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Pr 
The text below contains a listing of our principal results on the subject matter of the title 

esented · f 11 · _ . . . ' state · '" u m the monograph [DMllj (subnuttcd) 1. It 1s intended as a bare summary of 
COnt ments,_ for the benefit of the rcader already possessing some familiarity with the subject 
the ainmg few or no comments. For motivation and inforrnal explanal.ions of a general eharacter 

reader can lt tl · - d · f I bl. · · · th· . · · consu 1e intro uction o our work pu ished m these seminar proceedmgs, [DMJ2j 
is mtrocluct· t·11 . . . ' of tl ion s , gives, on the whole, a meanmgful guide to our results, although our treatment 

1e subject has evolved since its publication. 
•hil\all that fo11ows, "ring" stands for commutative unitary ring where 2 is a unit (invertiblc), 

e qua.drat1c form" stands for diagonal qv.adratic form with uni: coefficients. 

To ti· 11s end, we shall employ our theory of special groups (SG), cf. [DM2]. 
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'PecWe shall formulate axioms such that if ( A, T) is a preordered ring, then its associatcd proto­ 
conct'."1. group (n-SG), Gr(A), is a special gronp; further, these axioms satisfy the following 

- it,ons: 
:h:he "".ioms are "elementary" a.nd closely connected to fm1darnental concepts of the algebrnic 
tr ry of qnadratic fom1s. Moreover, their logical form make,s them amenahle to rnodel-theoretic 
e,itrnent and automatically entails a number of preservation results (see 1.2, 5.5 - 5.7). 

* n· . by ;;~;theoret_tc rcpres_entation and isometry of forms of arbitrary dimcnsion are faithfully coded 

l esenta.t1011 and 1sornetry 111 Gr(A); 
* If T === A2, the rnod 2 algebraic K-theory of A ([Gu]) is naturally isomorphic to that of G(A). 
r.· In the case of preorders, one of the difliculties wa.s to obtain an intrinsic characterisation of 
hn;:m:try, i.e., a characterizat.ioo depending only on T, the ring operations anrl the ring's general 
'ns group As is well-known, the usual treatment m fields uses s,gnatures. A smooth t,heory 
'nes by using the concept of T-isometry introduced in Definition 3.9. 

that~nce the _ba.sic theory is scttied (in sections l ~ 5), considerable ettOrt is devoted to _cstablish 
1tn· ., ertam sigoificant and wcll-known cJa.sses of nngs are fa1thfully quadrat1c: nngs with many 
I s,~1:i ;scct i on 7) ' v3:ri O 11S cl asscs_ of f- ri n gs ( scct ion 8)' Arch i medean - rings with. bouod ed inverni 00 
ti· n 9). ln sect,on 10 we g,ve sorne apphcat1ons to the theory of q11adra.t1c fo1ms over thcse 

ci.sses of , . - ' 
1 mgs. 

I ,, A fo 11 copy 
O 

[ I o M 11 I can be ohtained bot b at www imc. usp. b,/- mirngtia/ fq-cings. pdf o, at 

,:V-niath:-; 111·1 ,1- . l / ;· d J '? · ·· t-0320 . < T · 'nc 1ester.ac.1.1 < ra.ag 111 ex.p 1P · p1 epun - . _ . . 
lnitial[ hc' •prticability of the thco,y of SGs to c(ogs - bcyond the fundamentaf aod motc,atmg """ of fiefds - was 

.Y env1c•,.,g,· ·] l ''I[ ·1< l ,m (.)( ),Y I\ . neb11s l. 



1 Geometric and Horn-Geometric Theories 

. . - ) be vari-ables Definition 1.1 Lei L be a jirst-otdet language with equality and let z = (z1, .. ·, Zn , 

in L. A L-formula on the free »ariobies z is . 
. . . f atormc a.) positive primitive (pp) if it is of the form :3 v 'P(v; z), uhere 'P 1,s a conJunctwn ° 

formulas. 

b) geometric if it is the negation of an atomic [ormuui or of the form 
Vv(:3y'P1(y,v;z)-+ :lw'P2(w,v;z)), 

uihere </J1, </J2 are positive and quantifier free. 
A theory is geometric if it has a sei of qeomeiric aaioms. 

c) A L-formula is Horn-geometric if it is the negation of an atomic [ortnula or 
Vv('P1 (z) -+ 'P2(z))1 uihere </J1 and </J2 are pp-formulas in L. 

of the Jof11! 

A Horn-geometric theory in L is a theory having a sei of Horn-geometric a.1:ioms. 

tan1 
Clearly, the theory of unitary cornmutative rings (1 =J. O) is Horn-geometric. Other impor · 

exarnples in our context shall appear below. 

The following is classical: 

Theorem 1.2 Let T be a theory in a first-order language with equality. 
itiS ) [JT · LJ t · th ·t d b b. d d d t J,..,, partic11,lar, ,, a . · 1,s 1, orn-geome .ric, ; en 1,, preseroe y ar itrary re 1ice pro uc ;s. " 

preseroed under non-empty products. 

b) If T is geometric, then it is preserved under arbitrary right-filtered itiduciiue limits. • 
· ·oint 

A topological space X is partitionable if it is T1 and every open covering X ha:s a d:~ ol 
open refinement. Discrete spaces and Boolean spaces are partitionable; any topological 5 

partitionable spaces is partitionable. 

We also have 

5 over i 
Theorem 1.3 Lei T be a Horn-geometric L-theory. Lei 9J1 be a sheaf of L-strnctnre, is th1 

portitiotuibie space X. If every stalk of 9J1 is a model of 7
1 
then 9J1(X) I= T, uhere 9Jl(X) • 

L-stnu:ture of global sectwns of 9J1. 

2 Proto-Special Groups 

A proto-special group ( n-SG) is a triple 

G = (G, ==c, -1), 
such that 

·sh€' * G is a group of exJ)onent two, ( · c1·sting111• wntten multiplicatively; l is its id ntity), with a 1' element - 1 . Set -x = - 1 . x· 
) 

* A binary relation (isometry) =c on G x G, such that 

[SG Oj : =c is an equivalence relation on G x G· 
) 
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[SG 1]: (a,b) =o (b,a); [SG 2]: (a,-a) =o (1,-1); 

[SG 3] : ( a, b) =a ( c, d) => ab = cd; 
[SG 5] : ( a, b) =a ( c, d) => ( xa, xb) =a ( xc, xd); 

G is reduced ('JT-RSG) if 1 -/- -1 and 
[recl] : ( a, a) =a ( 1, 1 ) => a = I. 
A n-SG G is a pre-special group (p-SG) if, in addition, it satisfies, 

[SG . 4] · ( a, b) =c ( c, d) => ( a, -c) =c ( -b, d). 
cp = ( a1, ... , an) E Gn is called a n-form over G. 
Let C be a 1r-SG. Binary isornetry in C can be extended to n-forms n > I still written =c 

a,, Iollows: ' - ' - ' 

* (a) =c (b) <=? a = b; 
* for n = 2, =c is the prirnitive relation on G; 
* for n > 3 ( ) - ( b b ) · ff h G l - , a1, .. , ,an =c 1, ... , n r· t ere are X, y, Z3, ... , Zn E · SUC1 that 

( 1) (a,, :r: ) =a ( b1, y); 
(2) (a2, ... ,an) =c (X,Z3, ... ,zn); 
(3) (b2, .. ,,br,.) =c (y,z3, .. ,,zn)- 

A P-SG is a special group (SG) if it verifies 
[SG 6] : Isometry of forrns of dimension 3 is transitive. 
~'.oto-SGs, p-SGs, SGs and their rsduced counterparts are Horn-geometric theories in the 

18t,-order language Lsc = ( ., 1, -1, =, = ). 
f(-[f G, H are ,r-SGs, a rnap /; G ~ H is a morphism if J is a group morphism, such that 

1) = -1 and (a,b) =c (c,d) => (fa,Jb) '=H (fc,Jd). 
v\rrit . . ,e n-SG, SG and RSG for the categones of proto-SGs, SGs and reduced SGs, respect1vely. 

3 Preordered rings and Proto Special Groups 

3·1 Conventions and Notation. Recall our standing hypothesis that all rings are unitary 

Conimutative rings, in which 2 is a unit. 
a) 1f R. 1s a ring, D <:::: R and x E R 

(l) Rx = groups of units in R; (2) D" D n Rx; 
(3) D2 = { d2 E R : d E D}; 
(4) '2:,D2 = {I;f=l d;: {d1, ... ,dn} <:::: D, n~ 1}. 
(5) GLn(R) = invertible n x n R-matrices. 

~ _A Preordcr of R is subset T c; R, closed under addition and multiplication and rontaining R
2

. 

18 Proper if -1 !/, T. 
The smallest preorder 

011 
R is I;R2; if it is proper, then R is said to be semi-real. 

:; \Jniess explicitly stated otherwisc, A is assumed semi-real and all its prcorders are as- 

Itr1ed proper. • 
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· ) · · ( A T ) / th t A is a ring and T Definition 3.2 a) A preordered ring (p-rmg 1,s a pm,r , suc 1 , a, " · 
is a preorder of A. . with 
h) The la:nguage of p-rings is L = ( +, ·, O, 1, -1, T), i.e., the first-order language of rings' 
0 unary predicat«, T, satisfying the axioms of a preorder. h . A A' ,nc 

) ( A' T' ) · . h. f · __.. , ' e) A morphism of p-rings, f : ( A, T _____, , , 1,s a r1,ng morp ism, . 

thoi f (T) ~ T'. 
d) \1Vril:e p-Ring for the eategory of p-rings and their morphisms. 

The reader will have noticed that the theory of prings is Horn-geometrical. 

3.3 To a p-ring (A,T), we associate: 

a) A group of exponent two 
Gr(A) = Ax [T? = {aT: a E Ax}, 

writing 1 for 1T and -1 for (-l)I'; 
b) For a, b E A x, 

D,l(a, b) = {x E Ax : :l s, t E T s.t. x= sa+ tb}, 
is the set of units value represented by ( a, b). 

c) Define 

( aT, bT) =r ( CT, d!) {:} { 
n;(a,b) = n;(c,d). , 

d) If h : ( A1, T1) _____, ( Az, T2) is a p-ring rnorphism, let h" : Cr
1 
(Ai) -, Gr2 (A2) be given b) 

hrr(o7i) = h(a)I'2• 

and 

e) If T = I;A2, write Gred(A) for the associated n-SG. • 
Vle have 

per. 
Theorem 3.4 a) If (A, T) is a p-ring, then Gr(A) is a n-SG, which is reduced ifJT is p~o i~g 
h J (l h is a p-ring morphism, h" is morphism of n-SGs, yielding a couaruuii [uncto" from P Il 
to 7r-SG. • c) This [unctot preserves arbitrary non-empty products and all right-filtered inductzve limits- 

write 
~emark ~-5 

2
~ !he precedi~g construction also holds with A2 in place of T. In this ca.se, • 

C(A) = A /A for the associated n-SG. 

versalitY 
Fact 3.6 Let A be a ring a.nd Jet T = A2 or a preorder of A. If A satisfies 2-trans 
with respect to T, ..e., for a,JJ a, b E A x 

n; ( a, b) = { c E A x : :l s, t E yx so that c = sa + !;b}, 
t;hen Gr(A) is a pre-special group, i.e., 

( a, b) =r ( c, d) * ( a, -c) =r ( -b, d). 

4 



Flernark 3.7 In fact, the constructions we are presenting hold for T-subgroups of (A,T), i.e., 
subgroups S <;;;; Ax, such that T? <;;;; S and -1 E S. IfT = A2, these are called q-subgroups of 
A. This generalization is important: we have shown that any RSG group is isomorphic to one of 
the type C ( S), w here S is a q-su bgroup of the ring C (X), X a Boolean space ( [D Jvll O]). To ease 
Presentation, we only deal here with the case S = A x. • 

3-8 Diagonal Ax-quadratic forrns Let n 2 1 be an integer and A be a ring. 
a) To an n-form over A x, <p = ( a1, ... , an) E A xn we associate 

(1) A diagonal quadratic form over A", written 'P: for X = ( X1, ... , Xn ), 
'P(X) = I:7=1 aiX;. 

(2) A diagonal matrix in GLn(R), .d'('P), whose non-zero entries are a1, ... , an; 

(3) The discrirninant of 'P is d('P) = det .d'('P) = a1 ···an E Ax. 

b) If 'P, VJ are n-forms over Ax, 'P ~ 1/J iff 
:3 M E GLn(R) such that MJll('P)Mt = J/t(?/J). 

Clearly, d('P) det(M)2 = d(VJ). 
The relation ~, rnatrix isornetry, is an equivalence relation. It has the usual properties, e.g., 
Preservts orthogonal surns and tensor products of forms. • 

Oefinition 3.9 Lei ( A, T) be a p-ring and let 'P1 
1/J be forrns of dirnension n 2 1 ouer Ax. We 

say iluit <.p is T-isometric to VJ 
I 
uiritien 'P ~ r VJ I if there is a sequence of n-dirnensional forrns 

over A x, 'Po, <p
1
, ... , <pkJ sucli that ( recall that ~ is rnatrix isornetry) 

(i) 'Po = 'P and 'Pk = VJ; and 
(ii) V 1::;; i::;; k1 either'Pi ~ 'Pi-li or 'Pi = (t1X1, .. -,tnXn)1 with t1, .. -,tn E T? and 

<pi-1 = (x1, ... ,Xn)- 
flernark 3.10 If A is a field, ~Tis equivalent to the signature version of isornetry for the reduced 
LhPory rnod T of quadratic forms with coefficients in Ax. We shall see below that the same result 

holds for T-faithfully quadratic rings (Theorem 5.3). • 

In the setting of n-SG associated to rings there are several notions of representation tha.t must 
be clistingulisbed. In the field case all these notions coincide. 

~,"finition 3.11 Let T = A2 or a proper preorder on a ring A. Let 'P = (bi, ... , bn) and 
=:: ( bf, ... , b~) be a A x -form and its correspondent form in Gr(A). 

o.) Dr('P) = { a E Ax : :3 a21 ... , an E Ax such that cpT =r ( ar, af, ... , a;)} 
u,re the elernents isometry-represented by cpT in Gr(A) · 

h) D;('P) = {a E Ax : :J x1, ... ,Xn E T such thaf; a = ~:~1 xibd1 

is the set of elements value-represented mod T by 'P · 
c) D/(1P) = { a E ;P' : :] z1, ... , Zn E yx such tlwt a = ~7=1 Z1.bd 

is U?e sel of elements transversally represented mod T by cp · 

Cteurly, O)('P) <;;: D;(<p). 
d) 0 ,r:: eJme '.DT(<p) as follows: 

5 



* If n = 2, '.Dy(IP) = D,;(b1, b2); 
v 

* Ifn 2". 3, '.Dy(IP) = n~=l u {D):(bk,u): u E D,;(b1,···,bk, ... ,bn)L 

( 
v ) . . ti kth_er,try uihere b1, ... , bk, ... , bn denoies the ( n-1 )-dimensional form obtained by om1,thng , ,,e · ' 

. 'II . . . l) l d. epre,entati,o , e) ff' T = I;A 2 is a proper preorder on A ( i. e., A 1.s settu-rea , t w correspoti 1,ng r, ,, , 

sets will be umtteti o; D:, D: and '.Dr;. 
f) If T = A 2, the corresponduu; represenioiiot: seis unll be uiriiien D, D v, D t and '.D · 

4 The Axioms 

Let T be a preorcler of a ring A or T = A 2. Consider the following conditions: 

[T-FQ 1]: (2-tranversality) For all a, b E S, D,;(a,b) = D)(a,b). 

[T-FQ 2] : For all n 2". 2 and all n-forms ip over S, D;(IP) = '.Dy(IP). 

[T-FQ 3]: (1-Witt-cancellation) For all integers n 2". 1, all a E Ax and all n-forms ip, ~ 
over A x , ( a ) EB ip ~ r ( a ) EB '1/J =;, ip ~ r '1/J. 

\1\le then have 

Theorem 4.1 Let A be a ring and iet T be A2 or a preorder of A. If A \= [T-FQ 1L [T-FQ Z] 
and [T-FQ 3], ihen 

. ( ,;t is isornetrY a) For all A x -jorms, ip, DT IP) = D; (IP), i. e., a E A x is value represented if! " 
represenied in Gr( A). 

{• )' }
7 

. • ll A x 1· , in ,,/, f t·l d. . ol, T o/,T (in Cr(A)) J or a. - oruis r, '+' o , ,,e stuiie trnetisum, ip ~ r '+' s, <p =r '+' . ' ' 
1 t ·011, 0 c) GT(A) = ( G:r(A), =r, -1) is a SG, faithfully coding T-i,sometry and oolue representa,i, • 

rhagonal ouadratic [ortns ouer A x . 

Theorem 4.1 has a partiai converse: 

Theorern 4.2 Lei A be a ring and lei T be a preorder of A, or T = A2. 
[f' A p= [T-FQ 1], the following are eqnivalent: 
(1) G:r(A) is a SG sucii thatfor all Ax-forms of the siune dutiensioti, ip) '1/J, 

(*) ip ~T 1/J {:;> ipT =:r '1/JT; (**) D;(<fJ) = Dy(ipT). 
(2) A 1= [T-FQ 2] and A \= tT-FQ 3]. 

With respect to K-theory we obtain the follow1·11 l l · g very genera resu t: 

T - · · b 11vee~ 
;h~or.~111 4.3, If A 7.8 a nng verifying [FQ 1L there is a na/;ural gmded ring isomorphism e, ' 

J\hln.or s mod 2 K -theory of A and that· of t·ha pra 0 · z G( l) 3 , , , , , ,. ,,-,,pecrn grov,p ; . 

The preceding results justify the following 
1 
Milnor's K-theory of rings is developed in [Gu]. 

6 



Defi ·t· m 10n 4.4 Lei A be a ring and T be A2 or a preorder of A. 
a,) A is T-faithfully quadratic if it satisfies axioms [T-FQ 1], [T-FQ 2] and [T-FQ 3]. 
b) If T = A2 uiriie [FQ i] for [T-FQ i] (i= 1, 2, 3), and call A faithfully quadratic. 
c) u t = 1=A2, ioriie [I:-FQ i] for [T-FQ i] (i= 1, 2, 3), and call A ~-faithfully quadratic. 

5 T-isometry and Signatures 

Definition 5.1 Let ( A, T) be a p-ring. 
a) A .T-signature on A is a a qroup morphistn, T : A x ---+ Z2 = { ±1}, sucli that T(- l) = - 1 
and for all a E Ax, a E ker t =} n;(l,a) ~ ker t . 
Write Z r h - J T' · A A,T jor t e set o .siqnaiures on . 
~) I] ip = ( a1, ... , an) is a form ouer AX, and T E ZA,T, sgnr('P) = I:~1 T(ai) is the signature 
f tp at T . 

. · If ( A, T) is a p-ring, an ordering a E SpecR(A, T) (the real spectrurn of ( A, T ), cf. 6.1.(d)) 
gives rise to a signature 

Tc,: Ax ---+ Z2, given by T0(a) = I iff a E a. 

For p-rings satisfying [T-FQ 2], we have: 

Proposition 5.2 !J ( A, T) I= [T-FQ 2], iheti for all T E ZA,T there is a E SpecR(A, T) such 
fhat T = T • c,. 

We now state 

1'heorem 5. 3 (Pfister's local-global principle) If ( A, T) is a T-faithfully quadraiic p-ring 
'uul If!, 1/1 are [ortns of the same dimension ouer A x, the following are equivalent: 

(1) tp ~T 1/J; 

(2) For all T E ZA,T, sgnr('P) = sgnr(1P). 
(3) For a.ll a E SpecR(A, T), sgnrJ'P) = sgnrJ1P). • 
As will be seen forthwith, T-quadratic faithfulness is preserved by a nurnber of important 

0Perations; we here register its preservation by localization at an idempotent: 

1'heorem 5.4 Let A be a ring and lei T be A2 or a proper preorder of A. If A is T-fadhfully 
1/11,adrat,ir; and e is an idempoterd in A (i.e., e2 = e), then the ring Ae is Te-faithfv,lly quadratic. • 

Conc:erning the elernentary character of the axioms: 

;heorem 5.5 a) The theof'IJ of Jait,hfully qua,dratic rings is Horn-geometric in the language of 
l.'IJ.1 / r · .,,1.ryri,ngs, {+,·,0,1,-1}. 
:~

1
_;'he theory of T-faithft,Uy qnadratic rin~s is Hom-geometric in the langnage of nnitary rings, 

1· an addztional unanJ predicate symbol, T ( 1,nterpreted as a preorder) · • 
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We now obtain the following preservation resnlts: 

Corollary 5.6 a) Let_ sz1 = ( ( A:,_: T;,_); _{f>.,µ : ,\ ::; µ in i\}) be an ind11cti: srt!~o{e ~~~ 
faithf11.lly quadrahc p-ruiqs over the nght-d1,rected posei ( A, ::; ) . Lei ( A, T) 
irulucteoe limit of sz1. Then, 

* A is T-fai/;hfully quadraiic; 
* Gy(A) = lim GrJA;,_). 

· -• >-.EA 

A similo« statemeni holds for faithf11lly qv.adratic rings. 

/J) Lei { ( Ai, Ti) : i E J} be a non-empty family of p-rings and let D be a filter oti I· Lei 

(AD,TD) = (ITD Ai, ITD Ti) 
. . . l dratir:, theri /Je the teduced produci of the ( Ai, Ti) modulo D. If for all i E I, Ai 1,s Ti-fa1.thf11l Y qua 

( An, T0) is T0-faithfv.lly quadroiic. Moreover, Gr0(AD) = f10 Gr;(Ai)· 
A n analogous stcienieni holds for non-empf;y families of faithfully qiuuirciu: ruiqs. • 

X If 21 is Corollary 5. 7 Let X be a partitionable spoce and let. B(X) be the BA of clopens in · 
a sheaf of ruiqs oue: X, the following are eouiuolent: 

(1) 2.l(X) isfaithfully qiuulsniic; 
(2) For all U E B(X), 2.l(U) is faithf11lly quadraiic; 
( 3) For all x E X, 2lx ( the stalk of 2l at x) is faithfully cuadroiu: • A n analocous statement hoids for a sheaf of p-rings, ( 2(, 'I), over X. 

;{ a,nd 
Remark 5.8 A sheaf of p-rings over X is a pair, ( 2.l, 'I), where 2( is a sheaf of rings over 1 • 

'I is a sub-sheaf of 2.l, such that 'I(U) is a preorder of 2.l(U), for all open U in X. 

6 Rings with Bounded Inversion 

Definition 6.1 Let A be a ring, lei J be an uieol in A and let T be a preorder of A. 
11) J is T -convex if for all s, t E T, s + t E J :::::} 3, t E J. 

h)JisT-radicalifforallaEAandtET, a2+tEJ ......._ J -,- aE . 
/1 f,A 2 -·mdica.l ideal is ca.lled real. 

I ave ) r/7 1 b d d . . . 'd to i r: . ws oun e_ mv~rs1on 1,J 1 + T ~ A x. We say that ( A, T) is a BIR. A is sm, ' 
weak bounded mvers1on (WBIR) if 1 + I; A 2 ~ A x . of 

d) SpecR(A, T) is the real spectrum of I A T \ i e tl·e ·f ll ( . th orelic) orderin,gs , , . . \ , 1, ,. -- , , ,, , space o a . nng- , e , , , , ,\ umta1,ni:ng T. 

Proposition 6.2 If ( A, T) is a p-ring and y;.r = SpecR(A, T), the following are eq1tivale'{l,t: 
( 1) Every ma~r,i:mal ideal of A is T-conve.r; 
(2) (A,T) isaBIR; 

(3) n.,EFr et \ (-0:) = TX. 
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Preorders satisfying a generalization of (3) above - callee! unit-refiecting - will pl · 
portant role in what follows. ay an rrn- 

Theorem 6.3 (Tr 1· f anversa ity or BIRs) If ( A, T; is a BIR, then for all a1, ... , an E A X, 
n;(a1, ... , an) = n;(a1, ... , an)- • 

* This generalizes a result of Mahe for T = ~A2 ([Ma2]). 
* The proof requires the theory of real semigroups in [DPl], [DP2]. 

7 Rings with Many Units 

Definition 7.1 Let R be a ring. 
~/ A polynomial f E R [ X i , ... , X n] has local unit val ues if for every moaimol uleal m of R 
, Iere are H1, ... , Un in R sucli ihat f ('u1, ... , Un) t/. m. ' 
'.~) ': _a ring ~ith many units 4 if for all n 2: 1, and all J E R[X1, ... , Xnl, if f has local unit 
al?i.rs, there is r E R" sucli that J(r) E R": 

7.2 Examples of Rings with Many Units. 

* Fields· , * semi-local rings; 

* c . . ormnutat1ve von Neumann regular rings; 
* Arbitrary products of rings with many units; 
* _The ring of global sections of a sheaf of rings over a partitionable topological space, whose stalks 
nie rmgs with many units. In particular, the following are rings with many units: 

(1) The ring of global sections of a sheaf of rings over a Boolean space, whose stalks are 
rings with many units; 

(2) CC(X, JR), where X is a Boolean space. • 

:heorem 7 .3 /f A is a ring with many units such thal every residue field of 11 has at leasi 7 
clements, then A is completely faithfully quadratic, i.e.1 it is faithfully quadratic (T = A

2

) 

o.nd T-jai:tl~fully quadratic for any preorder T of A. • 

The prnof of Theorern 7.3 uses results in [Wa]. We also register 

l'heorem 7.4 Rings with many 
1
mits are Horn-geometric axiomatizable in the first-order lan- 

.r;1,r1,qe of· . • · ·· . rzngs. 
There are important categories of rings that, in general, do not have many units: 
* CC(X) = CC(X, JR:), where X is a (non-partitionable) completely regular space; 

* The real holomorphy ring of a formally real field (tbe intersection of all of its real 

val11R,tion rings). 
ti Wc 110w tum to the ana.lysis of quadratic faithfnlness of general cla&ses of rings suggcsted by 
l0f-;r, · · exarnples. 
,1 

Also cal!ed local-glohal rings; cf. [Mc]. 
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8 Red uced f- rings 

A partially orclerecl ring (po-ring), ( A, ::::; ) , is lattice-ordered (lo) if for all a, b E A, 
a v b = sup{a,b} and a/\b = inf{a,b} 

exist in A (join and rneet with respect to:::;). 

A lo-ring is an f-ring if it is isornorphic to a subdirect product of linearly ordered rings. 

Recall that a ring A is reduced if O is its only nilpotent elernent. 

For a lo-ring A, the following are equivalent: 

(1) A is a reduced f-ring; 

(2) A is a subdirect product of linearly ordered dornains. 

Definition 8.1 An f-ring A comes equipped with a partial order, written Tt, with respect to 
which it is laitice ordered. If A is clear from conieit, uiriie T~ in place of Tt. 

We then obtain (after quite a bit of work) 

Moreoveri Theorem 8.2 If A is reduced f-ring containing (QJ, ihen A is T~-faith}11lly quadrciic- • 
iis ossocuiied special group is the Boolean algebra of idempotents in A. 

t ga1J8' Lernma 8 .3 Lei ( A, T) be a p-ring, lei YT be its real specirum and lei Y; be the compar' 
dorfj space of closed points in YT, The following are equiuoleni: 

(l)AX n noEYra\(-a) = T'"; 

(2) For some non-empty K <:;: YT, 

/c(X n nxEK Ct \ (-a) = t=. 
(3) For some non-empty D <:;: Y,;, 

A x n n/3ED /3 \ (-/3) = i=. 

D fi · · 8 4 A T . . uiva,lerit e n1t10n_ . preorder of a ring A is unit-reflecting (u.r.) if it eoiisfies the eq 
cotuiiiiotis 1.n Lemma 8.3. 

• 

Rernark 8.5 a) If ( A, T) is a BIR, then T is unit-reflecting. see 
b) Examples of unit-reflecting preorders that are not of bounded inversion will appear beloW, 
Theorem 8.10.(a). 

!]MY 
c) Any preorder of a ring with many units is unit-reflecting (a result due to Leslie Walters, Coro • 
1.9, p. 33 in [Wal). 

We then have 

h t/zOt 
:,heorern 8.6 Let; A be a reduced fring containing (QJ. If T is a unit-refiecling preorder suc I 
J P <::: T, then A i.s T-fmthfv.lly quadratic. 
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Deflnition 8. 7 A ring A is weakly real closed (WRCR) if it satisfies the following properties: 

[WRCR 1] : A is reduced; 
[\NRCR 2] : A 2 is the posiiiue cone of a partial order ~ an A, with which it is a f-ring; 

[WR.CR 3] : For all a1 b E A1 0 ~ a ~ b ==} b diuuies a2. 

Remarks 8.8 a) The missing axiorn for real closed rings (in the sense of Prestel-Schwartz, 
[PS]) is : 

For all primes p ~ A, the field of fractions of A/p is real closed and A/p is 
integrally closed in it. 

All real closed rings are, of course, WRCR, as are all rings of real-valued continuous functions 
on a cornpletely regular topological space. IVI. Tressl has shown: there are real closed rings that 
are not even elementoru equiualeni to any one of the type <C(X), X a cornpletely regular space. 

h) If A is a WR.CR, then it is 
* completely real, i.e. all prirne ideals in A are real. In particular it is a BIR; 

* A Pythagorean f-ring containing Q (cf. 9.1.(a)). • 
Our results on f-rings containing Q yield 

1'heorem 8. 9 If A is weakly real closed n:ng1 and T is any unit-refiecting preorder of A, then A 
1.s T-faithfully quadratic. !n pariicular, A is faithfully quadratic. • 

We also obtain: 

1'heorem 8.10 Let X be a completely reqular topological space and lei K -/= 0 be a closed sei in 
.,f_ Set 

PJ( = { j E <C (X) : J f K 2: 0}. 
Then 

) 

u) p d d · if! I< = X . · · r< is a proper unit-refiecting preorder of <C(X), which is of boun e, inverswn 
h) C(X) is PI<-faithfully quadratic. In particular1 <C(X) is faithfully quadratic. • 

9 Archimedean p-Rings with Bounded Inversion 

\,\! .. e recall 

Deflnition 9.1 Lei A be a ring and lei T be a preorder of A. 
(L) A . ' . 2 A2 7.s Pythagorean ·1/ ~ A = · 
h) T is Archimedean if for oll a E A there is n E N sucli that n - a E T. 

* Rer1.I hol morphy rings are Archirnedean WBIRs; 
* 10( v) · 

1
:) ti WBIR· 1· t 1•8 Archimedean (with its natural partial order) iff 

\l_, ./\ is a y · 1agorean , 
X is pselldo-cornpact. 

We have 
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Theorem 9.2 If ( A, T) is an Archimedean p-rinq with bousuied uvoersion and P is. a preord; 
containing T, the n A is P-faithf11,lly quadraiu: In particular, A is T -failhfully quadrat?,c. 

S h t ersion of Remark 9.3 The proof of this result uses (among other things) the Becker- c war_ z_ v · I 
the Kadison-Dubois Theorern, cf. [BS] (that may also be attributed to Stone and Knvme). 

h · Then, Cor?llar~ 9_.4 ~et J( be a formally real field and let H ~ K_) be iis ieol holomorp Y ring. bra of 
H(l\) 1,s L',-fmthfully quadraiic. Moreouer, Gred(H(K)) 1,s isomorphic to the Booleou alge I 
clopens of the compact Hausdorff space of real places of H(K). 

10 Some Applications to Quadratic Form Theory over Rings 

10.1 The Witt Ring and the Graded Witt Ring. Let ( A, T) is a p-ring and let 'P, ~ ~~ 
Iorms over A x .. We say that cp, 1P are Witt-equivalent rnod T if there are integers n, m 2 
that ip EB m( 1, -1) ~T 1P EB n( 1, -1 ). 
If ( A, T) is T-faithfully quadratic, let 

WT(A) = {sa : cp is a form over A}, 
. . . r~io~ be the set of equivalence classes of forms over A x, under Witt-equivalence. With ope of 

induced by EB and ®, WT(A) is a commutative ring with identity ( 1 ), whose zero is the class 
hyperbolic forrns, the Witt ring of A mod T. 

* VVT(A) is naturally isornorphic to W(GT(A)), the Witt ring of the RSG GT(A), (by the rna-P 
i nd need on Witt rings by sp f-----; cpT). 

* h-(A) = I(GT(A)) is the fundamental ideal of WT(A), consisting of the classes of even diJ1leJ1· 
sional forrns. 

. 1s of 
* For n ~ l, 1;(A) = Jn(GT(A)), the nth-power of Ir(A), consists of all linear combinatioJ · 
Pfister forrns of clegree n over A. 

* The graded Witt ring of A mod T, is the sequence 

WT/A) = \ IF2, ... , I;(A), ... ), 
where for n ~ 1, I;,(A) I;,(A)/ 1;,+1(A). If T = A2, we omit T from the notation. 

\t\Ti th notation as above, we have 

Theorem 10.2 Let A be a Pythagorean ring. 
) rf A . . J . . . B(A) 
a_ . is a~,. -rmg conta1,nmg (Q, thenfor all n ~ l, knA '.:::::' Jn(A) =::: B(A), where

1
re- 

1s the BA of ulempotents m A. In part?,cular, A satisfies Milnor)s mod 2 Wil;t ring con}f:rt1 . 

. . . )1*) i,S 
h} ,u A 7.S a~, Archimedean BIR, then for all n~ l, knA '.:::::' In(A) '.:::::' B(Y*), where B( lrior'S 

'
1h_.1. BA of r.lopens of the subspace of closed po,ir,-'·c ,in S (A) 1 . l A er,ifies Mi 11111 . . . . - ' , ,, ,,,., ,, , pecR . n part;1,cu ar, v • 1111 nwd 2 \!\!i.U nng conJecture. 

* L•:xarnples of 10.2.(a): Weakly real closed rings d ,r,(Z) z · ' ·, an 'L- C/ , C/ a topolog1cal space. ) 
* Examples of 10.2.(b): The real holomorphy r' f f II fi ld and c(X' 
)( a, r:ompar.t Hausdorff space. mg O a orma y real Pythagorean 1e , 

12 



!h~orern 10.3 (T~e Arason-Pfis_ter Hauptsatz) Lei ( A, T) be a T-faithfully quadraiic p-ring. If 
15 a [orm ouer A sucli that dim <p < 2n and <p E Jn(A), then <p is T-hyperbolic (</J ~TH, 

H 11· lurperbolic form). In porticulor, nn2:i Jn(A) = {O}. • 

The last set of results we shall mention is stated for f-rings containing (Q. However, the ones 
lllarked with an exponent • also hold for Archimedean BIRs. 

Theorern 10.4 Lei A be a f-ring containing (Q and let Ti be iis noiurol portiol order. Let T be 
o.n u.r=preorder of A, sucli thoi Ti ~ T. 

0) • (Marshall's signature conjecture) Let <p be a form ouer Ax and let n 2: 1 be an integer. If for 
nll C\' E SpecR(A, T), sgnrJ<p) = 0 mod 2n, ihen <p E I?(A). 

0) For n-forms <p = ( a
1
, ... , an) and 1/J = ( b1, ... , bn) ouer A x, the following are equiualeni: 

(1) <p ~ ?/J· 
Ti ' 

(2) (Local-global Sylvester's inertia law) There is an orthogonal decomposition of A into ulempo­ 
lents, { e1, ... , em}, sa that for eacli l ~ j ~ m, uie have (with T!:. = {1, ... , n}) : 

(i) n = {k E n: akei >y, O} U {k E n: akei <r, O} 
= {k E n: bkei >1h 0} U {k E n: bkei <y1 O}, 

1· e .. ' each. entry of <p and 1/J is either strictly posiiiue or strictly negative in Aei, for all j E '!!:.· 

r') • Let R be a f ring containing (Ql, let Tt be iis ruiiural partial order and let P be a u. r. -preorder 

0/ R containing T~ R. If ( A, T) __!_, ( R, P) is a p-ring morphism, the following are equivalent, 
71Jhere j* ( a1, ... , an) = ( f(ai), ... , f(an)) : 

( 1) j is complete, that is, for all n-forms <fJ, 1/J over A x, <p ~ T 1/J {=? f * <p ~ p .f * 1/J; 
( 2) j refiects isotropy ( if <p is a form over A x and J * <p is P-isotropic, then <p is T-isotropic); 

• 
Note: As a guide to the interested reader, we have included the full reference list of the original 
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