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Summaq: Ia tu paper we derive a gu.eral cloaed-form upr~a for the Bartlett correctioa [or the ll!lt o[ Ha : 
I • s(.01, where I ia a ocalar parameter of a one-parameter expoaeaual family model. Ollr rawu are general eaougb 
kl COYeT mu:, imponaat aad common.I:, uecl diatribatiou. Several apecial ~ aad cl- of •ariaace (uadiou o( 
conaiderable importaac:e are ~. aad 10me approllimatioa1 buecl oa u:,mpkluc expauiou are given. We al■o 
..., a graphical ual,- kl enmine h- the conectioa •aria wida I in 10me 1pecial cua. 

Some ley worda: Bar&leu correcuoa; chi-aquared dis1rib11tioa; expoaenlial family; likelihood ratio ■tatiatic:. 

1. INTRODUCTION 

The likelihood ratio (LR) teat bu been widely used to teat bypotbeees of interest in statistica and other 

sciences. As is well known, this test relies on a first order uymptotic chi-squared approximation, i.e., under 

Ho LR..!. x! &1 n _. co, where•..!.• denote. convergence in distribution, n is the number o( observations 

and q is the number of restrictions imposed by 8 0 . Even though this approximation is known to hold for 

large sample sizes, it may deliver highly inaccurate approximations for samples of small to moderate aize. 

It is thus important to consider corrections that can be applied to improve the finite-sample performance of 

the LR test. 

A correction to the LR teat that is commonly used is known u the Bartlett corf1'Ction and d&tea back 

to 1937 (BartleU, 1937). The idea here ia to apply a acalar transformation LO the LR atatlatic to obtain a 
corrected statistic, say LR:', which ia distributed u ,~ when terma of order O(n-2 ) and smaller are neglected. 

Thal is, under the null hypotbesia, Pr{LR ~ z) = Pr[,: ~ z) + O(n- 1
) whereas Pr[LR" ~ zj = Pr[x! ~ 

z) + O(n- 2 ). The corrected statistic ia usually written &1 LR" = c- 1 lit, where c = q- 1 E(LR) and E( LR) 

is evaluated up to order n- 1. When c dependa on unknown parameters, these should be replaced by their 

restricted maximum likelihood estimates. 



The purpoee of our paper ia to obtain a general cloaed-form expreaaion for the Bartlett correction for teatl 

involving the parameter of a univariate diatribution in the exponential family. Thia family of diatributiou 

enjoy• wide application and many uaeful mathematical propertiea; aee, e.,., Bickel and Dobum ( 1977). More 

preciaely, consider the probability or density function 

1 
r(11; 9) = ((fJ) exp{-o(9) d(11) + 1'(1/)}, (1) 

where fJ is a scalar parameter and((·), o(•), d(·) and 11(•) are known CunctioDI, and it ia auumed U.at 
the support of r(11; II) does not depend upon II. Allo, o and ( are 818UJ11ed to have coat.inuoua fim four 

derivatives with respect to 9, (0 is poeitive valued, and do(9)/d9 and d/3(9)/dfJ are different from sero for 

all fJ in the parameter apace, where /3(9) ia defined in the next aection u /3(9) = (d((fJ)/dfJ)(((fJ)do(9)/dfJ>-1 • 

The family of distributions in ( 1) bu many important and commonly ll8ed diatributioDI as 1pecial eue1 (tee 

Section 3). The null hypothesia under test is Bo : 9 = (J(Ol against a tw1>-Bided alternative, where (J(O) ia a 

given number. We write the Bartlett correction as 

e = I+ p(II) 
12n' 

(2) 

and provide a cloeed-form expreaion for p(fJ) in Sectioa 2. Our goal here ia to give a new simple exprealion 
for p(l1) which i• algebraically rnore appealing tlian the general fonnul ... d.,,..,loped by Lawley (U156) and 

McCullagh and Cox ( 1986). Our formula i1 readily applicable and involve■ only trivial operat.ion1 on certain 

functions and their derivative■. The teat of homogeneity of parameten of p independent population1 ia alao 

consider~ as an application of our result. In Section 3 we show that our result can be easily ll8ed to obtain 

simple expression■ in many ■pecial cuea. The diatribution1 we consider are very uaeful for modeling data in 

many appli~ sciences. Con■ider for example the logarithmic aeries distribution introduced by Fiaher, Corbet 

and Williams (1943) when studying the sampling of butterflies. This distribution has many application■ 

in ecology (see Williams, 1944, 1964) and buainess (see Chatfield, 19811, and Chatfield, Ehrenberg and 

Goodhardt, 1966). The other distributions we consider have equally important applicatiom. In eome cuea, 

p(fJ) requirl!tl the evaluation of polygamma, seta or Bes■el functions. We give some 1imple approximationa 

that can be uaed in such 1ituation1. We also plot p(fJ) against 9 for some distribution■ and thus examine 

how the correction varies with 9. Thi■ is done in Section 4. Section 5 considen Bartlett correction, for eome 

claeaes of variance functions in natural exponential family models. 

2. DERIVATION OF THE BARTLETT CORRECTION 

Let lit, ... ,"" be a set of n independent and identically distributed random variable■ with den■ity (or 

probability) runction given by r(11; 9) = exp{t(11; II)}, where fJ is a scalar parameter. The likelihood ratio 

statistic for the test of Ho: 9 = ,<0> again■t H1 : fJ 'I- (J(O) is lR = 2I:;',..{1(11;;li)-t(11;;fJ1°l)}, where; ii the 

maximum likelihood estimator of 9. In order to derive an exprea■ion for c we need lint to introduce some 

notation. In what follows, v, = 11,(9) = E{tl•l(11; 9)}, r = 1, 2, 3, 4, with t1' 1(1,1; II) = d't(11; 9)/dfJ'. Also, the 

following notation ii used for the cumulantl or log-likelihood derivatives (Lawley, 1956; Hayakawa, 1977): 
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ICff = E(d21/dl2), ""' = E(d3//dll3), "'"' = E(d4//dB4), icW = dic,,/dl, IC~:•
1 = d2ic,,/dl2

, "" = 1/ic,,, 
where I ia the log-likelihood function for the full data. 

It follow.Crom Lawley (1966) th&&, in regular problems, E(LR) = l+ft +O(n- 2
), with ft = 11111-lmm, 

where 

I - (ic")' (~ ,c<•J + (")) 
'"' - 4 - '" "" I 

/mm : (,c11)3 { 1Cm ( ":• - IC~:)) + ICfll ( "7' - IC~:)) + 2(,c~:))2
}; 

eee a.lao Cordeiro (1993). 

When we apply Lawley'• formula to a general univariate diatribution, - get, after 10me algebra, that 

c ia given by (2) with 

p(I) = 30,(114 - 45 + 492') - ;3(51>3 - 24'1) - 24cf I 

11, (3) 

where prims denote derivativeii with respect to I . 

The next step ia to usume au exponential form for r( •; • ). Let 1r(u; I) be u defined in ( 1) 10 that 

t(11;8) = -log((I) - o(l)d(11) + 11(11). Define 8 = 8(1) = ('/((o'), where('= ('(I), o' = o'(I). The 

maximum likelihood eiitimate i comeii from -n-1 Ld(11;) = P(I), and the likelihood ratio criterion for 

testing Bo ; fl= (l(O) can be written u LR= 2nfJ(i){a(i)- a((l(0l)} + 2n log{(((/(0>)/((i)}. We then have 

that t'(i,;I) = -a'{fJ+d(u)), and aince E{t'(11;fl)} = 0 it followa that E{d(11)} = -/J, u expected. It can 

be shown that 
v, = -a'/1, 
11:s = -2o"P' - o'B'', 

"• = -3(a"'/1 + a"/1') - a'/1". 

Using the resulta above, it ia poaible to simplify the expreaion for p(9) in (3). Aner lengthy algebra, 

-obtain 

(4) 

It is noteworthy that the expression for p(9) given in (4) only requires knowledge about a and fJ and their 

first three deriva&ivea. p(fl) io (4) could also be expremed in terms of a and its first three derivative. together 

with ( and its first four derivative., although it ia much ,impler to leave p(9) u in equation (4). When o ia 

linear in 9, which correspond■ to the natural exponential family, (4) reducs to p(9) = (SfJ"2 - 3{J'{J'")/P'3 , 

which ia in agreement with equation (13) in Cordeiro (1983); see Section 5. The other terma io (4) depend 

on the departure from this aimple exponential family form. In particular, p(II) = 0 for distributiona in the 

natural exponential family for which 8 aatisfiea the differential equation 5IJ"2 = 3/1' /J"' . lo this cue, LR 

ia diatributed u :d to a aecond order ( and not first order) of approximation. Thua, one can easily obtain 

the Bartlett correction for a given diatribution in (1) by just plugging the corresponding a, P and their 

derivativea into (4). The derivation of (4) ia lengthy and is omitted. 

The goal of the aoaly■ia above is to obtain a aimple formula for p(9) rather than to explain its gen­

eral structure. The main difficulty in interpreting ( 4) ia that the individual t.erma are not invariant under 
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reparameteri1ation and therefore they have no geometric interpretation which is independent of the coor­
dinate 1ystem choeen. In Section 5, a very 1imple interpretation of the Bartlett corm:tion is given via a 
reparameterilation. 

Uling equation (4) we can euily prove that p(II) = 2 if: (i) o(ll){(II) = c:1, or (ii) o(II) is linear, ■ay 
o(II) = c:111 + c:2 , and ((II) = c:3/(IIC:), where e1,c:2,c:3,c:4 are arbitrary constant■. Theae conditioDI are 
(individually) 1ufficient, but not neceasary, to guarantee that p(II) = 2. In Section 3 we will consider ■everal 
distribution■ for which condition1 (i) and (ii) hold . 

We now give an important application of equation (4) to the LR test of homogeneity of parameteni of p 
independent population■ taken from (1). Let 11,1 , i = 1,2, .. . ,p and j = 1, 2, ... , n;, be independent random 
variablea with probability or den1ity function (1) with parameteni II;, for i = 1, 2, ... ,p. The likelihood ratio 
statiatic for testing the null hypothesis Bo : 111 = 12 = · · · = 9,.( = 9), again1t tbe alternative hypothesis H 1 : 

the 8'1 are not all lhesame, ii LR= 2Lr:1 L;:, {t(!/i;;9;)-t(11;;; 6)}, where 6; is the maximum likelihood 
estimator of IJ; and i i, the maximum likelihood estimator of II under Ho , We then have, under Ho and 
ignoring term■ of order n;- 2

, 

where p ia given in (4) and n+ = Lr,:1 n; . Therefore, the Bartlett correction ia given by 

c:-1+ --- ---p(II) [E" 1 I ] 
- 12(p-1) i=I 0. n+ . 

The expression above is a generalization of the well known Bartlett correction for the teat of homogeneity 
of variances from p normal population, with known mean■. It follw01 from cue (xxv, a) in Section 3 that 
p(fJ) = 4. The application presented above can then be viewed u a generalization of this well known re■ult 
(Bartlett, 1937) . 

3. SOME SPECIAL CASES 

In this 9"<:tion we show that the expression for p(fJ) in (4) can be used to obtain simple closed-form formula■ 
for the Bartlett correction to the likelihood ratio stati1tic for many important distributions. Here, we conaider 
30 special caaea and give closed-form expression• for p(fJ) obtained using MATHEMATICA (Wolfram, 1991) . 
These c&1e1 cover more than 30 distribution■ since 10me of them are indeed familie■ of distributions. For 
PXample, the Burr system of distributions considered here coven 10 distributions (all distributions in the 
Burr 1ys1em wi1h the exception of the Burr I and Burr IX). Several other distributions in (1) could also 
be analyzed. Mos1 of the distributions considered here are well known and have a wide range of practical 
application■ in fielda such u engineering, biology, zoology, economics and medicine, among others. Cuea 
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(i) through (x) involve discrete random variablee whereu continuoua random variablee are conaidered in 
c- (~) through (ux). It ahould be pointed out that although Bartlett correctiooa uaually lead to an 
improvement in the rate of convergence to a chi-equared diatribution in continuoua modela, there i8 no 
guarantee that thia alao holda for discrete model.; - Frydenberg and Jemen (1989). For rurther detaila on 
the diatributiona cooaidered here, - JohDIOn and Kot.a (1970a, 1970b) and Joh1110n, Kot1 and Kemp (19112). 

The following p&riicular c- are conaidered: 

(i) Geometric (O <I< I, 11 = O, I, 2, ... ): cr(I) = -log(I - I), ((I)= 1-1, d(11) = 11, 11(11) = 0; 

P(I) _ 2(1-1 +92
) 

- (I-I) . 

(ii) ~ (0 <I< I, 11 = 0, I): o(I) = - log{l/(l -1)}, {(I)= (l -1)- 1 , d(11) = 11, 11(1/) = 0; 

P(9) = 2(1 - I+ 92
) 

11(1 - II) . 

(iii) D.in2mi.Al (O < 9 < I, m E II , m known, 11 = 0,1,2, . . . ,m): o(9) = -log{l/(1-9)}, ((I)= (1-1,-"', 
d(11) = 11, t1(11) = log(';'); 

P(9) _ 2(1- 9 +12
) 

- ml(l-9) . 

(iv) Necative binomial (9 < 0, "I > 0, ,- known, 11 = 0, I, 2, . . . ): o(9) = - log(I), ((II) = (I - IIJ-"' , d(s,) = 11, 
11(1/) = log (H:-1); 

p(I) = 2(1-;+1
2

)_ 

(v) ~ (9 > 0, 11 = 0, 1, 2, .. . ): cr(I) = -log(9), ((9) = exp{8}, d(11) = 1/, 11(11) = - log(11!); p(8) = 
29-1 _ 

(vi) Truncated Pojsaon (II> 0, 11 = I, 2, . .. ): o(9) = - log(I), ((8) = e'(l-e-'), d(11) = 1/, 11(11) = - log(11!); 

p(9) = - {2 + 68 + 1682 + 913 + 2r + e'(-8 - 188 - 4082 
- 913 - 214) + e21 (12 + 188 + 3292 

- 313 + 2r) + e31(-8 - G8- 892 + 313) + 2e41 }/{8e1(1 + 8-e1
)
3

} . 

(vii) Logarithmic aeriee (0 < I < 1, 11 = 1, 2, . .. ): o(I) = - log(I), ((8) = - log( 1 - 8), d(11) = 1/, v(I/) = 
- log(11); 

p(8) = [9{9 + log(l -8)}3J- 1[-2B4 -613 log(l - 9) -8(82 + 13){1og(l - 9)} 2 

- 3(29 + 282 -13){1og(l - 8)}3 
- 2(1 - 8 +12 ){1og(l - 8)}4

). 

(viii) Power eeries (I > 0, a, ~ 0, If = 0, I, 2, .. . ): o(I) = -log(8), ((I) = E;":oa,8', d(11) = II, 11(1/) = 
log(a,) ; 

2g2 + 69gg' + 8112(3g'2 - gg'') + 3113(4g'g'' - gg'") + 114(5gn2 - 3g'g'") 
p(II) = ll(g + 8g')3 ' 

g = g(II) = d log((8)/d9. 
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(ix) k1i (I> 0, II= 1, 2, 3, ... ): o(I) =I+ 1, ((II)= Zeta(I + 1), d(11) = log(11), v(11) = O; 

5g'12 - 3g'g'" 
p(I) = ,'3 ' 

where Zeta(·) ia the Riemann set .. runction, i.e., Zeta(I) = E:':1 i_, (aee, e.g., Patte?10n1 1988) and 

g = g(I) = dlogZeta(I + 1)/dl. 

(x) Non-central hypergeometric (I> 0, m1, m,, r known poeitive integen, 11 = max{0,r - m,} :S 11 :S 
min{m1, r} = 6): o(I) = I, ((I)= Do(I), d(11) = -f, v(II) = log((~•)(~~)}; 

p(I) _ -2Df +6D0D7D,-8D~DfD3+ 1smD1D,Ds-3mofD4 -9ml>f +3D3D,D4 -smDJ 
- (Dl - DoD,)3 , 

where Dr = Dr(I) = E!=• tf(~•)(~~) exp{l11}, p = 0, 1, 2, 3,4. 

(xi) ~(I> 0, 11 > 0): o(I) = c2,2r 1, ((I) = -13, d(11) = ,i', v(II) = log(,i'./2/ir); p(I) = 4/3. 

(xii) ~(I> 0, 11 > 0): o(I) = -(I - l), ((I)= f(I), d(11) = log(11) 1 v(II) = -11; 

5¥1''(11)2 - 311>'(11);,'"(11) 
p(II) = iJ,'(ll)J ' 

where r(-) and ¥1( ·) are the gamma and digamma functione, respectively. 
(xiii) !dmmA (1 > 0, I> 0, 11 > 0): 

(a) l, known: o(II) = I, ((I)= 11-•, d(11) = II, v(I/) = (l,- 1) log(11)- log{r(l)}; p(I) = 21- 1; 

(b) I known: o(i:) = -(l, - 1), ((1) = 1-•rci:)1 d(11) = log(11), v(II) = -111; 

5ibH(l,)2 - 3ib'(l,)ap"'(l,) 
p(l,) = '1'(1)3 . 

(xiv) Log-gamma (I> 0, -oo < µ < oo, -oo < 11 < oo): 

(a) µ known: a(I) = -I, ((I)= 1-1r(B) 1 d(y) = 11- µ-exp{!I- µ}, v(II) = O; 

s{21-1 
- .-"c11)} 2 

- aw2 + at,'(')}{611-4 + t/l"'C'>l 
p(I) = {11-2 + iJ,'(9))3 ; 

(b) 8 known: o(µ) =exp{-µ},((µ)= exp(Iµ}, d(11) = -llexp(!I), v(y) = 1111 + log(li) - log{r(II)}; 
p(µ) = 211- 1 • 

(xv) Burr •xskro o[ distrjbutjona (II > 0, 6 > 0, 6 known): 0(8) = 8, ((II) = c(8)/8, d(11) = -logG(!I), 

11(11) = log{ld logG(11)/d111}; p(II) = 2, where the functione c(•) and G(·) are p<lllitive real-valued. 

Different choices for c(8) and G(11) lead to different distributione; aee Burr ( 1942). 

(xvi) Exponentjal (Ii > 0, II> 0): a(II) = 9- 1, ((II) = II, d(11) = 111 11(11) = O; p(8) = 2. 

(xvii) fi!ykigh (8 > 0, y > 0): o(II) = 11-2• ((8) = fP, d(y) = ,i', v(y) = log(2y); p(8) = 2. 

(xviii) Pareto (II > 0, k > 0, i: known, 11 > 1): a(II) =II+ l, ((II) = (1111)- 1, d(I/) = log(11), 11(11) = O; 

p(I) = 2. 

(xix) Weibull(/1 > O,.; > 0,1/>known, JI> 0): o(I) =8-• 1 ((11) =8",d(y) = y•, v(y) = log(.;)+(t/>-l)log(v); 

p(I) = 2. 
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(xx) ~ (I > 0,, > 0, • known, 0 < 11 < ;): o(I) = I - 8, ((I) = 9- 1,•, d(11) = log(r), v(r) = O; 
p(8) = 2. 

(xxi) ~ (I > 0, -oo < I: < oo, I: known, 11 > 0): a(I) = 1-1 , ((I) = 211, d(11) = Ir, -1:1, 11(r,) = O; 
p(I) = 2. 

(xxii) Extreme value (-oo <I< oo,, > 0,; known, -oo < 11 < oo): a(I) = exp{II/;}, ((I)= ;exp{-1/;}, 
d(11) = exp{-y/;}, 11(y) = -y/;; p(I) = 2. 

(xxiii) 'l)uncated extreme value (I> 0, J/ > 0): a(I) = 1- 1, <(I)= I, d(y) = exp{y}-1, 11(y) = v. p(I) = 2. 
(xxiv) LopormaJ (I > O, /J > 0, /J known, 11 > 0): a(I) = 1-2, <(I) = I , d(11) = log(11 - µ) 2 /2, 11(11) ~ 

-log(11) + {log(2.-)}/2; p(I) = 4. 
(xxv) ~ (9 > 0, -oo < µ < oo, -oo < J/ < oo): 

(a) µ known: a(I) = (21,- 1 , <(I)= 9112, d(11) = (J/ - µ) 2, 11(r,) = -{log(2.-)}/2; p(I) = 4. 
(b) I known: a(µ)= -µ/I,((µ)= exp{µ 2/(29)}, d(y) = II, 11(y) = -{,2 + log(2r8)}/2; p(µ) = 0. 

(xxvi) luvene Gauesian (I > 0, /J > o, J/ > 0): 

(a) /J known: a(I) = I, <(I)= 1-•l2
, d(11) = (11- p)2 /(2µ 211), 11(11) = -{log(2•tr)}/2; p(I) = 4. 

(b) I known: a(µ)= 6(2µ 2
)- 1, <(µ) = exp{-8/µ}, d(11) = II, 11(11) = -8(211)- 1 + ~og{l/(2ry)})/2; 

p(µ) = 0. 

(xxvii) Chj-eguared (8 > O, 11 > 0): a(8) = (2 - 8)/2, ((8) = 2•t2r(8/2), d(11) = log(11), 11(11) = -11/2; 

p{.8) = 5,V'(B/2)2 
- 31/1(8/2)1/1"(8/2) 
,t,'(8/2')3 

(xxviii) McCuHach (8 > -1/2, -1 ~ /J ~ l. µ known, 0 < 11 < !): o(I) = -9. {(I) = ◄-• B(I + 1/2, 1/2), 
d(11) = log(ll(l - 11)/{(l + µ) 2 

- 4µ11}), 11(11) = -~og{ll(l -11)))/2; 

/1(.
8

) = -5{'1''(8 + I) - "1"(1 + 1/2)}, + 3{"1'(1 + 1)- '1'(8+ 1/2)}{11'>'"(8+ 1)- lf,"'(8 + 1/2)} 
{.,,(I+ I) - J"(/1 + 1/2)}3 • 

where B( ·, •) is the beta £unction (eee McCullagh, 1989). 
(xxix) Von Mises (8 > 0, 0 < /J < 2.-, µ known, 0 < y < 2r): a(B) = -8, <(8) = 2rlo(B), d(11) = coa(11 - µ), 

11(11) = O; 
5r''(8)2 - 3r'(8)r'"(8) 

/1(.8) = r'(l)3 ' 

where I.(,) is the modified Be.el runction of first kind and vth order, and r(B) = 1~(8)/ lo(II) . 
(xxx) Generaliaed hyperbolic ,pecan\ (-r/2 ~I~ •/2, 0 < 11 < I, r > 0, r known): a(8) = I, <(I)= r(eecB)', 

d(11) = -r- 1 - log{ll/(1 -11)}, 11(11) = -(1/2) log{ll/(1 -11)}; 

p(B) = 2{1- 4(co8')2
) _ 

r 

It is interesting to note that for 110me distributions the correction does not depend oa the value of the 
parameter specified under the null hypothesis, but this is not alway■ the cue. In 10me cue■, the Bartlett 
correction■ and thua the lim order x2 approximation to the LR teat ia aff'ected by the value or I specified 
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ill B0; - Sediou 4 for more detaila. h ia al80 QOteWQl'thy that our general expr-ion for p(I) in (4) ia 

able to generate aimple formulae (for example, p(,I) = 2) and complex expremiona (for example, p(,B) for 

the truncated Poialon, logarithmic 11eriea, non-central hypergeometric and power 11eriea diatributiona) for 

different special cus. Note al80 that cus (iii), (iv), (v) and (vii) can be obtained u epecial cuea of (viii). 

In aome cuea the expreaeion for p(I) ia quite complex, and it th111 important to obtain 11ymptotic 

expanaioDI that yield simple approximationa for p(I) and do not require the evaluation of functiODI 10th II 

polygamma, 8-1 or Rta functiODI. We start with the Erlang diatribution. For large values of I - have 

that 

It ia poaible to uae thia result to simplify lbe expreaeion for p(.I) for the Erlang diatribution. After IC>Dle 

algebra, we obtain, for large B, 

This expreaion ii very convenient since it doea not require the evaluation of polygamma functions. This 

expansion ia alao valid for the gamma distribution (with I known) with I replaced by l. It should al80 be 

noted tha1 a similar result for the chi-squared distribution can be obtained by juat replacing I by I /2 ill the 

expreaion above, i.e., for the chi-squared distribution 

which yields an approximation for large valuea of I . By making similar developments and using the formula 

tj,'(I + 1) - tj,'(I + 1/2) = 2,j,'(I) - 4v,'(21)- ~. 

we obtain the following Mymptotic expaMion for the McCullagh distribution, for large I : 

Thia ahould yield a good approximation for p(/1) when II ia large. Notice, for example, that for this expremion 

lim,_.,.. p(I) = 4, which is in agreement with the graph diaplayed in Figure 4. For the log-gamma distribution 

with µ known and large 9, we get 

Consider now the von Miaea distribution where p(/1) ii a function of 8-1 functiona of the firat kind. For 

large values of I, we can write r(/1) u (Abramowita and Stegun, 1970, pp.41&-421) 

1 I 1 25 13 
r(9) = I - 29 - 892 - 8ft - 94 - 3295 + · .. 

Using thia result we get the following approximation for large values of 9 

I) 9 57 _4 
p( =4- 2112 - 2~ +0(/1 ). 
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For unall I we can - the race that (Mvdia, 1972, p.63) 

to obtain the following approximation for p( I) 

9 312 

p(I) = 2 + T + 0(1'). 

Theee approximatio1U, unlike the expre.ion Cor p(I) given in (uix), do not involve 13-1 runctiona and can 
be euily evaluated. Next, we turn to the logarithmic aeries diatribution. For ■mall values or I we have that 

92fll41',S T 
log(l - I)= -I - - - - - - - - - - + 0(1 ) 2 3 4 5 6 ' 

Using this result, we get, after lengthy and tedious algebra, that for the logarithmic aeries di■tribution with 
small I 

4 10 
p(I) = 'i - 3 + 0(1), 

which providea good approximation■ for value■ of I up to 0.3. Consider next the truncated Poiaon distri­
bution. Here we make uae 0£ the expan■ion t 1 = 1 + I + 12 /2 + fl /6 + I" /24 + • • • to obtain the following 
expansion {or 1mall 9: 

4 2 
p(I) = 9 - 3 + 0(1). 

Fina.lly, CODBider the set& diatribution and let 

j = 0, 1, 2, 3, "/'O being Euler'• comtant, i.e., 'Yo A$ 0.577. After lengthy algebra, we obtain that, for ,ma.II 
va.luea of I, 

II ia pOIBible to further 1implify the exp&1111ion above. Using MAPLE V (Abell and Braaelton, 1994) we 
obtain the following result: 

42594 J 137395 ,.s 17629... ,,11 
p(I) = 2 + 9463' - 30206 ,r + 3253., + O(i, -). 

Hence, p(I) _,. 2 when 9 ,_, 0. 

4. GRAPHICAL ANALYSIS 

It i■ clear from the reiulta in the previoua eection that for eevera.l distributions p ia not a conatant, but a 
function of I, th111 varying with this parameter. An interesting question is then: How do diff'erent values or 
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I ■pecified in the null hypolheai■ affect the Bvtleu correction uid hence the lir■t order xf approximatioa ! 

In order to ■bed ■ome light on thi■ i■-ue, we plot p(B) agaiut B for ■ome di■tribution■ con■idered in the 

previ0111 eection. Thi■ ■bow■ how the correction chuigea with different valuea of B. Here, we preaent plot■ 

of p(I) ver■u■ I for the following di■tribution■: truncated Poi■■on, log-gamma (with p known), logarithmic 

eeriea, McCullagh, geometric, Bemoulli, Erlang, chi-■quared, set& and voa Mi■ea. Tbeae plot■ are given in 

Figure■ I through 10, reapectively. 

[Figuree I through 10 here) 

It i■ clear Crom Figure 1 that the correction becomea very large for ■mall valuea or I and very 1mall for 

large valum of I for the truncated Poi■■on di■tribution. For the 101-gamma di■tribu&ion with known meaa 

(Figure 2), we obeerve that the correction i■ quite 1111&1I for all valuea of I, with p(I) approaching I u I 

approache■ O. In the cue or the logarithmic aerie■ distribution (Figure 3), the conection become■ large for 

value■ of 9 cl~ to 0 or l. In particular, the correction vani■hea for value■ of I around 0.62 and 0.92. Tbe plo& 

of p(I) venu■ I for the McCullagh diatribution (Figure 4) ■how■ a rather intere■ting behavior. p(I) incre­

quite fut for nnall I, and after reaching a peak at approximately 4.4 decreuea continuoualy approaching 

ui uymptotic level a■ I increuea. Al■o, lim,_0 p(9) = 2 and lim,_..,p(9) = 4. When 9 approachea -1/2, 

p(B) diverge■ to -oo. For the geometric di■tribution (Figure 5), p(I) diverge■ to oo when 9 approache■ 1, 

which is al■o true for the Bernoulli distributioa (Figure 6), where in addition p(I) al■o tend■ to oo when I 
tenda to O. The cue of the Erlang di■tribution (Figure 7) ii limilar to the one or log-gamma di■tribution 

,rith known mean (Figure 2). Figure 8 di■play1 p(I) versu■ I for the chi-aquared distribution. Here, the 

correction ia large■t when 9, the number of degree■ of freedom, equal■ two. The graph of p(I) vs. I Cor the 

set& distribution ia given in Figure 9. It ia poaible to aee that p(9) is approximately equal to 2 for small 

value■ of 9, and that p(I) diverge■ to 00 when 9 - 00. Finally, consider the von Mias diatribution (Figure 

10). For ■mall value■ of 9, p(I) Alf 4.5, and it can be shown that lim,_.., p(I.I) = 4.5. However, it ii intere■ting 

to notice that p(I) increuea ■ubetantially for I between 1 and 3. 

5. NATURAL EXPONENTIAL FAMILY 

In this section we study the natural exponential family which i1 indexed by the natural parameter Q in the 

form 
1 

r(s,;o) = 
6
(o) exp{-od(s,) + v(s,)}, (5) 

where -d( 11) i■ the canonical atatllltic . Similar condition■ to the one■ at&ted for the probability or density 

function in (1) are aaumed to hold. Here 6(0) i■ the cumulant generator of -d(s,), 1.c., the rth cumulant 

of -d(11) is"•= d'log6(o)/do', for r = 1,2, .. . , where d(o) = 6'(0)/6(0). Al■o, "9-+1 = d'/J/do', for 

r = I, 2, . .. In particular, the mean and variance of -d(11) are "• = /J and "2 = d{J/do = /J'. From now on 

primea will denote derivative■ with re■pect too. The variance function a' doe■ not depend on the particular 

parameteriiation used, and it is an important tool for handling Bartlett correctio111 in exponential family 

models for two reuons. First, it defines the di■ tribution in (5). Second, it i■ much ■impler to expre■■ the 

variance function than the generator function 6(0). The lint fact wa■ first ■ugeated by J•rgen■en (1987) 
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who ehowed that the nriance function uniquely definea, up to a linear trauformation, a diatribution in (5). 

Tbe likelihood rat.io aiterion l'or &atiDg Bo: I= 111°1 ia invariant to reparameteri1ationa, and aince (5) 
definea a one-tc).one correspondence between a and 9, equation (4) reducea to 

(6) 

when -yf = 1112/(11 and-n = ff"//11 aretbethird and fourth 1widardiled cumulant1of-d(11). Equation (6) 
wu fin& given by Cordeiro (1983) and McCullagb and Cox (1986). Thia formula bu a more elegant form 
than (4) although the latter ia more convenient lince it givea the Bartlett correction in term.1 of the original 
parameter I. Figure 11 plotl p(a) against 'Yt and 1'2· Note that the range of value11 for p(a) is limited by 
-yf + 1'2 + 2 ~ 0 and -n - 'Yf ~ 1 which imply that. -3n S p(a) S 2-r? - 3. It ii clear from thil figure that 
p(a) decreuea u n inc-, th111 &11uming large negative values for large 12 when -y1 ii ,mall. Alao, p(a) 
diaplaya a quadratic behavior u a function of 'YI for given 'Y2 · 

[Figure 11 near here] 

The Bartlett correction (6) reduces to a conate.nt A:'# 0 when the generator function i• given by 6(0) = 
c1 exp{c2a}(A:a + 1:3)-3I•, where the c;'1 are arbitrary conawita. 'The .S(o) functiona of all •peeiaJ cuea 
in Section 3 having non-aero COD8tant correctiona verify thia condition. Ou the other hand, the Bartlen 
correction vanilhea when 6(a) = exp{c1 + c,a + cio2 } or .S(a) = exp{c1 + c,01/2 + c30}, when: again the 
e; •• are arbitrary conawita with CJ "I- 0. From the 30 apecial cuea conaidered in Section 3, only two yield 
p(a) = 0: the normal cue with known mean for which the firat equation holda, and the inverae Gauaaian 
cue with known index whoee .S(a) 1&tiafies the latter equation. 

The aim of the aec:tion ia to give Bartlett corrections in cl.-d-form for apeeial families of va.riance 
functions. We begin with the power variance function defined by If = /J' where the domain of /j ii R for 
p = 0 and J4 otberwile. The Barden correction for this· variance function reduces to 

(7) 

Equation (7) covera many important cases including the cla11ical diatributiom: normal (p = 0), Poisaon (p::: 
1), gamma (p = 2), and inverae Gausaian (p = 3). Other valllf'.a of p define a number of distributions which 
have been cla.-ifi"1 by Jt1rgeneen ( 1987). Power variance functions with p S 0 corrtspond to distribution& 
generated by exUeme atable diatributiom wboee 1upport ia R. For l < p < 2 and for p > 2, (5) corresponda 
to certain compound Poiaon distributions and to di1tributions generated by p011itive stable distributiona, 
respectively. lo both c-, the diatributiom are continuo111 and have •upport on R+- The remaining cuea 
with power O < p < 1 do not correapond to distributions in (5). The plot of p(/J) against /j and pill given in 
Figure 12. The correction only vanilhes for p = 0, 3. It ii alao clear that p(_/1) &111umea large negative values 
when /j ii amall and p is nege.tive. 

{Figure 12 near hereJ 
Colllider DOW the family of variance functiona defined u polynomial1 of order leaa than or equal to 3, 

aay /1 = c0 + c1/J + c2/j2 + ,:3'J3. For the cue where c3 = 0, •ix Lypea of natural exponential families were 
defined by Morris (1982). Letac and Mora (1990) ex\ended Morril' clua.ilication and ■bo,red thu there are 
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only ■ix types of distributiona in (5) whme variance functiona are polynomial■ of degree 3 in {J . The general 

formula for p{/J) for testing Ho : I = s<0> in the c- of cubic variance functiona ia 

(8) 

The corrediona ror all 12 c- diacuaed in Morria (1982) and Letac and Mora (1990) can be obtained 

from equation (8); see Table 1. For quadratic variance functiona, the correction ia obtained aetting c:i = 0. 

The corrections in Table 1 for the normal, Poiaon, binomial, gamma and generalised hyperbolic .ecant 

diatributions agree with the reeulta in Section 3. Two of the ■ix distribution• in Table 1 with cubic variance 

function are continuoua: the invene Gauaian and a-I diatributiona. The mnaining four are concentrated 

on the aet IV of nonnegative integer■: Abel, Talr.aca and the two arc■ine (■trict and extended) distributions. 

(Table 1 near here] 

We havP aJ90 attempted to obtain Bartlett correctiona for wider cl■- of variance function■ u, for 

aample, the variance function /J' = P + Q,/R., where P, Q and R are polynomial■ in fJ of degrees lea than 

or equal to 3, 2 and 2, respectively. Thill variance function include■ the Babel c1- of variance function■ for 

which /J' = b~ + (a/J + c)../.1, where ~ i■ a polynomial of degree :$ 2 in /J which i■ not a perfect ■quare and 

a. 6 and e are three real numbeni. The clmed-form expreaiom for the Bartlett correction■ for tbme variance 

functiona were obtained uaing MATHEMATICA but they are too cumbenome to be reported here. 
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Table 1: Bartlett Correctiona £or Cubic Variance Functiou 

Distribution co l:1 c, C, Range of fJ 
normal (xxv, b) 8 0 0 0 

Poimon (v) 0 1 0 0 

binomial (ii) 0 1 _l. 0 m 

n-,gative binomial (iv) 0 1 1 0 ., 
gamma (xiii, a) 0 0 l 0 

generalized hyperbolic aecant (xxx) r 0 J. . 0 

Abel (p known) 0 1 l ;, , 
Takaca (p, a> 0 known) 0 1 1!±1 ~ ., 
■trict arcaine (p known) 0 1 0 ;, 

large arcaine (p, a > 0 known) 0 1 .l. ~ ., . , 
R.euel (p > O) 0 0 l :, , 

inverse Gaua■ian (xxvi, b) 0 0 0 f7 
Note: 

(•) = 2{a2p2 + ap(l + 2a)fJ +(I+ a+ a2){J2
} 

afJ(p + /J)(ap + fJ + afJ) 

( .. ) = 2{a2p2 + 2apfJ + (I - 3a2 )fJ2
} 

,8{a2r + 2apfJ + (1 + a2 ),82} 
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