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Abstract

A sufficient condition for the existence and uniguencss of a continuous solution of the integral equation

fl@y=G (l‘y /ll(I)+/D Ki(w,y)Hi(y, fyDdy, hal2) + /D o ]T\"z(l‘,y)Hz(y,f(U)Wy>

is established under regnlarity conditions on the functions G, fuy, hg, Hy, Hz, and on the kernels K and Ko
where D is a subset of IR™ and (—o0, 2], z € R, is a simplificd notation for the interval T, (~co, 2] C ™.

Keywords: Existence and uniqueness of solution, integral eqnation, Volterra integral equation, Fredhohn
integral equation, Hammerstein integral equation, positive solutions, fixed point theorem.

1 Introduction

The non lincar integral equation f(z) = ff K(z,y)H(y, f(y))dy has been studied by R.Iglish [1}, A.Hammerstein,
[2], M.Golomb; [3]and C.L.Dolph (4]. Under restrictive conditions on the kernel and controlling the non linearity
of the function JI, they succeeded in finding sufficient conditions either to cxistence and uniqueness of a solution
or solely to the existence of solutions to this integral equation. Non linearitics of the type H(y, f)) = 1/y
lead to singular integral equations. Tle integral equation f(z) fol f(y)K(x,y)dy = 1 that arises in the them:y of
conununication systems was studied in [5] by P. Nowosad where the existence and uniqueness of continuous positive
real solntions was established for positive semi-definite symmetric non-negative kernels, K(z,y), 0 < 2,y < L. such
that f[)l K(z,y)dy > 6 > 0. An cxtension of this result was obtained by S. Karlin and L. Nirenberg in [6]. In their
work they prove the existence of continuous positive solutions of the equation f(z) Jo fy)7 I (2, y)ddy == 1 where
a is a fixed positive parameter and K (. y) is 4 non-negative continuous function on [0, 1]% such that K(x, ) >0
for all £ & [0, 1]. They also showed the uniqueness of continuous positive solutions in case the parameter a belongs
to (0,1]. The Schauder fixed point theorem was used to derive the existence of solutions. Further cxtensions
of P. Nowosad 's result can be found in [7] where positive solutions are established for the integral equation
(@) = g(a) + [} K(a,p) (s + W) dy, o> 0,0 € [0.1].

An existence theorem of integrable solutions to the integral equation f(z) = g(r) + M [p Kz, y)H(y, fw)dy
where D C IR™ is & compact set and g, i, and H are functions with values in finite dimensional Banach spaces
is obtained by G.Emmanuele in [8]. Conditions for the existence of nouzero solutions of integral equations of
the the form f(z) = [, K(x,y)H (y, f(¥))dy , D compact subsct of X", where K is a real valued function that
changes sign and may be discontinuous, and H satisfies Caratheodory conditions, are presented by G.Infante and
JR.LWebb in [9]. The existence of intograble solutions to the non linear integral cquation of Hammerstein -
Volterra type f(z,t) = fol K(z.y)H{y, f(y.t))dy +~ fé (1, 2)f(x. z)dz is obtained by M.A.Aldlou, W.G.El-Sayed,
and E.I.Deebs in [10]. Also of interest are monotone solutions to integral equations. Tu [11], J.Banas , J. Caballero,
JRocha, and K. Sadaragani established the cxistence of nondecreasing continnous solutions on a bounded and
closed interval T to the nonlinear integral equation of Volterra type f(x) = a(z)+ (Tf)(z) J§ vl w fyNdu we I,
under a set of conditions on the functions a, v, and on the continuous operator 1" c(I) — C(I). A similar result
is presented by W.G.El-Sayed and B.Rzepka in {12] for the quadratic integral equation of Urysohn type with ilie
form f(z) = a(x)+ H(x, f(z)) fol w(z,, f(¥)dy, y & 1. Due to plenty of practical applications, mnmerical methods
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for solving integral equations are of great interest. Recently, S.Yousefi and M.Razzaghi, (13] and K.Maleknejad
and I1.Derili, [14] applied wavelet methods to obtain numerical solutions to Volterra - Fredholm and Hammerstein
type integral equations.

In this short article we study the integral equation:

DN(=ox,z)

fzy=G (I hl(x)+/DK1(w,y)lh(y,f(y))dy, ha(z) + I\’z(r,y)Hz(y,f(z/))du)

where f: D CIR" — Als a function with values in a complete normed finite dimensional algebra A, Ki: D? — A
hi: D — A, Hi: DxIm(G) — A fori € {1,2} and G : DxRy xRy — A, Ry, Ry C A satisfy regularity conditions.
Throughout this work we denote the IR" interval [T, (a;, ] by (a, b where a = (ay,...,an), b = (by, ..., by) € R™
Also, a; A by will denote min{a;, b} and a; V b equals max{oy,b;}. For vectors this is done componentwise:
ahb=(ayAbly.an Aln) and aVb = (a1 V by, ...an V by). Tt is not required neither that the algebra contaius
a unit clement nor that, in case it has one, that its norm be one. These are common requirements to call A a
Banach algebra. Being (A, +,-, X, ||} an algebra over a field K endowed with an absolute value | |, we suppress
the notational use of . and x and usc xy and az instcad of 2 x y and a.z respectively. We assume that for all
z,y € A, flzyll < jxlilyll. We use the notation B(r, 7] to mean the closed ball ceutered at o with radius rin &
metric space.

Insection 2 we present the main result: an existence and uniqueness of solution theorem hased only on Banach's
fixed point theorem. In section 3 some related results and corollaries are obtained, and, in section 4, we conclude
this work with some examples and final remarks. '

2 Main results
The following elementary lemma is used in the proof of Theorem 2.2,

Lemma 2.1 Let (R", A, €) be R" endowed with Lebesque measure and o-algebra, A € A, f: A — Ry such
that f, fdl < oo and k € IN. Then, for all Lebesgue measurable sets ¢ C UN Gy where, for all i1 S i< K
Ci=Hyx {z; +tn;: 0 <t £ &}, i o hyperplane, z; € I; and n; one of its unitary normals, we have

/ fde—0 as max{d:1<i<k}—0.
C

Proof : If A is bounded this is a direct consequence of the fact that, for C C 4, we have limgcyp Jofdt = 0
whenever [, fdf < oo. In case A is not bounded, observe that for all € > 0 there exists » > 0 su(‘hll.hut
Jrovergn Jd€ < €/2 and | taking into account that £(C'N [-r, 7)) < k max{f; : 1 < i < L}(2ryR)™}, we
guarantee that for all € > 0 there exists § > 0 such that if max{6; : 1 <i < k} < 6 then fcﬂ_”]" fdt <e/2, and,
consequently, we conclude that

Ye>036>0 max{;:1<i<k}<§ — Afd(<(,_

Our main result, an application of the fixed point theorem for contraction mappings. is the following:

Theorem 2.1 Let D be a compaci subset of R", A be a finite dimensional complete normed algebra, K; : D? — A,
hitD— A Hi:Dx A— A, forie (1,2}, and G: D X A* — A be functions such that:

LVie{l,2}Va € D limey fp | Kilz,y) = Kilz, y)l|dy = 0.

2.¥ie (1.2} || fp 1, ) Iyl < oo

3. Vie (1,2} sup{|lHi(z,z)||: z € D,2 € Im(G)} < ©
4.Vie{1,2} 34 4 >0VY2z€ D Vr,y€ In(G) [Hilz,x) = Hi(z,9)] <tz -yl
5. G is continuous in D x (Im(ly) + B{0,vis1]) x (Irn(he) + B0, 1ak2]).

6.Yie (1,2} 34, >0V2 € DV yi,z € Im(h) + B[0,yirg], G,y 2) — Glz, ya, 22)il < peliyn ~ )l +
H2llz1 = 2.



7. Vi€ {1,2}, by is continuous.

Denote, for i € {1, 2}, || fp | Ki(= ) ldvllos by &i and sup{| Hy(e,2)|| : = € D,z & Im(G)} by w.

Then whenever gty + pgkata < 1 there exists one and only one continuous function f: D — A such that

fe=¢ (“” m@) + [5G H 0 S, hale) + /m(_ ol y)H:(yJ(y))dy) '

Before the proof of this theorem is given, we observe that the functions H; : D x 4 — A, for i € (1,2}, and
G: D x A* — A could be replaced by H; : D x Im(G) — A, for i € {1,2}, and G D % (Im{hy) + B[O, vy:1]) x
(Im(hﬁ) + B[O,l/'_»r{,..)]) — A

Proof :

The possible continuous solutious to the integral equation belong to § := C(D; A) which is a complete metrie
space with distance given by the supremum norm.

Now, for all z ¢ D, we have for every f

Os’II_/D1\'1(-w)H1(y»f(y))fl;'/HS/Dllf\"x(m,L/)Hilfh(y,f(.v/))llriyS

/ Iy, )| sup{[iHa(s, t}]| : s € D,t € Im(G)}dy = V1/ 1K1 {(z, v)lidy <
D D

v sup{/D I (e, y)lidy -z € D} = w]| ,/1) 1K (2, 9) | dyll e = 1K1,

Analogously,
o< oz y) a2y, f(1)dyll < vore.
Dr(-oc,x)

Thus, for all « ¢ D,
hi(@)+ [ K@) B, @) € (i) + B

and
i)+ [ o) oty )y € (i) + BI0vams) -

Let, for all f € S, T'(f) : D — A be given by

]Kz(!»y)He(y'f(!/))'ly> .

Tf(z) = (T(f) (&) =G (z, (@) + [ Koo Hutw. F)do, (o) + |

M~ o,

Note that T(S) C S for if f € S we have

1\':(&'.1/)112('4/,f(y))dy> -

Do{—o0,x)

175 () ~ Tf2)] =G <r, hl(ﬁ)+/D1\'l(myy)111(y‘f(y))fiy. ha(x) +

I\’e(:,y)flz(y,f(y))dy> I

—c0,7)

e ( ha(z) = /D Ky (= 9) Ny, £(5)dy, ha(z) + /D y

Now, the continuity of G in D x (Im(h1) + B0, mis1]) x (Im(hz) + BJ0, r2k2]) and that of Ay and g in D
together with the inegualities and limits bellow

([ mae i sona) - ([ Fth e 1< [ ime miises Kl s

sup{iHa(y, S sy € DY [ 11 (20) = )iy <



P (15,0 5 € Dyt e (@)} [ 1Ka(3,0) - By, )ty =

vy /D &1z, 9) ~ Ki(z,y)|ldy — Oas 2 — 2

1| ( L Km,y)nz(y,.f(y))dy) - ( L

5‘/&(-«1, 120y, FNNE2(z,y) ~ Kalz, y)ildy + SO W, S E2 (e, ) |y +

and

1 Koz, 9) o (y, f(U))d‘U) I

M(=r0,2]

oy, f) K2z )iy <
Jortcmormon M TR ) <

v ( /D K22, 1) - Kalz, y)|dy + /D .

as z ~— x guaranice that T'f is continuous.
Observe that the terms

%2 iy + [

D=2, 5\DN(—ne,7Az]

| Ka(z,¥) |ld1) -0

e \DN(—ac,7A7)

le(J: Widy and /

Jotemirorinm o Vet

Dri{—o0, 2]\ D {—ac
BO 10 2610 AS T — T as a consequence of assumption 2 and the fact that the Lebesgue measure of the se tS
Dn(~o6, 2]\ DN (=0, z Az2] and D1 {~nc, 2]\ DN (=00, A 2] are hounded above by n)z — 2| (diem(D))"”
where d/aln(D) < oo stands for the diameter of the compact set D,
Now let us show that T is a contraction in S.
We have, for all f,ge S

1T/ - Tglw = IG (T‘ (=) +/ Kz )y f(W)dy, halz) +/ Iu(z y I (vyf(y))dy) -

¢ <1-, )+ [ Fru) o), Ta(e) + [

. Dﬁ[~r>o,:]

wullhalz) = bulz) + | Krle ) iy, Sy = | K(e,y)Hily, gly))dyle+
D D

Ry(z, z/)He(y.g(y))dz/) liow <

izllha() — ha(z) + Ka{e, ) Haly, f(y))dy ~ /

ol <
D ~o0,1} DA(=o0.1] A-('r‘ U)H2(.7/y.q(,.’/))'iy”oo =

rsup{ln (y, fy) — Iy, 9N sy € D}}|/ KL (2, ) [yl oo+

wasup{[a(y, f(y)) = Iy, 9(9)}]| : y € DO (—oc, zj}ll/ llu( W ldyll <

ursup{ullf(y) — g(w)) : y € DY) /D 12, )y +

pzsup{eallf(y) = 9(v)ll : y € DN (=00, 2]} /MA HA« 2, W)yl <

16l = gllol /D |u\'1(x.y)ndy||x,+

202l = glla /D 1K il
Thus
ITf = Tglw < (trhs + p2tara) |1f = gl

a contraction whenever pt111x7 + piptanz < 1, and the theorem follows.



Theoremn 2.2 Let D be a meusurable subsct of IR®, A be o finite di i

L 2 te dimens £
RS B D e subsct {1‘2}: oo, [j;x o St i(sz:nnl complete normed
4, 6 and 7 in theorem 2.1. If G is continuous and bounded in D x (Im(hy) + J
then 1wehenever jurii + pakate < 1 there exists one and only one continnous

. alyebra, I; -
functions satisfying conditions 1 (o
B0, 11y x (Fm(hy) + B0, vaks))

function f D — A such that

flry= G(% hx(x)+/D1\'1(x,y)Hx(y,f(y))dy. hz(m)+/Dn(V ‘I{Z(z‘y)fh(y‘f(y))dy)_

The same remark that follows theorem 2.1 ts still applicable.

Proof :  Follow the steps in theorem 2.1 proof. Ohserve that § := B{D; Im(G)), the set of bounded functions
from D to the closure of the image of G, is a Banach space and that T(S) C 8. Use Lemua 2.1 to deal with the
possibly unbounded sets D N (~oc, 2] \ DN (~oc0,a Az] and DN (~00, 2]\ DA (~oc, 2 A 2].

3 Related results and corollariecs
Theorem 3.1 Let K;: ([0,1])?% — Ry, by : [0,1) — Ry, for i € {1,2}, be non-negative functions, 3 and § be
strietly positive real nanbers, and I + (0,1} x [0, §1 = Ry forie {1,2} and G : [0,1)* % (Im(hy) 4 0,1mm1])
(Im{ha) + [0, 1am2]) — Ry be functions such that:

1. Vi€ {1,2) Ve € (0,1]" lime—r fig g (2, y) — Ki(x, v)|dy = 0.

2. vie {1,2} | fp.up Bilz,9)dylles < 00

3. Vie (1,2} sup{lli(z,2): T € 0,1" z e [0, %]} < o

LVie (1,2} 34 20Vze (0,1 Yoy € [ 3] iz 2) - Hi(z,9)| < ule - yl.

5. 0< 8 =nf{G(r,y,z): (& y.2) € [0, 1" x (Im(hy) 410, 1k2)) % (Tnlhe) + [0, vara))} and 3 = sup{G(z,y, 2) :
(.. 2) € [0, 1)" x (Im(h1) + [0, vixa]) @ (Im{ha) + [0, 022} < oc.

Gz,
Glxy1.a)G

6 Vie{l,2} 3 20 €[0,1)" Vyiz €Im(h)+[0vni], | ot < pulyy =yl 'z~ 22|,

7. Vi€ {1,2} h; is continuous
Denote, for i € {1,2}, f| fo.n (@ v)dyllso by wi and sup{Ili(z, 2) :z € [0.1]* = € [0, 30} by i

Then whenever psit + pakate < 1 there exists one and only one continuous function f:[0,1" — IR, such
that

I(x) G(-r, h1(ar)+/[ . Ko ) Hily, Sy, hz(rﬂ)+/[0 ]Kz(w,y)%(;u.f(y))t’u) =1
0.1j" )
Clearly this function is strictly positive.

Proof :
Similar to that of theorem 2.1 . For all z € [0,1)™ we have for every [

05/ (. y)Hl(u,f(y))dyS[ Csup{Hi{y, J()) sy € 0,17 R (2, y)dy <
0.1 0.1jm

u;/ Kz, y)dy < may.
I, 1)

Analogously,
0 [ Kale) [y < vare.
[0,2)

y

so that for all 2 ¢ [0,1]" the solution of the integral equation satisfics




< f(r)= —~ ! <
G (1 h(@) + fo. e Kol )Ny, f)dy, halz) + Jos 1{2(35.ZI)II;;(y,f(y))rly) <

™)
S

Thus the possible continuous solutions to the integral equation belong to § = c(o. 1% 13 %]) which is a

complete metric space with distance given by the supremum norm. e
Let, for all f ¢ C([0, 1 RY), T(f) : [0,1) — R be given by

1
G (z, hi(z) + fioam Kr(z, v) Hi(y, S (@))dy, ha(x) + Fosy Kole.y)Haly, f(y))dy) .

Tf(z) = (T())(x) =

Note that 7'(S) € S for if f € § we have

0 [ KD, )y < vy
Wi}

and
0% [ Ko S < v
W

from which

1 1
¢ (‘ ha(@) + fioap Kile, )Ny, f@)dy,  hale) + fo A'g(m,y)}zz(y,f(y))(gf,> I 2 B

2|

E
s

and we get % TSl < %
Moreover, conditions 5 and 6 imply the continuity of & on [0, 1™ x (Im(hy) + [0, 118)) * (Im(ha) + [0, vara])
and a similar argument to that in Theorem 2.1 proof shows that {T f(x) — Tf(2)] — 0 as z — x; i.c. leads u; the
conclusion that 7'f is continuous. '

Observe that] Fel Al

s . . 1 .
condition 6 in Theorem 2.1 applied to z. Now follow the steps in Theorem 2.1 proof to show that 7' is a contraction
inS.

. 1 1 . L Cg .
- |G(r,y1,z,) ~ T 5° that condition 6 in this corollary is the same as

We observe that the conditions on the kernels in theorems 2.1 and 3.1 hypothesis are implied by Kernel
contimuity. As a matter of fact, their continuity on the compact set D? or on (0, 1]*" implies uniform continuity on
D? or on [0, 1]2" which, by its turn, implies condition 1; continuity on D2 or on [0, 11> also implics boundedness

and integrability so that condition 2 is guarantied.
Partial differentiability of F; with respect to the sccond variable on D % Im{G) or on [0,1]" x {4, 1 and

boundedness of this derivative on Dx Iin(G) or on [0, 1]" x [3;, (15] implies condition 4 as we can choose, by the mean
value inequality, ¢; = sup{||&aH;(z, )il : (#,2) € D x Im(G)} or t; = sup{[|deH;(z, 2|\ : (x, 2} € [0,1]" % [:li’ by
Also continuous differentiability of If; on [0,1]" x [%, %] clearly implies 4.

Similarly, bounded partial differentiability with respect to the secoud and third variables of G on D %
(Im(ln) + B0, m#1)) x (Im(ha) + B{0,v2r2]) or of Zlﬁ on {0, 1" x (Im(hy) + [0,v3x1]) x (Im(hs) + [0,262]) or
continuous differentiability of & on {0,1]" x (Im{hy) + [0, vik1]) % (Im{ha) + [0, reKa]) implies coudition 6.

Clearly, the pure Hammerstein or Volterra - Hammerstein integral equations are particular cases of the complete

mixed integral equation.
In this way one can write some corollaries, the weaker of them is:

Corollary 3.1 Let K : [0,1)2 — IR be u« non-negative continuous function. Denote || [nl K(z,y)dyllo by v and
assume Kk < 0o, Lel also 8 and & be strictly positive real numbers, and H : {0, %] -+ Ry and G : [0,vn] = My be

functions such that:

1. v=sup{H(>):z € [0.}]} < .

G



2. 11 is continvously differentiable on (%, 3.
Denote v = sup{|II'(z)| : z € [71;, ).

3. 0<§=infl{G(2):2 € [0,vk]} and B = sup{G(z) : = € [0, K]} < x.
4. G is continuously differentiable on [0, vk).
1
Denote pu=sup{| (5%5) |+ z e (0,uk]}

Then whenever urie < 1 there exists one and only one continuons function f(x), x € (0,1}, such that

1
1@ 6 ([ K@i =1
Clearly this function is stricily posilive.

Proof: Theorem 3.1 and remarks above. .

4 Examples and Final Remarks

The following examples will show typical uses of the theorems and corollaries developed so far.
Concerning the integral equation

1
fz) exp (/0 FW) Kz, y)d;u) =1
we can obtain the following

Example 4.1 Let v be a real positive number and K : [0, 1]"7 — TR be a non-negative continuous function such
that

[ Kt =

where K < }; in case y > 1 and kyel=M% <1 dn case D <y < 1.
Then there exists one and only one continuous solution f(z), x € {0,1], to the integral equation

1
5@ e ([ SR Gy ) =1

This solution is strictly positive.
Proof : ‘ B o

Clearly. § = inf{exp(z) : z € Ry} = inf{exp(z) : z € [0,a]} = 1, whatever @ > 0 is, 80 that v = sup{z? :
z€ (0,1} =1 and g = sup{exp(z) : = € [0,vk]} = €. Thus ¢ = sup{y2"~! : 2 € [&,1]} which i equal to
4 in case vy > 1 and to ~e!1=7% in case 0 < -y < 1. The exponential function is continuously differentiable and
p=sup{c™* : x € [0,]} = L. Now apply Corollary 3.1.

The second exanple concerns integral cquations for matrix valued functions.

Example 4.2 Consider the complete mived Hanunerstein integral equation on Mayxa(R)-valued functions of 0,12
flo)=G (r ot + [ KaGe ). Sy, hafe) /0 Joae, y’”ﬁ(‘«“'f‘i'/”dy)
Jo.a)? 10ur]

where Ay, Ao, Oy, 02 are real numbers,

. V3.2
2‘!’11 lel
b

x 3)? " 0 —
K)(z,y) = exp(X (:,; g:)), Iy, f(y) = 1:'-‘ j((;/)) ? ( 0 y,_,)‘ h(z) = ( 1/31';’ )
b - Ve &



2,2 e 2
Kaley) = expe (W), o) = 2 (0 %) mw= (3 0),

and

G(z,y.2) = ||zl|®yz, for positive &, and the norms of vectors and malrices are the cuclidean ones.
Then a sufficient condition for existence and uniquencss of a solution to this inlegral equation is

7 (Roe?! 2 R* \ (R+(RA(VRTF1-R)
V2 (Rae®™ o)) + Ry gy [ 1+ . <1
( ik Reil) (14 L+ (RAWRET 1 -R)?
where Ry = (4 + 2101 1e¥™M1), Ry = (2 + VZ2(821e¥*2Yy and R = Ry Ry,

Thus. the set of parameters (A1, Aa, 01, 82) for which the solution is unique contains an wunbounded open neig-
bourhood of the origin.

Proof:
"The algebra Max2(IR) with usual operations and euclidean norm is complete and satisfics eyl < =iyl
We have the following inequalities:

L Ve e 0,1 hfz)l <4, Yee[0,1 |fhafz)] <2,

DA e | T N
2 [Kale )l emplinl 1 (51 %)), end

Hp 1K (@ y) [dylloc < suprego,ijs [y €MIVEFE 1Ry < il

: . a? P
3. Koz, )] < explial | ( } b)n),and
yi a3
I fD iR (r, y)lidyll < SUPze[o,1)2 .[{0‘1}2 fJA:i\ﬁrWégTy{q&"‘d;j < e¥ihal
| 2 o B 10,12 -
G SN < e /ot + 08, IHa(, S < 0t JE00 3508 and

sup{|Ha(y, F)] : ¥ € D,z € Im(G)} < sup{|H(y, )M 1w € D,z € A)} < vloy|
sup{|Ha(y, J@))] : y € D,z € Im(G)} < sup{| Haly, )] : y € D,z € A)} < vajon|

Thus, &1 < 241, gy < @l 1 < V210, 12 < V3], and Im(hy) € B[0,4] as well as Im(ha) ¢ B[0, 9.
Now, [IG (2,31, 21) = G, ya, 22)ll = flell®flynzn - wo2all = J2lllpnzn — vom + yozy — yof| <
=l ys = wallllell + ly2lllizn — 22l

Thus, ¥z & D, ¥y, 2 € Im{ha) + B0,vk1] € B{0,4+ V2{03|e*M] Y2y, 20 € Im(ha) + B[0,vgks) C
B0,2 4 v2]821¢2*2]) we have o
Gz, 31, 20) = Gl y, )| < (24 V22l fiy — i} + (4 + V3G |62 M)z ~ 2,11

Zo 2

and gy €24 v2|fs[c? 2l and py < 4+ V2igy|ediMl,

G = [zl*yz — Im(G) C B0, sup{llel|®yz : 7 € D,y € B0,4 + v2i0,c* ™), z € Bj0,2 + V2i8y)et*ly] =
BID, (44 2181 |e1)(2 4 v/2),}e2N)).

) — A=yt (a0 0z (o 0 fly?(1+ 22D = =2+ [y?ID
e it =12 (3 0) - (5 )1 vam G e St
: P-4 ’t (122" ~ fiy?) =2 Uyl + =My = =D =2 + =iy = 2))

0 : < li~H/ + [l ! L VA
Ve 1'( T+ 0+ =100+ e !)*‘6“’"< 1+ fyf? I+ 10D + vl )
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; 20 (ddhety
Vel (1 i) (R -

Now, the maximization of g(u, v) = (1 + ﬁ%z) (;—'ﬁ'—'_r) subjected to the constraint (u,v) € {0, R}*, for arbitrary
R, furnishes 1 = R and v = R A (VEZ 1 — R) 5o that, letting B = (4 4 2|81 [e2M1)(2 + v2{f21¢)) we have

. R R+(RAWRE+1-R))
o1+ =
1 S V2| (1 1+1f—’) <1+(R/\(\/R'~’ 1 R))'—'>

Analogously, since € Bl0,r] «— 2! € B0, 7], we have

TR - [[E34] [T ESE AT
oz, y) -~ Ha(z, 2))) < V2|0a <1+ H“z,HQ) ( T 17T >l!y‘—~‘|4 <

oy R? R+ (RARY+1-R))
%6, o
V2G| (1+1+R2) <1+(RA(\/7€-’ﬁ—1z))'-’ by =<4

and

e I R+(RAWREX1-R))
w2 < V20| <1+ 1+R2> (1 F(RAWVRI+1- R))2> .

In this way, by Theorem 2.1, existence and uniqueness of solution of the integral equation is implied by jyxity +
takaty < 1 and, conseqnently, by s(0q, 02, M1, \2) =

R? R+ (RAWERIF —m))<1
1+ R \1+(RA(VRT+1-R))?

V2 (24 VE0ale* )P0y + (44 VEiB1] P )e? I 18a]) (1 +

Now, observe that s is a continuous function and s73([0,1)) D {(0,01} x R2.

Finally, we remark that one can consider the situation where either K or Hy takes valucs in the field instead

of in the algebra and obtain variants of the theorems presented thus far.
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