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Abstract 

In this work we extend a method devised by D. Henry ([1]) to ob­
tain explicit conditions for some pseudo-differential to be of finite rank. 

These operators arise as solutions operators for boundary value problems 
involving the Bilaplacian. 

AMS subject classification: 35J25,35B30,35C20 

1 Introduction 

In his monograph ((1]) dedicated to the study of perturbation of the domain 

for boundary values problems, D. Henry developed many new tools, including 

a generalized version of the Transversality Theorem. His version is specially 

we_ll-suited to the study of 'generic properties' for solutions of boundary value 

problems, as it allows the consideration of semi-Fredholm operators with in­

dex -oo which often arise in these problems. However, a crucial hypothesis in 

Henry's version of the Transversality Theorem usually boils down to the veri­

fication that a certain (pseud<Hlifferential) operator is not of finite rank. As it 

is well-known, a pseudo-differential of finite rank must have null symbols of all 

orders. It would be very convenient to obtain these symbols from the abstract 

theory of pseudo-differential operators, but such detailed computations do not 

seem to be available in the literature. To overcome this problem, Henry devel­

oped in [1} an alternative method for a class of operators, given by solutions 
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of second order elliptic equations. His method is baBed on the computation of 
approximate solutions for a special class of boundary data - the 'rapidly oscil­
lating functions'. It is tempting to conjecture that the conditions obtained are 
exactly the nullity of the symbols but his argument does not depend on this 
(unproved) fact. The essential point is that the conditions obtained are often in 
contradiction with other hypotheses present in the problem, thus establishing 
the needed infinite rank property. Some applications of the method to the proof 
of generic properties for second order elliptic boundary value problems can be 
found in [1], (3] and (4]. 

Our aim here is to extend Henry's method to some elliptic equations with 
the Bilaplacian as its principal part. In a forthcoming paper, we shall use this 
extension to prove the BOlutions of the semilinear problem 

inn 
on an (1) 

are generically simple, thus extending similar results obtained in [5] and [1] for 
second order elliptic equations. 

Since our results involve rather lenghty computations, we try to give here a 
general idea of the contents of this paper. 

Suppose a : JR" ➔ C, b : IR" ➔ C' and c : JR" ➔ C are smooth functions and 
consider the differential operator L = .6.2 +a(z).6.+b(z). V +c(z) z ER". Let 
1l.(L) and .N(L) denote the range and the kernel of L, considered as an operator 
from W4.Pnwg,P(O,C) toV'(O,C). 

Let now {w1, .•. , Wm} be a basis for a complement of 1l.(L) and {cf>1, ... , cf>m} 
a basis for N(L) with associated dual basis {r1 , ... , Tm}. Define 

by 

where 

and 

AL: LP(O,C) ➔ W4
•' n Wl•"(O,C) and (2) 

cL : w3-¼•"(80) ➔ W4
•P n wg•"(n, C) (3) 

Lv - f E [w1, ... , Wm], 
av 
BN =gon 80 

l vf; = 0 for all I $ i ~ m. 

(4) 

(5) 

(6) 

(7) 

The operators of interest in our applications are given in terms of AL and 
CL. For instance, in the proof of simplicity for solutions of (1) we encounter the 
operator 

T(h) = {ii- N 8~(.6.uAv)- Ava(cL(u)(h • NAu)) (8) 
. oL• 
+AuA[AL•(u) ( ( ow (u) • V )cL(u)(h · N Au))) - CL•(u)(h · N Av)]} \

80 
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where L(u) is the linearisation around a solution u of (1), L*(u) its adjoint, v 
is a solution of 

inn 
on an (9) 

and dudvlan = 0. We then compute the approximate value of T at special 
points, the 'rapidly oscillating functions'. More precisely, we show that 

1( cos(we)) = cos(w8) a~(du.:lv) ,
80 

+O(w- 1
) as w-+ +oo 

where 8 is a smooth real function on an with IV anBI = 1. If T is assumed to 
have finite rank, then using lemma ( 1) below ( see [l] for a proof), it follows that 

8~ (dudv) j = 0 implying that u or v must be identically null by uniqueness 
an 

in the Cauchy problem. 

Lemma 1 Suppose S is a C 1 manifold; A, B E L 2 (S) with compact support; 

8 is C1 on S and real valued with 'v s8 f O in suppAUsuppB; E is a finite 
dimensional subspace of L2 (S) and u(w) E E for all large w E ffi! satisfying 

u(w) = A cos(w8) + B sin(w8) + o(l) in L2 (S) 

as w -+ oo. Then A = 0, B = 0. 

To compute approximate values of T we need to compute AL and CL and, 
therefore, we look for approximate solutions of the boundary value problem 

{ 

Lu = fin Q 
tt = g on an 
u = 0 on an 

for 'rapidly oscillating' functions f and g. 

(10) 

We now proceed as follows: in the next section we compute formal asymp­
totic solutions of (10) for 'rapidly oscillating functions' f and g. In section (3) 
we show these solutions are close to real solutions and finally, in section (4), we 
apply these results to the operator T. 

2 Formal asymptotic solutions 

We seek a formal asymptotic solution u(:z:) = ewS(:r) Z:k~o ci:!)2 of 

{ 

Lu 
8u 
8N 
u 

(2w) 2 ews F inn 
= ewi9 G on an 

0 on an 
(11) 

when w ➔ +oo, where Uk is a complex-valued smooth function, 0 C Rn is an 
open, bounded, connected regular regiou and N is its exterior normal; 
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'°' F1r(z) '°' G1r(z) 
F(z) = L., (2w)", G(.r) = L..., (2w)" 

lr~O k~O 

Fi, and G1r smooth complex valued; Slan = i0, Re(!!)> 0 with 0: 80 ➔ JR 
smooth and IV' eo0I = 1 in the region of interest. Note that there exists a 
neighborhood V of 80 such that Re(S) < 0 in V n n and, therefore, u and 
(2w)2e"'s F tend very fast to O in the interior of O as w ➔ +oo (except possibly 
at points in or close to 80). Since ulao = 0, we have U1,l80 = 0 for all k ~ 0 
and, therefore 

We also have 

OU I a ( wS '"' u,. ) I 
8N ao = 8N e L., (2w)" 80 

1r2:o 

wS ( '°' U1, ~ ) I = e w L., (2w)" + L (2w)lr 80 
k2'.0 k2:0 
~ 

= e"'i' '°' ....Hf_ in 00 
. L., (2w)" . 

.1:2:0 

.6.2 u = e"'s { [..,4 (VS. VS)2 + 2"'3 ((VS · VS)AS +VS· V(VS · VS)) 

+4w3(VS · VS)V'S · V + 2w2 (V'(v'S ·V'S)+ V'S· VS!l + ~ll(VS. V'S)) ]u 
+ I: [(2w)2

-" [ (¾clls)2 +½vs. V(llS) + Asvs. v) u,., +vs. V(v'S. vu,.,)] 
1r2:o 

+(2w)1-"GA2s +ASA+ v'(AS) -v' + v'S-v'!i)u,. 

+(2w)1_.., A(v'S. vu,.)+ (2w)-" 1i2 u,.]} 

aAu = ae"'s[Ec2w)-"AU1r+ E(2w) 1-1<(v"S-v'U1r+Asu,.) 
lr2'.0 l,~O 

+i L(2w)2-/r(V'S. VS)U1,] 
1r2:o 

b-v'u = ws(b-VS'°' ~ '°'b,VU,.) 
e 2 L..., (2w)"- 1 + L..., (2w)" · 

k~O /c~O 

Substitution in (11) then gives Ui. = 0, ~ = G,. on 80 for all Jc 2: 0, and 

u,. =0, 
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on 80 for all k > 0 and 

0 = Lu - (2w)2e'"5 F 

= e'"5 {[w4 (v'S-v'S) 2 + 

+4w3 G(vs • v'S)AS + ivs . "il(v'S. vs)+ (VS. vs)vs. v) 

+2w2 (v(vs . v-s) . v- + v-s. vsA + iA(vs. vs)+ ivs. vs)] I: (::;)k 
k?:O 

+ I:(2w)2-k [Auk+ ru,._1 + Luk-2 - F,.]} 
k?:O 

inn, where U-1 = U-2 = 0, 

and 

f</> = iA2S4>+ASA¢+V(AS)-V¢+VS-V(A¢) 

+A("ilS · "il</>) + a (vs · v'¢ + ~ASql) + ~(b · v'S)¢. 

Choosing a (complex-valued) S satisfying 

("i1S) 2 =V8 -VS=0 

in a neighborhood of an in iR" we obtain, for all k ~ 0 

{ 

AU,. + ru,._1 + LU,._2 = F,. 
~Ian = G,. 
~Im = o 

with u_l = U-2 = o. 

(12) 

(13) 

The computations above are merely formal, but we may find approximate 
solutions of (11) in a neighborhood of an, where n is a cm, m 2: 2 region, using 
the 'normal coordinates' given by x = y + tN(y), where y E an and t E (-r, r), 
with r > 0 small. 

Writing u(y, t) = u(y+ tN(y)), we have for u sufficiently smooth in a neigh­
borhood of &n that 

"ilu(y + tN(y)) = (1 + tK(y))- 1 uy(Y, t) + ilc(Y, t)N(y) 

and 

Au(y + tN(y)) iitc(Y, t)) + .\c(t , y)ilc(Y, t) 

+(1-'- tK (y))- 2 .\y(t , y) · iiy(Y, t) 

+divan[(l + tK(y) )-2 iiy(Y, t)] . 
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where K = DN is the {degenerate) curvature matrix, and divan is the divergent 
operator in an (see [1] for details). We don't always distinguish u from u and 
sometimes write 3N for fit and 'v anu for iit. 

Writing S(t,y) = S(x(y,t)) = S(y+tN(y)) = I:1r>o 5
•~~)t" we have, in a 

neighborhood of an S(t, 0) = S(z(y, 0)) = S0 (y) = iO(;) with Re ( ~f (0, y)) = 
&(U(z(y,o))) > o. 

Observe that some condition must be imposed on Sin order to determine 
the coefficients S,.(y). The condition (12) chosen above has the advantage of 
simplifying the computations. 

We then have 

'vS(z(y,t)) = ('vS)(y+tN(y)) 
St(Y, t))N(y) + (1 + tK(y))- 1 S11(Y, t) 

and 
(1 +tK(y))-1 = 1-tK(y) +t2K 2(y)-t3 K3 (y) + ... 

from which we obtain 

0 = (('vS)(y+tN(y)))2 

= ('venSo(y))2 + (S1(y))2 

+t ( 2S1(y)S2 (y) + 2'v enSo(Y) · 'v 1mS1 (y) + 2'v 1mSo(Y) · K(y)'v enSo(Y)) + ... 

Choosing l'venO(y)I = 1, in the region of interest, we obtain recursively 

S1(Y)=l, 

S2(y) = -'vanO(y) · K(y)'van/J(y), 

and we can compute as many terms as needed. In this way, we obtain 

. t2 t3 t4 
S(y + tN(x)) = 16(y) + t - 2 q(y) + 3!Sa(Y) + 4!S4(y) + ... (15) 

'vS(y + tN(y)) = 

'vS(y + tN(y)) · 'v = i'v anB · 'van + ! + t ( - 2iKv' 1108 • 'van - q ! ) 
+; ( 6iK2 'van0 · 'van - 'v1mq · v'an +Sa!) (17) 

~( 8 +31 'van Sa · 'van+ BK'v aoq · 'van - 24iK3 'v' 1108 • 'v 110 + S4 8t) 
+O(t4

) 
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A2S(y+tN(y)) = p(y)+H1(y),B(y)+Aana(y) 

+t(o-(y) + Hi(y)p(y) - H2(y)/3(y) + v'anH1(y) · Vana(y) 

+Aen/3(y) - 2 divan(K(y)Vana(y))) + O(t2
) (19) 

where 

• q(y) = v'an8(y) -K(y)v'anO(y); 

• -if= v'an0(y) · Van; 

• S3(y) = 3v'anli(y) · K 2 (y)Vaoli(y) - g2 (y) + iU(y); 

• S4(y) = 3q(y)S3(y) - i¥f(y) - 12Van0(y) · K 3(y)V 8n/J(y) - 6iV 8oq(y) . 
K(y)v'an/J(y); 

• Hm(Y) = trace Km(y); 

• a(y) = H1(Y) - q(y) + iAanli(y); 

• fJ(y) = S3(y) - H1(y)q(y) + i~(y) - 2i divan(K(y)v'anli(y)) -H2(Y); 

• PiYJ = S4(y) + H1(y)S3(y) + 2H2(y)g(y) - 4iK(y)Vanli(y) · V 110H1(Y) -
i"T9"(y) + 3i divan(K2 (y)v' 1mli(y)) - ½Aaoq(y) + 2H3(y); 

• ..X(t , y) = ln[det(l + tK(y))] = I:;;;:'=1 Hf-' tm Hm(Y) for t sufficiently 
small ; 

• u(y) = Ss(y)-6H4(y)-6H3(y)g(y)-3H2(y)S3(y)+Hi(y)S4(y)-3v'anH1(Y)· 
v' aM(Y) + 18iK2(y)v' anH1 (y) · v' an/J + Aa0S3(y) + 6 divan(K(y)V aM) 
-24i div1m(K3 (y)V.,n/J(y)) + 2iVaoH3(y) · Van0(y) + 6iK(y)VanH2(Y) · 
'v an/J(y) . 

Writing now 

a(y +tN(y)) 

b(y+tN(y)) 

U1c(Y +tN(y)) 

F1c(Y +tN(y)) 
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and using that 

(l+tKr2 = (l+tK)-1(1+tK)- 1 

we obtain 

a,. 

= (1- tK + t2 K 2 
- ... )(I - tK + t 2 K 2 

- ... ) 

= I - 2tK + 3t2 K 2 
- 4t3 K 3 + O(t4

) 

( o: - q + 2i : 0 ) ui + uf 

{ 

Uf ( ¼o:2 + ½ i~ + J,8 + io:-b - 6iKV ao9 · V ao - 2iq-l, 
+t 2 . ~ 8' ) ( 2. 8 3 ) u2 ua +Sa + q - o:q - 1 88 - W + o: + 1 88 - q It. + ,. 

( 
o:H1 + /3 - H2 + 2-6.an + 2iH1 :e ) y1 
+Ss -4iK~ao9 ·Van+ i~ - H1q + ao •-1 

+( o: + 2H1 + 2i :
0 

- 2q )uf-1 + 2Uf_1 ✓ 

I 
~P + ~H1/3 + ½A8oo: - o:H2 + o:Aan + V aoo: ·Van 
+i :,Aan + 2H2q - i~ - 2iH2 :, + 3v' 1mH1 · v' 80 + 2H3 + S4 
+H1Ss - 6 divao(KVan(·)) - 2iKv' ao9 · 'i18nH1 
+iABn f!-. - 5v' 8M · V Bn - Aaoq - 2qA8o 
+18iK v' ao9 · 'i1 Bo - 6iH1Kv' 800 · V 8n 

+t +aa(½o: - q + i-b) + a1 + ½ba · N + ½bo · VBn9 
+( 2,8 + aH1 + 2iH1i + i~ - 3H2 

+2Aao- 3qH1 - 8iKv'ao0 · v'8n + 3S3 + aa)uf_ 1 

+(a-4q+2i:8 +2H1)U2-1 +2UL_1 

+0(t2
) 

= ( 2H3+AaoH1-4cliv8n(Kv'8n(·))-H1H2 )u1 
+2H1AB0 +4v'80H1 · v'ao + aoH1 + ba • N 1t.-2 

+(2A8n - 2H2 +Hf+ aa )uf_2 + 2H1Uf_2 + Ul-2 

[ 

H? - 12Kv'8nH1 · v'ao + 18 divBo(K 2V8o(·))- 2H2A8n l 
+2H1H3 - 4H1 divBo(K'ilan(·)) + VanH1 · VaoH1 
-5v'anH2 · v'an -AanH2 + Alo - 6H4 - 2 div1m(KV1JnH1(·)) Uf_ 
-2 divao(KVanH1) + 3H1 v'8nH1 · Van 

+t +bo ·'!Jan+ b1 · N - aaH2 + aoA8n + a1H1 + c 
+ ( 6v'anH1 •Van+ 6Hs- 8 div8n(Kv'ao(·)) + aoH1 ) u2 

+a1 + bo · N - 3H2H1 + 2H1Aao + A80H1 •-2 

( 2A8o - 4H2 + H? + ao )u;_2 + 2H1Ut_2 + u:_ 2 

+O(t2
). 
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The coefficients of U1r for k 2: 0 can now be obtained by substituting the 

above expressions in (13) and comparing coefficients. For k = 0, we have 

and we obtain 

UJ- = Go 

{ 

AUo 
fil£g_ &N l,m 
Uo l 80 

ug = Fi-(a-q+2i:0)uJ 

ug FJ - ( a - 3q + 2i : 0
) ug 

= Fo 

=Go 

=0 

-( ¼a2 + ½~~ + ~,B + ia18 +Sa+ q2 

-6iK'i18n0 · 'i180 - 2iqJi - cxq - i~ - ~ 

Fork= 1 

from which it follows that 

Uf = G1 

uf = Ff - ( a - q + 2i ; 0 ) uf 

( 
0H1 + f3-H2 + 2~80 + 2iH1:8 ) ui 

- +Sa - 4iK'i1&n0 · 'i18n + i~ - H 1q 0 

) UJ. 

( 

l 2 + i 8a + 3 R + · 8 + S + 2 ) 
Uf = Ff- 4a_ 2&80 2,., ,a.as8 a q·~ 8' Uf 

· -6iK'i18n · v'an - 21q 89 - o:q - • 88 - w 

-( a - 3q + 2i ! ) Uf - Wt - ( a - 4q + 2i :o + 2H 1) U! 

_ ( 2/3 + o:H1 - 3qH1 - 8iK'i1 an0 · 'i1 &o ) u2 
+2iH1 -}a+ i~ - 3H2 + 2A8n + 3S3 ° 

(20) 

+i-}a~an + 2H2q - i~ - 2iH2:6 + 3'i180H1 · "i78n + 2H3 + S4 

( 

~P + ~Hi/3 + ½Aaoo: - aH2 + o:A80 + v'8na · 'i180 

- +H1S3 - 6 divan(K'i18n(·))- 2iK'ileo0 · VanH1 

+iA8n -b - 5'il aM · 'i180 - ~8M - 2q~an 

+18iK2 'i1an0 · v'8n - 6iH1K'ilan0 · 'i1an 

In this way, one can compute as many coefficients as wished of the formal 

solution u of (11). 
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3 Exact solutions 
We now show that the approximate solutions obtained in the previous sections 
are close to real solutions. 

Let L, AL and CL be the operators defined in (2) (3) (4)(5) (6) and (7). We 
first show that AL and CL are well defined. Using the same notations of the 
introduction, we observe that L, as a compact perturbation of the Bilaplacian, 
is a Fredholm operator of index 0, when consider as an operator from W4·P n 
wg.P(O, Cj into LP(O,C). Thus, we have V(O, C) = 'R.(L)EB[w1 , ... , wm], Given 
f =Ii+ '2 E V(O,C) with /i E 'R.(L) and fa E [w1 1 • • ,,wm] there exists a 
unique V E W 4·" n wt,p (0, Cj such that Lv = Ii' IN = g on an and In vf; = 
0 for a.II 1 ~ i ~ m. ( The existence of v follows from results in [2] and the 
uniqueness follows from the conditions fn v-r; = 0 para todo 1 :5 i :5 m). 

Suppose now that n is a cs+N-k regular region, N 2:: 0 is an integer 

( F1 FN ) ( G1 GN ) F(z) = Fo + 2w + ... + (2w)N , G(z) = Go+ 2w + ... + (2w)N , 

with F,. c2+N-/c in f2 and G1c c3+N-1< on an, fork= 1,2, ... ,N. Suppose 
also 9 is cr.+N in an and the coefficients a, b and C of L are cN+2' cN+l and 
cN respectively in n. 

We can choose S(y + tN(y)) of class cs+N such that 

('vS)2 = O(t4+N), 

and U,. of class c4+N-ic O :5 k :5 N in n, with 

{ 

AU,.+ ru,._1 + LU,._2 - F,. = O(t2+N-1<) k = 0, . . . 'N 
ruN + LUN-1 = O(t) 
u,. IBn = 0, ~IBn = G,. 

uniformly in -o :5 t = dist(z, an) :5 o, for some o > 0, (U-2 = U-1 = 0) . 

(21) 

(22) 

Finally we choose a compact supported C00 'cutoff function' x of class C00
, 

X = 1 for -o ~ t = dist(z, 80) ~ o but x supported near this set and let 

u(z) = e"'S(z) ( Uo(z) + U;~) + ... + f ~\1) 
with Sand u,. as in (21) and (22). 

Theorem 2 Suppose u is given by (£9), v =AL(!)+ CL(9), with 

N 

Ill - x(2w)2e"'
5 L (:::)" IIL•(n,C) = O(w-N) 

lc=O 

and 
N 

119 - e'"'' L (;:,.),. llc•(Bn,C) = O(w-N) . 
lc=O 

10 
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Then 

Proof 
we have 

From our hypotheses and the computations of the previous section, 

Therefore 

N p ( ) "'1 NH 

IL[x(:i:)u(:i:)J°- x(:i:)(2w)
2 ~ (~)k I S (;w)N { C ~ j2wtjk} 

for some C > 0, since ReS(x) < ½inn near an. Thus 

Lxu - f = O(w-N) as w -+ +oo, uniformly in O and o ~ t ~ 0. (24) 

Since v == AL(/) + CL(g) there exist a-1, ... , O'm E IC such that 

{ 

Lv == f + L::1 a-;w; in 0 

-3;, =g on an 
V =Oonan 

(25) 

with f O vf; == 0 for any 1 ~ i ~ m. We prove the a-; are uniquely determined. 

In fact, if {0-1, .• ,,o-m} is a basis of N(L•), we have for each 1 ~ j Sm 

It is then enough to show the matrix [ f O o-; w;] ~. is nonsingular. Suppose 
,,,=! 

')'1, ... , -y.,,. are scalars such that L~1 'Yi fn it;w; == 0 for 1 S j S m. Then 

I:;:1 ')';W; E N(L•)J. = [0-1, ... , o-m]i = R(L), from which we obtain ")'1 = ... = 

"Im = 0 proving the claim. 
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Let then 
m 

z = xu - V - L /3;,J,; 
i=l 

with /31 , ... , /3m E C chosen in such a way that In zr; = 0 for all I ~ j ~ m. 
We can show, proceeding as above, that [ In t/,;r;]~. is nonsingular. Fur­

•.J=l thermore, we ha.ve 

8z 8 
{)N {)N (xu - v) 

N 
;"''"'"" G1, = e ~ (2w)" -g 

O(w-N), uniformly in 80 as w -t +oo. 

By the Riemann-Lebesgue lemma 

t O:j r ir;w; = r ll.ir;g - r ii;/ 
k=l Jn l&n ln 

N N 
= l)2w)_,. [ eiwl AiT;G,. - E<2w)-k+2 [ e"'8 u;(xF,.) 

k=O l&n "=O J&n 
+ O(w-N) 

O(w-N) (26) 

and 

'E/3; 1 t/,;f; = L (xu)f; 
i=i n 

N 

= 1 ( wSE U1, )- (27) n xe k=O (2w)k Tj 

= O(w-N) 

as W -t +oo since F,., G,. and Ui. are c2+N-lc, c3+N-lc and C4+N-lc respectively 
for O $ k $ N, that is , la:;!= O(w-N) and l/3;1 = O(w-N) for any 1::; i ::; m 
as w ➔ +oo. Since Lz = L(xu) - Lv it follows from (24), (25) and (26) tha.t 

{ 

Lz = O(w-N) in 0 
::. = O(w-N) on {)fl 
z = 0 on an 

as w ➔ +oo. Therefore, we obtain, from (27) and (28) that 
m 

llxu - vllw•.,cn,c) = llz - L {3;w;llw•,,cn,C} = O(w-N) 

asw ➔ +oo. 

12 
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4 An application 

Let 1' be the operator defined in (8). Using the method of the previous sections 

we prove the following 

Theorem 3 If T is of finite rank then 

a 
oN (~u~v) = 0 on an. (29) 

Proof In view of (1), it is enough to show tha.t 

r( cos(w!J)) = cos(w!J) {)~ (dudv) lan + O(w- 1
) as w ➔ +oo. (30) 

To obta.in (30), we show that 

8L* 
{ Aud [AL• (u) ( ( aw (u) · v )cL(u)(cos(wlJ)Au))) - CL•(u)(cos(w0)dv)] 

-AvA(cL(u)(cos(wli)Au)) }Ian= O(w- 1
) as w ➔ +oo. (31) 

Let ews L,~=O (:;,,•), be the approximate value of CL(u)(ewiS du) given by 

and ews L~=O (2;.,")• the approximate value of 

{ 

AV,,+f¼-1+L*(u)V1c-2= ( 0
8:;(u)•v)U1c-2 

fil l _ { -Avian k = 0 
BN 80 - 0 0 < k s N 

V1clan = 0 

given by 

following the notation of section (2). From theorem (2), we obtain 

(32) 

(33) 

~CL(u) (ewi9 ~u) l11n = (nat + 81,) (ewS t L;(~~ut) lt::O + O(w-N) 
k=O 

N ui N ui N u2 
= wi8 ( ~ le 2w'"' le ~ le ) 0( -N) 

e H ~ (2w)" + ~ (2w)" + ~ (2w)k + w 

= e"'i8 (Au(2w)+ [HAu+uJ]) lan +O(w- 1
) 

13 



since 

Ul = ~~ Ian = { tul110 
Similarly, we obtain 

since 
v;t = av,. I = { -Avian 

1c aN 110 0 
k=O 
k > O. 

Therefore, we have 

= ewie [AuVa2 - AvuJ] Ian+ O(w- 1
) 

since AuAv = 0 on an. From (20), it follows that 

U5 = -(a - q + 2i!)Au j.,
0 

and 

Va2 = (~~ (u). v) u_ 2 \an + ( a - q + 2i ; 0 ).0.v jan 
= (a-q+2i!)Avj

80 

since U-2 = 0 in a neighborhood of On. Therefore, we obtain 

( Au V? - Avug) Ian = { (a - q)(AuAv) + 2iAu : 0Av 

+(a - q)(AvAu) + 2iAv !Au }Ian 
= 2i : 0(AuAv) jan 
= 0 on an 

since AuAv = 0 on an. Therefore 

{ AuA[AL•(u) ( (~: (u) · v )cL(ui(e'"i' Au)) - CL•(u)(ewil Av)] 

(34) 

-AvA(cL(u)(e"'i' .6.u)) } Ian= O(w- 1
) as w ➔ +oo. (35) 

14 



Since 

8L" )) 
{ AuA [.AL•(u) ( ( ow (u) · v )cL(u)(cos(w6)Au} - CL•(u)(cos(w6)Av)] 

-AvA ( CL(u)(cos(w6)Au))} j
00 

= Re{ {AuA [.AL•(u) ( (~~ (u) · v )cL(u)(ewiB Au)) - CL•(u)(ewiB Av)] 

-AvA(CL(u)(ewiB Au)) }j
00

} 

we obtain (30) from (35) 
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