





The purpose of our paper is to obtain a general closed-form expression for the Bartlett correction for tests
involving the parameter of a univariate distribution in the exponential family. This family of distributions
enjoys wide application and many useful mathematical properties; see, e.g¢., Bickel and Doksum (1977). More
precisely, consider the probability or density function

(. 0) = exp{—a(8) d(y) + v(»)}, $3]

1
<0)]
where 6 is a scalar parameter and ((-), a(-), d(-) and v(-) are known functions, and it is assumed that
the support of x(y;6) does not depend upon #. Also, a and ( are assumed to have continuous first four
derivatives with respect to 8, ((-) is poeitive valued, and da(0)/d@ and d5(8)/d@ are different from zero for
all 4 in the parameter space, where 3(9) is defined in the next section as 8(0) = (d¢(0)/d8)({(8)da(0)/d8)".
The family of distributions in (1) has many important and commonly used distributions as special cases (see
Section 3). The null hypothesis under test is Hy : 8 = #°) against a two-sided altecnative, where 8% is a
given number. We write the Bartlett correction as

#(8)

= AN 2
e=1+300 (2
and provide a closed-form expression for p(8) in Section 2. Our goal here is to give a new simple expression
for p(#) which is algebraically more appesling than the general formulas developed by Lawley (1958) and

McCullagh and Cox (1986). Our formula is readily applicable and involves only trivial operations on certain
functions and their derivatives. The test of homogeneity of parameters of p independent populations is also
considered as an application of our result. In Section 3 we show that our result can be easily used to obtain
simple expressions in many special cases. The distributions we consider are very useful for modeling data in
many applied sciences. Consider for example the logarithmic series distribution introduced by Fisher, Corbet
and Williams (1943) when studying the sampling of butterflies. This distribution has many applications
in ecology (see Williams, 1944, 1964) and business (see Chatfield, 1986, and Chatfield, Ehrenberg and
Goodhardt, 1966). The other distributions we consider have equally important applications. In some cases,
p(8) requires the evaluation of polygamma, zeta or Bessel functions. We give some simple approximations
that can be used in such situations. We also plot p(6) against @ for some distributions and thus examine
how the correction varies with 8. This is done in Section 4. Section 5 considers Bartlett corrections for some
classes of variance functions in natural exponential family models.

2. DERIVATION OF THE BARTLETT CORRECTION

Let yi,...,yn be a set of n independent and identically distributed random variables with density (or
probability) function given by x(y;8) = exp{t(y;0)}, where @ is & scalar parameter. The likelihood ratio
statistic for the test of Ho : 8 = 6(®) against H, : 8 £ 8@ is LR = 27", {t(w:; 6) —t(3:; 8)}, where 4 is the
maximum likelihood estimator of 4. In order to derive an expression for ¢ we need first to introduce some
notation. In what follows, v, = v.(8) = E{¢{")(y;8)}, r = 1,2,3.4, with 1")(y;#) = d"t(y; 0)/d8". Also, the
following notation is used for the cumulants of log-likelihood derivatives (Lawley, 1956; Hayakawa, 1977):
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Koo = E(d*1/d6%), xess = E(d%1/d8%), Koase = E(d*1/d0%), x3 = dree/d8, sl = d?xee/d02, x® = 1/xos,
whete [ is the log-likelihood function for the full data.

It follows from Lawley (1956) that, in regular problems, E(LR) = 14-¢;+0(n~?), with ¢; = logso—lsa000s,
where

o = (2" (5 = el 7).

lossoss = (<"*)° {Mu (% - u(,',)) + xos0 ("% - "S'a)) + 2(;:‘,',’)’} ;
see also Cordeiro (1993).

When we apply Lawley’s formula to a general univariate distribution, we get, after some algebra, that
¢ is given by (2) with

3us(vq — 404 + %) ~ vs(Svs — 24v}) — 2407
3 1
v3

o) = @)

where primes denote derivatives with respect to .

The next step is to assume an exponential form for x(-;-). Let x(y;8) be as defined in (1) so that
t(y;0) = —log((8) — a(8)d(y) + v(y). Define 8 = B(6) = ('/(Ca’), where (' = {'(8), o' = a'(#). The
maximum likelihood estimate § comes from —n—! S d(y) = B(8), and the likelihood ratio criterion for
testing Ho : @ = #() can be written as LR = 2n §(6){a(0) - a(60)} + 2n log{¢(8)/((#)}. We then have
that t'(y;0) = —a’{B + d(y)}, and since E{t(y;0)} = 0 it follows that E{d(y)} = —8, ss expected. It can
be shown that

-3
vs = =2a"4 - a'8",
vy = =3(a”'F +a"f") - a'f".

Using the results above, it is possible to simplify the expression for p(8) in (3). After lengthy algebra,

we obtain
46120112 + alﬂlallﬂﬂ - sanﬁnz - 30'6'10"' + 3012"1301
= (al ﬂl‘: "
It is noteworthy that the expression for p(#) given in (4) only requires knowledge about a and £ and their
first three derivatives. p(@) in (4) could also be expressed in terms of o and its first three derivatives together
with ¢ and its first four derivatives, although it is much simpler to leave p(#) as in equation (4). When a is
linear in 8, which corresponds to the natural exponential family, (4) reduces to p{8) = (58" - 38"'8"") /87,
which is in agreement with equation (13) in Cordeiro (1983); see Section 5. The other terms in (4) depend
on the departure from this simple exponential family form. In particular, p(f) = 0 for distributions in the
natural exponential family for which 8 satisfies the differential equation 53”2 = 33 #". In this case, LR
is distributed as x? to a second order (and not first order) of approximation. Thus, one can easily obtain

o) = 4

the Bartlett correction for a given distribution in (1) by just plugging the corresponding a, § and their
derivatives into (4). The derivation of (4) is lengthy and is omitted.

The goal of the analysis above is to obtain a simple formula for p(f) rather than to explain its gen-
eral structure. The main difficulty in interpreting (4) is that the individual terms are not invariant under
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reparameterization and therefore they have no geometric interpretation which is independent of the coor-
dinate system chosen. In Section 5, a very simple interpretation of the Bartlett correction is given via a
reparameterization.

Using equation (4) we can easily prove that p(6) = 2 if: (i) a(f)¢(d) = c), or (ii) a(d) is lincar, say
a(f) = 10 + ¢c3, and ((#) = c3/(0c}), where ¢;,c2,¢3,64 are arbitrary constants. These conditions are
(individually) sufficient, but not necessary, to guarantee that p(#) = 2. In Section 3 we will consider several
distributions for which conditions (i) and (ii) hold.

We now give an important application of equation (4) to the LR test of homogeneity of parameters of p
independent populations taken from (1). Let y;,i=1,2,...,pand j = 1,2,..., n;, be independent random
variables with probability or density function (1) with parameters 6;, for i = 1,2, ..., p. The likelihood ratio
statistic for testing the null hypothesis Hp : #) = 83 = - - = 6,(= 0), against the alternative hypothesis H, :
the §’s are not all the same, is LR=237_, 7! At(vi:6:) = t(wi;; 6)}, where 6; is the maximum likelihood
estimator of §; and 8 is the maximum likelihood estimator of # under Hy;. We then have, under Hy and

ignoring terms of order n.-",

| LT} P n,
E(LR)=E [222{1(1«5:0}) - !(vu;ﬂ)}} -E [’-’Z 3 {tlwsi0) - t(v.-,-;ﬂ)}}

i=1 =1 =1 3=1

cp_142 (1 _ 1
=p-1+ 12 [I=‘ ™ ﬂ+]'

where p is given in (4) and ny = E,'-=l n;. Therefore, the Bartlett correction is given by

o(8) S |
c= ] 4 e ———.
-1 |2 m "
The expression above is a generalization of the well known Bartlett correction for the test of homogeneity
of variances from p normal populations with known means. It follwos from case (xxv, a) in Section 3 that
p(6) = 4. The application presented above can then be viewed as a generalization of this well known result

(Bartlett, 1937).

3. SOME SPECIAL CASES

In this section we show that the expression for p(#) in (4) can be used to obtain simple closed-form formulas
for the Bartlett correction to the likelihood ratio statistic for many important distributions. Here, we consider
30 special cases and give closed-form expressions for p(8) obtained using MATHEMATICA (Wolfram, 1991).
These casea cover more than 30 distributions since some of them are indeed families of distributions. For
example, the Burr system of distributions considered here covers 10 distributions (all distributions in the
Burr system with the exception of the Burr 1 and Burr [X). Several other distributions in (1) could also
be analyzed. Most of the distributions considered here are well known and have a wide range of practical
applications in fields such as engineering, biology, zoology, economics and medicine, among others. Cases

4



(i) through (x) involve discrete random variables whereas continuous random variables are considered in

cases (xi) through (xxx). It should be pointed out that although Bartlett corrections usually lead to an

improvement in the rate of convergence to a chi-squared distribution in continuous models, there is no

guarantee that this also holds for discrete models; see Frydenberg and Jensen (1989). For further details on

the distributions considered here, see Johnson and Kots (1970a, 1970b) and Johnson, Kots and Kemp (1992).
The following particular cases are considered:

(i) Geometric (0< 8 < 1,y=0,1,2,...): a(8) = —log(1 — 8), ¢(6) = 8, d(y) = y, v(y) = 0;

_21-0+6%
O ="1Tg
(ii) Bernoulli (0 <8< 1,y=0,1): of6) = —log{0/(1 - 8)}, ¢(O) = (1 -8, d(y) =y, v(y) = O;
2(1-6+6%
o0) = =57 g

(iii) Binomial (0 <8 <1,m € N, m known, y =0,1,2,...,m): a(f) = —log{6/(1 - )}, ¢(8) = (1-8)~™,
d(y) = v, v(y) = log (3): .
_21-6+067)
0 === e) -
(iv) Negative binomial (# <0, ¥ > 0, v known, y =0,1,2,..): a(8) = —log(®), ((B) = (1-8)"",d(y) = y.
v(y) = log (T1°1);
2(1-9+6%)
o) = ==
(v) Poisson (8 >0,y =0,1,2...): a(f) = —log(d), {(8) = exp{8}, d(y) = v, v(¥) = —log(t!); A(0) =
20-1.
(vi) Truncated Poisson (# > 0,y = 1,2,...): a(8) = ~log(6), {(8) = ¢’ (1—e*), d(y) = y, v(y) = - log(");

p(8) = — {2+ 60 + 166% + 96° + 20* + ¢*(—8 — 186 — 4067 — 96° — 26%) + €2’ (12 + 189 + 3207
—36% +26%) + €3 (-8 — 60 — 86% + 30°) + 2e¥) /{80 (1 + 0 — ')1).

(vii) Logarithmic series (0 < 8 < 1, y = 1,2,..): a(6) = —log(d), ¢(#) = —log(1 — 8), d(y) = y. v(y) =

—log(y);
p(8) = [6{8 + log(1 — 8)}°]~[-26* — 66° log(L — 8) — 8(6% + 6°){log(1 - O))?
~ 3(20 + 207 - 8®){log(1 — 8)} - 2(1 — 8 + #*){log(1 — 8)}").
(viii) Power series (8 > 0,0, > 0,y = 0,1,2,...): a(d) = ~log(8), {(9) = E;oa,ﬂ', d(y) = g, v(y) =
log(ay);

_ 297 + 6899’ + 86%(3¢'? — 9¢") + 36%(4¢'d” — g9¢"') + 8*(59"* - 3¢'9")

o) 8y + 03

= g(8) = dlog((9)/d8.




(ix) Zeta (0> 0,y=1,2,3,..): a(9) =8+ 1, ((8) = Zeta(f + 1), d(y) = log(y), v(v) = 0;
5,1'2 e 3glgl"
g .
where Zeta(:) is the Riemann zeta-function, i.c., Zeta(8) = Y io,i~? (see, e.g., Patterson, 1988) and
9 = 9(8) = dlog Zeta(d + 1)/d0.
(x) Non-central hypergeometric (# > 0, my, ma, r known positive integers, a = max{0,r — m3} < py <
min{ml.f) =b): a(f) =0, {(8) = Do(B), d(y) = -y, v(y) = |°s{(m|)('.:,')};

g —2D% + 6Dy D} Dy — 8D3 D} D3 + 18D3 D1 D1 Ds — 3D3 DDy — 9DYD3 + 3D¢ D2 Dy — 5D‘D’
P( ) (Dj DODI)S

p0) =

whete D, = D,(8) = Loy v (') (™) exp{oy}, p=0,1,2,3,4.
(xi) Maxwell (8 >0, y > 0): a(f) = (26%)~1, ¢(6) = -6, d(y) = 12, v(v) = log(sPVZ/x); p(0) = 4/3.
(xii) Erlang (9 > 0, y > 0): a(8) = —(8 - 1), {(#) = I'(8), d(y) = log(y), v(y) = -u;

5v"(6)* - SV(O)v"(6)

pl0) = VP

where I'(-) and ¥(-) are the gamma and digamma functions, respectively.

(niii) Gamma (k> 0,8 >0, y > 0):
(8) k known: a(8) =8, {(8) = 0=*, d(y) = y. v(y) = (k ~ 1)log(y) - log{L(k)}; p(f) = 2k~
(b) 0 known: a(k) = —(k — 1), {(k) = 8-*r(k), d(y) = log(y), v(y) = —0y;

Sy (k)? — 3¢/ ()™ (k)

AD ="y

(xiv) Log-gamma (# > 0, —co < pt < 00, —00 < y < 00):
(a) ¢ known: o(8) = ~8, ((6) = 6-'T(8), d(y) = y— p—exp{y — u}, v(y) =

5{20-3 — v"(8))® = 3{8-7 + ¢/ (6)}{60~* + ¥"(8)}
-2+ (O '

(b) 8 known: a() = exp{-u)., C(4) = exp(8u}, d(v) = —Fexp{s}, v(y) = by + log(#)  log{TO)};
plp) = 2071
(xv) Burr system of distributions (# > 0, b > 0, & known): a(8) = 8, {(8) = c(8)/8, d(y) = —logG(y),
v(y) = log{ldlogG(y)/dyl}; () = 2, where the functions ¢(-) and G(-) are positive real-valued.
Different choices for ¢(¢) and G(y) lead to different distributions; see Burr (1942).
(xvi) Exponentia] (§ >0, y > 0): a(8) = 8-, ¢(0) =0, d(y) = y, v(y) = 0; p(d) = 2.
(xvii) Rayleigh (6 > 0, y > 0): a(8) = 0=2. {(8) = 6%, d(y) = ¥, v(y) = log(2y); p(f) =2.
(xviii) Pareto (6 > 0, & > 0. k known, y > k): a(f) = 0 + 1, {(8) = (8k*)"", d(y) = log(y), v(y) = O;
p(6)=2.
(xix) Weibull (# > 0, 4 > 0, ¢ known, y > 0): a(8) = 8~%,((9) = 8%, d(y) = ¥*, v(y) = log{¢)+(¢— 1) log(y);
po) =2

we) =




(xx) Eower (§ > 0, ¢ > 0, ¢ known, 0 < y < ¢): a(f) = 1 -0, ((6) = 6-'¢', d(y) = log(y), v(y) = O;
o0) =2.
(xxi) Laplace (6 > 0, —co < & < oo, k known, y > 0): a(6) = -1, €(8) = 20, d(y) = |y — &], v(y) = 0;
o0) =2.
(xxii) Extreme value (—00 < # < 00, ¢ > 0, ¢ known, —co < y < oo): a(f) = exp{6/¢}, C(6) = pexp{~0/4},
d(y) = exp{~y/¢}, v(y) = ~y/¢; p(8) =2.
(xxiii) Truncated extreme value (9 > 0,y > 0): a(0) = 8-1, {(0) =6, d(y) = exp{y} - 1, v(y) = y; i) =2.
(xxiv) Lognormal (6 > 0, s > 0, ps known, y > 0): a(8) = 072, {(8) = 0, d(y) = log(y — u)?/2, v(y) =
—log(y) + {log(27)}/2;  p(6) = 4.
(xxv) Normal (6 > 0, —00 < 4 < 00, =00 < y < o0):
(8) » known: a(8) = (20)"*, ((6) = 6'/2, d(y) = (y — u)?, v(y) = ~{log(22)}/2; p(8) = 4.
(b) 6 known: a(s) = —u/8, ((u) = exp{u?/(20)}, d(y) = y, v(y) = —{y* + log(2x8)}/2; plp) = 0.
(xxvi) [nverse Gaussian (¢ >0, > 0, y > 0):
(a) 4 known: a(8) =6, ((6) = 072, d(y) = (v — u)*/(2u%), v(y) = —{log(2®)}/2Z; P(6) = 4.
(b) 8 known: a(u) = 6(247)"", {(u) = exp{~8/u}, d(y) = y. v(y) = —8(20)"" + [log{8/(2xy*)})/2:
Ap) =0.
(xxvii) Chisquared (8 > 0, y > 0): a(8) = (2 - 8)/2, {(6) = 2°/*I'(8/2), d(y) = log(y), v(y) = -y/%
p6) = 5¢97'(6/2)* - 3¢/ (8/2)¥"(6/2)
v'(6/2p '
(xxviii) McCullagh (8 > ~1/2, =1 € 4 < 1. u known, 0 < y < 1): a(f) = -8, ((9) = 4~° B9 + 1/2,1/2),
d(y) = logly(1 - ¥)/{(1 + u)* - 4up}, v(y) = —[log{p(1 - )))/2;

20) = =5{¢"(0 +1) — ¥'(8 + 1/2)}> + 3{v'(8 + 1) — ¥(8 + 1/2)H{w"(0 + 1) — v"(8 + 1/2)}
- v+ 1)-v(e+1/2))°
where B(-,-) is the beta function (see McCullagh, 1989).
(xxix) Yon Mises (8 > 0,0 < u < 2x,  known, 0 < y < 2r): a(f) = -6, {(8) = 2xIy(0), d(y) = cos(y — ),
v(y) =0;

5¢"(9)2 - 3¢ (8)r"' (0
o) = SO =30 e)
where I,(-) is the modified Bessel function of first kind and vth order, and r(0) = 14(6)/ Is(8).
(xxx) Generalized hyperbolic secant (-7/2 <0< x/2,0<y<1,r>0,r known): a(8) = 0, ((8) = r(secd)",
d(y) = —x~! ~ log{y/(1 — y)}, v{y) = ~(1/2) log{y/(1 - y)};
_ 2
oA6) = 2{1 4£cou0) }_
It is interesting to note that for some distributions the correction does not depend on the value of the

parameter specified under the null hypothesis, but this is not always the case. In some cases, the Bartlett
corrections and thus the first order x? approximation to the LR test is aflected by the value of ¢ specified
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in Ho; see Section 4 for more details. It is also noteworthy that our general expression for p(f) in (4) is
able to generate simple formulas (for example, p(#) = 2) and complex expressions (for example, p(6) for
the truncated Poisson, logarithmic series, nou-central hypergeometric and power series distributions) for
different special cases. Note also that cases (iii), (iv), (v) and (vii) can be obtained as apecial cases of (viii).

In some cases the expression for p(f) is quite complex, and it thus important to obtain asymptotic
expansions that yield simple approximations for p(9) and do not require the evaluation of functions such as
polygamma, Bessel or seta functions. We start with the Erlang distribution. For large values of ¢ we have
i 1. 1 1 1 1

VO =g+sm+es et W+0(o-').

It is possible to use this result to simplify the expression for p{f) for the Erlang distribution. After some

algebra, we obtain, for large 8, - .
=il vl -4
p0) = T TS +0(67%).

This expression is very convenient since it does not require the evaluation of polygamma functions. This
expansion is also valid for the gamma distribution (with § known) with & replaced by k. It should also be
noted that a similar result for the chi-squared distribution can be obtained by just replacing # by #/2 in the
expression above, i.¢., for the chi-squared distribution

2 -1
) = -5~ G+ +00™",
which yields an approximation for large values of . By making similar developments and using the formula
vI(0+1)—-¢(0+1/2) = 29/'(8) — 4¥'(20) - 517,
we obtain the following asymptotic expansion for the McCullagh distribution, for large 9:
= 3 -3
pO) =4+ oY) +0(07).

This should yield a good approximation for p(8) when @ is large. Notice, for example, that for this expression
limg— o p(#) = 4, which is in agreement with the graph displayed in Figure 4. For the log-gamma distribution
with 4 known and large 6, we get

=_1_3 .33  op*
o) =—5 ~ 357+ 5 +0(0™).

Consider now the von Mises distribution where p(6) is a function of Bessel functions of the first kind. For
large values of 8, we can write r(#) as (Abramowitz and Stegun, 1970, pp.416-421)

Using this result we get the following approximation for large values of #

e 8 457 -
ol0) =4 ”,—2-7,'4—0(0 )-



For amall @ we can wse the fact that (Mardia, 1972, p.63)

dn=§@-§+%-u}

to obtain the following approximation for p(6)

2
/0) = g+ ‘% +0(8%).

These approximations, unlike the expression for p(f) giM in (xxix), do not involve Bessel functions and can
be easily evaluated. Next, we turn to the logarithmic seties distribution. For small values of # we have that

2
log(l—ﬂ):—ﬂ—%—%—04—‘—05—‘—§+0(07).

Using this result, we get, after lengthy and tedious algebra, that for the logarithmic series distribution with
small @ 4 "0
#O) = 5= 3 +00),

which provides good approximations for values of # up to 0.3. Consider next the truncated Poisson distri-
bution. Here we make use of the expansion ¢’ = 14 0+ 6%/2 + 83/6 + #4/24 + --- to obtain the following
expansion for small §:

LN

o0 =5 -

Finally, consider the zeta distribution and let

v = lim {f: (—'°i"y L L)t n}.

+ O0(0).

e Vot i+l

J =0,1,2,3, v being Euler’s constant, i.c., 7o = 0.577. After lengthy algebra, we obtain that, for small
values of 8,

P(6) = 2+ 2467 (7 +2m) — 446°(293 + 67071 + 372) + 46 (693 + 2769211 + 17192 + 1057072 + 3573) + O(6°).

It is possible to further simplify the expansion above. Using MAPLE V (Abell and Braselton, 1994) we
obtain the following result:

o, 42594, 137395 o 17629
PO =2+ 53 ® ~ 302080 * 32530 06

Hence, p(6) 2 2 when 8 23 0.

4. GRAPHICAL ANALYSIS

It is clear from the results in the previous section that for several distributions p is not a constant, but a
function of 8, thus varying with this parameter. An interesting question is then: How do different values of
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¢ specified in the null hypothesis affect the Bartlett correction and hence the first order x} approximation?
In order to shed some light on this issue, we plot p(d) against @ for some distributions considered in the
previous section. This shows how the correction changes with different values of 8. Here, we present plots
of p(@) versus @ for the following distributions: truncated Poisson, log-gamma (with 4 known), logarithmic
series, McCullagh, geometric, Bernoulli, Erlang, chi-squared, zeta and von Mises. These plots are given in
Figures 1 through 10, respectively.

[Figures 1 through 10 here]

It is clear from Figure 1 that the correction becomes very large for small values of § and very small for
large values of @ for the truncated Poisson distribution. For the log-gamma distribution with known mean
(Figure 2), we observe that the correction is quite small for all values of 8, with p(d) approaching 1 as @
approaches 0. In the case of the logarithmic series distribution (Figure 3), the correction becomes large for
values of # close to 0 or 1. [n particular, the correction vanishes for values of § around 0.62 and 0.92. The plot
of p{6) versus ¢ for the McCullagh distribution (Figure 4) shows a rather interesting behavior. p(0) increases
quite fast for small #, and after reaching a peak at approximately 4.4 decreases continuously approaching
an asymptotic level as § increases. Also, limy_o p(9) = 2 and limg_o0 p(0) = 4. When 6 approaches —1/2,
p(9) diverges to —co. For the geometric distribution (Figure 5), p(9) diverges to co when @ approaches 1,
which is also true for the Bernoulli distribution (Figure 6), where in addition p(6) also tends to oo when ¢
tends to 0. The case of the Erlang distribution (Figure 7) is similar to the one of log-gamma distribution
with known mean (Figure 2). Figure 8 displays p(#) versus # for the chi-squared distribution. Here, the
correction is largest when 6, the number of degrees of freedom, equals two. The graph of p(d) vs. # for the
geta distribution is given in Figure 9. It is possible to see that p(6) is approximately equal to 2 for small
values of 8, and that p(9) diverges to oo when # — oco. Finally, consider the von Mises distribution (Figure
10). For small values of 8, p(8) s 4.5, and it can be shown that limy_.. p(¢) = 4.5. However, it is interesting
to notice that p(@) increases substantially for & between 1 and 3.

5. NATURAL EXPONENTIAL FAMILY

In this section we study the natural exponential family which is indexed by the natural parameter a in the

form
1

§(a)
where —d(y) is the canonical statistic. Similar conditions to the ones stated for the probability or density
function in (1) are assumned to hold. Here 8(a) is the cumulant generator of —d(y), s.¢., the rth cumulant
of —d(y) is x, = d" logé(a)/da”, for r = 1,2,..., where J(a) = §'(a)/é(a). Also, ey = d"8/da”, for
r=1,2,... In particular, the mean and variance of —d(y) are x; = # and x3 = df/da = #. From now on
primes will denote derivatives with respect to a. The variance function 3 does not depend on the particular
parameterization used, and it is an important tool for handling Bartlett corrections in exponential family
models for two reasons. First, it defines the distribution in (5). Second, it is much simpler to express the
variance function than the generator function 6(a). The first fact was first suggested by Jorgensen (1987)

*(yia) = exp{—ad(y) + v(y)}. (5)
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who showed that the variance function uniquely defines, up to a linear transformation, & distribution in (5).
The likelihood ratio criterion for testing Hy : § = 8% is invariant to reparameterizations, and since (5)
defines a one-to-one correspondence between a and 0, equation (4) reduces to

pla) =57 - 37, %

where 97 = #2/9" and 13 = 8"'/5? are the third and fourth standardized cumulants of ~d(y). Equation (6)
was first given by Cordeiro (1983) and McCullagh and Cox (1986). This formula has a more elegant form
than (4) although the latter is more convenient since it gives the Bartlett correction in terms of the original
parameter 8. Figure 11 plots p(a) against 7; and 72. Note that the range of values for p{a) is limited by
7 +12+220and 73 — 17> 1 which imply that ~3v, < pla) < 29} - 3. It is clear from this figure that
() decreases as -y increases, thus assuming large negative values for large v; when 7, is small. Also, p(a)
displays a quadratic behavior as a function of 7, for given 7.
[Figure 11 near here]

The Bartlett correction (6) reduces to a constant k # 0 when the generator function is given by é(a) =
ey exp{caa}(ka + 3)~%*, where the ¢;’s are arbitrary constants. The §(a) functions of all special cases
in Section 3 having non-sero constant corrections verify this condition. On the other hand, the Bartlett
correction vanishes when &(a) = exp{e1 + €30 + c3a?} or §(a) = exp{e; + c30!/2 + csa}, where again the
¢i's are arbitrary constants with cs # 0. From the 30 special cases considered in Section 3, only two yield
p(a) = 0: the normal case with known mean for which the first equation holds, and the inverse Gaussian
case with known index whoee §(a) satisfies the latter equation.

The aim of the section is to give Bartlett corrections in closed-form for special families of variance
functions. We begin with the power variance function defined by 5 = 5 where the domain of Bis R for
P =0 and Ry otherwise. The Bartlett correction for this variance function reduces to

P(B) = p(3 - p)g?=2. O]

Equation (7) covers many important cases including the classical distributions: normal (p = 0), Poisson (p =
1), gamma (p = 2), and inverse Gaussian (p = 3). Other values of p define a number of distributions which
have been classified by Jorgensen (1987). Power variance functions with p < 0 correspond to distributions
generated by extreme stable distributions whose support is R. For 1 < p < 2 and for p > 2, (5) corresponds
to certain compound Poisson distributions and to distributions generated by positive stable distributions,
respectively. In both cases, the distributions are continuous and have support on R,. The remaining cases
with power 0 < p < 1 do not correspond to distributions in (5). "The plot of p(3) against 4 and p ia given in
Figure 12. The correction only vanishes for p = 0,3. It is also clear that p{3) assumes large negative values
when g is small and p is negative.
[Figure 12 near here]

Consider now the family of variance functions defined as polynomials of order less than or equal to 3,
say 8 = co+ 18 + 28" + c3f’. For the case where c3 = 0, six types of natural exponential families were
defined by Morris (1982). Letac and Mora (1990) extended Morris’ classification and showed that there are

[1



only six types of distributions in (5) whose variance functions are polynomials of degree 3 in . The general
formula for p(f) for testing Ho : @ = 6°) in the case of cubic variance functions is

oB) = 2c+ %{cl — 4e,¢3 — ¢3f(9co + 3c18 + e267)}. 8)

The corrections for all 12 cases discussed in Morris (1982) and Letac and Mora (1990) can be obtained

from equation (8); see Table 1. For quadratic variance functions, the correction is obtained setting cs = 0.

The corrections in Table 1 for the normal, Poisson, binomial, gamma and generalized hyperbolic secant

distributions agree with the results in Section 3. Two of the six distributions in Table 1 with cubic variance

function are continucus: the inversec Gaussian and Ressel distributions. The remaining four are concentrated

on the set N of nonnegative integers: Abel, Takdcs and the two arcsine (strict and extended) distributions.
[Table 1 near here]

We have also attempted to obtain Bartlett corrections for wider classes of variance functions as, for
example, the variance function 8’ = P+ QVR, where P, Q and R are polynomials in g of degrees less than
or equal to 3, 2 and 2, respectively. This variance function includes the Babel class of variance functions for
which 8’ = bA + (a8 +¢)VA, where A is a polynomial of degree < 2 in § which is not a perfect square and
a, b and ¢ are three real numbers. The ciosed-form expressions for the Bartlett corrections for these variance
functions were obtained using MATHEMATICA but they are too cumbersome to be reported here.
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Table 1: Bartlett Corrections for Cubic Variance Functions

Distribution co 3 [ cs Range of 8 2B
normal (xxv, b) (] 0 0 0 R 0
Poisson (v) 0 1 0 0 R, 3
binomial (ii) o 1| -1 0 (0, m) %
uegative binomial (iv) 0| 1 i 0 R, h
gamma (xiii, a) 0 0 { 0 Ry i
generalized hyperbolic secant (xxx) [ r | 0 | & 0 R e
Abel (p known) 0 1 ;- ;‘, R, i
Takacs (p, a > 0 known) 0 1 1”;‘5—‘ g} R, ()
strict arcsine (p known) 0 1 0 ;‘g R, -%&’g’fﬁ?
large arcsine (p, @ > 0 known) 0 1 -.% -‘;#f;- R, (#+)
Ressel (p > 0) 0| o 5 & R, s
inverse Gaussian (xxvi, b) 0 0 0 # R, 0

Note:

_ 2{a%p? + ap(1 + 2a)8 + (1 + a + a®)8%}

(+) =
(s#)

aB(p + B)(ap + B + aB)

4

_ 2{a%p? + 2apf + (1 — 30*)6%}
= B{a’p? + 2apB + (1 + a?)5?)




Figure 1: Truncated Poisson
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Figure 5: Geowmetric
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Figure 11: Bartlett Surface

Figure 12: Bartlett Surface for Power Variance Function
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