . 'ltÚ-> ~ tax·1 · R' 
1W' 

where ~R is the collection of all as runs in VJ, by 
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Therefore the real n-funct1.'on, 
3
f i 1 7ix s comp etely defined. We have 

analoguous definition for 

the sarne is truc for both 

Observe that if 

3f 
aY 

f is continuous 

Analyzing definition I above we see that the process described 

therein can be iterated, so we can talk about 

32 f 

ax2 
= f;~} n etc. 

The first questions arising is naturally, what are the re 

lations among 

.af a){ , . and Df • 

To give some information in that direction we introduce a 

Gauss structure y- in X x Y and call 

the Gauss transformation used to define Df. To have connections arnong 

the derivatives above, it is natural to expect that there must be s orre 

relations among 'f X' f Y' 1-z and ~f, as well as, among G, GX and 

Gy• 
Hence, we assume to begin with, that 

i= 1 X xt y 
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namely, any a E T is given by 

this meaning that for any F E a we have 

Secondly, we introduce two new Gauss transformations 

defined as fÓllows: take aEr'C,o.=a xa T X y ànd put 

andas easily seen 

mations, .1:.e. 

G' X so defined are indeed Gauss transfoE 

Finally, we assume that the diagrams 

\G 1-z 
G' ~~ y y y 

comrnute. Under these circunstances we say th of 
at the Gauss structure 
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.,1 '1-- 
( X , . 'l X) ' ( y , •,J y ) ' 

are compatible and then we investigate re- 

lations among the derivatives 

Let us look back to the definition of 

and nr . 

(B ) w 

considered before and let us writc for simplicity 

f (B ) 
TW W 

We have, with 

= Bz E ºz = f ( o ) E \(z . 
.. '\I{ w 

ªz == G(a), 
a.E1- ,· 

( 1) == 

and w~ notice also that 

Therefore, if for instance 
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( é)f ) (B ) -- ( ax · -r w 
w 

lif11 
a E',t 
X X 

we have that 

lim 
a E 'f 

n(B2,a
2

) 
----- 

n(B2,azl 

n (B , a) w 

< + (X) 

= o 

(B' ) i'ncreases indefinitely. Hence we conclude ! because n , ªx 

Theorem 1 . 
If the Gauss structures of (X, t X), (Y, J- yl, (Z, 1- zl are 

compatible and if one of the partial derivatives is finite, 

all sets 
namely, 

are bounded subsets of R for all ºw E W and all Aw E ºw, 
then 

Df = O • 

There is a natural interpretation of this result as follows: 

if we consider the particular case where X= y = z = R and all Gauss 

structure involved are the canonical structures as considered in [ 11 

we know from results referred to in [ l] dueto v. Buonornano, that Df 

generates the jacobian determinant J(~) of the function ~ generated 

by f. Then clearly any differentiable map of R2 into R must have 

J{~) = O for otherwise by the implicity function theorem there would 

exista local diffeomorphism between a region of R2 and an interval 
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in R, what is absurd. Therefore, theorem 1 is, in a certain sense, a 

generillization of this result. 

ery germ 

To finish this paragraph we gi ve a theorem re lating, for ev­ 

/ 
p' in (Y, '\) ') , 

with 

when f is A-regulated. 

Theorem 2 • Let 

be a A-regulated, continuous 

'ty, '+-z 

Proof. 

n-function arid 1 = 't X x f y with 

compatible. Then, for each germ 

A E o 

p' in (Y, 'V') we nave 

be arbitrarily given. To compute 

Df~ 1 (A) we start by looking to al -r > a and B e A, BE -r and consider 

Let C1 E ·'J and 

where 

Tw = -r x -r • , -r' = A ( -r) • 

nCBz, ªz> 
n (B, ªx> 

= f~
1 

(B) = f (B X B 1) , B I E p 1 
'w 

By another side, to compute 
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we havc to lock at 

n(f (BXB') ,\Xz) 
w = ---------- = n(Bz,ªz> 

n(B,ax) 

~ 
Therefore, when we consider tim and lim in either case we get 

sarne set in R and this completes the proof. 

ln the sarne way we also have for every p E [ (X, if>] 

the 

PI We can state this result in a short forro a follows: let 

stand for the operation which takes f into p' f and the sarne for D 
and a/ax. Then our theorem can be stated simply as 

· (D · o p') ( f) = ( p • 0 a ) \J 7"x ( f) . 

which is easy to memorize and indicates that the operators 
D and 

a;ax commute with the operator p'. r fauna this result particularlY 

elegant. 

3. 
di_f Now we are prepared to study the relations between n-D.S. and 

ferential equation in the sense of non-deterministic mathernatics. 

ln a first moment, we want to investigate conditions under 
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which a given n-D.S. might be.considered as a farnily of solutions 

ª differential equation of the type 

of 

(1) Df = <I> o f 

where 
<I> is a n-field. More precisely a n-field is a real n-function 

<I>: (X,\;}--;> [ R, V:1 
and f is a n-function 

Of course, we can al.so ask if a n-!J.S. is solution of other 

types of equations different from (1) and all this will be discussed 

below. 

Definition II - A n-o.s. 

f: (XxP,'v.J) ;> (X, tf > 

derives from a n-field if for any p E [(x,V>l , p == {AP} crElJ, we 
o 

have 

E í:)f ) [ fp (A ) X A ] == ( ;; ') (Ap X A ) 

ax (1 p p 
o p 

p . 

ºw 
ºw 

for any ºw E \J.Jand any A E ºp' where ºw = 0 X ºP 
p 
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Theorem 3 - Let the n-D.S. 

f : ( X x P , \V>--> (X, \() 

derives from a n-field and suppose also that 

of (P, \J"P) , narnely, 

3f/ax is independent 

( ªaxf \º ), (Ax~) = 
w 

(A x B ) p 

for any ºw = o x ºP E vJ and any A E o, ~, BP E ºP. Then there is 

a n-field 

~: (X,\f) 

such that any motion fp of the given n-D.S. is solution of the equ~ 

tion 

( 1) Dg = ~ º g, 

namely 

Proof -- As íH/ax is i'i.dependent of (P, ½> we can define for each 

o E if and any A E o 

= (a ªxf .) (A x ~) 

where ºw = o x ºP E !\Jif and 
~ E ºP is arbi trary • This clearlY 
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defines a n-function 

Let now fp be any rnotion of f, with P == {A~} 0 E '\.Í ·. Ne 

have, duc to theorem 2, 

f.or any 0 == 0 X w 
ºP E \AJ and any 

By another side 

But as f derives from a n-field we have 

what shows that fp is solution of (1). 

Defini tio;:, III - 

(X x P, ~ through 

Let 

p 

p E [ (X, \f) l where 

is a n-function 

p = {A~} 
0 

E \{. A section in 

(X X P, tD> 

I 
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defined as follows: 

(i) p T,V:: 
p 

is given by 

'\.í p 

(ii) 

is given by 

there is a·n-field 

Theorem 4 - Given a n-D.S. 

f: (X x P ,tÚ>--> (X, th 

~: (X x P, V/:.-> [R, ~~ 

= o E w · w 

such that any motion 

equation 

of 

= 

f, with p = {AP} '\)' satisfies o E ' 
the 

where Tp is a section in (X X p, % through p. 

Proof - Define 

= 
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Using theorcm 2, for êlny a E h ºw = o x ºP an ~ ºP we ave 

a w 

But 

= I _y_J_) . (Ap X A_) 
~ clP o --p 

ºw . 

what proves the theorem. 

Both theorems 3 and 4 above are rather trivial in the sense 

thªt the proof is easy and also it is not used the fact that f is a 

n-D.S. namely, condition- o
1

, o
2

, o
3 

of definition V, §I. But that 

is also t.r úe for the classical case, namely, to prove that a dynarücal 

syst.ern , Ln the plane for instance, satisfies a system of equation of 

the type 

( 1) 

dx 
dt = X(x,y) 

~ = Y(x,y) 
dt 

all we need, in the line of.Lie's approach, is the fact that our dy­ 

namical system is defined by analytic functions and then equation (1) 

are simple consequence of the Taylor development of these functions. 

4. Let us consider now the inverse problem, i.e., to find coD<lition 

for the solution of a differential equation in non determiniS
t
ic sense 

to define a n-o.s. For the classical case all we need is the 
th

eorem 
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of cxistence and unicity of soluti.ons and if this is true the oquat.í.ons 

themselves are not Lrnpo r t an r anymore because we can restrict ou r s e Lve s 

to its family of solutions. ln the case of non-deterministic mathema! 

ics we usually da not have unicity of solution and to these days no­ 

body has yet attempted to find sufficient conditions for an equation, 

say of the type 

( 2) Df = ~ o f 

to have "unique solutions". Even the concept of. "unici t.y " is not ele~ 

ly estabilished and that is one of our first considerations now. 

Let us precise the concept of unicity of solution of an equ~ 

tion 

Dg = ~- º f - 

Definition IV - A family of n-functions {fp} , indexed by a set of 

germs r e [ (x,V)J 

where (P, V:> 
----;::, cx,1.f, 

is a continuous n-semi-group, is a continuous familY 

of solutions of the Jifferential equation 

Dg = ~ º f 

satisfying unicity conditions if: 

(UI) there isª A-regulated continuous, germ preserving n- 

function 
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f: (X X p ,tÚ>--~ (X, '\fÍ 

- such that f g8nerates the family 

a =crxcr w P' 

(i) f (cr ) = o 
·"JJ w 

(ii) f (A X A ) 
ª'li{ CI ºP 

<t\J.) 

then 

Theorem s· - 

\J p E I, if 

Let {f P}, p E I . be a family of n-functions satisfying 

conditions (U l) and (Ull) of Definition IV and suppose that for 

p E I and any o E \r and A E ºP there is Pp E [ {P, \fp)] 
p p ªP 

that A E PP and a p 

{ fp }, namely, for any 

is the 

(1 
w 

E iif I 

identity in 

any 

such 

Then the n-function f, generating {fP}, p E I, as in defi­ 

nition IV is a n-D.S. 

Proof - We have to show that {fP} is a group of n-transformations of 

(X, tf). Consider. any ºw = o x o P E t'\Y and any A E o , 

I 
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E a 
p . We have 

f (fa (A X l\. ) X B ) == fq (Ba ) a ªP ªP ªP w w p 

. where q is a germ in (X, V: given by 

(1) 

q = { f (A x A
0 

) } 
0 

E~ T , 
ªw P P vp 

assuming that A belongs to some germ p E I ànd A belongs to 

ªP 
some germ in (P,v;), s uch that, fp(pp) E-I. Clearly we have arbi- 

trainess in the selection of q which depends an the arbitrary choice 

of p and Pp· However the first number of ( 1) is independent of 

these choi ces. 

Now we have that 

f (A x (A • B ) ) 
ºw ºP GP 

= fp (A a a p p 
• B 

-O p 
( 2) 

and also 

= f (A X A ) 
0w p ºP 

fp (Ao 
o t; (A

0 
) 

. Ao ) = ªP p p p p 

Let r E I be given by 

r = f P (pp) 
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and define 

fr: (P, V) 
p 

(X, t\Y) 

by = o and 

V f~ (B0) = 
p p 

This will give for Aº E e o p' p 

V E tr' 
p 

the unity germ of (P, \..[) p 

and so r == q • 'l'herefore the second member of ( 1) is equal to the 
5
~ 

cond member of (2) for any 
...,. 

selected theyare always 

B
0 

E o 
p p 

equal for all sets in 

andas 

This shows that f is a n-D.S. 

A E r 

o . w 

was arbi trari ly 

Definition v - A family of n-functions {fp} indexed by I e [ (X,iJÍ l, 

fr : (P, V::)---:> (X,'\}) 
p, 

is called Q normal farnily if: 

(N
1

) there is a bijection 

s u eh th a t , V a, T E ~. 
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o < T <-~- A(o) < A.(T) 

for any o E \r' and any A
0 

E o such that 

A0 E q, p,q e I, we have 
A E p o and 

fp (A 
o o p p 

fq (A 
o o 
p p 

for any A ( o) , 

for any 

BT e A0, there is p E I 

a, T E lÍ,a < T , ànd any 

such that A j B E p. 
O T 

. is 

(NIV) for any p E I 

Pp E [(P, ~P)] s uch that 

Theorem 6 - If {fp} is a normal family of continuous n-functions,i.!:!. 

dexed by 

and any 

then, there is a continuous n-function 

B E 
T 

and 

T , 

a P' there 

and 

(X,~ 

f : (X X P ,\Ü)-,. (X, ,v; 
generating. the family {fp} . 
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Proof - 

by 

where p 

We define \t( as the family of coverings of 

We defirie 

{a x a 
p 

Now for apy 

is any germ in 

fw= \{.(.--,, V 

E \IJ and any 

f (A ºw o 

I 

a E\J, a EV, 
p p 

a =A(o)} 
p 

= o 

X X p given by 

we define 

X A a p 

with 

= f~ (A0 ) 
p p 

A E p; the selection of p does no t, 
o 

influenciate the result by condition N11 of Definition V. 

Finally to stablish the continui ty of f, let Tw = T x 'P > ºw 

and let B, e A
0 

, B e A . Let 
Ti> ªP 

B, as stated in N111 and 

q b·e any germ in I containing A and a 

= fq (B ) 
)> 'p 

But again by condition N1, 

and by the continuity of fq 
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f (B X B ) 
'w T Tp 

f (A x A 
ºw o ºP 

and therefore f is continuous, what proves the theorem. 

Approaching theorem 5 and 6 we have: 

Theorem 7 - Let {fp} be a normal family of continuous n-functions 

fp ; (P, ~) ----> (X, l)} 
indexed by I , where (P ,-\,;) is a continuous a n-group. 

Suppose that if ep is the unity in (P,lf) we p have for 

each p; 

Then there is a n-D.S. 

f (X X P ,% ---> (X, V') 

whose. family of motions is 

Rernark - ( a) In both theorems 5 and 6 above the differential equation 

really does not have any influer.ce in the results because all we need 

is the unicity of solu~ions. That is also the sarne for the classical 

case: once we know the unicity of solutions, the differential equaticn 

does not play any role in the results. However, in the classical case 

we have sufficient conditions for this to happen and in the n-deter­ 

ministic case i t has not been studicd, so far, the qucstion of find- 

- 
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ing sufficicnt rondit.ions on <I> to garantee the unici ty condi tions for t:hc 

eguation 

Dg == <l> º g 

(b) ln definition IV we can use the concepts of regular or 

fully regular for the n-functions involved and s o we can speak of res_ 

ular or ft~~ul~f~~i~ solutions of the differential 

tion 

equa- 

Dg == o g 

satisfying unicity conditions, 

All theorems 5, 6, 7 remain true if instead of 
continuity 

we use regular or f ol ly regular all ove r . This remark is very important 

in the applications. 

(e) The continuity f the n-group (P, IJ'p> is not used in 

the proofs of theorems 5,6,7 and it is only included in the business 

because it is part of the definition of n-o.s. 

5. 
Let us give an example of a n-o.s. in ·the plane which is 

to the Brownian motion. 

Consider first ~(x) 

related 

continuous but nowhere differentiable. If p(x,y) is a point 

plane, define 

a real funcdon defined. for all xER, 
in the 

f: R2 X R ---~ R
2 

by 

Y p E R2, t E R 
f (P, t) 

(x+t , ~(x+t) + Y - ~(x)) 
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As e as í ly s e e n , f is a one-param(~ter group of 
continuous, 

nowhere d í, f f e re n t í ab J s transforrnations in R2 • Clearly, f cannot 

identificd with any [arnily of solutions of any differcntial equation 

be 

because for any fixed P(x,y) the function f(P,t) is nowhere differ- 

entiable, ns a function of t. 

We want to show how we can build a n-dynamical system using 

the function <P considered above. This will illustrate the use of the 

rnain theorems proved before. 

Consider in R the family ·'\J" of coverings defined as fol- 
n 
ºP the covering of R gi ven by open in- 

any 

lows: for each n > l call 

h 1./?n. tervals of lengt - 

The family of coverings \r1n R2 

o; E ·V: and cal 1 <P t a curve q, as 

the axis at the point t. For any 

An = {(x,y) 
C1 

is defined as follows:take 
t 

considered before cutting 

Changing t and An in all possible ways. we Op n 
of R2 by open sets An 

Finally changing n Op 
o 

ºP in 
family V of open coverings of R2 . Notice that there 
one correspondence bet,,reen the 'l.Í and v-; given by 

A ( on) = on 
p 

and any 

For simplicity we drop the "n" arid vrite only 

t define 

get a covering 

tY we get a 
p 

is a one-to- 

Call [ (R
2 ,\r)] e the set of 2 fo/". 1th 

gerns of (R ,Vl compatible w 

0 a etc. , p, 
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refincmcnts an d lct us l 1 'Y" - define a normal family {fp} , p E [ (R , V ) ] e of 

continuo · us n-functions 

fp: ( R, 1 V ) --> ( R2 , o/) vp , V;. 

Let p E [(R,t,-V)]C be given and define 

'\)"' p 

by 

Now give any 

E O= A-l(o ) p and AP o 
bou~ded by one curve 

sarne for the top with 

(J - p 
E '\f 

p 

->\t· 

and any 

By defini e í on of 

ACJ E a11 • Consider 
p p 

a, the botton1 o f Ap (J 

<P which we shall denote by 

l -p,a • Define 

is 

and the 

fp (A ::: {(x,y) X E Ao 
~, a (x) < y < i p,CJ} 

ºP ºP p 

Therefore 

fp ºP 
> (1 = A-1(op) 

: 
ºr. 

is defined and also fp. NOW it is immediate consequence from the de- 

finition 

dexed by 

that {fp} is a normal farnilY of continuous n-functions in­ 

[(R,V)] , according to definition V, §IV. 
P e 

Assume riow that (R,ife) is ·a n-semi-group with with identity 

. , 
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ep. We shall define from {fp} anothe>r family {gP} satisfying the con 

di tion 

Define 

gfr: ( R, l,/) -> (R2, tT) 
"p p 

by 

Now for any E o p 

= o = 

define 

where B E p and pp E [ (R, \rp)) 
ºP P 

= 

= 

p 

p 

p 

A-l (o ) 
p 

is s uch that 

Th~ existence of such pp is a consequence of the 
tion of fp. 

Clearly now 

def1ni- 

Now the family {fp} satisfies all conditions of theorern 61 
§IV and so there is a continuous n-function 
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f : ( R 2 X R, \Jj) ----'> (R 2 , lf > 

generating {fP}. Finally the family {gp} satisfies all conditions of 

theorcra 5, §IV and S0 it is generated by a n-D.S.g which is defineà 

by f above. Cle.:1rly WC do not wo rr y yet if {gP} is or it is not a 

family of solutions of some differential equation. í'lhat matters now 

is that it satisfies conditions u
1 

and u11 of definition IV, §IV. 

2. 

As well known, by Wiener' s approach, we can look to the 

Brownian motion as a collection cf particles whose trajectories a::::e 

curves like ~ considered above. So we can start investigations of the 

Brownian rnotion by starting witl}_ a family {gP} as above and the 

corresponding n-D.S. 

g: (R2 X R,ef,----~ (R2, lf} . 

The first thing to do is to defini Gauss structures in R and 

and R2 • We consider in the-n the canonical Gauss structures and the 

sarne for R2 x R ~ R3 • Then we can speak of velocity, acceleration, 

etc. of a particle indentified with some motion gP of the n-o.s.g . 

ln few words, in non-deterministic mathematics we can 
study the 

Brownian motions in the sarne spirit as we study motions of particles 

in classical mechanics. 

When conditions of theorems discussed in §II are satisfied 

the n-o.s. 
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g 

gencrates a usual dy n arnic a I system which is not differentiable 

ogP might also gcncratc a usual continuous function 

ipP R --> R 

which can be takcn as the field of velocities·associated to the 

tion gp for a germ p E [ (R , V>] 

ln the future we discuss this question in more detail. 

and 

mo- 

·t 
1 
1 

1 
1 
1 

' ·, 
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