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§1

1. In this work we start investigacions on the possibilities
of extending the theory of dyramical systcﬁs to topological Spaces.in
the spirit of non-deterministic mathematics. The foundations of non-
deterministic mathematics were laid in 1964-65 with subsequent work

by myself and former studepts at McMaster University.A recent view of
the subject can be seen at [1] even though it does not include the
theory of measure and integration in Gauss spaces. We assume here a
knowledge of [1], or at least of its 1ntroductory paragraphs.

The work is divided.into 5 sections whose contents are: in
section §I we give the fundamental concepts of n-groups and n-dynami-
cal system, tagether with basic notions needed for the subsequent seg
tions.

In section §II we preve several theorems showing the conner-
tion between the classical cdncept of dynamical system and the non-
deterministic one.

In section §III we show how many concepts of the classical
theory of dynamical systems in metric space can be extended to topo-

logical spaces using ideas in non-deterministic mathematics. Due to



lack of space we only touch the main concepts,

In section §IV we show that under proper conditions an n-dy-
namical system can be regarded as defined by a family of solutions of
certain differential equations and vice-versa, namely, under proper
conditions a famiiy of solutions of certain differential equation de-

fine an n-dynamical system.

We close the section with an example and remarks to possible
applications tc Brownian motions. .

We want to acknowledge the Support of the University of Cam-
pinas, Sao Paulo, Brasil, during the elaboration of this work.

Let us start now with some general considerations.

Historically, the notion of dynamical system grew out from
the work of S;«Lié and H. Poincaré, connected with the study of groups
of transformations and differential équatidns in R"

and can be intro-
duced as follows: let

F: R"xR » RO

be a continuously differentiable function, where Rn ié the n-dimen-
sional Euclidean space and R stand for the real numbers, subjected to

the conditions:

(D) F(x,0) = x, vx £ R".

(D) If tl, t2 £ R, then

2

F(x,tl+t2) = F(F(X’tl)'tZ)'

Then we say that F is a dynamical system in R® and under the



point of view‘of the theory of group of transformations it is nothing
else but a one-parameter group of transformations in R™. For basic
knowledge in this area, besides the classical works of S. Lie [2] and
H. Poincaré [ 3] the best references are L. Pontrjagin [ 4] and Nemytski
and Stepanov [ 5]. .

One of the reasons for the beauty of the classical theory lies
" on the fact that every dynamical system, under suitable conditions can

be defined by a system of differential equations

(1) —

whose solutions for each inital values (xi...xg) are differentiable
curves in R" described by the parameter t and as a result of unicity
of solutions of (1), under proper conditions on Xi' i =1...n,we have

that the function

F(x,t) = f£(x,t)

where f(x,t) is a solution of (1) passing through X E Rn, defines a
one-parameter group of transformations of Rn, which is a dynamical
system, when - @<t < + o, Conversely, if.we start from a dynamical
system F(x,t) in R" we have that the family of functions of t .f(x,t)
; Filx,t) ; for x IE RN} are solutions of a system like (1). These are
classical results and a proof can be seen at [5].

Coming back to the definition of aynamical system in R, we
realize that conditions (D) and (D2) make sense in any metric space.

Of course, we have to drop the assumption of differentiability of ¥

‘because such a concept does not exist for metric spaces in general.



As a consequence there are no differential equations and the situation
described above for the classical cases does not exist. Naturally, .a
substitutelto cover some of the difficulties, due to the lack of dif-
ferentiability, was sought in the notion of tube and transversal sec-
tions, as developed by Bebutov and others (see [5], p. 332). This sit
uation is one of the tragical consequences of the impious idea, which
proclaims that derivatives are linear maps! Certainly, when some lin-
ear structure is available the concept of derivative is very conve-
niently expressed in terms of linéar maps, but it is a lack of feel-
ing for the deepest meaning of the concept of derivative not to real-
ize that this concept is much richer than the concept of linear maps-
One of the main points of the program of non-deterministic mathemat-
ics is the construction of a theory of derivatives in topological spa
ces completely free from the yoke of linear maps. Now as such a theg
ry already exists [1], one might be able to extend the theory of 4y~
namical systems to general topological spaces with the possibility of
re-establishing the harmony between such a conéept and that of differ
ential equations, in the line of the classical ideas. Of course, 9dY~
namical systems and differential equations have to be wunderstood in

the sense of non-deterministic mathematics.

The investigation of the possibility of such a theory is the

aim of this work.

2. We start with the introduction of the fundamental con~

cepts relevant to this work and we recall that we assume knowledge of

the basic notions of non-deterministic mathematics as can be seen at
[1].
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We assume that topological space means Hausdorff, i.e., T2
space, unless explicitly remarked otherwise, even though the basic def
initions and concepts would be valid in general topological spaces.
In non-deterministic mathematics we do not consider points cof
a set X as a fundamental concept in the sense that the definitions of
n-function and its continuity and differentiability do not use points
but rather open sets. This even allows these concepts to be generél—
ized in the level of categories as can be seen at [ 6]. However, in this
work we need, in many cases, to "localize" concepts and so a substitute
for "points" become necessary. That is the reason for introducing the
concept of germ, below. In this paper everytime we consider a pair

(x,V) we always understand that AY is a family of collections of open

sets, eventually open coverings, of the topological space X.

Definition I - A germ p in a pair (X,tf) is a set of open

sets Ag of V', with .A§E o€ \J and only one for each ¢ € V' ,such that

n AP # ¢.
oeVJ ©

‘Notation:

= Py
p = {AO}UEYT

Ag Ep g

when we want to call attention that Ag belongs to the germ p.Certainly, -

when no confusion is pcssible we simplify notations by writing A or A

instead of Ag .



Definition I'- (a) Let U C X be an open set. We say that a

germ p = {Ag}ce\j;s in U if there is o €1 such that for any 1 61?;

T > 0 we have AT e § I

(b) & germ p = (aF}_ £y is compatible with refinements if

T >0, 1,0 €E VV, implies Ar - Ao'

Let us discuss now a few notions connected with the concept

of germ.

If p={an} \Y is & germ in (x,V) we call the nucleus of
00 E
P the set. ‘

NA #¢,
oel\Y °©

denoted by <p>.

If the nucleus of p reduces to a single point we say that P
is simple.

Given a germ p ={AF;}0 e/ of x,V) and a subset E of X we

denote by p N E # ¢ the fact that E n Ag # ¢ for all o 5\7’, i.e. v

PNE #¢ EﬁAp;écb,Voev’.

Clearly, if E n ‘P> # ¢, this implies pNE#¢, but not

conversely.

Sometimes it is alse conv
p not by'Vr

IV

enient to index the sets of a germ

but by an arbitrary set 1 for which there is a surjection

We use the notation Cov X, to denote the set of all open coY¥

erings of X and we say that a family '\7/ of collections of sets of X
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is cofinal in Cov X if for any covering a E Cov X there is a collec
tion ¢ E’Urwith g > Gl

An n-function

£: x, ) > ()
is cofinal in Cov Y if {fb’(O)}o Efr is cofinal in Cov Y.

Proposition 1- If UY is cofinal in Cov X, then any germ P

in (X,Nr) is simple.

Proof - Assume by contradiction, that p is a germ in (X,Lf)
such that <p> contains more than one point and let X%, E <p>, Xl# -

Consider the open covering I' of X defined as follows:

r = {x - {xl}, X = {x,}}

Asv is cofinal in cov "X , there is o E ’\)/ with> g > T. But
now any set A € o which contains X cannot contain X, and vice-
versa and this implies that <p> cannot contain both .Xl and x2 con-
trarf to our assumptions. Notice that this proposition is true also
in spaces where any point is clcsed, i.e., more general than T2,
3. .Later on we shall heed to introduce a topology in the

set of germs of (X,173 and so we study this question in this paragragh.

We denote the set of germs of A by L(X,\ff]and W A=
troduce a topology in this set by specifying its open sets.
This is done very easily as follows: Let A be any open set

in X and p E [ (x,\J)], with <p> C A, define:

vy(p) = {ael (X, )1: <q> 0 A # o).



; " any
A subset E of [(X,“rﬂ is'defined to be open, if for
.P E E, there is A open in X that ‘

VA(p) CE

n
(1) Let E,F be open in [(X,NT3] and if E N F ¥ ¢ take any

" P E ENF. Then there are A,B open in X with

Vang (P) € V,(p) NV (p) C E N F

, 7.
.and the same applies for finitely many El""’E open sets in [(X'lﬁ

(2) Clearly if {E } 1 E T,

in [ (X \f)] also U E;
i€I

Therefore (1) and (2)

. ts
is an arbitrary family open se

is an open set in [(X,Vr)].

shows that we have a topology in
[ Oh\r)]'having.all sets Vv (p) as a base.
In particular if all germs are 51mple any set V (p) is 2

t
open nelghbourhood of p. This is not trve in general if P is no

simple.

One can also investigate the question:

i S
what separation axiom
of X are Preserved in [(xﬂ? N1 ? B

ut, we shall not study these ques~”

tions now as they will not be used later on. In general, when all the

germs are simple most Properties of X are pPreserved in [ (X, 1)3]
The tOpology In [ (] \73]

;  defined above will be called canon~
ical topology of [(X,“Y)].

—/

4. We introduce now the concept of n-

-

semi-group and intu



itively speaking, the definition imitates the usual one for semi-
groups, namely a seimi-group G is a set together with an operation which
associates to every pair (x,y) of elements of G another element 2z in
G, being associative and having a zero. For an n-semi-group G we de-
fine an operation associating to every pair (A,B) of open sets in G
another open set C in G. Naturally, these open sets belong to pres-

cribed coverings of G and several conditions are attached to the .map

(a,B) » C.

As a preliminary to the definition we say that a n-function
Y |
f: (le) g (YIU’)

is germ preserving if for every germ p = {Ao}o ETY in (X,\JB,we have

that LT &
p' = {%;J o' € Yf' .
v &R Ab' e fc(Ao)’ o' = f\r(c), is a germ im 02,005 -
As a consequence of this definition for a n-function to be
germ preserving it is necessary that ftf be suijective, but clear
ly this is not sufficient as it is very easy to give examples of n-

functions, even continuous, which are not germ preserving.We can also

write p' as

p'= {fO(AU)}O EV

because

f\y =QJ/-»’U4
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defines, in the case we are considering, a surjection. Another con-

venient notation for p' is

p' = f(p).

Definition II - A non-deterministic semi-group %/, Oor n-semi-group

% , 1s a pair (X,'\7/) together with a germ preserving n-function.

f: (X x x,"\)\)’)-—*(x,\f)

satisfying the condition:

(Gl)rv\]/is the "diagonal" of V/X \)/, i.e., cbverings of X x X of
the form

0x0={AXB;_A,B€G€m.
and

f

W(UXO)—U.

(G2) There is a unique germ e in (X,'\)/), called

‘the identity of
.(X,V), such that for any o ’:'U/and any A,B € g,

B € e, we have

f AXB):

oxg( .fO'XU(B X A) = A,

((;3) For any o € 'U/ and A,B,C € ¢ we have the law:

Loxgl® * £ . .(B x€)] = foxglEfgxg (A x B) x C].
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Notations:

(1) p-gq = {fch(A x B)}(J ev , A€ p, B€ g, which isr a

germ in (X,"U/) s

(2) “f we need to be more precise we indicate a n-semi-group (}

=8 %={<x,\7’>, £}.

Definition II' - A non-deterministic group, abreviated n-group is a

n-semi-group satisfying the condition ;

(G) For any germ p 1in (X,'\),) there is a unique germ s in (x,V) such

that fcr any O Gvand A,B €0, with A€ p and B € s we have

£ xg (B X B) = £, (B x A) € e;

the germ s is called the inverse of p and it is denoted by s = p .

Also B 1is written as A .

Remark - Tip this work we only use the concept of n-semi-grcup be-

cause many properties of non—detei‘ministic dynamnical systems, to be
defined ahead, do not depend on the existence of on inverse. Also
the theory of n—groups is not yet developed so that we even do not
have good examples of n-groups. For n-semi-group non trivial examples
are easier té supply as will be seen by the end of this section. How

ever some of the results will be e_xpressed in terms of n-groups.

Definition III - A n-semi-group
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%'—- {(Xrl\]/)r f}

where f is continuous is called a continuous n-semi-group.

Definition IV - A n-group

%'= {(X,\f), f} is called a differentable n-group
or a n-Lie group if X has a structure q; of Gauss space together with
a Gauss transformation G :'g ——————;} » which is the identity mapand
f is différentiable relative to ?E.

Remarks (a) We cbserve that definition IV is a natural generalization
of a Lie group, in the spirit of non-deterministic mathematics.In the
" classical case we need X to be analytic manifold because we cannot
speak of differentiable functions for topological spaces in general.
But in non-detérministic mathehatics we do not need such restriction

because the concept of differentiability can be defined for topologi-

cal spaces having a Gauss structure and when Gfg ;§- is the iden~
: :
tity and f is differentiable,in the sense of non-deterministic

mathematics, we can use Definition iV.

(b) Analysing definition IV we notice further that the struc
ture of n-semi-group defined in (X,VY) induces a structure of semi-

group, in the usual sense, in [(X,\ys] given by

(p,q) > p-q

as defined above and then we call [(X,lr3] the semi-group of germs

of (x,ﬂfﬂ. Naturally one might ask if any usual semi-group G is 180~

morphic with the semi-group of germs of some pair (X,\f3 with a struc
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ture of n-semi-group. If this is true we can study perhaps 'the pro-
perties of G by looking to {(X,xf), f}. For instance, suppose f gen
erates some usual continuous functions ¢ :X X X ——— X which might
also give a semi-group structure in X and then we ask about relations,
in terms of semi-group, between G and X . Furthermore, if X has
a Gauss structure T% , it is possible that D¢y the n-derivative of £,

> R (reals) which can be interpreted

defines'a function P:X X X

as a "derivative" of the product ¢ in X and connected in some way
with a "derivative" of the product in G. This is a program we do not
consider now and we restrict ouselves later on in studying some con-

nection between n-semi-groups and usual semi-groups.

5. Now we are prepared to intfoduce the idea of non-deterministic dy
namical system and we stért with some preliminary notions. Our first
step is the generalization of the concept of family of transformations
in the sense of non-deterministic mathematics and roughly speaking we

want to introduce a family of n-functions

g: (X,U/)? (X,V)

which is a continuous family in some sense and each n-function of the

family is a kind of generalized homeomorphism.

Let (X,\f), (Y,1fﬂ) be pairs and consider the n-function
> (X,'\)/) :

with‘Mf'defined as follows: we assume that there is a bijection,

£: (x x ¥, W

A: 1?’4- W]ﬂ
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compatible with refinements ofv and 'O/' ; 1.e.,

0 <1 <= A (0) < A (1)
and then any T € '\,’\y is of the type

o =g x g

LV
with o € Vand o'= A (o)o€ U/F "
Under these conditions we say that f is A-regulated. Consider now

any germ p' in (Y,AY') and define

fp, : \f —_— \r’

Vv

by
f,%: (o) = f,w:(OXO') =0,

where o € v’ and o' = A(c). Also for every ¢ € ’\7 we defiﬁe
fg': o] > 0

by

p' 3 '
£, (a) = foxgr (AXA')

for every A € 0 and A' € o%, A' € P'. This defines a n-function

£ x, )

> (x, V)

5 .
The family {fP }, p' € [(Y,’\f')] is called a W
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n-functions generated by £ and (Y,lr') is called space of parameters.

r
We also say that P g generated by f at p'. The name transforma-

1
tion will apply when both fzf and fg are one-to-one and onto for

all p' and all o.

Definition V - A n-dynamical system on (X,Tr) is a germ preserving n-

" function

£: (xxp,W)—— (x,V)

where
(Dl) P is the space of a continuous n-semi-group (P,\f;)
(D2) f is A-regulated with A:U:—————oxg
' _ _ P .

(DB) The family Of‘ n-functions {f ©} having (P,Tj;) as space
of parameters generated by f is a family of transforma-
tions such that the map

-
——-—.——)fP
I pp

is a homomorphiém of [(P,ﬂ}é)] onto the set of transformations 2.fpp 5

with internal law of composition given by the composition cf two trans

formations, namely

q Py Py o g

Pp " 9% 5P gP P P

A n-dynamical system as just defined will be denoted by

{(x,\?/, £,

Notation -



16

Remarks (a) If the space of parameter is a n-group each n-function

Pp

f must have an inverse, precisely fpﬁl, because

=]

P
Pp ° ppl = identity >£PP £ P = jdentity.

This means that for every pP € [(p, \?;)]

LR B

Pp '\
£ ¢! 0 ——> 0, all g € 'VV

’

are all one-to-one and onto. So in this case the fact that all fP are

transformations is a consequence of the space of parameter being a n-

group and need not be assumed in (D3).

: p
As a consequence we call the family {f Y the continuous n-

semi-group of transformations of (X,Q73 generated by f which we de-

note by

s

an—— CBux, v, 6.

(b) We say that the n-dynamical system

£ 2 (xxp, W)— s (x,17)

is continuous if f jig continuous. In the same .way we say that it 1is

reqular, fully regqular, etc., if the same is true for f and these con

cepts are defined in §I1, 1

We do not claim that Pp

> fPp ig one-to-one, so that to
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different p, might correspond the same £PP | The concept of essen-

tial n-dynamical system given below will clarify this situation.

(c) We write n-D.S. for n—dynamicai system and very often we
"drop the n" and just write D.S. and dynamical system.

Later on we introduce the generalization of many concepts
classically attached to dynamical system, like, point of equilibrium,
limit sets,etc., but right now we only define some fundamental notions
connected with n-D.S.

If we give a germ p in (X,{TS we can define also as explain

ed before a n-function
fp: (PI\?’P) S (le

which will be called, motions of the given dynamical system passing

through p. We say that a germ g of (X,W?G belongs to the image of
;E, using the notation g € fp, if there is a germ dp in (P, t;) such
that

’

fp(qp) =q.

If the motion fP is continuous, then when e the identity

PI
in (P,\j;), is compatible with refinements the same holds for p.

Proposition 2 - Given a n-dynamical system

£ e Wh— &)
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with £ cofinal in Cov X, then for every germ p in (X,v/) or Ppp in

(P,'\?/P'), both £P ana £PP are also cofinal in Cov X.

Proof - Let T be an arbitrary open covering of X. Then . there i5.
e c
OYU' W with

f(%ﬂ > T

By definition of fP we have that, with owz 0X0p, Op = A(o),

£y (o) = f r
‘\}; OP w(ow) >
Pp

and the same for f =,

£ (o) = B ¢

g) = >
e MW T
what proves the proposition.

. We finish this paragraph by introducing a few other conCePtg
which, even ‘though not necessarily needed in this paper, might be use’
in further works and this justifies their introduction here,whose mai’

goal is to lay down foundations for further developments.

Proposition 3 - Let

£ (xxx,W) — x,V)

be a continuous n-semi-group. Then f is also a n-D.S. with (x,V7) 2°

space of parameters.
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Prbof - From definition V we see that (Dl) is given and (Dz) is ob

vious by taking A: O > ¢ as the identity. As for (03) we proceed

as follows: for any o € QJI and any A € o we have

p*d
£o 7 (A) B sy 1B foxo(BxC)]

where

B, C€Eo ,B€p, CEQ. Also

q 1P = =
£21£2(a)) = £, (P @) x Cl_= £ g Egxg B*B) * €

g A % £, @O,

what shows that s
fp.q P fq ° fp

proving (D3) and also the proposition.

pefinition VI - A n-dynamical system

£ (XXP,MJ) >(X,«I3

is essential jifx

(El) For any open set U C P the set U(P) of the germs of P
in U is not empty;
(Ez) there is an open covering ' of P, such that for any

U € T the function



20

Pp
Ry ro=—ss—7s £

for Pp € U(P) is one-to-one.

This definition is just the generalization of the idea,

popular for Lie groups,

very

that each point of the space of parameters

has a neighborhood?ummomorphic with an open set of the group. vie
have not yet studied the question

if any n-D.S. has this kind of
parametrization or not, even though this seems to be

an interesting.
question.

Definition VII - 2 morphism of n-

dynamical systems is a pair (h, k)

of germ preserving n-functions, such that the diagram

(xxp, W) £ > (x, V)
T

(Xet M — £ x4

commutes. We denote thisg by

t¥g==(h, k) = £ — 5 ¢

We observe' that we have a category whose objects are

and the morphisms are ag defined above. The isomorphisms of this cat~

dvnamical Systems,
A zero automorphism of (P,Q],) is a n-

egory are called equivalences of n-

function
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x: (2, — (2, \7;)

such that

x’U’P‘ Ve ‘_>Ui>

is the identity and for any Ay € op we have
P

where e is the identity of (P,qz;). Clearly, this definition is also

good for n-group (X,Nr).
5. We discuss now several examples and make several remarks corcerning
the motions introduced above.

‘ : g < 5 i
Example - Consider the set Of non-negative real numbers R with the

canonical family of coverings «7 , namely ﬂ7/ is made up of open cover

ings Oys Opeee Openne defined as follows: o is the set of all in-
tervals

R e

4 2 2
plus



e

B e e e

==
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: + . .
To introduce in (R ,\7; a structure of n-semi-group we define

ot inturt M —2 s &,V

as follows: Vj/is the family of all coverings ci& = On X cn and

£ —— LV
WM
is defined as

n

n —_—
fw- (Uw) = g

Now for any - %; € Aﬂf we define

. .n n
fcn : qM{ > @
w’ ¥
by
a)‘fcn (A x B) =4, A, B € "
¢ )
if A x B has a larger area below the diagonal A of R+ x R+

b) £n (AxB) =B

if A x B has a larger area above the diagonal A

¢) When A divides A x B in equal areas then clearly A=P

and so apply either a) or b) above.

_ D

The germ e = {I,'}, n > 1 is the identity and we leave £fOF

the reader to check all conditions of definition 11 The structur®
T : . +

of n-semi-group so defined in (r*,\) satisfies also the commutative
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law.

For later use we want to discuss an important property of

+ '
(R ,\f). Suppose we have a sequence of number {ti}, L 5 1, inI{ with

lim t, =+ «
i+ 1

and consider in 0 & sequence of intervals Ai, i 2 1, with ti € A. .
i

Then we say that the sequence {Ai} tends to + « , writing

A, ——> + =
b 8

Now if we take any B € Op and if we denote with a dot the

multiplication in (R+,V7> defined above we have that

B > + ®

Ai.

as well. This property will be used in §III.

Let T be. the set of real numbers with the dis

Example 2 =

crete topology and letq]’ be the family containing the unique coOvVer=

ing of R whose open sets are points. Define

£ (rxr, W) > (r, )

as follows
fM’(o x g) = 0o

and for each pair A, B € 0 define

foxo(A X B? =A + B
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where + is the usual addition in R because A and B are single

points.

In this case we have in (R,ﬁr) really a structure of n-group
which is essentially the same as the usual additive group in R . This
is a trivial example,but so far we do not know other examples very dif
ferent from the one jusﬁ given.More Precisely if we take tf as the
éanonical family of coverings in R defined in similar way

as for ex

ample 1, there is no continuous N=group structure in (R,mf) having as

identity the germ ¢C = {An} r D> 1, with

=1 -1
A = {— < x < }
n on N

and such that the inverse of An € °n> is its Symmetric’ relative to

the origin.

>
To see that consider ol and 02 > ol and let

Al = {0 < x < 1} e o
5 wh L 3
By =1 2z “BE—gHl 8o,

% e . 1
T exc e
B, = {0 < x < —l—} € g

2 2 2

Then, does not matter how we define the

multiplication in
(R,TV) we have
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Al . Al = Al
-l = ©
B2 . 82 == A2 "

But then the multiplication is not continuous because

A, M

Certainly one would object that we could define the inverse

of A in a different manner. Maybe it is possible to do it but  the
what kind of difficulties wWe &ncounter

situation above shows very clear

5 define continuous n-grouD-on the real line. Of course, if we drop the contin

uity things are much easier.

s above we have a feeling that may

Remark - As shown py the example

be a more'convenient definition of n—group'could be thought. For ins-

tance one might relax the condition

(0 x c) =0

Enr

by putting

e W

I

(o.% 0)

£y

s . However we do not investigate

where the choice of T depends an
postpone this guestion for future publica—

those question now and we

tions.
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§ 11

Relations between n-D.S. and usual dynamical systems

l. In his Ph.D. thesis [7], A.V. Jansen studies the connec_
tions between n-functions and usual functions in general and we intend
to apply his results to the case of n-dynami.cal systems, as they are .

defined by a n-function

+h
se

(xxe M) > (x,’\f).

Unfortunately, as Jansen's thesis has not been published ,
other thaﬁ internally at Mc Master University, we start by récalling
some of his results needed here. Some.of these are also referred at
11, -

Consider the continuous n-function
£2 N} ——s A

and the usual continuous function

We say that £ generate ¢ if for any X E X and any neigh-
borhood V of ¢(x), there is o € '\f and A€ o, such that:

5 =xgn

(ii) d(x) € fUIAS,

(1ii) fO(A) C V.
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A n-function

¢+ A —— @A

is

(I) Pointwise cofinal if for any [ € Cov Y and any X € X

there is o ENT and A € ¢ , with X € A and fo(A) c D, for some

DeT .

(II) Cofinal in Cov ¥, as seen pefore in §I, if {f(o)}ce\fis

cofinal in Cov Y, in the sense that for any covering T of Y there is

g € \r such that f(o) > T .

(III) regular ., if A;B, € g € _«]/ with A N B # ¢ —_—

£,(a) 0 fg(B) o -

(Iv) fully reqular, if A € 0. BE 1 , with o,TEEcV,AﬁB # ¢

= fO(A) n ft(B) o .

Remark: Given a n- D.S.

£: (XXP,"W/) > V)

p € [(X,\{)] are not necessarily continuous, unless

its motions £©,

p is compatible with refinements. However they are always fully regu

lar if 10’15 cofinal in Cov .(XxP), as easily seen. This remark is very

important to have in mind in the following.

Proposition 1 (A.v.Jansen) - Let a n-function

s im Wy s A
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be continuous, pontwise cofinal, with %y’cofinal in Cov X and X,Y

regular TI' Then there is a unique continuous function ¢:X—>Y gener

ated by f.

Proof: It will be too long to reproduce here and it can be

seen at [7] and we content ourselves in showing how ¢ is defined,what

is going to be important to have in mind later on. We start by prov-

ing that for any x € X there is exactly one point y € Y such that

y € fo(AS

for any o € tr;nd any A€c such that x € A. After that we define

¢(x) =y
and proceed to prove its continuity and unity.

As a corollary to this propecsition we also have the result:if

£: X V—s x, V)

is the identity n-function, namely

RV

5 —> 0 for all ¢ € \]’

are identity functions, then the function ¢: x » X generated by £

is also the identity function.

Furthermore, if we compose two n-functions f,9, their com-

position carries over the generated functions,

namely, if f generates
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¢ and g generates y, then fe°g generates ¢°y. All these results

are due to A.V. Jansen [71].

Proposition 2. Let X be a regular space and

f : (X,Lf3

be continuous with.ﬁr cofinal in Cov

> (Y:V' )

X and suppose that f generates

a map ¢: X > Y. Then for every x € X and any g €4 and any A € ©

with x € A we have

o (x) € fo(Ai

proof: See [71P- 5, Lemma 3, after comparison with lemma I,

Proposition 2' - The same conclusion of Proposition 2 holds

if £ is fully regular.
pProof: See {71 p. 5, Lemma 3.
Definition I An n-dynamicai system

£ (XXP,’“/) =g (Xr/\)/)

is pointwise cofinal if the same holds for £.

2. Let us now study the relations petween n-dynamical sSys-

tems and usual semi-groups of tranformations and also connections be-

tween n-semi-groups and usual semi-groups. By usual semi-group of
transformations of a topological space X having a semi-group P as
nction

space of parameters we understand a fu
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d: XxXP > X
such that:

(Gl) for the identity 1 of p and any x € X we have

$(x,1) = x

(G2) for any t,t' € p ang any x € X we have

(o (x,t),t") = b(x,tet")
where the dot + is the multiplication in P.

If P is also a topological semi-group we say that the semi-

group of transformations is-continuous. alj n-functions considered

in this paragraph are supposed to be continuous, unless stated other-

wise.

Theorem 1 TLet ¥ be a reqular Space and

voXXUP, V)] - x

which is continuous, having ag space of parameterg the Semi-group of
germs of (P,\/P)

with the topology defined in §I, 3.

Proof: Let ¢ be the continuous function

¢: Xxp - x
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as given by Proposition 1 and define by

W(X.pp) = ¢(x,<pp>)

for any x € X and any Pp € [ (p,v/)] , what makes sense because keing

cofinal in Cov(XxP) implies that ’\fp is cofinal in Cov P and so all

germs in (P,"U'P) are simple (§I, 2, Prop- 1).

(a) ¥ is continuous. Indeed, take any (x,pP) € X x [(p,’\j};)]

and V (y) an arbitrary nelghbourhood of "y = w(x,pp). As ¢ is contin-

such that

uous, there is a neighbourhood V (x,E) . w1th t = <pp>,

olvi(x,t)] € v(y) .

select V (x) and V (t) V{ith

vix) x V(t) € vix,t)

and define V(pP) as the set of all germs qp such that <q,> e v(t) .,
which is a neig‘nbourhood of Pp in the tOpology of [ (P, ‘\f )] . Then for

any g, EV(PP) and any 2 € Vv (x) we have

w(z.qp) = ¢(z.<qP>) e v(y)

and so Y is continuous.

(b) .If e is the identity in (P,VP), Y (x,eP) = x. Indeed,

let

(0]
= _{Ao by EV
p’p P
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and look to .
£, (x,%) - x, A .

We have for any o € ﬁf and A € g

’

eP " 0
fO (a) = fc (AXAO )

g P

n
>

: e
because f is an n-D.S. (Def v, D3). Hence f P is the identity n-

. e
function and generates the identity map. Let us show that £ P also

generates ¢(x,t), t = <erg, regarded as a map, X - X. Take Vi(y) an

arbitrary neighbourhood of Yy = ¢(x,t) for an arbitrary x € x. aAs f

generates ¢, there is ¢ E‘NU/and (x,t) € 1 = AXA € g, ., auch that
N W o W

(i) f0 (AXAP) C. Viy)

(ii) y € fc’\o’ (AxAP),

As Mj; 1s cofinal in Cov P, there is

with ATP @ A?

TP >g and A e

= : P
and so by Proposition 2, with 1 = § l(TP),

f:P(A) = (AxAg N5 (Axa ) c v(y)
P .

and

e
Y€ £, (AxAl ) = £ P(p
TP 14
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e
what proves that £ P generates ¢ (x,t). Now, by the unity’ of the

generated function we have that ¢(x,t) is the identity map in X and

so for any x € X,
o(x,t) =X

what'implies that

w(X,eP) = ¢(x'<ep>) = ¢(X,t) = X.

(c) For any x € X and Ppr 9p € [(P,\?L)] we have

(1) w[w(x,pp),qP]= w[x,pp'qpl-

Indeed, by definition we have

wlw(X.pP),qP] = ¢[¢(x,<pp>5;<qp>]

(2)
w(x,pP-qP) = ¢(x,<pp'qP>)

’ q
Now fp generates ¢(x,<pP>) and £ P generates_¢(x,<qp>), as can be
proved in the same way we did for ep above, what implies that

q

£°B . R generates <M¢(X,<pp>),<qP>1:'by A.V. Jansen's results as

pointed out pefore ‘:) But as f is a n-D.S.,

p_*d
and as f P P generates ¢(x,<pP'qP>) we have that

Pp dp
(.) Recall that according to remark of §II, 1 £ and f are fully

regular.
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¢(xr<Pé'qP>) = ¢[¢(xl<bp>)l <qP>] ’

which by (2) gives (1).

Therefore, in conclusion VY satisfies all the requirements

. to be a usual group of transformations and the theorem is proved.

Theorem 2: Let ‘X be a regular space and

£ (xxx ) - x, 1)

a n-group with MS’cofinal in Cov(XxX) and f Pointwise cofinal. Then

_the map

b : X xX - X

generated by f induces in X a Structure of topological group and the
function

o [(x,V)1 > x
given by

¢(p) = <p>

for all p& 2V 1 im 5 homomorphism of topological groups.

Proof: As‘Mf/is cofinal in Cov(Xxx),\7/

is also cofinal in
(x,0) are simple.

regarded as an algebralc ope*atlon,

COV’ X and so all germs in We have to show that o

has ldentlty, inverse and is as-

To do this we take g the identity germ in %, 1N and as
seen in the proof of theorem 1 ve have for any

sociatlve.

X € X,
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d(x,<e>) = X = ¢ (<e>,x)

<e> is the identity of the operation ¢. Consider now any germ

so that
-1 . ' .
p in (X,%rs with <p> = x and let y = <p ">. If 1 is the identity of

¢ as just defined, i.e., 1 = <e>, we have, for any c<51?/and A—l € o

i - -1
with AEp,Alep i

-1 o 0o
= (= (=
£5 x c,(AXA ) A o, A e ,

what is equivalent to say, because ky/is cofinal in Cov X, that any
£_, o (BXC) for all gell

neighbourhood of 1 in X intersects all sets o
and B, C€ 0, x € B, y € C. By the way ¢ is defined in Proposition 1,

we conclude that . S
p(x,y) =1

what shows that every x € X has an inverse y € X by ¢. Finally to

show that ¢ is associative we define the n-function

F: (XxXxx,\:&f) > (x, A\

by considering

(i) «b/= {oxoxa, .- tf} i

all Gev/l

(ii) F~ (oxoxc) = 0,
W

(AxBxC) = fcxc(AXfcxc(BXC))

(iii) F
oéE«y'and A,B,C € 0 .

agXgxg

= 1
= foxolfoxo(AXB)xcl, for al
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Now if we take x,y,z € X arbitrary and A,B,C € o with X€ A,

y € B, 2 € C, by Proposition 2 we conclude that

X0

ol x,fb(y,z)] E Egng DU (BXC)]

and

oo (x,y),2] € T TE —(awBIcl,

X0~ OXo

what by the definition of f implies that it generates both ¢>[x,¢>(y12)]

and ¢[é(x,y),2] and therefore by the unity of the generated function

ol x,9(y,2z)] -= Plo(x,y),z]

and hence ¢ 1is associative and define a group structure in X . We say

that the group (X,$) is generated by the n-group {(x,\))

Now by Proposition 3, §I, we can regard f as a n-D.S. and

lock to

vr Xx(x N - x

as defined in Theorem 1. To prove that ¢ is a homomorphlsm we know al-

ready as seen above that <e> = 1,

d(e) =1 .,

Now considering any p,q € [ (x,\7/>1 we have
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Wly(x,p), al = o[ (x,<p>) s <q>] =

= ¢(x,<p>*<q>) = ¢(x,¢(prf¢(q))

and

i (%, peg) = 6 (x,<p*q>) = o (x,2(peq)) -

As
lP[‘P(X:P) ,ql = U)(X:P'q)

we have that

¢(x,¢(p)°¢(q)) = ¢ (x,0(pa))

and as ¢ is a group operation
d(p)-2(q) = ®(p+q)

what shows that ¢ is a homomorphism-

Finally we have to show that the product in [(X,\7)] is con

be an arbitrary neighbourhood of <p*g> in X

tinuous; Let v (<p-p*>)
there is o € ﬂfrsuch that any DE€Go .Wlth

As NV is cofinal in Cov X,

plies that D C v(<peg>) . BY definition of the product

‘<p'q> € D im
p'q if A€ p,'B € gq, then
cprgy € Epg(A¥B) € O
and so
fcxo(AXB) c v(<prq>)-
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Let

Vip) = {p" : <p'> €a}
Vig) = {q" : <gq'> €}

be two neighbourhoods of p and g in [(X,tys]. Again, as @V’is cofinal

v ' )
k5 o 8y 20 9! = {Ag Yo L {Bg to e i’ & there is o € 1// such
that

L} 0
AECA, Bg c B,

what implies that

pl
foxo (5 ¥ BT ) € £ (axB) € vi(cprqoy .

Therefore

<p'-q'> € V(<p'q>) B
what proves that

V(p)-vi(q) c V(p-q)

and so the product in [(X,U’)] is continuous ang [(x,b/” is a topolod

ical group. The continuity of ¢ jg i

mmediately fronlthe definition of the
topology in [(x,NfBJ. ;

Therefore the theorem ig proved.

Theorem 3. ©Let X be a regular ang

£ 2x x p,/V\f) -+ (x,")’)
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be ; : .
é pointwise cofinal n-dynamical system with&kf cofinal in’ Cov (XXP).

Then the map ¢

¢ : X x P —> X

generated by f is a semi-group of transformation of X in the usual

sense.’

Proof - By theorem 2, P has a semi-group structure generated by the

structure of n-semi-group of (P,NEJ and by.theorem 1 we have a usual

semi-group of transformations

b1 XxTE R —~—%

Then if 1 is the identity of P we have, with 1 = <e >,

g (%:1) = ¢(x,ep) = X

and for any t, t' € P and Ppy Py € [(P,1};)1, with t=<pp>, t'=<Pp> -

we have

ol (x,t), t'1 = VI v(x,p,) s Byl =

" (lep'pp) &

As & defined in theorem 2 is a homomorphism we have

>) = o(x,0(py), etpp))

]

d(x,tt") ¢(x,<pp>'<pé

n

w(x,®(pp'pé)) = ¢(X,<PP’PE>)

P = ,t'
w(x,pp pP) olo(x,t) ]
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and this proves the theorem.

Remark - We have scen that in all three theorems proved before it is

important for £ to be pointwise cofinal andﬂi7/cofinal and X regular

This justifies the definition.

Definition II - A n-dynamical system

> (X, V)

is regular if f is pointwise cofinal,ﬂkf/

X is a regular Hausdorff space.

f‘: (X x P,«UT
is cofinal in Cov(Xxp) and

Remark - In A.V. Jansen's thesis other theorems showing that n-func

tions generate usual functions are proved, which instead of point-

wise cofinal use regular.

So we believe that theorems similar to those

proved in this paragraph might also be true under the hypothesis of

regular instead of pointwise cofinal for

the n-functions involved.HoW
ever we do not treat these questions here.
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ts _an gg;aged concepts

1. 1In the classical theory of dynamical systems after the basic def

inition one start introducing several concepts which approach the the

ory more and more of its important applications to physics and other

branches of science. These are the concepts of point of equilibrium,

limit sets, centre of attraction, etc., which are all very appealing

to physical sciences. our intention in this paragraph is to show how
»

most of these concepts have a natural extension to n—dynamical system.

In this paragraph all n-semi-groups (P,Wj;) are supposed to

al numbers with its usual topological and

be with P = R, the set of re
of /\7/9 will be made of

algebraic structures. Also the coverings Op
open intervals.

Definition I - A germ P € [(x,ﬂ731 is called an equilibrium or &

rest position of a n-D.S.

£: (X X P,’Vl{)——~——> (x,/U/)

if for any 0p € "\fp and any Byl € Op we ha.lve with Gy =0 X Ops

~pEm = BEP

£B

’

Definition II - A motion p € [(X,\]ﬁ] of a n-D.S-

£: (X X R,MJG——"——»-(X,\fS
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is called a periodic motion if:

(151) there is a number K > 0 such that for any OP € VP

t € R ’ € it € = W €
and for any and AP BP Ops with t Ap, t:x n K BP

m> 0, we have

p ¥ = P
£ (A)) = £5 (B );
O'P P 0’P P

(P2) the infimum of all K satisfying (Pl) is a positive

number T, called the period of the motion fP'. The frequency of f° is

the number v = 1/'1"

“Theorem 1 - ‘Let p € [ (X, /)] be an equilibrium position. Let g Dbe

. v
any germ in (X,4}) and suppose that for some Ap. € cp We have

fq(AP) = A€ p.

Then for any other BP (5 op we also have

q i .
f (AP BP) A

Proof - We have, for any A € g.

o
°

Rl =f Mmeal =
GP P 0, P) A"

. &
Also for any BP L and B € g, B € P we have
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! B BxA*B) =f fF (BxA)YXBT =
£ (A ) £ (B x L [ - P) P]

P P 0“(

q
= f A ) x B
£, 50, ) X B -

]

- ¢P =
fom_(A x Bp) = fo (Bp) = A.
P

The intuitive meaning of this theorem is that whenever we at

tain a point of equilibrium we stay there. 1f (P,Qf;) is a n-group

then we can also prove that a position of equilibrium cannot either be

suppose that for some AP € GP we have

attained. Indeed

€9 (A) =AE€EP , - A€EGO .
(o] P T

P
Then we have

p
£5

ol = £ (Ax aly= aep.
. 5 4 , P

By another side as for any B € q B € 0,

fg (AP) =f_  (BxA)

P O'W/
we have

el -1y = g fn ) % BT =

P aly =g (axa ) =f£ [f
¢ -l _¢ B x (A0 =

-f 13 Bxa” =, o,
- f (BxA) = BEQ
P
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which is a contradiction, because pNqg-=¢.

Definition ITI - Let £P be a motion of a n-D.S.

£: (xxp, U >(x, AN .

The trajectory or orbit of £P is the subset of X given by

T(£P) = m \/
A:OP

P
£, (a)

G
0P U; P

In previous work a similar motion was associated with the

idea of particle as can be seen at [1] and it helps in giving more€

geometric insight into many questions connected with n-p.s. as we

shall see in the following pages.
For our

next theorem we need a result which is 'interesting

by itself given in the pProposition below.

Propositibn l - Let .
f: (X,[D/)\ﬁ (X, '\;')

be a cofinal in Cov X, n- function with vy pParacompact and «f/xnade up

of finite open coverlngs Then T(f) as given by definition III,i.e-’

T(f) (ﬂ\ ‘(:7““5‘TZ7—

is compact subset of vy,

Proof - If T(f) is emnpty nothing is to be proveqd. Otherwise 1let Fc



T(f). As Y is paracompact it is normal

be an open covering of

as T(f) is closed, there is an open set V., such that:

(i) v 2 T(f)

(11) V¢ U E

EET
c
Define I as open covering of Y given by Fc together

the open set y-v. As £ is cofinal in. Cov Y.

(6) > T

fy
and as every fo(z\.), AE 0 .,
o there are finitely man

intersects

in sets of T, and s y open sets of

T
e’ El’E2’°'En such that

A€o

U.f(A)CCJEi' '
i=1 .

because o is finite. As Y is paracompact every open covering T

an open refinement T' such that for every sat E'E I there

Ee€T with E' € E. Therefore e can assume also that

U f'O(A) - q §i ’

A€EC i=

this implies that

45’

and

with

there is O € TY with

U they must all be contained

has

is
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what proves that T(f) is compact.

Corollarx - lLet

£ (x, V)

>(Y,'\}/')

be a n~function, cofinal in Cov Y, with M(Eofinal in Cov X, X compact

and Y paracompact. Then T(f) is a compact subset of Y.

Proof - This corollary reduces to Proposition 1 if we show that T (f)

can be defined by using only finite subcoverings of

every covering
o € Tf . Indeed,

. L")
to every ¢ € U(let us associate a covering o by

selecting finitely many sets of o, what is possible because X is com
pact. We have

Ut e £,(a).

A€o A €g

Indeed, as Vis cofinal in Cov X there is t € ‘U/with T > g sa that

TEie U e m o Ol s
Ber T A€g O
what implies that

LA £_(a)

O’EU/ AE?}’

Given a pair- (X,\Y) wWe say that Lfis.cOfinal relatively tO

1 given any compact subset g
ily of all coverings of given by

compact subsets of ¥,

of X the fam
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og = {n € og; ANKF¥ ¢}

for each o € Cf is cofinal in Cov K.

- Theorem 2 - Let £P, p € [(X,\r)] pe a periodic motion of the n-D.S

> (XIV)

£ oxrM)

X is paracompact and in the pair

where fP is cofinal in Cov X,

(leij,'U; is cofinal relatively to compact subsets of R.Then T(fp)
is a compact subset of X. .

P is periodic we can consider fP as a n-function

fpz(x,ﬂjg) . (x,V)

1 of R and \7’ is given by

Proof - As

d and pounded interva .

when I 1is a close

all coverings
..' . . .-. .
oI.{AﬁéoP, Ap nI# e}

But now, under the hypothesis of the theorem, fP satisfies
position 1 and its corollary and soO T(fp) is com

all conditions of Pro

pact, what proves the theorem.

Remark - A similar theorem can be proved by assuming that for any

o & AL, oy, S SRR W
p- I
ce we state this re

e use now proposition 1 only, to prove the

theorem. For referen sult explicity:
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Theorem 2f - Let fP r PEL(X,\)]

f: (xxR,Mﬁ >(X,ﬂf)

where f£P is cofinal in Cov X, X

is paracompact and in the pair
(R, blp) , for every 9p E'Ul:

we have for each bounded and closed iR
terval I of R that

UI=(A.PGUP;APHI;£¢)

is finite. Then T(fP) jg a compact subset of .

2. 'In this section we investigate the main properties of in-

variant sets and limit sets of a n-D.s.

A set M of germs of (X,

£ (XXP,1U§

is for any germ p € [(X,

"Definition IV -

m is an invariant set ©of
the n-D.S.

> (XAT)

V)] » With p e j,

we have

fp(pp) €M

for any Pp G[(P,«];J]. The union of a13 <

P>, PEM is called the
nucleus of M and is indicateq by <Mm>.

Definition Vv - 2 germ p € [(X,’U/)]

motion £%, e [(X,'U/)] of a n-p.g.

is calleg a &

bl -lsmite germ of

ke (XXRINV;~—-———->(X,\/)

be a periodic motion of the n-D.S-
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lim tn = + and a sequence

if there is a sequence t_ € R, n > 1,
n - n-o

n
of germs {pP}n>l in (R.\];) with

(L) prpll'\[tn,+oo]?é¢’n_l’ 2’ s et

]

for any neighborhood 'VE(p) in the canonical topology

of - 1z,

o 6'6/ and A€ o, A€ P
there is an integer no(c) > 0 such that

q,.n
n > no(o) = f£-(Pp) N A; 7 ¢

Notation - If p, = £ (pp) we write

.
p= (L)~ lim p, -

n-+e’

t of a motion £f9 is the set of

Definition IV - The (L¥) - limit se

all P‘EI(X,lf)] which are wt) - limit germs of

tion LY (£9).

fq. We use the nota

If we start with a'sequence tn————>— o we can define in the

- 1imit germ and L_(fq).-

same way (L-)
results only for

g o
From now on we prove all (L7)-limit  sets

and germs.
o .
The nucleus of ¥ (£9), denoted by <L (¢9)> is the subset of
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P n>
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X defined by

<L+ (fq) > :U <p> .

peLt (£9)

For our next theorem we need some special properties of = the
n-semi-group (R,xg) which up to now was left arbitrary, i.e., for

questions dealing with limit sets and related concepts the n-semi-
group structure of the space of parameters has‘influence on the re-

sults.

We say that the n-semi-group structure of (R, t@) is

compaz
tible with the ordering of R if the following happens: let {tn}nil'

be a
>1
sequence of germs in (R,«};) with

pp N Lt ., + =) # 6.

Let now pp be any other germ in (R,TTE)..Then there is a sequence
{t } lim t_ =
n n n

00

o1 + @, of numbers in R such that

N 5
ppeppﬂ[rn'+ ®) # ¢.

This is a special case of ordered n-semi-group, whose study
e (4

e 3 v 3 b 3 . s )
we do not consider now which intuitively corresponds to the usual case

of addition for the reals, i.e., if we add any number to sequence of
real numbers with limit + » we get a similar type of sequence

Theorem 3 - Let

‘f:(Xfovvg

> (x,\f)
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be a n-D.s. with f a regular n-function, where (R,17;) has a n-seni

group structure compatible with the ordering of R. Then for any mo-=

tion fq, q € [(x,kf)], the set L+(fq) is an invariant set of f .

Proof - We must show that for any germ P & L+(fq) if we look to the

motion fP, then for every germ pp€ [(R, %g)] we have that the germ

r = £P¢p ) € LT (D).
P
By definition of L+(fq) there is a sequence {tn}n>l' with

lim t = + » and a seguence of germs {p;} of (R}lf;) such that for

N+ | .
any o G‘\y’/and A € p there is no(c) such that

. q,.n
n > no(o) = f (pp) n A, + ¢,
when, for all n > 1,

P;n[tnl+ w) # ¢

' -1
G'\?; and Ag €o=A (OP), where the map

Consider now Op
n
and look to 'AOP € Pp

art of the definition of f.,

A:o >0, is p

p
n > no(c). Then ‘
9 @) na_#¢ (A € p)-
UP OP g . a

fPP hence

r

As f is regular the same holds for
p p
(1) ePed A% ) n P (A F O
o op 9p g g

»



: P
By definition of f P, for all A, € pp we have

P

p
3 - = P
f0 (AO) t (A0 x AG ) f0 (A0 ) .

Now for all Ag € g, Ag € g = A—l (op), we have,

q A"y = q noy -
£5 () £ Ar A ).

p “p s P
Hence,
£ P16 (A )] = £P ¢ (ad x 0 =
o Op 0p toxo 0P)] =
= f [ £ BE xa 2 | o=
oxo, oxo, g W p
= f [Aq X (An XA )] =
OXO'P [o] UP UP
= 49 n n
=f£1 (A" xa ) = gt _
op  Op op o

This show that there is a sequence of germs in (R,«]/),
P

such that, for n > n (o), by (1) above,

52
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(2) £d (qn) a fg (Ac )y # b
P P P

n
il Nt , +«) # ¢ we have also
p n

Now as

n
A *« A NnN[it., +*) = ¢ -
op op n
n of product in (R,Lf;)'

for some convenient T by the definitio

As lim T = 4+ » and
n->c

Al +=) F o

we have that, due do (2),

1im fq(qg)'='fp(pp) = r
n->e
re D,

and consequently

"is an invariant set of £. A similar theo

+
- Therefore L (fp)
rem is true for L"(fp) assuming that the n-semi-group structure of

(R.W7;) is compatible

with the ordering of R relatively to sequences

{tphysye with lim £ = % -

n+m
£P, p € [(X,QfGI is a periodic motion then

Theorem 4 - If

for any p,€ [(R, V)] -

P ¥ B ) = L™ (£P).
P
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ourselves in dealing only with some basic concepts. In the future @

detailed study of this important theory of stability of n-D.S. will . be

published elscwhere.

Let us introduce the notion of positive and negative trajec—

tory of a motion fp, denoted by T+(fp) and T (£P)

respectively and

whose definitions are

T (£F) = Ov "
% p B € 9

T (£P) = A -
A APKEJOP f%p )

Apn[or"‘”) 7£¢
Clearly

T(£P) = 17 (£P) U 17 (£P)

Definition V - A motion £P

1S positively ;5gﬁﬂgefstable if T+ (£9)

is compact and negatively Lagrange -stable 1 T_(fp) is cémpact Tt is

Lagrange-stable if both T+(fp) and T (f£P) Butten
compact.

Theorem 5 - Let £P be o o 4 %
N @ Positively TLagrange stable motion in (vaf

with «7’cofinal in Cov X. Then

T+(fp) = L+(fp) s
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: .
g e Lt () with <a> % ot (£P). as U7

(X,UV) are simple and so we can

Suppose that there is
is cofinal in Cov X all germs in

write
<q> £ T (D)

(X is (Hausdor£ff!l)

it is closed in X
o € bﬁ such that

+
As T (£fP) is compact,

a : :
nd so there is B0€<J€‘Oi B, € q, for a convenient

73 P g
B, n T (£5) = ¢

But now, for € € we hav
e any Op “g and AP op e a g

2 =
£ (a) " Bg ¢

fp, what is a contradic-

(L+)—limit germs of

and so g cannot be
lar theorem can be pr

tion and proves the theorem. A simi oved for ne-

motions and hence £ e motions.

gatively. Lagrange stable or Lagrange stabl

\7} with tf’ cofinal

we have

periodic motion in (X,

Theorem 6 - £ gP is a
thesis of theorem 2,

in Cov X and satisfying all hypo

o(P) = <t EF)>
Proof - By theorem 5 above we know that
o(eP) o < LT (P> .
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because by theorem 2, T(£P) is compact and so every periodic motion

is also Légrange stable. To prove the opposite inclusion, i.e.,

r(£P) c <t (eP)>

let us suppose that there is some x € T(fp) and x £ <L+(fp)>. In
this case for any germ ¢ in (x,%f) with x € <q> , there is 0 € Uﬁ
A €0, Al € q and t(o) € R such that for any germ Pp in (R,tg)

with pptﬁ [t(o), + ©) # ¢ we have, for some Tp € xg ,

(1) £ (a ) na =9
TP TP- g
But as fF is periodic (1) is actually true for any A;€Tp
y ' P
so that
x ¢ U/ £ (A_)
AT (= ‘[‘P P TP
P
what implies that x ¢ T(fP), a contradiction.
Remark - Analysing the proof of the theorem 6 above we see that t°

prove the inclusion
(2) T(£P) ¢ <L+(fp)>

we do not use all the hypothes$is of the theorem Indeed, (2) is tT¥®
N ’

for any periodic motion, as seen by the Proof above. By another gide

P : A
1f £ 4is cofinal im Cov X the agfcsiss inclusion is also easy o
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establish, without further hypothesis and therefore we can state the

theorem:

Theorem 7 - If fP ' is a periodic motion, with fP cofinal in Cov X,
£: (r,V)) . x, V),

then
r(eP) = <Lt (£)> =<7 (5)>.

Theorem 8 - If P is positively Lagrange stable, Lt (£P) is not

empty. Similary if fP  is negatively Lagrange stable L (£} is not

empty.

Proof - Let {tn}n>l be a sequence of germs in (R,W);) with

n
b ity 80 79

Look to the sequence of germs

pn=fp(p;) ' nzi.
for each n 2> 1. As all <pn>

' - . ' n
in (x,ﬂji anid select a polnt X%, € <P

are contained in T(fp) and this set is compact, there is a point
x € T(fP) which is the 1imit of a subsequence of (X }n,17
~simplicity we assume that x = lim X - Let gq be any
n—»oo q

and look to any O EIUC Ag € d., Ao € og. As

whose nucleus contains X
n(g) such that for

X is the limit of {xn}, there is an integer
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n > n(og) we have X, € ad and consequently
o

phnal £y

This shows that

a = (LY - 1im fp(p;)

n-ro

and so L+(fp) 0 .

4. To finish this paragraph we want to say a few wofds about centre

of attraction and related subjects. -

Definition VI - A closed subset M C X

is centre of attraction of
the motion f£P, p € [(X:U()] of the n-D.S.

£:(X x R,'\A}/)

if for any open set E > M

> (X,'\f)
there is an integer n(E) > 0 such that

for any germ p, € [(R[Qy;)], with Py N [RIE) ; + =) # ¢ we have

) NE £ op

M 1s a minimal centre of attraction if no proper closed suR

set of M is centre of attraction.

F
Or our next theorem we need the concept of locally cofinal

family \9,°f coverings of a space x. This is defined as follows: 1)/

is a family of open coverings of X Satisfying the property that £Or

any O G"ﬁrand any A€ o, there is T e 1fand BE€1 with 1 > o and
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B C A. Every cofinal family \7’in Cov X is also locally cofinal but

not otherwise as for instance the canonical family {f; in R.

Theorem 9 - Let fP be a continuous motion in (X,tf3 cofinal in

Cov X, with 17; locally cofinal and X, a normal space. The necessary
and sufficient condition for a closed subset M C X to be a centre

£fP is that for any open set E DO M, there is an

of attraction of
(= T >
€ /\]; such that for all [P ,‘);, P O'P

integer n(gE) > 0 and op

and all AT ewb, with A_ N [n(E), +=°) # ¢, we have

P P

p
¢ (A. ) CE .
s Tp

he condition is necessary. Indeed, if M

Proof - First we show that t
n(g) > 0 such

£P  there is an integer

that for all o eU/ and all.A_€ 0Oy, A N [n(E), + =) = ¢,implies
. P P 9p P Op

is center of attraction of

that,

P (r )NEF# -
% 9 ,

as in the hypothesis of the theorem .,

For any open set E,
let us define an open covering rp of X as' follows: by the normal-

W

e two open sets

1 and w2 such that

ity of X, there ar

(1) Wy nw, = ¢
(11) MC W, CE

(111) X - EC W,-
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Define FE as made up of the open sets:

E - M, Wl and W2'

Suppose we have selected %p above such that

P
f%(op) > I‘E

what is possible because £P

is cofinal in Cov X. Then any set A
- P
as above will imply that if ’
(1) fP (A ) ¢E
% 9%
(2) £ (a_)cw .
9p 9p 2

Suppose that the condition is not necessary. Then there 18

an open set E O M with the following property: whatever is the in-

teger n > 0 and whatever is the covering

a covering T, ?‘];, T, > Ops and an open set b, € o,
P

op € &7;J there is always

with

A

. 0 In, + ®) #¢ anga ¢P
P l 1

(A_ ) E..
PTP¢

let vpev; with v >
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We -can also assume that for some open set Bv £ Vp ¢
P

B N ([n, += #¢ and P (8. ) £ E.
Vp Vp  Vp

As seen above we must have

P (B ) CW, -
VP VP 2

Now for any Yp E‘U;, Yp > Vpr by the continuity of P we

have a CYp € Y e with

c CB — .fP(g ) C W, .
Yp Vp Yp Yp 2

Look to the set Wy above. We have Wy > M, but for any n>0

E‘v; as above having sets like CY for which

we can always build Yp
' P

p E W s
fh (e, ) W2

and so
p -
£ C NW, =¢ -
YP( YP) 1

tre of attraction,what

But this contradicts that M is a cen

proves that the condition is necessary-
To prove the sufficiency we proceed as follows: Let EDMNM

: v
and n(E) as in the hypothesis of the theorem. Take any upesz and
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any D, € Vg Du N [n(E), + =) # ¢. We are assuming that_ there is
P.
€ at for €’ € T
a OP \f; such that for all TP Ug, TP > OP and all ATP P

with AT N [n(E), + ) we have
P

p
£ (A ) CE.
P p

As ’\7/1., is locally cofinal for any D € yu

as above
¥p P
there is Tp > 0p and ATP € Tp with ATp a2 DuP. Then by the con
tinuity of P we have N
f‘r’ (A ) < £P (p )
P P up up 3

and so

P
£ (D ) NnE

what proves that the condition is suffiéient
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§ TV

n-D.S. and Differential Equations

T LN R B MRS e o e e

rz = =

1. In this section we discuss the connections between n-D.S.

and differential equations under the point of view -of non-deterﬁinis—
tic mathematics. Essentially, we want to show that every n-D.S. SYS~—
tem under certain conditions can be considered as a family of solu-
tions of a certain type of differential equations, what, in a certain

sense, bring ué back to the origins of the theory of dynamical sys-—
tems‘as inaugurated by the work of S. Lie and H. Poincaré.

For this purpose we need to introduce the concept of partial

here by

c function and this is done

derivatives of a n-deterministi
troduced before.

as this concept has not yet been in
s are studied and also relate

the first time,
d

Several properties of partial derivative

ideas and this is the purpose of the next paragraph. A knowledge of
the theory of derivatives of n-functions is necessary to understand

this section, what can be seen at [11].

int where our nomenclature differs from

There is only one poO
t of real n-— functicn.

that in [ 1], which is connected with the concep
introcduce &

The concept of derivative of n-function requires that we

"R is the set of real numbers and‘U;

particular pair [R/17; ] , where

Ip of open intervals or R, i.e.s

a family of collections points in

ag § U 3
R € F then 0] is made up of ope
Such a pair have been ca

n intervals or points;, in R, which

lled in previous

do not necessarily cover R.
-

arly as we did for
Yy called spe—

work by special pair and we can define, simil

what we shall call real previousl

function, n-function,
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b 25 (X,V) S [RIQ)/R]

I). A function

v

b A \7,———~9 \rR

II) for any o € tr: a function

f:0 —

o]

UR =.£V10)'

It is continuous if in addition we have:

III1) a)

b)

i)

11)

114)

The reason for such a rather sophisticated definition is

TRo W £ > £ (@, 0, te P

If BCA, Be T

fT(B) c fo(A)

tervalsor points.

becomes =

fT(B) C fcih)

open interval.

The case,

+ A€ 0, T > g, then

1f £.(B) ang £,(A) are both open in-~

In the case of points , clearly , ©

if £ (B) is a point and £,(n) is an

£ .(B) interval ang £,(A) point is excluded-

purely technical

and cannot be discussed here ip detail.
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2. Consider the pairs Dh\73, (Y,ﬂﬁ), (Z,&E) with Gauss structures

5.7

X' d Gauss transformations

Y'TZ respectively, an

Gyt cfx ""}?z

(
GY: 1 ¥ -——-——>«er

f:(X x Y,«Af)—_"> (Z,'\jg)
with «,U/C \)/x "\)/' .

be a continuous n-function,

Definition I - The partial gerivative of £ relative to (x,"\f) is a

2L xx ¢ W 1=V
consider any . Oy g x a' € Mfand take any

AE T E_%{and pt € g’ € by Con—

B CA_. So
W W

real n-function

defined as follows:
=AXA', With

A € '
- 'o . Then A
x 1" E/\U/andany Bwe T’

sider an T > O T =T
‘ Y W w' w

BCA, B' CA".

;

B =B X B'; B € T B' € s A

W . ,
Define E 5

— - n(ftw(Bw), a, )
() = 1 s
(“) w “xe%x n(B, oy
Tw
T;n to 1im

guous definition, by changingd

wh =
ere a, Gx(ax). Analo
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will be given for

nlEd (B ), a, )

'RJ ki a;é‘%( n(Br ax)

Now define

where AR is the interior of the smallest interval in R containing

all numbers

3 “ae
s e B
90X )T ( w) and (_ 9X }'r (Bw)
w - W :

for all T, e W > andall B €t , B C A,. If all these num

bers are egual we take Ap to be their common value. So A, is either

an open interval or a point in R.

Now considering all A, € o, we define a collection %% in

R ‘made up of open intervals or points. Hence, we define

(-.g_)f(_)M;w >V

where is th i ' ‘
/\)/R e collection of all Op @ o, runs in . by

(af') ( .

W
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ThgrefOre the real n-function, gi is completely defined. We have

analoguous definition for gg . Observe that if f 1is continuous

the same i - of of
is truc for both X ! 3y

Analyzing definition I above we see that the process described

therein can be iterated, so we can talk about

8’ £ = . _9f ) ___-————anf = cl (ap , ptn = n etc
ax? 3X | 39X " 3xPoyP axP | ax?
what are the re

The first questions arising is naturally,

lations among

3f of
s S

To give some information in that direction we introduce a

Gauss structure ?F in X x Y and call

G=?fﬁ‘—>r¥z

efine Df. To have connections among

the Gauss transformation used to d
G that'there must be sone

the derivatives above, it is natural to expecC

relations among ﬁfx, :FYJ CFZ and i}’, as well as;,

G

among G GX and

Y.
Hence, we assume to begin with, that

4. 4, <% .
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namely, any o€ 7?-is given by Ay X Oy Ay € ?;X and ay € ?fY '

this meaning that for any F € o« we have

P € g.tL

= g €
= By % Fyr By & By By Y

X Y

Secondly, we introduce two new Gauss transformations

Gi :t¥ >»tfx
R Gé :ff >'§;Y .

defined as follows: take «a eu;,' a = ax x aY , and but

v " ) s
Gx(a) = dy G;{(a) ol 'E
* L]
3 1]
and as easily seen G/ and Gy so defined are indeed Gauss transfor

mations, i.e.

G! '
x (@) < Gy (8)
a < B, a,B E&' T,

Cyla) < Gy(8)

Finally, we assume that the diagrams
?; '“SL'f;é G q;
\\\\?(//ﬂ e .
: L]
GX X Gx Gé q’y/’c
) X

commute. Under these circunstances We say that the Gauss st ture of
sStruc
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o?
(X.JTX): (Y.Cf&), (z, qé) are compatible and then we investigate re-

lations among the derivatives

Let us look back to the definition of

e

of
() e
« .
%
considered before and let us write for simplicity

B, € o, »=' f;W(Gw) € V .

frw(Bw) = 2
We have, with ay = Gyla), oz = Gla), 0y = Gy (@), for any o € ?;’,'
. . .
n(Bw, a) n(B,ax) n(B ,aY)

and we notice also that
T ' = :
a = GxoG X(G) - Gx(ax)

GY(aY) .

I

Q
|

= GY"G&(G)

Therefore, if for instance
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wE n(B,,a,)
el‘
TW ax f”x n(Bl(Y-x)
we have that
n(BZ,QQ)
DfT (Bw) = lim —=2_ 2 0 p
w a €% n(Bw, a)

because n(B', a,) increases indefinitely. Hence we conclude ¢

Theorem 1 . If the Gauss structures of (X’?X)' (Y,’}Y), (z,’-}z) are

compatible and if one of the partial derivatives is finite,

of af
(%5() (Aw) or~(—§?— \ (Aw)

O'w o

name ly ’
all sets .

are bounded subsets of R for all

v

9. € \J/ and all A, € 0, then

Df = ¢

Thgre is a natural interpretation of this result as follows:
if we consider the particular case where

X=Y =12 =R and all Gauss

structure involved are the canonical Structures as considered in [ 1]

we know from results referreq o in [ 1] due to V. Buonomano, that Df
. o ’ e

generates the jacobian determinant Itsilet I
n

4 generated

by f. Then clearly any differentiable map of R?2 L B s
mus

J{e) =0 for otherwise by the implicity function theorem there would

exist a local diffeomorphism between a region of

R* and an interval
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in R, what is absurd. Therefore, theorem 1 is, in a certain sense, a

generalization of this result.

To finish this paragraph we give a theorem relating, for ev=

g
ery germ p' in (¥,V "),

. p
pfP  with (—g—,f(—) '
when f is A-regulated.

Theorem 2 . Let

e tx x v — @ ¥
=?x X?Y with ?xl

. - “q
be a A-regulated, continuous n-function and f
(Y,\ﬁ) we have

/
rEY’ +2 compatible. Then, for each germ p' in

g 1
P e

Proof . Let o0 € '\fand A € o be arbitrarilly
t>cand BCA, BET

given. To compute

L
sz (A) we start by looking to al and consider

n(BZ, az)

n(B, ax)
whe - _ P’ = ' B' € p'
Tw = T X TI, Tl = A(T).

By another side, to compute



74

of 4
(T) s

we have to lock at

n(f_ (B.), a,) n(f (BxB'),d, )
Tog M Z E " "2 0 n(BZ,aZ)
n(B, ay) n(B, ay) n(B,qx)
. C—— : ?
Therefore, when we consider Tim and

lim in either case we get the

same set in R and this completes the proof.

In the same way we also have for every p € [(X,Uﬁ]

[ as \ P
D = —_—
£P ( Y )

’

We can state this result in a short form a follows: let p'
stand for the operation which takes f into fp' and the same for D

and 3/3X. Then our theorem can be stated simpiy as

(Do p")(f) = (%'v “%z—) (f) .

which is easy to memorize and indicates that the operators D  and
8/3X commute with the operator P'- I found this result particulérly
elegant.

In a first moment

+ W& want to investigate conditions under



75
ht be considered as a family of solutions of

which a given n-D.S. mig

a differential equation of the type

(1) Df = ¢ o £

i -functicn
where & is a n-field. More precisely a n-field is a real n

o2 (X,.m > [Rl 1)/11]

and f is a n-function

p ] (X,/U/P) >(X.\f)

i i of other
Of course, we cmuala:ad:if’an—D.S. is solution of

i i be discussed
types of eguations different from (1) and all this will

below.

Definition II - A n-D.S.

f: (XXP,% _—-4-————-> (X,O/)

& TAF el) we
derives from a n-field if for any P [( '«fh ¢ P { o

have

' e P xal)
__of [£2 (a) X AP] o (39) By P
aX OP P n
ag : w
w

= g %X O .
’ A € o_, where O p
for any gw € \A)/and any P P
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Theorem 3 - Let the n-D.S.

> (x,\f)

derives from a n-field and suppose also that 0f/9X 1is independent
of (P,U/P) : namely, .

( ) (Axay) = (§§ (A xB,)

g
w

£r %= P,'\(f)-

for a o = \
ny o o x o, € Wand any A € g, Ay, B, € Op- Then there is
a n-field

o: (x,\N > [ R, U/Rl

such that an o p ' i
y motion f£¥ of the given n-D.S. is solution of the equa

tion

(l) Dg=¢o g,

name ly

DfP

I

oo £P .

>roof - As 3f/3X 1is independent of (®, 'U;) we can d.efine for each

5610/and any A € g

o af
‘PO(A) = 3% (A x Ap)

(¢
w

—oxo W
here o, g OP € and AP € %

1s arbitrary . This clearly
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defines a n—-functiocn

@ (x,(f) —>[R,U/R] :

Let now fP be any motion of £, with p = {Ag}o E'uf'~

We

have, due to theorem 2,

P
GP W

p
P
o, o - (35) o0 = (35w
(¢

. v & 5
for any o, o x 0Op = «/ and any &p Op

By another side

p _[_3f ) (¢P .
o €0 (ap) = ( = ) [fG.P(AP) x B, ]

P

But as f derives from a n-field we have
p - p
pE;_ (Ap) = % 1ef (Ap)

what shows that fP is solution of (1) .

] = ' 1 ’ = P i g
Definition IIT - let P € ((x,\U)1 where p = ). ey 2 section i1

(X x P,QG; through p 1is a n-function

P (p,O/P)————» & % 2.0
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defined as follows:

(1) VY

A
Vp
is given by
P e N0 - .
?v,(cp) A (oP) x Op = 0 X Op = o, € «&r .
P
ii P, —_
(ii) T o > o
P
is given by
P - p
TOP (AP) = A x A,
Theorem 4 -. Giﬁen a n-D.S. n

£: (X x P,iﬁj——-——>(x,(f3

there is a'n-field

¢: (X x p, —__>[Rr‘?;)

such that an ti P i :
y motion f of f, with p = {Ap}0 EIU', satisfies the

equation

pfP = ¢ , P,
where TP is a section in (X x p,&U; through p.
Proof - Define

Y]
e
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Uéing the '
orem 2, for any g, = o x o and AP e op we have
n. £® (a) = [2=- p
%p ‘p oP . (Ao B AP) :
. ’ W
But
o o TP (a)) = p LI A P
g, ' Vo (Bah = 3 (af x a,) = |55~ (A, * Ap) -
(o)
" w

what proves the theorem.

Both theorems 3 and 4 akove are rather trivial in the sense

the fact that f is a

that the proof is easy and also it is not used
n-D. o

S. namely, condition Dy, D,, Dy of definition V. §1. But that
is : . '

also true for the classical case, namely, to prove that a dynamical

satisfies a system of equation of

system, in the plane for instance,

the type
dx _
at = X(XIY)
(1)
dy

all we need, in the line of Lie's approach, is the fact that our dy-—
namical system is defined py analytic functions and then equaticn (1)
e functions.

are simple conseguence of the Taylor development of thes

to find condition

4. Let us consider now the inverse problem, 1.€-
n in non deterministic cense

of a differential equatio

for the solution
the theorem

to define a n-D.S. For the classical case all we need is
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of existence and unicity of solutions and if this is true the equations
themselves are not important anymore because we can restrict ourselves
to its family of solutions. In the casc of non-deterministic mnathemat
ics we usually do not have unicity of solution and to these days no-
body has yet attempted to find sufficient conditions for an equation,

say of the type
(2) Df = ¢ o £

to have "unique solutions". Even the concept of "unicity"™ is not clear
ly estabilished and that is one of our first considerations now.

Let us precise the concept of unicity of solution of én equa

tion

Dg = & ° f_

Definition IV - A family of n~-functions {fp} » indexed by a set of

germs I ¢ [(x,V)]

£F ; (P,'VP) et e A

where (P,‘-P) is a continuous n-semi-group, is a continuous family

of solutions of the Jdifferential équation

Dg = ¢ ° £

satisfying unicity conditions if:

(UI) there ;s a A-regulated continuous, germ preserving n-°

function
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> )

such that f generates the family { £P )}, namely,

£: (xxp, WD

for any O, € 1Afi

% = 9% %
(1) 240 = °
= € € I, A €0,AspC0,-
(i) £ (a_xa_) =f (A ), VA, EPE T RFTRg P

i \ i jdentit in
(y v p€ I, 1f e, = {Aop}qpetg is the i ¥
(P,‘tf) then
P

P o

£ (eP) P
Theorem 5- - Let {fP}, p € 1  be a family of n—functions satisfyving
ose that for any

conditions (UI) and (qﬂ) of Deflnltlon IV and supp

- e, V)1 suen
P € I and any o5 e'v; and Aopf OP there is P [ (P,
that A € p and

p .F

fp(pr) €I .

: ; defi-
Then the n-function £, generating {fp}, p€ I, as in ae

nition IV is a n-D.S.

- ormations of
_ Proof - We have to show that (£P} is a group of n tranSf
€ B ’

o =0><0P€1,'\Tand any A€ o, Bg P
w

(x.\f5. Consider any A
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B € 0 . We have
o P .

P

= ¢4
£ (fo (A x Ac ) X B ) = f0 (B_) (1)
. where q 1is a germ in (X,\f; given by

a={f_ (Axa )} Ay .
T %p OPCLP

assuming that A belongs to some germ p € I and Ao belongs to

- in (p, V) h that , f£P ", i
some germ ¢+ Vp), suc at , (pp) € I. Clearly we have ~arbi-
‘trainess in the selection of q which depends an the arbitrary choice
of p and p,. However the first number of (1) is independent of

these choices.

Now we have that

fo 2% B By )) =£F (& . B_) (2)

w P P p p :' p

and also

Let r € I be given by

r =P,
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and define

£ (P,’\):) — s x,W

r
by By (o,P) = o and
P

B GUEV/'.
P

- r = ¢P .
¥ wpell,, £ q5, ) =0 (A, B, 1 ¥ By €5

This will give for A; € epr the unity germ of (P.\];) ’

and so r =g . Therefore the second member of (1) is equal to the se

cond member of (2) for any B0 (< OP and as A € r was arbitrarily

.Y .
selected theyare always equal for all sets in 0.

This shows that f is a n-D.S.

Definition V - A family of n-functions {£fP} indexed by I € [(X'USL

£F (p,\);) >(x,U/)

is called a normal family if:

(N.) there is a bijection

A :«J/ > Sf?

such that, ¥ o, T € \TC
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0 < T === [{0) < Alz) ,

(NII) for any o € wr‘and any AotEo such that Ac € p and

Ac € q, p,9 € I, we have

P = £9
£, (A ) = £ (A )
s % ’»

for any AOP-E 0p = Af(o) ,

(N ) for any ¢, 1 € Ur,c <T, and any B € 1 ¢+ A _E O
T Io}

III

L ) | )
BT AU + there is p € I such that Ao ’ BT € p .

(NIV) for any p € I ang any - o, elj; and Ao € o

, there
v, e
- 1s pp € [(P, V)] such that Aop € pp and
p i
f(Pp)EI.,
Iheorem 6 - If {£°} 1is a normal family of continuous n-functions,in

dexed by
fp: {P' \yp) I e (Xr(()

then, there is a continuous n-function

f : (X x P,«CS———» (X,(jj

generating the family {fp} 5
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Proof - We define &b as the family of coverings of X x P given by

A’U/= {oc x o : @ EU/,O EV, g = A(o)}
P P P P

We define :
ka: \U/:—————? (7/
by

w

Y o =oxcpe'\((, flw_(ow) =g =

€ 0O we define

: ( i
Now for any s € Ugand any Ay = Py B AOP- %

£ (A xA_) =fP (a_)
UWO GP OP UP

where p is any germ in I with A € pJ the selection of p does not

influenciate the result by condition NII of Definition V.
Finally to stablish the continuity of £, lek 1. T X Tp >0,
, B_C AO . Let g be any germ in I containing Acand
T .

4 P

B - .
" as stated in NIII and

and let B_ C A
T a

But again by condition N,

and by the continuity of
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£ B _x8 ) =f£ B Ycsd(a )=f (A xa )
'l'wT TP TP TP OP OP cwo GP

and therefore f is continuous, what proves the theorem.

Approaching theorem 5 and 6 we have:

D
Theorem 7 - Let {£f%} be a normal family of continuous n-functions

£P . (P,U;) —_— (x,(f)

indexed by I , where (P,'v;) is a continuous a n-group.

Suppose that if ep is the unity in (p, U;) we havé for
éach P:

£P (ep) = p .

Then there is a n-D.S.

(XXPIM}/)

o

[

> (X,ﬁf)

whose family of motions is {(£Py .

Remark = (a) In both theorems 5 and 6 above the differential equation
really does not have any influerce in the results because all we need
is the unicity of solutions. That is also the same for the classical
case: once we know the unicity of solutions, the differential equatim
does not play any role in the results. However, in the classical case
we have sufficient conditions for this to happen and in the n-deter-

ministic case it has nqt been studied, so far, the question of find-



87

i e )
ng sufficient conditions on ¢ to garantee the unicity conditions for the

equation

(b) In definition IV we can use the concepts of regular or

fully regular for the n-functions involved and so we can speak of reg

ular or fully reqular family of solutions of the differential equa-
tion
Dg= d o g
satisfying unicity conditions.
All theorems 5, 6, 7 remain true if instead of continuity
important

we use regular or fully regular all over. This remark is very

in the applications.

(c) The continuity £ the n-group (P,\7;) is not used  in
the proofs of theorems 5,6,7 and it is only included in the business

because it is part of the definition of n-D.S.

n-D.S. in ‘the plane which is related

5. Let us give an example of a

to the Brownian motion.
XER,

eal function defined for all

Consider first ¢(x) ar
in the

continuous but nowhere differentiable. If P(x,y) 1is a point

plane, define

£: R? x R —> R?

by
VPER, t€ER , f(p,t) = (xtt, p(x+t) + ¥ 7 $(x)) -
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As easily seen, f is a one-paramcter group of continuous,

nowhere differentiable transformations in R? | Clearly, £ cannot be

identified with any family of solutions of any differential equation

because for any fixed P(x,y) the function £(pP,t) is nowhere differ-

entiable, as a function of t.

We want to show how we can build 5 n-dynamical system using
the function ¢ considered above., This will illustrate the use of the

main theorems proved before.

Consider in R the family 49/ of coverings defined as fol-

lows: for each n > 1 cal T g
. 1 % the covering of Rr given by open in-

tervals of length 1/2n.

The family of co i i N
¥ verings v/ln R is defined as follows:take

an o, € kr and call 3 t
g P P %y & curve ¢ @S considered before cutting

the OY axls &t the pednt t. For auy Ag €
P

n
n ;

o and any t define
p

.A2= {(x,y) : x e M

OP ’ ¢t(x) < Yy < ¢

t+1/2n (x)}
Changing t ana Al In all Bosey )
] 2 o Possible ways. we get a covering
op of R® by open sets Ay + Finally changi o
gin o i E &
f .'l k{ of sy 2 ik B t]; -t
ami ly open coverings of R® . Notice that there is a one-to-

one correspondence between the «J/and «}/ - s
ven
y p Y

A (") = o0
P

For simplicity we dro the "p» .
P n" and write only g, Ops etc.

Call [(RZ;UV)J the set
c et of germs of (RZ,K73 compatible with
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r e N g
efinements and let us define a normal family {fp} , p € [(R ,lf3lc of

continuous n-functions

> (RZ,U/).

£P: , =
(R U;)

Le :
t p€ [(R:UV)]C be given and define

ﬁs; $ «?;) _— iy/.

by

P
Now give any oé € «9; and any A, € c; . Consider Ag € p
. i £ ) |
i Ag € o= A l(0 ) . By definition of O the bottom of Ag is
P

' p,0
which we shall denote by EP and the

boupded by one curve ¢

same for the top with $fp’c. pefine

p " ) PiO(x) <y <0 p/0}
fo(A(,)—{(x,y).xerp,g (x) <Y

p P

Therefore ,
-1
(

is defined and also fP. Now it is imnmediate consequence from the de-
. amily of continuous n-functions B

(£fP} is a normal £
on VvV, §IV.

finition that
dexed by [(R,QJ;)]C, according to definiti
P) is ‘a n-semi-group with with identity

Assume now that (R,
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ep. We shall define from {fP) another family {gp} satisfying the con

dition
P -
g (cp) p .
Define
gp:(R,U/) >(R2,U/) i
'\J; p
by
Gowe (o) = &= 370 ¢ 5 )
’U’P_ P P

Now for any A0 € OP define
P

P - P
go (A ) =££2 (8 .5y .
OP O'P CP CP UP .

where B, €p and p_ € [(R,\],)l is such that
P P P P

£P (pP) = p .,

The existence of such P, 1s a consequence of the defini-

tion of fp B

Clearly now

gp(ep) = B e

Now the family (P} satisfies z1] conditions of theorem 6

§IV and so there is a continuous n-function
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= (Rz f(f)

£: (R? x R,\b/)

generating {£fP}. Finally the family {gP} satisfies all conditions of

theorem 5, §IV and so it is generated by a n-D.S.g which is defined

by £ above. Clearly we do not worry yvet if {gP} is or it is not a

family of solutions of some differential equation. What matters now

is that it satisfies conditions UI and UII of definition IV, §IV.

2.

As well known, by Wiener's approach, we can look to the

Brownian motion as a collection cf particles whose trajectories are

curves like § considered above. So we can start investigations of the

Brownian motion by starting with a family {gp} as above and the

corresponding n-D.S.

g: (R? xR,’V{)——————* (Rz,ﬁf) .

The first thing to do is to define Gauss structures in R and
and R?2 . We consider in thex the canonical Gauss structures and the
ganes for RE » R = R . When we cai speak of velocity, acceleration,

jfied with some motion gp of the n-D.S.9 -

etc. of a particle indent

in non-deterministic mathematics we can study the

In few words,
Brownian motions in the same spirit as we study motions of particles

in classical mechanics.

When conditions of theorems discussed in §11I are satisfied

the n-D.S.



g 1 (R® = R\lf) —_— (RZ,(//) |

gencrates a usual dynamical system which is not differentiable

A DgP might also gencrate a usual continuous function
wp : R——> R

which can be taken as the field of velocities-associated.to i

tion gp for a germ p € [ (R .V)] .

In the future we discuss thig question in more detail
[= -

Se—— 0
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and

mo-
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