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Abstract 

A snfficirnt condition for tlw existenre and uniqurn0Rs of a continuous solution of the integrol (>(jUA.tion 

is established under regularity conditions on the functions G, i,1 , h2, Jl1, lh and on the kernels K1 and K2 

where Dis a subset of Ill" and (-oc, 2·), x E Ill", is a simplified notation for the interval TI:'.:, (-00, x,] C JR". 

Keywords: Bxist.cncc and nniqnencss of solution, integral cqnnt.ion, Voltf'rra i.utrgral equntion, Ftc<li10lm 

integral equation,, Hammf:'rstein integral t•quation, positive solutions, fixed point tht'orem. 

1 Introduction 

The non linenr integral equation J(:r:) = J.t K(x, y)lI(y, J(y))dy has been studied by R.Iglish [l], A.Hammerstein, 

[2], ~I.Golomb; [3]·aud C.L.Dolph [4]. Under restrictive conditions on the kernel and controlling the uon liuearity 

of the funct.ion II, they succPcdccl in finding sufficient couditions eithl'I' to existence and uniqueness of a solution 

or solely t.o the existence of solutions to this integral equation. Non linearities of the t.ypc Jl(y, f(y)) = 1/y 

lead to singular integral equations. The integral equation J(x) fl f(y)K(x, y)dy = 1 that arises in the theory of 

cormnunication systems was studied in [G] by P. Nowosad where the existence and uniqueness of continuous positive 

real solntions was established for positive semi-definite symmetric non-negative kernels, K(:r:, y), 0 :0: x, 1J :0: 1. s11ch 

that. J~ K(x, 11)dy '.::'. o > 0. An extension of thb rcsulL ,~as obtained by s: Karlin and L. Nirenberg in [G]. In their 

work they prove the existence of continuous positive solutions of the equation J(x) J0
1 J(y)"' K(x, 11)dy ~ 1 where 

°' is a fixed positiw parameter and K(.r, y) is a non-negative continuous function on [O, 1]2 such tlrnt f{(.r, :r) > 0 

for all .i: E [U, l]. They also showed the uniqueness of continuous positive solutions in case the para,neter a belongs 

t.o (O, 1] · The Schaudcr fixed point theorem was used to derive the existence of solutions. r\uthcr extensions 

of P. Nowosa<l 's result can Le found in (7] where positive solutions are established for the integral equation 

f(:c) = g(:r,) + f5 K(.r, y) ( 17/ill" + h(J(y))) dy, c, > 0, x E [O, l]. 

An existence theorem of integrable solutions to tho integral equation J(x) = g(x) +>.JD K(:r, y)H(y, J(y))dy 

where D C Ill" is a compact. sel 1tnd g,J,, and H arc functions with values in finite dimensional Banad1 spac<'s 

is obtained by G.Emmanuele in [8]. Conditions for the existence of nonzero solutions of integral equatious of 

the the form J(x) = fnl{(:r,y)II(y,f(y))dy, D compac.l subst'L of IR", wherP [{ is a real valued function that 

changes sign and lllay he discontinuous, and }[ satisfies Caratheodory conditions, are presented by G.lnfantP. and 

J.R.L.Wcbb in [9]. The existence of integrable solutions to the non linear integral equation uf llamnwr:;tein -

Volterra type f(:r, t) = J0
1 K(x, y)II(y, f(y, t))dy .... fci F(I, ::)f(,r, z)d:: is obtained by M.A.Ahrlou, W.G.El-Saycd, 

and E.I.Deel,s in [10]. Also of interest are monotone solutions to integral equations. In [11], J .Banas, J. Caballero, 

J.llocha. anrl K. Sa.rlarag;ani establisher! the existence of nonrlccreasinp, continuous solutions on a ho11nclerl an<! 

do.sec\ interval I to the nonlinear integral equation of Volterra type f(x) = n(x) + (Tf)(:r) .ft v(:r, y, f(y))ily, !IE I, 

under a set of conditions on the functions a, v, ,md on the continuous operator T: C(l)-+ C([). A similar res11lt 

is presented by W.G.El-Sayed and n.Rzeplm in [12] for the quadratic integral ,'quation of Urysohn type with I.lie 

fom, f(x) =a(:,:)+ II(.r:, /(x)) Jd u(:r, y, J(y))<Z.<1, y CI. Due to pk,nt.y of p1·oct.ical applicntio11s, u11u11,rir-nl nwthods 



for solving integral equations are of grea.t interest. Recently, S.Yousefi and :vl.Hazznghi, [J:J] and K.,laleknejad 
anrl !l.Derili, [14] applied wavelet methorls to obtain numerical solutions to Voltl'rrn - Frerlholm anrl Jfommerstc.in 
type integral equations. 

In this short article we study the integral equation: 

where f : D C Ifl" --> A is a function with values in a complete normed finite dimensional algebra .4, J(; : D2 __, A. 
h;: D __, A, H;: Dxim(G)--, A, fori E {1, 2} and G: DxR1 xR2-+ A, R 1, R 2 c A satisfy regularity conditions. 
Throughout this work we denote the Ifl" interval Tif=1 (a;, bi] by (a, b] where a = (ri1 , ... , a,.),/,~ (b1, ... , b,,) E Jll", 
Abo, o; I\ b; will denote min{a,, b,} anrl a; Vb; equals max{o;, bi}. For vectors this is done componentwise: 
a I\ b = (a1 /I b1, ... , a,, I\ l111) and a Vb= (a1 V b1, ... , «n V Ii,,). It is not required neitlier that the algebra contains 
a unit clement nor thnt, in case it has one, that its norm be one. These arc common requirements to call A 11 

Banach algebra. Being (A,+,·, x, II II) an algebra over 11 field K. endow(•d with an absolute value I I, we suppress 
the notational use of , and x o.nd use :r:y and ax instead of x x .1/ and (LX respectively. \Ve assume that for all 
x, V E A, llxy[I :S i::rll l!Y[I, We use the notation B[x, r) to 11war1 the dosed hall cei1terrnl at ,r with radius r in a 
metric space. 

Iu section 2 we present the 1nain result: an existenre and uni<ItU:'n€'ss of solution tlwon:·m bast?d only on Banach's 
fixed point theorem. In section 3 some related results and corollaries an' olit.ai11Pd. and, in section 4, we conclurl,, 
this work with some examples and final remarks. 

2 Main results 

The following elementary lemma is used in the proof of Theorem 2.2. 

Lemma 2.1 Let (lfln, A, f) be J[l" endowed with Lebes911e mea.sure and a-algebm, A E ,\, f : ,1 -, Ill+ such 
that f 4 fdC < oo and k E JN. Then, for all Lebesgue measurable sets C C U~=l C, where, for all i, l $ i $ k, 
C; = H; x {x; + tn;: O $ t :S 8;}, II; a hypnplanc. :r; E II; nnd 11; one of its unitary 1101-nw.l.s, we hat>r 

f fdf _, o as max{ J, : 1 $ ·i :S I,:} --, o. le 

Proof : If ,1 is bounded this is a direct consequence of the fact that, for C C A, we have limc(C)-0 fc fdf = 0 
wlwncver fA fdf < oo. In case A is not. bounder!, observe that for all c > 0 there exists r > 0 such that 
fn"\[-r,r]" fdf < f/2 and, taking into account that f(C n [·-r,r]'') < k rnax{6; : 1 :S ; :S h}(2rfot-1

, we 
guarantee that for all,> 0 there exists 8 > 0 such that 1f max{8;: 1 $,$I,:}< 8 tlwn fcr:r-r,r]" fdf < ,/2, and, 
c:onseque11tly, we conclude that 

V c > O :l 8 > 0 max{ 6; : 1 $ i :; k} < J ---, / f de < c 
le 

Our main result, an application of the fixed point th,,orcrn for contraction mappings. is the following: 

Theorem 2.1 Let D be a compact subset oflfl", A be aflnile dimensional complete nomwl algebra, J{,: D2 __, A, 
h;: D--, A, II;: D x A_, .4, fur i E {1, 2}, and G: D x A'-• A be fanctium such /fl(tf: 

1, Vi E {1, 2} Vx ED Jim,-., fD IIK;(z, y) - K;(x,y)lldy = 0. 

2. Vi E {1.2} II JD IIIi;(,i:, Y)lldylf,., < oo, 

Y. Vi E {1,2} sup{lf/I;(x,z)II: x E D,z E Jm(G)} < oo 

4, Vi E (1,2} 3 1; 1;? 0 Vz ED Vx,y E: Irn(G) IIH,(z,:r) - II;(z,y):I S 1;!!.r -vll-
5. G is continuous in D x (Jm(h1) + B[O, 11J1ql) x (lrn(h2) + B'.O, 1121;2)) • 

G. Vi E {I, 2} ~ µ; ? O V,, E D V Vi, z; E Im(h;) + B[O, v;i;;], IIG(.1.·, l/J, zi) - G(x, l/2, z2)i! S 111!IY1 - rd+ 
112llz1 - z2II-
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7. Vi E {l, 2}, h; is continuous. 

Denote, for i E {l, 2}, II fo \IK;(x, Ylllriy\loo by><;_ and sup{IIII,(x, z)II : :r, E D, z E Im(G)} by 11,. 

Then wlwnrver /L1K1L·1 + 11,21<212 < 1 tlun ,·,i:iels one rmd only one continuous Junction J : D _, A such that 

J(x) = G (1:, h1(x) + { li1(J:,11)H1(y,f(y))dy, h2(1·) + { l,2(x,11)H2(y,f(y))dzi). 
Jn k~-oo~ 

Before the proof of this theorem is given, we observe thnt. the functions ll;: D x A-, A, for i E {1,2}, and 
C: D x A2 ..... A could be reµlacetl by II,: D x Im(G) ..... A, for i E {l, 2}, and G: D x (/m(/q) + D[O, v1s:1]) x 
(Jm(h2) + B[O, 112"•2]) _, A 

Proof: 
The possible continuous solutions to the integral t>quation belong to S .- C(D; A) which is a complete metric 

space with distance given by the snpremum norm. 
Now, for all :r C D, we have for every f 

Analogously, 

JD \IK1(x,y)\I sup{\ilfi(s, t)II: s E D,t E Im(G)}dy = lit JD \IK1(x,y)lldy '.S 

llj sup{ { \IK1(x, y)\icly: XE D} = 111\I r \\K1(x, y)\\dy\\oo = 11,,·1, Jv Jn 

Tims, for all :r c D, 

and 
h2(x) + { Kz(x, y)H2(Y, f(y))dy E (/m(h2) + B[O, 112"2]} · J Dc-,(-oo,x] 

Let, for 1111 f E S, T(f) : D-, A be given by 

T f(x) := (T(f)) (3·) = G (x, lii(x) + { Ki(x, y)lli(y,f(y))dy, h2{:c) + { K2(x, y)lh(y, f(y))rly) · 
JD · lDn(-cx.•,,.! 

Note that T(S) C S for if f E S we have 

111'f(x) ·· TJ(z)II = IIC (x, hi (x) + { K1 (x, y)lfi(y, f(y))rly, h2(x) + { K2(x, u)lh(y, f(y))dy)-J D J Dn(-oo,x] 

G (z, h1(=H- { K1(z, y)Ili(y, f(y))dy, h2(z) + { K2(z, y)II,(y,f(y))dy) II 
JD JDn(-ro,z) 

Now, the continuity of G in D x (1111(/q) + D[O, llJKJ]) x (Im{h 2) + B[O, 1'2"2]) am! that of h1 and h2 i11 D 
to,scthcr with the iuequalitks a11d limits bellow 

Ii (L K1(:r, y)!Ii(y, f(y))du) - (J/,1(z, y)Il1{11, J(y))d11) ii ~ J;J illl1(!1, f(y))II ill{(;;, 11) - I,-(x, u)\\rly '.S 

sup{jlll1(1J,f(11))II: Y f. D) { \\I{i(z,11) - K1(.r,y)jlrly '.o Jn 
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and 

sup{IIH1(s,t)II: s E D,t E Irn(G)} L III{1(z,y) -K1{:r,y)lldy = 

v1J, IIK1(z,y)-K1(x,y)[l,dy--,0asz--,x [) 

~ ;· IIIl2{v,f(11))IIIIK2(=, y) - K2(x, y)/ldy + [ .. , II ll2(11, f(y))II IIK2(.r, y)lldy + . D,~(-cx,,xAz] JDn(-:x.,,·]\Dr.(- ,x,,·M; 

f IIII2(y, f(y)) II /II<2{z, v)ildy ~ lvn(-oo,z]\Dn(-x,xM] 

l/2 ( ( IIK2(z, y) - K2{x, v)lldv + { llf(2(x, v)lldv + /, III<2(z, 11)lld11) __, O Jv lDn(--x,,x;\Dn(-cx.,,A,] . Dn(-x,,]\Dn(--x,,xAz) 
as z --, :c guarantee that Tf is continuous. 
Observe that the terms 

r HI<2(x,y)Ildy and { 11r,2{z,11)ildv } Dll(-x ,.rJ\Dn(-nc,1:r/\z) J Dr:( -oc1,z)\D:--(--x,,.r/'\::] 

go t.o zero as :: __, x 11s a consequence of assumption '.2 and the fact that the Lebesgue measure of the J'.:;5 D n (-00, 1·] \ D n (-oo, x I\ z] and D f1 (-oo, z] \ D n (-oo,:r /I z] arc bounder! above by nll:r - z[I, (rli.o.m(D)) • wliere diam(D) < oo stands for the diameter of the compact set D . 
Now let us show that T is a contraction in S. 
We have, for all f, g f'. S 

Tims 

C: (x, h1(:r) + { I,1(x.y)H1(11,g(y))dy, h2(.r) + ;· K2(x,y)ll2(11,g(y))rl11) Ii"' :0: JD . Dn(-oo,x] 

µ111h1(x) - h1(:r) + { I<1(x,y)II1(1J,J(y))dy- f I<1(a,,11)ll1(v,g(11))dy[[oo+ JD lD 
1dh2(x) -hz(x) + { I,2(x,y)ll2(Y,f(y))dy- f K2(.r,y)H2(y,q(JJ))d!Jlloo :0: Jnn(-oo,x] JDn(-oo .. r] 

1<1 sup{IIII1(y,f(y)) -II1(y,g(y))II: 11 E D}II JD IIK1(x,v)!l<1v1!"'+ 

112sup{lllh(11,J(y)) - Ilz(y,g(y))',I: y ED n (-oo,x]}II /, JIK2(.r,v)lldyl1:xi '.o . Dr,(-cx.,x) 

111 sup{iillf(y) - g(y)II : y E D}II JD llff1{x, 11)l!du,lx + 

µ2 sup{ 12llf(y) - !1(11)11 : y E D n (-'.'O, x]} II {,,..,(-c'-',,-: IIK2(x, u) lldy!l x, s; 

11111 llf - 911:.-o!! /v l!K1(:r. y)l/riyllx+ 

/t212:tf - gll"'-!I JD lll{2(:r, y)llrly[[x, 

i/Tf - Tgiloo <; (1qt 1"1 + /12'2"2) II! - 9 1,I ·"' 
a contraction whenever 1,1111,; 1 + 1,2121; 2 < 1, and the theorem follows. 



T~1eorem 2.2 Let D be a meust,mble subset of lfln, A be a finite dimensional . . 
D--A h··D-A JI.·DxA-AforiEll''} dG DA" completenormedaly,·bm 1'·· 

' 1_ • ' i . ' . - \ , ..., ' an ,! : x ~ -+ A be /11nctio i. r.: t. f . . . ' ' . 
4, 6 and 7 111 theorem 2.1. If G is continuous and b01mded in. D x (Im(hi) + fl\O ;, ,/ s ·x0 18 yrn_q cond,,11011s 1 lu 
I.hen. >t•hencr:cr /!10·111 + 112,·212 < 1 there e>:ists rn,e and only one contin, 

0 
, f 't.1 i]f) · (Im(h2 ) + fl10, V2K2]), 

. , . . ' u.s u:nc ion : D --+ A 811ch ll?(tf. 

f(,c) = G ( x, h1(x) + hi K1(x,y)ll1(y,f(y))dy, h2(x) + jDn(~ oo.,) K 2(x,y)JI2(y,f(y))cly). 

11,e same remark that follows theorem 2.1 is still applicable. 

Proof: Follow the steps in theorem 2.1 proof. Ohsc'rvc thrtt S :~ l3(D; Jm(G)), the set. of bounded functiom 

from D to the closure of the image of G, is a Banach space anrl tlrnt T(S) CS. Use Lemma 2.1 tu tlcnl with the 
possibly unbounded sets D n (-oo,.r] \ D n (-00,.1: /\ z] and D n (-oo, z] \ D n (-oo, x /\ z]. 

3 Related results and corollaries 

Theorem 3.1 Let K;: ([0, 1]")2 
- lfl+, h;: [0, l]" -• ffi+, for i C {1,2}, be non-negative f11nctions, /3 and O be 

.strictly positive 1ml numbt"f's, cind II; : [O, l]" x [O, ¼l - Ill+ for i E {l, 2} and G , [O, 1]" x (Jm(h 1) + 1o, 1,1,.
1

]) '< 

(Im(h2 ) + [O, ,.,2n·2]) -> ffi+ be functions such that: 

1. Vi E {l, 2} V:r C [0, 1]" lim,-, f1o,IJ" IJ,;(z, y) - l{;(.T,Y)ldy = 0. 

2. Vi C {l, 2} 11 Jio,J]" l{;(x, y)dylloo < oo. 

3. Vi E {l, 2} sup{Jl;(x, z): x E [0, 1]" z E [0, ¾J} < oo. 

4- Vi E {1, 2} 3 l; 2'. O Vz E [O, l]" V:r, y E [~, ii III;(z, x) - ll;(z, y)I '.o t;lx - vi, 

s. o < o = inf {G(x, 11, z) , (x, y, z) E [O, 1]" X (Jm(/1i)+[0, v1oe1]) x (Im(h2)+ [0, 1121,2])} and /3 = sup{ G(x, 11, z) : 
(:r, y, z) E [0, l]" x (Jm(hi) + [0, 1111,i]) x (Jm(h2) + [0, 1121e2])} < oo. 

6. Vi E {1,2} 3 l'i 2'. OVx E [0,1]" Vy;,z, E Im(lr.;)+[O,v;,·.;], (; :;:j I '.o /t1IY1-Y2i+J.1-2iz1-z2I, 

7. Vi E {I, 2} h; i., continuou.., 

Denote, Jori E {1,2}, lif10_11 ,. K,(x,y)dyll"' by Ii; andsup{If;(x,z): x E [0, 1]" z E [0,¾l} by 1J;. 

Then whenever 1, 1,. 1q + /t2rc2L2 < 1 then: e:d.st .. , one nnrl only one contimw-us function f , [O, 1]" _, If!., snch 

that 

Clearly this function is strictly positive. 

Proof: 
Similar t.o I.hat. of theorem 2.1 . For all x E [O, lt we have for every f 

0$ f K1(J:.11)H1(11,f(11))dy'5'.J, lns11p{/l1(11,f(y)):yE[O,W}K1(J;,y)dy'.o 
110,i]" ,0.1, 

Aualogously) 

1/1 ,_. I,1(x,y)dv '.S ''Iii], 
ltn,11 11 

0 :S f l{2(x, y)Il2(V, f(y))cly :S L'2"2· 
110,,] 

so that for all x c [O, 1]" the ,olution of the integral eqn;ition sat.isfic~ 

r, 



~ :; f(.r) = ----------- _______________ l 

1
3 G ( x, h1(J:) + .(o,l)" K1(x, y)ll1 (y, f(y))dy, h2(x) + .(o,.r, K 2(x, y)JI2(y, J(y))rly) :':'. 6. 

Thus tl,e possihle continuous solutions to the int.cgml equation belong t.o S .- C([O, l]"; [½, !ll which is a 

complete metric space with distance giwn by the &uprcmum norm. 

Let, for all f c C([O, l)"; lfl't_), T(j): [O, 1) -, lll be given by 

Tf(x) := (T(J)) (x) = l 

G ( x, h1(x) + Jro,i]" K1(x, y)H1 (y,f(y))rly, hz(x)-+ f;o.,J K2(.r, y)II2 (y, f(y))dy). 

Note that 'l'(S) C S for if f E S we have 

ant! 

from which 

~ > /1~--------=--------------------- l o - 'c ( . llx ~ -
,r, h1(x) + I[o,l]" Ki(x, y)II1(v, J(y))dy, hz(:c) + f,o,x) I. 2(x, y)lljy, f(y))dy) fJ 

a]l(l we get ~ '::'. /IT f// 00 ".:'. ¼, 
i\loreov~r .. conditions G and 6 i1'.1P)3'. the cm;t.inuity of b on [O, l)" x (Im(hi) + [O, v1sc1]) x (Jm(l, 2) + [O, i,2sc2)) 
and a s11111lar argument to that 111 lheorem 2.1 proof shows that iTf(x) -Tf(z)/ ___, lJ as z - x: i.e. leads tu the 
conclusion that. T.f is continuous. 

0 1 ' ti t/<?(x,y1,z1)-G(,:.~1,z2.!/ -· / I_ - I I . I .. . . . . 
Jsene 1a G'[.c,y,,zilC:(x,y,,'2) - Gfi':i;,,,i) G(x,y,.zi), sot ,at cu11tht.1011 6 Ill tins corollary 1s the sume 8s 

colldition Gin Theorem 2.1 applied tot;• Now follow the steps ill Theorem 2.1 proof to show that Tis a c:outraction 

in S. 

\Ve observe that the conditions on the kernels in theorems 2.1 and :.u hypothesis are implied by Kernel 

continuity. As" matter of fact, their continuity on the compact set D2 or on [O, l]"" implies uniform continuity on 

D2 or on [O, 1) 2" which, by its turn, implies condition I; continuity on D 2 or on [O, lf" nlso implies bounrlcdness 

am! integrability so that condition 2 is guamntied. 
Partial differentiability of H; with respect to the second variable on D x Jm(G) or on [O, l]" x [1, ¼J aud 

boundedness of this derivutive 011 D x Im ( G) or on [O, 1)" x [ 1, } ] implies condition 4 as we con choose, by the mean 

value inequality, t; = snp{l/82H,(x, z)/1: (x, z) ED x Jm(G)} or i, = sup{lli.J.21l,(:r, z)/:: {:r, z) E [O, l)n x [~, ¾l). 
Also rnntiuuuus differt'ntiabilitr of II, Oil [O, 1)" x It, ¼J clearly implies 4. 

Similarly, bounded p:utial differentiability with respect to the second aud third variables of G 011 D x 

(Im(h 1) + n:o, 1111.1]) x (Im(h2) + fl[O, vz,'2)) or of t; on [O, l]" x (Im(h1) + [O, v11.1]) x (Im( h2 ) + [O, v2"21l or 

continuous differentiability uf t; 011 [O, l]" x (Im(h1)-'- [O, v1"1il X (/m(h2) + [O, P2K2]) implies co11dition 6. 
Clearly, the pure Hammerstein or Volterra - Ilammcrstcin integral equations arc particular c,cscs of 1 he complet.c 

rnixed integral equatio11. 
In this way one can write some corollaries, the weaker of tl1ern is: 

Corollary 3.1 let I(: [O, 1) 2 ___, m be u ,,wn-negritive continuous Junction. Denote II .ft/ l((x,y)dy/lx, by,; ,md 
a.ssumc" < oo. Let also /J and 6 be slriclly po.,itive real numb,-rs, and H: [O, s) -• lRi- and G: [O, u,·.] ~ Ill+ be 

Junctions such that: 

1. 11 = sup{ll(z): z E \0, ¾!} < oo. 

G 



2. II is contintwu.sl,IJ difjerrntiable on (J, !]­
Denote l = sup{IJI'(z)I: z E [~, ¾I}. 

3. 0 < S = inf{G(z): z E [O, ///,]} and (J = snp{G'(:): ~ E [O, 1,,c]} < :x·. 

4. G is contim1.011 .. ,ly differentiable on [O, 1/K.]. 

Drnole /t = s11p{I (~)'I : z E [O, I/Kl}. 

Then whenever /!Kl< 1 there c,ci.sts one and only one continuo11s function f(.r,), .r E [O, 11, such that 

f(x) G ([ K(x, y)II(.f(:i1))dy) = 1. 

Clearly t/11:., Junction is striclly positive. 

Proof : Theorem 3.1 nnd remarks above. 

4 Examples and Final Remarks 

The following examples will show typical u,es of the theorems and corollaries developed so far. 

Concerning the integral equation 

f(i·) exp (l f(yp K(x, y)d!I) = 1 

we can obtain the following 

Example 4.1 Let 1 be a real positive ,wml,er and]{ : [O, 1] 2 -+ Ill l,e " non-negative conlinuous function such 

that 

II /1 K{x, y)dvlloc = K 
.lo 

where K < ~ in case 'Y 2". 1 and K')'<'(l-1)~ < 1 in case O < 'Y < 1. 

Then the1'1, e:r:ists one an,l only one continuous solution f(x), x E [O, 1]. to the integral elJl!nfiun 

This solution is .,trictly positiue. 

Proof: 

f(x) exp ({ f(y)1 K(x, y)dy) = 1. 

Clearly. 8 = inf{exp(z) : z C Ill+} = iuf{exp(z) : z E [O,a]} = I, whatever a> 0 is, so that v = sup{z1 : 

z E [O, ~]} = 1 and J3 = sup{cxp(z): z E [D, 11"]} = e". Thus,= sup{,z1 - 1 : z E [t,c, 1]} which is equal to 

"'( in ca.se 'Y 2". 1 au,! to ,e(l-1 ), in case O < 'Y < 1. The exponential function is continuously differentiable and 

,, = sup{c-": x E [O, Kl}= 1. Now apply Corollary 3.1 . 

The second example concerns integral equations for matrix valued functions. 

Example 4.2 Consider I.he complete mi:rcd Ilammerstdn inttgral 1,quation on M2x2(1R)-val1wl f,mctions of [O, 1)2 

where .\1,.\2,01,0'2 an~ reri.l 11umln~r8, 

!/I )i II (1 f(· )) - u, (1JI' (!/J 
a·2 ' 1 J, Y - 1+ 11111 • U 
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. ( .rj Yi) o1c1,))'I ( 0 YI) ( x; :q ) ) I, 2(x, y) = c•xp(,\2 x1 yJ ), Il2(y, .f(y)) = 1+ , Yi, y., 0 , h2(.r) = xi x~ , 
and 
G(x, y, z) = 11.rll"yz, for· z,osil.ive c~, and the n01,ns of vecl.urs and matrices are the c11cli,fro.n ones. 
Then a sv/ficient condition for existence and uniqueness of a solution to thi.• inlrgrnl equation i., 

v'2 (R,c21"il10 I+ R e2!"21 IO 1) (l+ ~) ( R +(RI\ ( ,/i[I'+I - R))) < I 
• 

1 1 2 
l+R' l+(RA(✓R2 +1·-R))2 

where R1 = (4 + VZ[01le 21
" 1I), R2 = (2 + ✓:i"IB2le21 "21 ) and R = R1R2. 

Thus, the .,Fl of parameters (A1, A2, 01, 02) for which the solnlian i.s uni,111.e contain, an unbounded open ncig­
bour/wvd of the origin. 

Proof: 
The algebra M2x2{lll) with usual operations and euclidean norm is complete and satisfies llxull :S li,r!I !lull, 
\\'e have th<! following inequalities: 

1. Vx E [O, lf 111'1 {x) 1

1
[ :S 4, V:c E [O, 1]2 J[hh)II :S 2, 

2. [iK1{x, y)il < exv(j,\, I II (x1 111 ) Ill. Md · - · 111 x2 

II fo []K,(x,y)l[r/y[loc, :S snp,E[O,lj' f(o.1}' el,\,1✓•/+rj+y/+Yidy :S e2i.11I 

3. IIK2(x,y)II $ exp{[A2I ii (xy~ 11i)1il, and 
l X2 

II JD IIK2{x, y)]!dy![_x, :5 SUPxE[O,lj' f,o.1]' e1•,1J.,1+;~+yf+vfdy :s e'2\•12I 

4. 11111(11,f{y))II :S IB1lrt.~ii~):il, /vr +vi, IIH2(v,f(y))ll :S I02lrtff,~,{yf+;H and 

sup(]]H1(y,f(y))II: 1f C' D,z E' Im{G)} < sup{IIII1(y,f(y))]I: y E D,z EA)} :S ✓2]0 1 [ 
s11p{llll2{11,.f(y))II: y E D,z E Im(G)} $ sup{[IH2(11,f(y))j]: 11 E D,z EA)}$ \/2102[ 

Thus, 1,;1 ,S c21"1I, K.z $ , 21"21 , 111 $ \12[011, 112 < VZJ02I, and I111(h1) C D[0,4) as well as Im(/1 2 ) c D[0,2]. 
Now, IIG(x, Yi, z1) - G(x, 1/2,z2)II = l[xil"li111z1 -112z2II = lixil"llv1z1 - 112z1 + 112z1 - 11nll :5 
11.rll"(llv, -112lll[z1ll + 111121111=1 - z2II). 
Thus, Vx ';,_ D, Vy1, 112 E Im(hi) + D[O, v,1,;i) C D[0,4 + ✓:i"I01k21 ,1i!] Vz1, z2 E Jrn{l,2) + D[O, ,,21e2] C 
B[O, 2 + v2IB2 ]e21"2 IJ we have · 

[IG(x, Yi, zi) - G(x, Y2, z2)II :S (2 + V2[82ie21 '
1
' 1)11112 - 111[[ + (4 + ✓:i"[01 ic2;"11)h - z1]I 

aud 1•1 :S 2 + VZl82[c21·12 I and /ll :S 4+V21811e21-1 i1. 

G = 11,x['i°yz -+ Im(G) C B[O, sup{1,lxl["yz : x ED, y E B[O, 4 + \/2'181 [e2•,1 1 '•], = E B[O, 2 + VZIB2ic''i"2I]}] = 

D[O, (4 + v'2J01[c21,\1l)(2 + v'2I02le2!",i)]. 

IITT (l' y) _ 1f (x z)II = I'~ (xi O ) _ 01z
2 (xi O ) II < v'2'B I ilv

2
(1 + llz

2il) - : 2
(1 + 111/llf! < 1 

' 
1 

' · '1 + IIYll 2 O "2 1 + llzl! 2 O "2 · -
1 1 

(1 + 11=11'')(1 + llvil 2 ) -

v'210 I (II y2 - z
2

11 + I,~_- llv211)z
2 

11) < v2 0 I (ill!!.IL:1-_il=Jl)(li11 - z[I) + ll=
2

l](l!11il + [lzll)(llil-::: :ill) = 1 
I+ [!y][ 2 

[. (l + ilz!l')(l + 111111 2 ) I - 1 1 
1 + ilvli 2 (1 + il=ll 2 ){1 +- 1,ivl1 2

) 
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hie I (1+ ~) (llull +.11,11) II _ 11 
i i + !lcll2 1 + 11yll2 !I z, 

Now, the maximization of 9(11, 1•) = ( 1 +If;;,)($) sul,jcctnl to the constraint (11, v) E [ll, Rf, for arl>itrnry 

R, furnishes"= Rand v =RA (JR2 + 1- Tl) so that., l<>tting R ~ (4 + v'2l0ife21,\ii)(2 + J2]B2:c2'-''') we have 

lj $ v'2I01I (1 + ~) (R +(RA(~ - 1/))) 
l+I/' l+(RA(v'Wf1 I/))2 

Analogously, since z E BIO, r] ....._. z1 E ll[O, r], we have 

lllh(x,y) --llo(,c z)II < v'2]0ol (1 + ll(z
1

J21I ) (IIIJ'il + llz
1
11) I]• t _ ,tll < 

, - ' - - 1 + llz'l1 2 1 + IIY'l12 'y - -

v'2l02i (1 + ~) ( R +(RA ( ./Ji'i+'f - II))) . -
l+R2 l+(RA{M+l-1/))2 1111--II 

alll.l 

i2 :S J:il02I (1 + R
2 

. ) (J? +(RA (~2+1- R))). 
l+R2 l+(IIA{fli'+l-I/))2 

In this way, by Theorem 2.1, existence and uniqueness of solution of the integral equation is implier! by 1,1,. 111 + 
112"2'2 < 1 and, conse,p1m1tly, hy .s(01, 02 , ,\ 1, ,\2) := 

Now, observe that 8 is a continuous function am! s- 1([0, 1)) :J {(0,0)} x m,2 , 

Finally, we remark that. one cnn consirlcr the situation where either ]{, or H; takes values in the field instead 

of in the algel,ra and obtain variants of the theorems presented thus far. 
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