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Abstract

In this paper additive models with p-order autoregressive conditional symmetric errors
based on penalized regression splines are proposed for modeling trend and seasonality
in time series. The aim with this kind of approach is try to model the autocorrelation
and seasonality properly to assess the existence of a significant trend. A backfitting
iterative process jointly with a quasi-Newton algorithm are developed for estimating
the additive components, the dispersion parameter and the autocorrelation coefficients.
The effective degrees of freedom concerning the fitting are derived from an appro-
priate smoother. Inferential results and selection model procedures are proposed as
well as some diagnostic methods, such as residual analysis based on the conditional
quantile residual and sensitivity studies based on the local influence approach. Sim-
ulations studies are performed to assess the large sample behavior of the maximum
penalized likelihood estimators. Finally, the methodology is applied for modeling the
daily average temperature of San Francisco city from January 1995 to April 2020.
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1 Introduction

This paper proposes additive models with p-order autoregressive (AR(p)) conditional
symmetric errors based on penalized regression splines for modeling trend and sea-
sonality in time series by cubic and cyclic regression splines, respectively. The aim
with this kind of approach is try to model the autocorrelation and seasonality properly
to assess the existence of a significant trend. The assumption of AR(p) conditional
symmetric errors allows to study a wide variety of time series by considering shorter-
and heavier-tailed error distributions than the normal one. Some authors have dis-
cussed estimation and diagnostic in parametric regression models with autoregressive
symmetric errors. For instance, Liu (2004) derived some procedures in conditional
heteroscedastic time series models under elliptical errors, whereas Paula et al. (2009)
gave emphasis on diagnostic methods in linear models with AR(1) elliptical errors
and Cao et al. (2010) on the assessment of heteroscedasticity and autocorrelation
in nonlinear models with AR(1) symmetric errors. Under the context of time series
semiparametric models with autocorrelated errors, Relvas and Paula (2016) derived a
Fisher scoring iterative procedure as well as some diagnostic procedures in partially
linear models with AR(1) conditional symmetric errors, Liu et al. (2010) studied non-
parametric transfer function models with ARMA errors and Huang et al. (2016, 2019)
considered ARMA errors for semiparametric time series modeling.

The proposed model is defined in Sect. 2 and a penalized log-likelihood function is
considered in Sect. 3 for the parameter estimation. The score function and the Fisher
information matrix for the parameters of interest are derived in Sect. 4 as well as a
backfitting (Gauss-Seidel) iterative process jointly with a quasi-Newton algorithm for
obtaining the maximum penalized likelihood estimates (MPLEs). Inferential proce-
dures are discussed in Sect. 5 and the effective degrees of freedom are derived from an
appropriate smoother in Sect. 6. Usual methods for model selection are described in
Sect. 7 and some diagnostic procedures, such as residual analysis based on the condi-
tional quantile residual and sensitivity studies based on the local influence approach,
are derived in Sect. 8. Simulation studies for assessing the large sample behavior of
the MLPEs are described in Sect. 9. The methodology developed through the paper
is applied in Sect. 10 for modeling the daily average temperature of San Francisco
city from January 1995 to April 2020. The last section deals with concluding remarks
whereas some technical results are described in Appendices A-D.

2 The model
Based on Cleveland et al. (1990) and Wood (2017, Sec. 7.7.2) we propose for modeling

trend and seasonality of a daily time series the following additive model with AR(p)
conditional symmetric errors:

vi = frti) + fs(si) +e, (=1,....n), ey
€ = p1€i—1+ -+ pp€i—p t+ei, (2)
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where y; denotes the ith observed response, fr(#;) and fs(s;) are smooth functions,
t; and s; denote, respectively, the ith time and the time of the year respective to the

ith time, p1, ..., p, are the autocorrelation coefficients whereas e; are independent

. . . . iid
symmetric errors with zero mean and dispersion parameter ¢, namely e; <s O, ¢),
ind . .
and yi|(yi—1, -, Yiop) ~ S(ui, ¢) with i = E(y) = fr(t;) + fs(si), for i =
1, ..., n. In addition, we will assume that the smoothing functions f7(¢) and fg(s)
are approximated by cubic and cyclic cubic regression splines with fixed knots at the
values t}) (j=1,...,rr)and s,0 (I=1,...,rg), respectively.

There are many equivalent bases that can be used to represent cubic and cyclic
splines. In the following, a penalized cubic regression spline and its cyclic ver-
sion developed by Wood (2017) will be considered. The assumptions are that the
cubic regression spline must be continuous to second derivatives at the knots t?
(j = 1,...,rr) and must have zero second derivative at the first and the last knots.
Consequently, it may be written in the linear form

fr@&y="Y_nr, "y,

j=1

where nr; () denote the basis functions and yr; are unknown parameters, for j =
1,...,rr. A cyclic version may be derived from fr(¢) by assuming that the function
as well as its first and second derivatives should match at the first and last knots of
each cycle. For example, if we are considering a cycle as being a year, one should
have that the function fg(¢) as well as its first and second derivatives should math at
the first and last knots of the year, which leads to yr, = YIrp in the notation of f7(z).
So, in this case, defining y ¢ = (ys,, . . ., Vg1 )T the cyclic regression spline may be
also written in a linear form

rs—1

fs() =" ng (s

=1

where ng, () denote the basis functions and ys, are unknown parameters, for [ =
1,...,rg — 1. The quantities ny;(t) (j = 1,...,rr) and ng (1) ( = 1,...,rs — 1)
may be derived from Wood (2017, Table 5.1).

Then, one may rewritten model (1)—(2) in the matrix form

Yy=Nryr +Nsyg+e, 3)

where y is an (n x 1) vector of observed responses, Nt is an (n X rr) basis function
matrix withrowsnr (¢;) = (ng, (%), . .., nf,, (#/)) " and that the (i, j)thelement equals
the parametrization of the regression spline in terms of its values at the knots t?, Ny is
an (n x (rs — 1)) basis function matrix with rows ng(s;) = (ns, (s;), ..., ns,. i i’
and that the (i, [)th element equals the parametrization of the regression spline in terms
ofitsvaluesattheknotsslo,fori =1,....,n,j=1,...;rrandl =1,...,rs — 1,
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whereas € = (€1, ..., €,) " isan (n x 1) error vector. Due to the cyclic structure one
has the restriction ng(s;) = ng(s,). The unknown parameters to be estimated are
T T
yr=n,....yr,) andyg= (s, ..., Vs -
Therefore, one has in (3) the model matrices
ns (s1) ... ns. (1)

nr, (fl) e nT’T (tl) ns, (_92) R nSrsfl (SZ)

nr(2) ... nr, (12)
Nr = . . end Ng= : ) :
nr ) ... nt,., (tn) "5 (Sn-1) .. nS,.S,l ($n-1)
ns;(s1) ... ns._(s1)
The probability density function of e; is given by

he(ei) = %g(&), ei €R,

where §; = gb_leiz, with g : R — [0, 0o) such that fooo u_%g(u)du = 1 being known
as a density generator.

The name density generator is due the fact that if u is a symmetric distribution, it
does not necessarily have a density. Thus, if the density of u exists, it must assume the
form g(uz) for some non-negative function g(-) of a scalar variable, that satisfies the
condition fooo gw?du = fooo u’%g(u)du = 1 (see, for instance, Fang et al. 1990,
Section 2.2.3). In this case one has E(e¢;) = 0 and Var(e;) = £¢, where &€ > 0
is a constant that may be obtained from the expected value of the radial variable or
from the derivative of the characteristic function. Cysneiros and Paula (2005) provides
additional insight into the expressions of £ for some symmetric distributions. This class
includes all symmetric continuous distributions, such as normal, Student-z, power
exponential, slash, logistic-I, logistic-II among others. For example, for the Student-¢
distribution with v degrees of freedom one has § = v/(v — 2)(v > 2). Herein, it is
assumed that £ is known or fixed, or estimated separately.

3 Penalized log-likelihood function

Letd = (y1.v5.6.p1) €©® C R, withp = (p1,...,pp)  andg = rr +rs+p
being the number of parameters to be estimated. The regular log-likelihood function
associated with 6 is given by

n
n
L(®) = =5 log(@) + Zl log{g(5))}- “
1=
The maximization of (4) without imposing restrictions over the nonparametric func-

tions fr(z) and fs(s) may cause overfitting and non identification of parameters. To
solve this problem one may incorporate a penalty function over each nonparametric
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component. Similarly to Hastie and Tibshirani (1990) (see also Green and Silverman
1994) we will assume that f7(¢) and fs(s) are continuous to second derivatives and
integrable second derivative, so the penalized log-likelihood function is given by

Ar b7 As [bs
Ly, 1) =L@ -~ T / (@] di -5 / [FoPds. 6
ar as

where ar <t < by,as < s < bgand A7 > 0 and Ag > 0 are the smoothing
parameters that will be estimated separately. It can also be shown, for example, in
Lancaster and Salkauskas (1986) and Wood (2017) that

br bs
f [/ )] dt = y7Mzry; and / [£{)] ds = y§Msys,
a

T as

where My = D—TFB}IDT and Mg = D;—BEIDS are non-negative definite matrices of

dimensions (r7 x rr) and ((rs — 1) x (rs — 1)), respectively, named penalty matrices.

These matrices depend only on the knots and are defined in Table 5.1 of Wood (2017).
Thus, the penalized log-likelihood function reduces to

AS

Sy IMas ©

A
L,(0.1) =L(6) — {y?Mm —

where A = (A7, A5) " denotes the smoothing parameter vector. In the next section we
will derive a backfitting (Gauss-Seidel) iterative process jointly with a quasi-Newton
algorithm for maximizing (6) for fixed A.

4 Parameter estimation

4.1 Penalized score function and penalized Fisher information matrix

The penalized score function of # may be expressed as Ug =0L,(0,1)/00 = Uy —
M()L)6, where Uy is the regular score function given by

U, (AN7) "D, A€

Uy, (ANg) "D, A€

U¢ _1 %1;{ (Dm ln - 1n)
Up=1U, |=¢ —(Cre) 'D,Ae |-

Uy, —(Cpe) "D, A€

M()) = blockdiag {ATMT, AsMg, 0p+1} with 0,47 beinga (p + 1 x p + 1) matrix
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of zeros, e =y — Ny with y = (y—Tr, y;—)T and N = (N7, Ng). A and C are (n x n)
matrices defined as

1 0 0... 0 ©O0.. 0 00
—p1 1 0... 0 0... 0 00
—02 —p1 1... 0 O0... 0 00
A= : : Do : Do : i
—Pp —P(p-1) =P(p=2) ---—p1 L.~ 0 00
0  —pp—pp-p--—p2—p1 1 -~ 00
0 0O« 0 0--—pr—p; 1
and
0(jxn)
-1 00 ... 00
C, = 0-10 ... 00 7
0 00 ...—-10
where D, = diag{vi,...,v,} with v; = —2W,(5;) named weights and D,, =

diag{my, ..., m,} withm; = v;6;,fori =1, ..., n, whereas W, () = g'(8)/g(8) and
1, is an (n x 1) vector of ones (see details in Appendix A). Cysneiros and Paula (2005)
provide a table with the quantities W, (8) and Wé (8) for some symmetric distributions.

In addition, the penalized Fisher information matrix of @ is defined as Kf,(’ =

—E{3L,(8,1)/0090 "} = Kgg — M(L), where

K)’T yYr K)’T Vs 0 0

— KVSVT KVSVS 0 0
Koo =1"0" 0 Ky 0

0 0 0 K,

= blockdiag{K,, , K¢, Kyp}

is the regular Fisher information matrix,

Adg (T

Kyy =5 (NI ).
n

K¢¢ = W(Z‘-fg — 1) and

4d
Ko = Tng

with Na = (AN7, ANy), dg = E(W; (2)2%}), fg = E(W;(z*)z*), 2 ~ 5(0,1) and
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— — — 1
Z?lzll E(e}) Yoot E(€i€i+1) Z?:Jp; E(ei€itp-1)
v _ Y i7, E(ei€iv1) YU E(ED) T E(ei€igp)
p= . . . .
L L : B
S Bei€isp-) Yl T Elei€ipp-2) ... Y-l E(eD)

isa (p x p) matrix discussed in Appendix A. Note that one has orthogonality between
y and (¢, p )T, see details in Appendices A and D.

4.2 Iterative process

Similarly to Hastie and Tibshirani (1990, Ch.5) and Wood (2017, Ch.6) we will derive
abackfitting (Gauss-Seidel) iterative process for obtaining the MPLEY = (., 7 )"
alternated with a quasi-Newton algorithm for obtaining the MPLEs of ¢ and p. Assum-
ing A fixed one has to solve the following equations:

{AND)TDLAND) + 927 M7} y7 = (AND) DAY — Nsy )
and

{(AN5) D, (ANs) + 625Ms| 5 = (AN "D, A — Nry ),
which may be simplified to

yr =Sr(r)A{y —Nsys} and yg=Ss(s)A{y —=Nryr},

where S7(A7) = {(AN7)TD,(AN7) + ¢prrMr} ™" (AN7)TD, and Ss(hs) =

—1
{(ANs) "D, (ANs) + ¢pAsMs}  (ANg) "D,
Then, we will propose, for fixed ¢, p and A, the following iterative process for
obtaining the MLPE ¥

Step 1: Define the knots, and then compute N7, Ng, M7 and M.
Step 2: Initialize a counter as u = 0, set the initial value at 0.
Step 3: Based on 8 do the following:

T
(a) From the current value 00 — (yT(O)T, Y S(O)T, (;5(0), p(O)T) obtaining A,

the weights vi(o) = V; |gw and Dl(,o) = diaglsisn {v.(o)

1

}. Then, calculate

-1
S 0r) = {AND DY (AN7) + g2 M7} (AN D
and

-1
S¢Gus) = {(ANs) "DV (ANg) + p2sMs|  (AN5)TD”.
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(u+1) (u+1)

(b) Compute the following expressions for y -~ and y ¢

}’(u+1) — S(“) ()\,T)A {y NSy(“)}

and

J’EgMH) = SEgu)()us)A [y - NT}’(THH)} .

foru =0, 1,.... Update S(TL')(AT) and S(S")(As). Repeat (b) replacing y @ by
y @D respectively, until the convergence for any criterion.

Step 4: Iterating the step 3(b) with the iterative process below that applies the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) quasi-Newton method (see Davidon 1991,
and Mittelhammer et al. 2000, p.199) or the L-BFGS-B method (Byrd et al.
1995) for obtaining the MPLE of ¢ = (¢, p ") ":

6D = arg max g ) Lp(i?(“H), d®, p%), s=0,1,2,....

The corresponding standard errors may be approximated by the square root
of the principal diagonal elements of the observed Fisher information matrix
inverse (Efron and Hinkley 1978) or by evaluated K, and K at the param-
eter estimates.

For the Student—¢ distribution with v degrees of freedom the current weight vi(”) =

w+1D/(v —1—8(“) ), with 3(") =6 |(") is inversely proportional to the distance between

the observed value y; and its current predicted values /L( “) , so thatoutlying observations

tend to have small weights in the estimation process. Similar interpretation may be
applied for other heavier-tailed error distributions.

5 Inferential procedures

Linear models under normal and symmetric errors have similar regularity conditions
for large sample to ensure consistency, efficiency and normality of the MPLEs. As
for the parametric case, the approximate variance-covariance matrix of 0 ) may be
derived from the inverse of the expected information matrix. Essentially, Var(0) =

(Kff’ |§> , where Kf,e was defined in Sect. 4.1. This approach has support on the

Bayesian approach for linear models, as described in Wood (2017, p.293). If y =
Ny + €, where € follows an n-variate normal distribution and an improper prior
is assumed for y, then the posterior distribution p|y follows a multivariate normal
distribution of mean y and variance-covariance matrix that corresponds to the inverse
of the respective penalized Fisher information matrix for y. So, credible intervals may
be constructed for any quantities derived from y. This approach may be extended, for
large n, for the symmetric class.
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Considering the orthogonality between y and (¢, p) " as well as between ¢ and p,
one obtains

Var(p) = (K} |57,

where K7 = KW+M a) w1thM » (L) = blockdiag{A7 M7, AsMjs}. Furthermore,
Var(d)) = ¢¢ | and Var(p) = pp |5. Since fr = N7y and fg = Ngy g, where

= (fr(t1), ..., fr(t))" and fs = (fs(s1), ..., fs(s,))", one may derive the
approximate variance-covariance matrices

Var(fr) = Ny Var(77)N; and Var(fs) = NgVar(7 )Ny .

Then, similarly to Vanegas and Paula (2016) pointwise confidence bands may be
performed for (f7(t1). ... fr(t)) " and (fs(s1). ... fs(sn)T.

6 Effective degrees of freedom

Since penalization of the smooth functions fr () and fs(s) leads to a shrinkage of
the MPLEs Y and ¥ ¢ with respect to the MLEs, it is crucial for model selection and
hypothesis testing the estimation of the total degrees of freedom corresponding to the
MPLEs. Similarly to Hastie and Tibshirani (1990, Ch.5), Green and Silverman (1994,
Ch.5) and more recently Wood (2017, Ch.5) we will derive below the total degrees of
freedom corresponding to the MPLEs ¥ and ¥ ¢ from an appropriate smoother.

At the solution of the estimating equations U?, = 0 one has that

y= {ﬁlﬁvm + é&My(x)}fl

o,

1)\j—rﬁvﬁAA + ﬁXﬁvx(y - N?)}

={ﬁ}f)vm +¢3My(x)} NID DD

:m\

DI Ay.

DIANy — D:AR = HWD? Ay,

CN\

Then, it follows the relationship D Eﬁ
where

CI\)\»—

o~~~ —~ -1 1
A = DN, [NID,Ny + oM, 0] NID:,

1
is named linear smoother for A fixed, whereas D2 Ay may be interpreted as a weighted
transformed response. In particular, under normal errors and p = 0, one obtains
H() = N(N"N + ¢éM, (1)} 'NT.
The effective degrees of freedom of smoother is defined as the sum of the eigen-
values of ﬁ(k), namely dfs(A) = tr{ﬁ(k)}. From Eilers and Marx (1996) one has
that
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~L STA —~ —1 ATAL
df, ) = r{ DN, (NID,N4 + 8M, () ) NAD5}

o~~~ ~ -1 o~
—tr (NATDUNA +¢My(x)) NATDUNA}

1l _1\ !
=1tr (IrT+rS+Q 2¢My()")Q 2) }

rT+r571 1

= 2 l+oa(h)

i=1

where «; (L) > 0 are the eigenvalues of the non-negative definite matrix Q™ 3 aM), )
Q_% and Q%Q% = ﬁ;ﬁvﬁA, fori = 1,...,r7 +rs — 1. The effective degrees of
freedom df (A7) and df;(Ag) correspond to the sum of the first 77 and the last rg — 1
eigenvalues, respectively, of the linear smooth H(A). Therefore the effective degrees
of freedom is given by

df(h) = df;(A) + p + 1.

7 Model selection

The Akaike information criterion (AIC) (Akaike 1973) or the Bayesian information
criterion (BIC) (Schwarz 1978) may be used for selecting an appropriate symmetric
error distribution in model (1)—(2) as well as the smoothing parameters A7 and g
in the iterative process described in Sect. 4.2. Both criteria consist in minimizing the
functions

AIC(A) = —2L, (8, 1) 4 2df(A) and BIC(A) = —2L, (8, 1) + log(n)df(1).
Alternatively, the generalized cross-validation method (see, for instance, Wood

(2017)) may be applied for selecting appropriate smoothing parameters. Such criteria
consists in minimizing the function

nlVD,A(y — i)|?

GCV() = Y
[n—tr {HW))]

The vector A will be obtained by minimizing jointly GCV(A) and AIC(A) for a grid
of the smoothing parameter values.
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8 Diagnostic methods
8.1 Residuals analysis

Residual analysis is an important tool for detecting outlying observations and depar-
tures from the assumptions made for the error distribution in regression models. Among
the various residuals proposed, the quantile residual (Dunn and Smyth 1996) may be
easily derived when the cumulative distribution function (cdf) is known. Such resid-

ual for independent observations (yi, ..., yn)T is defined as ry; = @~ {Fy(yi; 0)},
where F\(y;; ) and @ (-) denote, respectively, the cdf of y; and the cdf of N(O, 1),
fori = 1,...,n. For large n and under the postulated model ry,, ..., r,, follow

independent standard normal distributions.

However, according to Barros and Paula (2019), for correlated observations one
should consider the independent conditional distributions with the respective condi-
tional cdfs Fy, (y15 0), Fyy1y, (32: 0)s .. Fyo1.yue) (Uns @). Then, the conditional
quantile residuals become given by

re =0 HF, i)y = @ Y Fy iy On 0)),

fori = 1,...,n. For large n and under the postulated model (1)-(2) r;w ...,r;”
follow independent standard normal distributions. So, the normal probability plot
may be applied to assess departures from the postulated model as well as to detect

possible outlying observations.

8.2 Sensitivity analysis

Assessing the sensitivity of the parameter estimates under perturbations in the
model/data is another important tool in regression analysis. Case deletion (see, for
instance, Cook and Weisberg 1982) and local influence (Cook 1986) are the most pop-
ular procedures. However, dropping observations is not usual in regression models
with time series errors, so we will only consider in this section the local influence
method, that is the assessing of small perturbations in the model/data on the parameter
estimates of model (1)—(2).

We will denote the perturbation vector as @ = (wy, ..., a)n)T restricted to some
open subset £2 € R" and the perturbed penalized log-likelihood function by L, (6, A |
®). The no perturbation vector o € £2 is such that L ,(#, X | wp) =L, (6, 1). Using
the same influence measure given in Relvas and Paula (2016) the normal curvature in
the unitary direction ||£|| = 1 (Cook 1986) is defined as

C(0) = 2|¢"BY|,

where B = AT{(—f,ie)’l}A is a symmetric non-negative definite matrix with I:f,g
being the observed information matrix (see Appendix B), A = (AT, A; , Az, AI)—r
with Aj and A; being (r7 xn) and (rg x n) matrices withelements Ay j; = 82Lp @, x|

w)/ayTj dw; and Ay = 82Lp(0, A | ®)/dys dw;, whereas A3 is (1 x n) vectors
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with elements A3; = 9L p(0, X | @)/dpdw; and Ay bemg (p x n) matrices with
elements Ayjr; = 3%L p(0, l | @)/0p; 0w; evaluated at 9 and o, fori =1, n,
j=L...,rr,l=1,...,rs—landj =1,...,p.

Denoting the eigenvalues of B by a1, ..., «, with the corresponding normalized
eigenvectors ey, . .., €,, Cook (1986) suggests to study the index plot of |en |, relative
to amax, to assess the local influence of each observation on the largest direction of
the normal curvature. Alternatively, Poon and Poon (1999) proposed the conformal
normal curvature that corresponds to a normalized version of the normal curvature but
is invariant under scale changes and is defined as

By(0) = £"Be//tr(B2),

where 0 < By(0) < 1 and tr(B?) = Yo al.z. However, various diagnostic graphs
may be derived here. For example, denoting the normalized eigenvalues as Gmax =

Al > >k > q/a/n > Wyt -0y > 0, where @ = o/ Z?:l a?,an aggregate

influential measure for all g-influential eigenvectors is defined as

k
mq) = | Y @je,
Jj=1
where e;; denotes the ith element of the jth eigenvector e;, fori = 1,...,n, j =

1,...,kand ¢ = 0,1,2,.... The index plot of m(q); is suggested to reveal those
observations that are g-influential, that is, influential for all eigenvectors such that
Be; = g/ N

In particular, if the interest is on evaluating the conformal normal curvature in the
direction of the ith observation, represented by the (n x 1) vector d; formed by zeros
with 1 at the ith position, one has that

n
By =Bi =m*(0); = Y _dje;,
j=1

that corresponds to the square of the total contribution of the orthonormal eigenvectors.
A cutoff criterion suggested by Lee and Xu (2004) considers as most influential those
observations such that B; > B+ ¢SD(B), where B and SD(B) denote, respectively, the
mean and the standard deviation of {B;,i = 1, ..., n} and c is selected appropriately.

For a particular partition § = (0T, 0, )—r with 6 defined, for example, as 01 = y,
01 = ¢ or 61 = p, one may evaluate the conformal normal curvature

By(01) = ¢ Bi¢/,/tr(B?),

where 0 < By(6y) < 1, By = AT{(-L)))~" — G™}A and G = blockdiag

{0, (Lezez) 1. Again, one may perform the index plot of B;(#1) to assess the most
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influential observations on all the directions when the subvector @ is considered.
In Appendix D the matrices A1, Az, A3 and A4 are derived for the case-weight
perturbation scheme.

9 Simulation studies

In this section we describe a simulation study to assess the large sample behavior of
the MPLEs f7(¢), fs(s), o and ¢ from the iterative process developed in Sect. 4.2.
The observations were generated from the additive model

yi = fr@t) + fs(si) + €, @)

where €, = pe;_1 +¢;, —1 < p < 1lande; i S(0, ¢), being fr(t;) and fs(s;)
fixed performing the trend and seasonality, respectively, defined as fr(#;) = 2(ti3 +
cos(mf)) with #; = i/n and fs(s;) = 2sin(100i/(wn)), fori = 1,...,n. The
values assigned for the parameters were ¢ = 1 and p = —0.75, —0.25, 0.25 and
0.75, with sample sizes n = 100, 300 and 500. The data were generated, respectively,
under normal, Student-¢ with v = 3 degrees of freedom errors and power exponential
with shape parameter k = —0.3 (shorter-tailed distribution) and k& = 0.5 (heavier-
tailed distribution), named PE; and PE,, respectively, and fitted under the same error
distributions. The selected values for the smoothing parameters were (A7, As) =
(700, 2), and the number of knots are 12 and 10 to trend and seasonality, respectively.
The average estimates of p and qg the bias and the mean squared error (MSE) were
calculated as well as the average values of fT (1) and fs (s). For each scenario 1000
replicates were considered.

From Table 1 one has in the column AIC the proportion of correct classification
of the model by the Akaike information criterion discussed in Sect. 7. We notice for
all error distributions that the proportion of correct classification increases with the
sample size, reaching high values for n = 500. Furthermore, we may notice that bias
and MSE for o and <f> decrease as the sample size increases. The convergence of p
to the true value is slower under positive correlation. We may notice indication of
and qAb consistency when the generated error distribution agrees with the one assumed
in the fitted model. The results under misspecification of the error distribution from
the simulated data were omitted in Table 1, but even though one has bias and MSE
reduction under some scenarios, it is not clear the consistency of p and (]3 Thus, the
use of autocorrelation and partial autocorrelation functions as well as diagnostic tools,
such as the normal probability plot with the conditional quantile residual, are crucial
to assess possible departures from the error distribution assumed in the postulated
model.

Figure 1 describes the estimated mean values for the function fr (#) under normal,
Student-f and power exponential error distributions. The convergence to the true curve
seems satisfied as the sample size increases, but it appears slower for positive autocor-
relation. In Fig. 2 one has the estimated mean values of the function f(s) and one may
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Fig. 1 Graphs of the average estimates for the function f7(#) under ¢ = 1 with the autocorrelation
coefficients p = —0.75, —0.25, 0.25 and 0.75 from a simulation study in which the data were generated
from model (7) under normal (top), 73 (second), PE(third) and PE; (bottom) error distributions and fitted
under the same error models. Sample sizes n = 100, 300 and 500, on the left, middle and right, respectively

notice an excellent behavior for all the scenarios considered, indicating convergence

for large n.

10 Daily average temperature of San Francisco

To illustrate the methodology proposed in this paper we will analyze the daily average
temperature (in °C) of San Francisco from January 1995 to April 2020, a total of 9252

observations. The 36 missing observations were imputed by the average of the three
days before and the three days after the date. The data are from University of Dayton
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Table 1 Proportion of correct classification by the Akaike criterion, average estimates f), biases and mean

squared errors (MSEs) of p, average estimates <2>, biases and mean squared errors (MSEs) of <Z> from a
simulation study in which the data were generated from model (7) under normal, #3, PE| and PE, error
distributions and fitted under the same error models

Error  p n AIC 0 é
3 bias MSE ¢ bias MSE
N 075 100 2070 —0.7391 00109 00049 09886 —0.0114 0.0186
300 6890 —07311 00189 00021 10505 00505  0.0097
500 8570 —07314 00186 00014 10626 00626  0.0082
025 100 2090 —02789 —0.0289 00104 09486 —00514 0.0188
300 69.10 —02394 00106 00036 1.0089 00080  0.0066
500 8570 —02307 00193 00025 10251 00251  0.0046
025 100 2060 0.1609  —0.0891 00206 09063 —0.0937  0.0259
300 69.10 02267  —0.0233 00042 09788 —0.0212  0.0066
500 8550 02433 —0.0067 00022 09961 —0.0039  0.0037
075 100 2600 06592  —0.0908 00183 09021 —0.0979  0.0265
300 6990 07036  —0.0464 00046 09632 —0.0368  0.0072
500 8620 07179  —00321 00023 09801 —0.0199  0.0039
5 075 100 8230 —0.7486 00014 00033 09344 —0.0656 0.0455
300 9290 —07429 00071 00011  1.0254 00254 00153
500 9820 —07426 00074 00006 1038 0038  0.0092
025 100 8360 —03113 —00613 00095 09090 —0.0910 0.0489
300 9450 —02625 —00125 00023 09884 —0.0116 0.0139
500 9810 —02507 —0.0007 00012 10072 0.0072  0.0076
025 100 8570 02361  —0.0139 00064 08922 —0.1078  0.0504
300 9480 02414  —0.0086 00023 09659 —00341 00153
500 9810 02472  —00028 00012 09821 —00179  0.0078
075 100 8600 07116  —0.038 00072 08911 —0.1089  0.0500
300 9560 07258  —0.0242 00020 09549 —0.0451  0.0151
500 9850 07332  —00168 00010 09703 —0.0297  0.0080
PE, —075 100 8930 —07207 00293 00061 10606 00606  0.0194
300 87.00 —07210 00290 00027 11054 0.1054  0.0168
500 9090 —07210 00290 00018 11037 0.1037 00141
~025 100 9220 —03032 —00532 00090 09903 —0.0097 0.0152
300 9130 —02319 00181 00033 1.0424 00424 00071
500 9470 —02179 00321 00029 10510 00510  0.0057
025 100 9300 02372  —00128 0009 09225 —0.0775 0.0211
300 9490 02569 00069 00032 09922 —0.0078  0.0049
500 9670 02659 00159 00021 10063 00063  0.0029
075 100 9080 06775  —0.0725 00143 09177 —0.0823  0.0204
300 9590 07109  —0.0391 00036 09672 —0.0328  0.0054
500 9790 07267  —0.0233 00016 09796 —0.0204  0.0030
PE, —075 100 1730 —07526 —00026 00038 09352 —0.0648 0.0322
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Table 1 continued

Error  p n AIC

EH I RN
o1 [

bias MSE bias MSE

300 7750  —0.7455  0.0045 0.0014  1.0079  0.0079 0.0091
500 9150 —0.7426  0.0074 0.0009 1.0188  0.0188 0.0062
-025 100 1690 —-0.3418 —0.0918 0.0138 09116 —0.0884  0.0354
300 7820 —0.2700 —0.0200 0.0031 09850 —0.0150  0.0100
500 9200 —-0.2537 —0.0037 0.0017 09981 —0.0019  0.0055

0.25 100 1570  0.2262 —0.0238  0.0087 09014 —0.0986 0.0372
300  79.70  0.2348 —0.0152  0.0030 09720 —0.0280 0.0105
500 93.10  0.2439 —0.0061 0.0018 09871 —0.0129  0.0058
0.75 100 21.30  0.7005 —0.0495  0.0099 09065 —0.0935 0.0364
300 7770 0.7141 —0.0359 0.0031 09716 —0.0284  0.0105
500 9420 0.7268 —0.0232  0.0015 09822 —0.0178  0.0056

- Environmental Protection Agency Average Daily Temperature Archive.! (Kissock
1999)

Similarly to Wood (2017, Sect. 7.7.2) we propose the following additive model for
explaining the daily average temperature of San Francisco:

temp; = fr(time;) + fs(day.of .year;) + €;, 8

where fr(-) and fs(-) are smooth functions approximated by cubic regression and
cyclic cubic regression splines, respectively, whereas temp; denotes the average daily
temperature of the ith day, time; is the ith day, day.of.year; denotes the day of the year
respective to the ith day, and €; are AR(p) conditional symmetric errors, as defined in
Sect. 2, fori =1, ..., 9252. Since one has some leap years, the default is day.of.year
runs from 1 to 366. We use GCV method to choose the fixed knots number, and for
this application we select 80 and 15 knots from time and day of the year, respectively,
which were obtained from the quantiles. Homogeneity of seasonality is also assumed
over the years.

Under model (8) we hope to control the autocorrelation and seasonality properly
and then to detect the trend of the daily average temperature over decades. Figure 3
describes the time series and the empirical distribution, for each month, of the daily
average temperature of San Francisco. In order to have a kurtosis flexibility we will fit
model (8) to the data under normal error distribution as well as under Student—¢ error
distribution with v degrees of freedom (heavier-tailed distribution) and under power
exponential error distribution with shape parameter k (heavier-tailed distribution for
0 < k < 1 and shorter-tailed distribution for —1 < k < 0), and for different AR(p)
structures.

We apply the iterative process described in Sect. 4.2 for a grid of (A1, Ag) values
for choosing appropriate smoothing parameter values. Then, we obtain values for AIC

1 http://academic.udayton.edu/kissock/http/ Weather/default.htm.
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Fig. 2 Graphs of the average estimates for the function fg(s) under ¢ = 1 with the autocorrelation
coefficients p = —0.75, —0.25, 0.25 and 0.75 from a simulation study in which the data were generated

from model (7) under normal (top), 73 (second), PE(third) and PEj(bottom) error distributions and fitted
under the same error models. Sample sizes n = 100, 300 and 500, on the left, middle and right, respectively
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Fig. 3 Time series and the empirical distribution of the daily average temperature (°C) in San Francisco
city from January 1995 to April 2020
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Table 2 Goodness-of-fit measures from model (8) under normal, Student—¢ and power exponential errors
with AR(1), AR(2) and AR(3) structures fitted to the average daily temperature of San Francisco

AR Model AIC(L) GCV()L) df(x) df(r7) df(rs)
1 N 32368.2016 1.9360 33.2675 19.9145 11.3530
t5 31730.4353 1.1885 36.0641 222164 11.8477
PEj ¢ 31753.6324 0.5939 42.7275 28.2100 12.5175
2 N 32158.1363 1.8926 36.0248 21.3857 11.6390
15 31560.9024 1.1697 38.5315 23.5117 12.0198
PEj ¢ 31579.8760 0.5829 45.0208 29.4649 12.5559
3 N 32130.0399 1.8868 36.3785 20.8378 11.5407
t5 31528.2171 1.1654 38.8883 22.9395 11.9488
PEj ¢ 31549.3362 0.5809 45.6223 29.0651 12.5572

Table 3 Parametric parameter estimates (approximate standard errors) from model (8) under normal,
Student-r and power exponential errors with AR(1), AR(2) and AR(3) structures fitted to the average
daily temperature of San Francisco

AR Model o1 02 03 é

1 N 0.7033 (0.0074) - - 1.9230 (0.0283)
t5 0.7061 (0.0075) - - 1.1797 (0.0220)
PEg ¢ 0.7141 (0.0068) - - 0.5887 (0.0109)

2 N 0.8074 (0.0103) —0.1495 (0.0103) - 1.8791 (0.0276)
t5 0.7979 (0.0102) —0.1274 (0.0097) - 1.1607 (0.0217)
PEp ¢ 0.8052 (0.0096) —0.1246 (0.0094) - 0.5776 (0.0107)

3 N 0.8161 (0.0104)  —0.1947 (0.0133)  0.0561 (0.0104)  1.8738 (0.0276)
t5 0.8056 (0.0103) —0.1731 (0.0125) 0.0562 (0.0096) 1.1567 (0.0216)
PEy6 0.8118 (0.0098) —0.1684 (0.0119) 0.0540 (0.0098) 0.5757 (0.0107)

and GCV under normal, Student—¢ and power exponential error distributions with v
and k shape parameters, respectively. These parameters were estimated separately in
each fit together with the smoothing parameters. The selected values for the smoothing
parameters were (A7, Ag) = (500, 5). Table 2 describes the AIC and GCV values as
well as df(A7) and df(As) from model (8) under normal, Student—¢ (with v = 5
degrees of freedom) and exponential power (with k = 0.6) errors, with AR(1), AR(2)
and AR(3) structures, fitted to the daily average temperature of San Francisco. The
AR(3) Student-¢ error model presents the smallest value for AIC, for this reason it was
initially selected to explain the daily average temperature in the city of San Francisco.
The AR(3) normal error model has the smallest cost (effective degrees of freedom)
for estimating 7, the AR(3) Student—¢ error model has the intermediate cost and the
AR(3) power exponential model has the largest one.

The parametric parameter estimates from the fitted models are described in Table
3. We may notice that the autocorrelation coefficient estimates and their approximate
standard errors are very close, but the dispersion parameter estimates are not compa-
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Fig. 4 Residual index plots (top), normal probability plots (second), autocorrelation functions (third) and
partial autocorrelation functions (bottom) from model (8) under normal (left), Student-# (middle) and power
exponential (right) errors with AR(3) structure fitted to the daily average temperature of San Francisco

rable since they are in different scales. In the sequel we will compare the fitted AR(3)
error models according to the residual analysis and sensitivity studies.

Figure 4 describes the index plots and the normal probability plots of the conditional
quantile residual from model (8) under normal, Student—¢ and power exponential
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Fig.5 Index plots of B; under the case-weight perturbation scheme for 0.1, & and p from model (8) under
normal (left), Student-# (middle) and power exponential (right) errors with AR(3) structure fitted to the
daily average temperature of San Francisco

errors with AR(3) structure fitted to the data. The index plots do not present any
tendency neither variability over the time, which indicates that the error variance seems
constant and that trend and seasonality were controlled. From the normal probability
plots one has indication that the heavier-tailed error models are more suitable to fit
the data than the normal one. The autocorrelation functions (ACFs) and the partial
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Fig.6 Graph between the fitted
weight 0; against the conditional
quantile residual from model (8)
under Student-¢ error with v = 5 1.00
degrees of freedom and AR(3)
structure fitted to the daily

1.25

average temperature of San _ 0.75
Francisco <=
0.50
0.25
0.00
3 2 -1 0 1 2 3
Quantile residual
16
2
5 15
Y T
5" £
> 14
® Y
©
=2
13
-4
0 100 200 300 1995 2000 2005 2010 2015 2020
day.of.year time

Fig.7 Pointwise confidence bands for the seasonality components (left) and trend components (right) from
model (8) under Student-¢ error with v = 5 degrees of freedom and AR(3) structure fitted to the daily
average temperature of San Francisco

ACFs from the three series of the conditional quantile residuals confirm the adequacy
of AR(3) errors.

Concerning the sensitivity studies Fig. 5 describes the index plots of B;, under the
case- welght perturbation scheme, to assess the conformal local influence on 0.1, )
and p from model (8) under normal, Student—¢ and power exponential errors with
AR(3) strucuture fitted to the average daily temperature of San Francisco. Similarly
to Ibacache-Pulgar et al. (2013) we considered the cutoff value ¢ = 4 that generated
different cutoff lines for the error models. The graphs indicate that the parameter
estimates are less sensitivity under the Student-¢ error model.

Then, from all the analyzes above the AR(3) Student-# error model with v = 5
degrees of freedom was selected to explain the daily average temperature of San
Francisco. Figure 6, that presents the graph between the fitted weight 9; versus the
conditional quantile residual from the selected model, confirms the robustness of the
parameter estimates from Student-r models against outlying observations (see, for
instance, Lucas 1997). Note that, small weights were attributed to large residuals.
Finally, Fig. 7 describes the pointwise confidence bands for the seasonality (annual
cycle) and for the trend of the daily average temperature of San Francisco from the
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chosen model. The left panel indicates a slow growth of the daily average temperature
until the peak in September and then a faster decrease with smaller variability. The
long term trend appears to be stationary until 2013 with a rise after this year and
decreases until April 2020.

11 Concluding remarks

Additive models with conditional AR(p) symmetric errors and linear predictor formed
by two nonparametric components approximated by penalized regression splines are
proposed in this paper for modeling seasonality and trend in time series. Features of
the proposed models are the possibility of robust parameter estimates against outlying
observations under heavier-tailed error distributions, kurtosis flexibility and preser-
vation of the time series structure. Various results are derived, such as a backfitting
iterative process jointly with a quasi-Newton algorithm for obtaining the MPLEs, infer-
ential procedures, effective degrees of freedom, model selection procedures, residual
and sensitivity analyzes and simulation studies. An application for explaining the daily
average temperature of San Francisco city is presented for illustrating the procedures
developed in the paper. R codes (R Core Team, 2020) developed by the authors for
fitting the proposed models to the daily average temperature of San Francisco are
available upon request.

Acknowledgements The authors are grateful to the Associate Editor and reviewers for their helpful com-
ments. This study was partially supported by the Coordenacao de Aperfeicoamento de Pessoal de Nivel
Superior (CAPES) - Finance Code 001 and CNPq, Brazil.

Appendix A: Penalized score function

Let L, (0, 1) denote the penalized log-likelihood function for the parameter vector
0=;. 75 ¢, p1....,pp)". One has that

n
n AT T AS T
Lp(0.3) = 2 log(¢) + EIog{g(ai)} — S riMryr =y §Msys,
1=
L Lo . 2
where §; = ‘Gl . Péior)” e =y —mp () yy — ns(s) yg, for i =

1,...,n.
The penalized score functions for ¢ and p are, respectively, given by

aL, (0, 1) 1 i
¢ _ %p — Y
Up— 3 =3 {n—l—iElZWg(&)b‘,]
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and
. AL,0.%) 2 ,
UZ’—’;T —ZW«S)(e, prei1—...—ppeip)eiy). (j=1.....p).
i=1

In addition, the derivatives of L, (8, A) with respect to yr; and ys, yield

U _ p(@. 1)

P Avr;
=——ng<8)(el Preil =+ — Pp€ip) (NT;; — PINT ) = — PpNT ;)
=l
_)\Tl[MT}’T]jv G=1,....rr)
and

s 8Lp(07)~)
r 8)/51

=—= Z We(8i)(€i — preiot =+ +— ppimp) (s, =PIy —* = PplS )
=1
—AsMsygli, U=1,...,rg—1),

where [M7y 7]; and [Mgy g]; denote the jth and /th positions of the vectors M7y

and Mgy g, respectively.
In matrix notation we obtain

U = SR SN DA =AMy,

Uy = %OS” ;(AN )'D,A€e — AsMsyy,

Ul = %{Z’D —%F(D 1, —1,) and

Uy = %ﬁ’)‘) = —E(Cje)TDvAe, G=1,....p).

where the quantities N7, Ng, €, Dy, D;,;, A and C; were defined in Sect. 4.

Appendix B: Penalized Hessian matrix

For simplicity of notation we will consider nr, = nr; (t;) and ng,;, = ng, (), (i =
Ln),(=1,...,rpyand (I =1,...,rg —1).
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Consider the parameters (yr;, yr;) for which we obtain the derivatives

£ _ 9*L, (0, 1)

3)’T,3V};
4 n
——ZW’(S-)S-(n —pin — = ppn Y(nr, —pin —
=9 g\0i)0i\NT;; — PINTy); PP Ty j )Ty — PIMT iy
=l
2 n
—PpNT_ ) T @ Z We(8i)(ny; — piny_yy; — - = PpNT ;) X
i=1
X(nTih _PlnT(H)h — ‘_PpnT(,-,,,)h)_)\T [MT]jh s (], h = 1, PR rT).

In matrix notation, we obtain

. L,0,0) 1
i7" = =t = 5 {(ANDT (D, + 4D AND | - A7 My
rorr

Similarly, for the parameter vector y ¢ one has

eve  0ZL,(0,%) 1
L7 = — 222 — — 1 (ANg) ' (=D, + 4Dy)(ANg) } — AsMs.
p Tysoyd ¢{ s) (=Dy a)( s)} sMg

The second derivatives of L, (8, ) with respect to ¢ and p; yield

2 n n
cpp  0°Lp@,X)  n 2 1 (5.82
L = —L =+ S W8+ — y W (8)8;
P 0> wﬁwgg”+w§gul
1 n T T
_¢_2{§+5 D~ 67D, 1, )

and

o PLy@A) 4 2§
07 = T2 2N sl + 5 PN ACHE
i=1 i=l1

R

1
= {(Cje)T (—D, + 4D) (cje)}, G=1,....p),

where D, = diag{cy,...,c,} with ¢; = Wé((ﬁi) and Dy = diag{d,...,d,} with
di = Wé(&-)&-.
The derivatives of L, (#, 1) with respect to (yTj, vs;) yield
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s _ 9Ly,
P - T
BVTJ-BJ/SI

1 n
% D00y = PTGy == P T ) (1y — PARS Gy = P ) X
i=!

x{4wg/(s,-)5,-+2wg(5,~)},(j:1,...,rT) and (I=1,...,rs—1).
In matrix notation, we obtain

2
iy = LLO D L ang) Tap, - pyyang)

N 2

For the derivatives of L, (8, ) with respect to (yr;, ¢) and (yr;, p;), we obtain

70 _ 9%Lp6. %)

J

L T
n
-2
= ¢ Z(nle - ’OlnT(i—l)_j - ppnT(i_l,)_,-)(Gi —P1€—1 — ppei—p)
i=1

x {2Wg(5,-) +2W§(ai)ai} and

P 3%L,(0, 1)

: dyr; 9pj
1 n
= ; Zl {4W§(6l)5[ + ZWg((Sl)} (nTU - IolnT(,',l)j - ppnT(i,p)j)(Eifj/)
i=
1 n
5 2) We@i(ei — prei—t — - — ppei—p)ng,_, )i+ (' =1,....p),
i=1

which in matrix form may be expressed as
.. 1
i7" = - {(ANpT@D; - Dy Ao |

and

eyrpy 1
i = ; |(cj,e)T(Dv — 4D,)(AN7) + (Cj/NT)TDv(Ae)} .

Similarly, the derivatives of L, (6, A) with respect to (y 5, ¢) and (y 5, p;/) yield
.. 1
i = 2 {aN9 @Dy - Dy Ao
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and

eysps 1
Lff"f =3 {(Cj,e)T(DU —4D,)(ANg) + (Cj/Ns)TDv(Ae)} .

Finally, for the derivatives of L, (@, A) with respect to (¢, p;) and (p;, p;/) we
obtain

%L, (0, 1)
dpdp;

¢2 !Zel i {2Wi 08 + 2w, 60} (e — preioy - —ppei,;)}

t¢>p i _

= {(C )T (D, —2Dd)(Ae)} (j=1,....p) and
oy Ly0.3)
p=
dpjdpj

=2 Y nmer- ey {2Wy605 + W00
i=1

=$[<c 7€) (4D —D)(C O}, (# ) =1.....p).

Appendix C: Penalized Fisher information matrix
Similarly to Relvas and Paula (2016) the penalized Fisher information matrix will be

derived from the regularity conditions applied in the regular log-likelihood function
L(0), namely E{dL(0)/36} =0and E{d>L(0)/3600 " } =—E{[dL(6)/06] [8L(0)/80T] 1,

and the resuls f, = E{W2(2)z*} and dy = E{W2(>)22] with z ~ S0, 1).
For the parameter p r it follows that

KYYT = —E{ %(ANT)T (—=Dy +4Dy;) (AN7) — ArM7p }

We may show that E(—D, + 4Dy) = —4d, and consequently the penalized Fisher
information matrix for y 7 is

4d
K" = Tg(ANT)T(ANT) + ArM7.

Sll’nllal‘] y, we ()btaln
l< Ysvs
P

4dg T
= T(ANS) (ANg) + AsMs.
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From the regularity condition E(Ug) = 0 we obtain E{W,(5;)d;} = —%, (i =
1,...,n). Then,

oL, 0.0\ _ R PR
A (F557) e (g |
1 AN
:p(fg—z>,(l=1,,l’l),

where L, (6, 1) denotes the ith element of the penalized log-likelihood function.
Therefore, we obtain Kﬁqﬁ = #(4 fe—D.
For the parameter p; one has that

aL,. (0, M)\> (2 2y
(lJapJ) = (gwg(&)(ei—ma—l _"’_ppéi—p)(ei—j)> =$W§(8i)6iei2_j,

which implies

4 4 4
E (5 gz(a,-)s,»e}_]> = E[E {E(WE(SI)SieiZ_j)|(y,-_1, s y,-_p)} ] =E (gdge?_j> .

For AR(1) errors, we may express (see, for instance, Judge, 1982) the error €; as

2
€ =e +prei—1 +pjei—2+---
0 .
J
:E :plei—/’
Jj=0

where j — oo means that the series has a past over time. Since |p1| < 1 the process
is stationary. One obtains

E(ei) =Y p{E(ei—j) =0

j=1

and

¢e = Var(e;) = E(¢}) =E{(e; + prei—1 + pieia +...)%}
=E (el~2 + ,01261271 + pfe,;z + ...+ prejei—1 + pfeie,',g +.. )
= E(e}) + pfE(e}_)) + piE(ef_5) + . ..
= GE(L+p7 +pf +..)
_ ¢
(1=pp)

@ Springer



R. A. Oliveira, G. A. Paula

Then, the Fisher information of p; reduces to

4 n 4 n—1 n—1 1
KOP = gdg Y E@El ) = 5% Y E(e) =4dgt Y s
i=2 i=1 i=1 PY)
ddsé(n — 1)
= o

It is also a simple matter to find autocorrelation in lag s. For example, in lag 1, one
has

Cov(ei, €i—1) = E(€i€i—1)
= E{(p1€i—1 + €i)€i—1}
= P1@Pe.

Similarly, for lag 2, one obtains

Cov(e;, €i—2) = E(€i€-2)
=E[{p1(p1€i—2 +ei—1) + ei}ei 2]
= ,0%456,

and the covariance between / periods of two errors is given by

ol pE

1—p12'

Cov(e;, €i—1) = E(€i€i—)) = E(ei€;) =

Thus, matrix Y| may be constructed.
For AR(2) errors €; may be expressed as

€ = P1€i—1 + P2€i—2 + ¢
= p1(p1€i—2 + p2€i—3 +€i—1) + p2(p1€i—3 + P2€i—4 +€;2) +¢; 9
=e +prei-1 +p2ei2+ ...,

where E(e;) = 0, E(eje;) = 0, fori # i’, and E(el.z) = ¢&, thereby E(¢;) = 0. This
process is stationary if p; + p2 < 1, pp — p1 < l and —1 < pp < 1. According to
Judge et al. (1985) and Fox (2015), the elements of the covariance matrix ¥» may be
found from the variance

(1—p2)
(14 p){(1 = p2)? — p3}

¢e = Var(e;) = E(¢7) = ¢

Multiplying (9) by €;_1 and taking expectation, one obtains
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Cov(e;, €i—1) = p1E(e7_;) + pE(ei_1€i-2)
= p1¢e + p2Cov(e;, €i-1),

and since E(el.zfl) = ¢ and E(¢;_1€;_2) = Cov(e€;_1, €;—2) = Cov(e;, €;_1), solving
for autocovariance one obtains

L1

¢1 = Cov(ej, €i-1) =
1 —p

Pe.
Similarly, for / > 1,

¢ = Cov(e;, €i—1) = p1E(ei—1€i—1) + p2E(€;—2€; )
= p191-1 + P2¢1-2,

so we may find the the autocovariance recursively. For example, for / = 2, one has

¢2 = p191 + P26
= p1P1 + P2,

where ¢g = ¢, and for [ = 3,

3 = p192 + P291.
In general for AR(p) errors one may write
b Ad, & 4d, " 4d,(n — )
pjp 8 2 8 2 g
Kpj JZT Z E(eifj):72E<ei>:T¢e7

i=j+1

and the Fisher information for (o;, p;), j # j =1,...,p,is given by

KPP _ g (_ 9Ly, (8, x))
P 0pjopj

4 2
E {EWé(ai)ai(Eij)(ei—j/) + EWg(Si)(eij)(Ei—j’)}
1 !
= {5 CUAIELTACH) (a,»)(e,-,-/)}
l /
=~ B[E{(awi@nsi +2W,60) €@ Lyict, i ]
4d

= 7gE(6i—j€i—j’)-
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Considering j' < j, we may write the Fisher information for (o NI EN !, as
follows

ntj' n—j+j’
,ijj/ 4dg 4dg

K= > Elei-jei—j) = 5~ D Ele€injy) =

i=j+1 i=1

4dg(n — j+j)

n Pj-j-

The expression for the 7, becomes progressively more complicated. A general expres-
sion is given in Wise (1955).
The penalized Fisher information matrix for (y—Tr, y—Sr)T is given by

1 4d
K" = _E {¢(ANT)T(4D(1 - DU)(ANS)} = ?g {(ANT)T(ANS)} ;

and we can see that y ; and y g are not orthogonal.
From the properties of the symmetric distributions we have that

E {(Wg(‘si) + W;(Si)&-) (6 — p1€i—1 — - Pp€i—p) | Yi-1, ..., yi—p} =0.

Then, we may obtain the following penalized Fisher information matrices:

M1
Kﬁ” = —E 53 {(ANT)T(—DU + ZDd)(AG)}] =0,
KJ" = —E # {(ANS)T(_DU + 2Dd)(A€)}] =0 and
K% — _g [N {(C‘e)T(D —-2D )(Aé)} =0, Vj=1
i = e ; ; y =0, Vj=1,...,p.

From E(U})) = 0 it follows that
1 T
E E(ANT) D,Ae; =0,

then E(D,A€) = 0, so we may obtain

Ky = —%E [(c;0T @, — 4D AN) + (€N D, (A€)

1 T
—5F {c;0Tm, —appaND},
and since E{(C;€) "} = 0 we have that
pjvr 1 T
K,” =-E [E {q& ((Cjé) Dy, — 4Dd)ANT)} [ Yicir— - — yip]
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4d
= E{;(Cje)T(ANT)} =0.

Similarly, we may show that K}”* = 0.

Appendix D: Case-weight perturbation scheme

Consider the attributed weights in the penalized log-likelihood function as

AT As
Ly@. 1@ =L,y0 | ©) = -y Mrys — -y sMsys,
where L,(0 | @) = Y7, w;L;i(0), ® = (w1, ..., w,) " is the vector of weights, with

0 < w; < 1.Inthis case the vector of no perturbation is given by @y = 1,,.
For this perturbation scheme we obtain

1~ P
A; = —~(AN7)'D,Ds,).
¢
1 -~ TA o~
Ay = = (ANy) D,D(a,,
¢
1 .
A3 = —1, (D, —1,) and

26 "
(PO )
A4. = g(cj?)TDuD(Ae)a V] = 1,...,]7,
where D, = diag{vi, ..., v,} with v; = =2W,(§;), D, = diag{my, ..., m,} with

m; = v; §,fori =1,...,n, e = 0and D4, is a diagonal matrix with elements
given by Ae evaluated at 6. In addition,

(6 — P1€i—1 — - .. — Pp€i_p)?

€ =y—Nryr —Ngys and §; = "
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